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In this paper pure-projective modules over some Artin algebras are investigated.
The prototype is the Artin algebra, R, consisting of 3 x 3 complex matrices of the
form

B 0 a

0 B ayf

0 0 vy
It is shown that a module over an Artin algebra is pure-projective if and only if it is
a direct sum of finite-dimensional indecomposable submodules. Conditions under
which an extension of a pure-projective R-module by another -pure-projective R-
module is pure projective are given. A homological characterization of finite-
dimensional pure-projective R-modules is also obtained. Finally an IN,-purc-
projective is shown to be pure-projective if and only if r > 1.

INTRODUCTION

In this paper we are intcrested in pure-projective modules over hereditary
algebras of tame type. We shall let .S stand for such an algebra while 7" wili
stand for an arbitrary Artin algebra. A prototype of S is the Artin algebra,
R, of 3 X 3 complex matrices of the form:

B 0 «a
0 B aq
0 0 v

The category of R-modules is equivalent to the category of systems. (A

system is a pair of complex vector spaces (V, W) together with a C-bilinear

map from C?>X V to W; see |2]| for details.) We begin in Section 1 by
275
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proving that a module over an arbitrary Artin algebra is pure-projective if
and only if it is a direct sum of finite-dimensional submodules. The proof
consists of putting together known results in a correct order. A pure
submodule of a pure-projective module is not always pure-projective, unless
it is countable generated; see |11| and Corollary 1.5 of [6]. We thank the
referee for drawing our attention to |11]! Call a module N,-pure-projective if
and only if every submodule of rank <N, is pure-projective; see [12]| for a
definition of “rank of an S-module” and [8] for that of “rank of a system.”
The definition in |12] restricted to R is equivalent to the definition in [8].
The example of a subsystem of a pure-projective system which is not pure-
projective given in [9] is modified to establish that a torsion-free {X,-pure-
projective system is always pure-projective if and only if r > 1.

In Section 2 extensions of pure-projective modules by pure-projective
modules is investigated. To describe the results we recall the three classes of
indecomposable finite-dimensional systems: systems of type 17, of type Il,
g€ C =CuU{wo}. of type 111", respectively, m any positive integer. These
correspond respectively to the indecomposable preinjective, indecomposable
regular torsion and indecomposable preprojective modules of [12]. By abuse
of language we shall say that an S-module is of type I if it is a direct sum of
indecomposable preinjective submodules. Modules of type II or III arc
analogously defined. The former is an analogue of direct sums of cyclic
groups, i.e., pure-projective torsion groups by Theorem 30.2 of |5]. In [3] it
is shown that an extension of a pure-projective torsion group G, by another
pure-projective torsion group G, is not always pure-projective except when
G, is bounded. The results in Section 2 have a similar flavour with the
exception of Proposition 2.1.

We shall assume familiarity with [9] especially Sections O and I.

1. SUBMODULES OF PURE-PROJECTIVE MODULES

THEOREM 1.1. A module M over an Artin algebra is pure-projective if
and only if it is a direct sum of finite-dimensional submodules.

Proof. Let # be the class of finite-dimensional modules over the given
Artin algebra and {N,},., the set of finite-dimensional indecomposable
submodules of M. Let N=@®_., N,. Purity as defined in [12] is 5 -purity.
Hence as in the proof of Theorem 2.3 of [8| we have a short pure-exact
sequence

0—K—N—>M—0>0.

If M is pure-projective, then N is isomorphic to M @ K. Each N, has local
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endomorphism ring by Corollary 11.8 of [1]. By the Crawley-
Jensson—Warfield theorem (see Theorem 26.5 of |1]).

M= ® M,,
Ben
K=0®K,
veC

where M;, K, arc countably generated modules with local endomorphism
rings, hence indecomposable. By Corollary 26.6 of (1| each M, is
isomorphic to some N,. Therefore M is a direct sum of finite-dimensional
indecomposable submodules. The converse follows from the definitions as in
the proof of Theorem 2.3 of [8]. §

A straightforward modification of Example 1.5 of [9] gives a proof of

ProroOSITION 1.2.  Any unbounded pure-projective torsion-free system has
a subsystem of rank R, that is not pure-projective.

We use Proposition 1.2 to prove

PrRoOPOSITION 1.3. An N,-pure-projective torsion-free system is always
pure-projective if and only if r > 1.

Proof. The system in Proposition 1.3 of [9] is N,-pure-projective by
Lemma 1.3.3 of [9] but is not pure-projective by 1.3.2 by [9]. Suppose then
that (V, W) is X,-pure-projective, r > 1. We shall show that (V, W) must be
bounded hence pure-projective by Theorem 1.1 of |9). Since (V, W) is V.-
pure-projective ¢, ,,(6, {w}) for any nonzero w in W must be of type 111"
by Theorem 1.1 and the fact that the systems of type III” are the only
indecomposable pure-projective torsion-free systems of rank . Suppose
(V. W) is not bounded then there exist {w;};2, c W such that (V,, W,)=
1 w(@ {w;}) is of type III* and k, <k,<---.. The subsystem
YE L (Vi W) is of type @, III*: To see that the sum is direct one notes
that (V,, W,) + (V,, W,) is direct since if (V,, W) (V,, W,) = (0,0).
then (V,, W)= (V,, W,) by Lemma 4.1 of |8], contradicting k, < k,. We
suppose that (V,, W,)+---+(V,, W,) is direct. Again by Lemma4.!
of [8] if (Vp,,s W,.,) intersects (V,, W)+ --- + (V,, W,) nontrivially,
then (V,_,,W,,0c V. .W)+--+¥,,W,. However k,, >
maxik,, k;,.., k,} and so the inclusion is impossible by the height relation in
1.4 of |9]. This proves that >, (V;, W;) is an unbounded pure-projective
subsystem of (V, W). By Proposition 1.2, (V, W) would have a non-pure-
projective subsystem of rank ¥, contradicting the hypothesis that (V, W) is
N,-pure-projective, r > 1. Therefore (V, W) is bounded and hence pure-
projective by Theorem 1.1 of |9]. 1
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Using the table in [4] we get the following characterisation of finite-
dimensional systems:

ProposiTiON 1.4. A system (V, W) is finite-dimensional if and only if
Ext((V, W), [11') and Ext(1', (V, W)) are finite-dimensional.

Proof. 1f (V,W) is finite-dimensional, then Ext((V, W), 11I') and
Ext(I',(V, W)) are finite-dimensional by [4]. Suppose then that
Ext((V, W), II1") and Ext(I', (¥, W)) are finite-dimensional: If the divisible
part of (V, W), Div(V, W), were infinite-dimensional, then it would either
contain a system of type II3 or .#Z or a system of type ®;., 1%, Card(J)
infinite. The hypothesis and the table in [4] rule out these possibilities.
Therefore  (V, W)=Div(V, W)@ (V,,W,), (V,,W,) reduced and
Div(V, W) finite-dimensional. Suppose #(V,, W,) is infinite-dimensional, then
again the given Ext’s would be infinite-dimensional because, for any n,
1(V,, W,) would have a direct summand of type 115! @ --- @ II§r, 6;’s not
necessarily different, by Corollary 9.16(b) of |1]. So «(V,, W) is finite-
dimensional. It is a direct summand of (V,, W) by Theorems 5.5 and 9.12
of [1]. So (V,, W,)=t(V,. W,)® (V,, W,), where (V,, W,) is torsion-free.
Because Ext((V, W), ') is finite-dimensional, (V,, W,) does not have
subsystems of type III” for arbitrarily large m, i.e., (V,, W,) is bounded.
Therefore by Theorem 1.1 of [9], (V,, W,) is a direct sum of subsystems of
type II™. (V,, W,) is of type ®,.,II1™. If Card(J) were infinite, the
hypothesis that Ext(I', (V, W)) is finite-dimensional would be contradicted.
Thus (¥, W) is finite-dimensional. i

In a similar vein one proves
ProPoSITION 1.5. A4 system (V, W) is a direct sum of a projective system

and a finite-dimensional system if and only if Ext(V, W), III' @ 1II?) is
finite-dimensional.

2. EXTENSIONS OF PURE-PROJECTIVE MODULES BY
PURE-PROJECTIVE MODULES

The first two propositions dispose of cases that are already treated in the
literature or readily deduced therefrom.

PROPOSITION 2.1. Extensions of pure-projective S-modules by pure-
projective S-modules are pure-projective in the following cases:

(i) Extensions of modules of type 1 by modules of type L.
(ii) Extensions of modules of typel by modules of type Il.
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(iii) Extensions of type 1 by modules of type I11.
(iv) Extensions of modules of type Il by modules of tvpe 111.

Proof. (i) See Proposition 3.4 of {12].

(i) A module of type I is divisible, hence Ext(Il,1)=0 by
Corollary 3.5 of [12] and the fact that Ext(®,.,4;,B) is isomorphic to
[1jes Ext(4;, B).

(iii) Similar to (ii).

(iv) Follows from the facts that the torsion part of a module is a pure
submodule of the module, Theorem 4.1 of [12] and a module of type III is
pure-projective. i

ProposiTiON 2.2. If0- G, - G- G,— 0 is an exact sequence with G,
G, of typell. Then G is always pure-projective if and only if G, is bounded.

Proof. See [3]. 1

Let M be a torsion S-module with no preinjective direct summand. Then
by 4.5 of {12], M=3,.; - M,, where each M, may be considered as a
module over a principal ideal domain. We shall call M a bounded module if
M, =0 for all but a finite number of ¢ in 7, and each nonzero M, is bounded
as a module over a PID. For future use we note that the results on bounded
R-modules, i.e., systems, proved in [10] generalize to torsion S-modules with
only formal changes. In particular Theorems 2.9 and 3.5 are valid for S-
modules. Hence bounded modules are pure-projective and pure injective.

ProrosiTiON 2.3. An extension of a bounded S-module M, by an S-
module M, of tvpel is pure-projective.

Proof. Let 0> M,-"M -° M, -0 be an exact sequence. For any
torsion-free S-module, N, Ext(N, M) = 0 = Ext(N, M,) by Proposition 4.7 of
[12} and Theorem 3.5 of [10]. Therefore Ext(N, M)=0 for all torsion-free
S-modules N. Hence, by Theorem 3.5 of [10|, M is a direct sum of a
divisible module and a bounded module. By 4.2 of {10}, M is torsion and a
torsion divisible module is a direct sum of a pure-projective module and
Priifer-type divisible modules, by Corollary 2 of 4.7 in [10]. Hence to show
that M is pure-projective it is enough to show that it has no Prifer module as
a direct summand. Suppose S¢=1{),S" is such a summand of M. Let
M =S“4£ M’ Since M, is bounded, proj,.jx(M,) is contained in S™ for
some n,. We have the exact sequence

0—— (S + M,)/S" —~ §/S™ @D M’ —Eo M, /p(S§"0) —— 0
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where K and p are induced by x and p. The image of K has zero component
in $¥/8™ and so S¥/S"™ is a direct summand of M,/p(S™). This is
impossible because the latter module is of typel by 3.4 of [12] and so
cannot have the regular module S“/S" as a direct summand. Therefore M is
pure-projective.

For our counterexamples we shall recall the description of indecomposable
finite-dimensional systems by chains: Let (V, W) be a system, v, € V,
w, € W, and (a, b) a fixed basis of C2.

(a) A chain ((v,, Upsees Uy)y (W5 Wyseey W, 1)) 8 said to be of type 1™
ifav, =0=bv,, av, ,=bv;=w;, i=1l..,m—1L

(b) A chain ((¢,, U350 U,)s (W)5 Wyseewy W) s said to be of type I17, if
av, =0, bv,=w,, av;,,,=bv,=w;, i=1,..,m—1. Let by=5b—06a for
e . If byv, =0, av,,=w,,, byv,,, = av; = w,;, the chain is said to be of
type 11§,

{c) A chain ((v,, Vg5 Uy )y (W), Wasey w,,)) is said to be of
type HI™ if av,=w,, bv,_,=w,, av,=w;=bv,_,, i=2,.,m—1. If
m =1, the chain is (&, w,).

Let V' and W' be the respective spans of the v,’s and w;’s. The subsystem
(V', W) of (V, W) is called the subsystem spanned by ((v;), (w;)). In case
the /s and w/s form bases of V' and W', respectively, (V', W') is itself
called a subsystem of type 1™, II§, or HI™ depending on the type of chain
which spans it.

We can now show that it is necessary in Proposition 2.3 that M, be
bounded. Using the chain representations above one sees that a system of
type I”*! @ II7 contains a “diagonal” subsystem of type II7 . We illustrate
this in the case m = 1: let (u,, u,), (z,)) and ((x,), (»,)) span chains of type
12, TI.,, respectively. The diagonal subsystem of type Il is spanned by
((, + x)) (2, + »,)). Let (V, W) be a system of type ®F , @ UZ. A
system of typeIl¥X is an ascending union of systems of typelly,. It is
indecomposable. Therefore, by Theorem 1.1, (V, W) is not pure-projective.
Vi, W)=@, - (V5 W), where (V*, W*) is the diagonal subsystem of
I“'"' @ II%, of typeII%,. The quotient (V, W)/(V,, W,) is of type @, I
Therefore (V, W) is a non-pure-projective extension of a system of type 11 by
one of type L.

PROPOSITION 2.4. An extension of a system of type 111 by one of typel is
always pure-projective if and only if the system of typelll is finite-
dimensional.

Proof. Suppose we have an exact sequence

0— V), W))— (V, W)— (Vs, w,)—0
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with (V,, W) finite-dimensional of type III and (V,, W,) of typel. Let
V. W)=V, why+ (V3 W?), where (V',W') is the maximal pure-
projective divisible submodule of (¥, W). Since (V,, W,) is finite-
dimensional its image under the projection of (¥, W) onto (¥, W') is finite-
dimensional. So we may suppose that it is contained in (V!, W) + (V2 W?),
where (V}, W!) is a finite-dimensional direct summand of (V'. W'). So
V.=V, wh+ WL wh+ (VLW with (VW= W)+
(Vy, W3). Since (V),W)) is pure-projective we may now suppose that
(V, W)= (V', W' + (V% W?) with (', W) finite-dimensional. In that case
we shall show that (V,, W,) is finite-dimensional. hence (V, W) would be
pure-projective. Let t(V?, W)=Y,z - t(V?, W?), be the decomposition of
the torsion part of (¥, W?) into its primary parts. Suppose #(V?, W?), # 0
for infinitely many 6 in C. As (V,. W) is finite dimensional, (¥, W) would
have a direct summand of type II7 (say) such that (V,, W) is contained in a
direct complement. This would imply that (V,, W,) which is of type] has a
direct summand of type 11", a contradiction. Thercfore #(V?, W?) has only
finitely many eigenvalues. If (V,, W,) is infinite dimensional. then there are
infinitely many linearly independent elements which have any € T as an
cigenvalue. Choose ¥ € T not an eigenvalue of (V°, W?) and v,’s linearly
independent elements in ¥ such that b,v, = w, € W,. We note that w, # 0
since v is not an eigenvalue of (Vz, W?). Since W, is finite-dimensional, there
exist a positive integer & and «;, ¢,,.... ¢, nonzero complex numbers such
that

Thus

k
b, (}_ a,-v,.> =0.

P

But 3% | a,v; # 0, contradicting the assumption that v is not an cigenvalue
of (V?, W?). Thus (V,, W,) is finite-dimensional as required.

Suppose (V,, W,) is infinite-dimensional. We want to construct an
extension of (V,, W) by a system of type I, which is not pure-projective.

We first do the case where rank(V,, W,)=N,. So let (V,, W)=
®nt Vi, Wi ) where (¥, , W, ) is of type III*". Let P denote the torsion-
free system (C[¢], C[¢]). We map (V, , W, ) to the subsystem of P spanned
by ((1,&... 871, (1, &, &), if k,>2. If k, =1, map Ves W) 1o
0, T 1), (Vi,» Wi,) is mapped to the subsystem spanned by
(.., gtk gkl | k) Other components are  similarly
mapped into P making sure at each stage that there is no overlap. One
readily sees that P/(V,, W) is of type I. By taking an appropiate number of
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direct sums of P one obtains an extension of an arbitrary system of type II1
by a system of typel with the extension not pure-projective. Systems of
type II can also be used. 1
The torsion-free rank 1 system A, given by
1
L _peicc ; J

V= [ o
w=[V+1],

is an extension of (0,C - I)—a system of type III'—by a system of type
@gey I15. A, is infinite-dimensional if J is infinite and so an extension of a
finite-dimensional system of type Il by an unbounded system of type II is
not necessarily pure-projective. If the system of type Il is bounded and the
system of type IIl is not finite-dimensional the extension need not be pure-
projective as the following example shows: The purely simple system of rank
two in Theorem 3.1 of 8] is an extension of a system of type @ II' by a
system of type @y, I1},: The system of type @y, III' is (0, [{&" + @y wy:
k=0,1,2,.1)).
However we have

LEMMA 2.5. Let 0> (V,,W)> WV, W)->(V,,W,)>0 be an exact
sequence in which (V,, W) is torsion-free and finite-dimensional and
(V,, W,) is bounded and of type 11. Then (V, W) is pure-projective.

Proof. From the facts that (V,, W,) is finite-dimensional and (V,, W,)
contains (¢(V, W)+ (V,, W))/(V,, W,) which is isomorphic to
v, Wy/(V,, W)HN ¥V, W) we conclude that ¢(V, W) is also bounded. So
(V,W)=tV, W)+ (X,Y) for some torsionfree subsystem, (X,Y), of
(V, W) by Theorem 3.3 of [10]. As in the proof of Proposition 2.4 we may
suppose that ¢(V, W) is finite-dimensional and under that assumption prove
that (V,, W,) is finite-dimensional. Suppose dim(V,, W,)=r (say). The
exact sequence

0—t(V, W)— (V. W) — (V, W)/u(V. W) — 0

gives the exact sequence

Ext((V, W)/1(V, W), (V,, W,)) — Ext((V, W), (V,, W,))
— Ext(t(V, W), (V,, W;)) — 0.

The first entry is O because (V,, W,) is bounded; hence pure-projective
(Theorem 3.3 of [10]). If r is an infinite cardinal, then dim Ext((V, W),
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(V,, W,)) =dim Ext(¢(V, W), (V,, W;)) <r. because (V. W) is (finite-
dimensional. On the other hand, the exact sequence

0— V. W)— V. W)— (V. W;) —0
leads to the exact sequence

Hom((V,. W), (V,, W) — Ext((V,, Wy), (V5, W3))
— Ext((V, W), (V,, W,)) — Ext((V,, W), (V5, W,)).

The last entry is O because (V,, W,) is pure-injective while the first entry is
r-dimensional, if r is an infinite cardinal, and the second entry is 2'-
dimensional; see table in |4]. Therefore dim Ext((V, W), (V,, W,)) is 2', a
contradiction. Therefore r must be finite. As in Proposition 2.4 (V, W) is
pure-projective. 1l

We note that it is easy to show that any extension of a pure-projective
system by a finite-dimensional system is pure-projective.
We summarise everything after Proposition 2.4 in

THEOREM 2.6. An extension of a system of type 111 by a system of type 11
is always pure-projective only in the following cases:

(i) The system of type 111 is finite-dimensional while that of type Il is
bounded.

(it) The system of type 11 is finite-dimensional.

LEMMA 2.7. Let (V. W,) and (V,,W,) be torsion-free systems of
bounded height notr exceeding m. Then any extension (V, W) of (V,, W,) by
(V,, W) is also of bounded height not exceeding m.

Proof. Suppose (V, W) has a subsystem (X, Y) of type III” “*. Then by
Lemma 4.1 of [8] and the height relation in the proof of Lemma 1.4 of [9]
we conclude that (X, YN (V,, W,)=0. Thus, (X, )+ (V,, W))/(V,, W)
is a subsystem of (V,, W,) of type III”™'* contradicting the hypothesis that
(V,,W,) is of bounded height not exceeding m. Therefore, (V, W) is of
bounded height not exceeding m.

PROPOSITION 2.8. An extension of a system of type 111 by a bounded
system of type 11l is pure-projective.

Proof. Let (V,W) be an extension of (V,, W,) by (V,, W,) where
V,, W), (V,, W,) are of typeIll and the latter is of bounded height not
exceeding m (say). Put (V,, W)= (V,. W) + (V, W,) with (V,, W,) a
direct sum of systems of type IlI*, k < m, and (V,, W,) a direct sum of
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systems of type III', / > m. The projection of (V,, W,) onto (V,, W,) and the
inclusion of (V,, W) in (V, W) yield by pushout the following commutative
diagram of exact sequences:

00— (V;, Ws)‘i‘(VuWa) ) V. w) > (Vy, W) — 0

1(7:,;:) lw.% H

0— Vs, W3) — (U, Z)— (V,, W,)—>0

By Lemma 2.7, (U, Z) is of bounded height not exceeding m. Hence by
Lemma 2.8 of [10] it is direct sum of systems of type IIl*, k < m. Since
(n,p) is onto, so is (P, ¥). Moreover, Ker(®, ¥) is isomorphic to
Ker(m, p) = (V,, W,). The last two statements follow from the definition of
the pushout and the fact that (x,1) is monic. We now have an exact
sequence

0— (V,, W,)— (V,W)— (U, Z2)— 0.

By Proposition 1E(b) and (c) of [12] and the table in [4] this sequence
splits. Therefore, (¥, W) is pure-projective.

We now give an example to show that “boundedness of (V,, W,)” is
necessary in the last proposition. Let (V,, W,)=(0,Cw), w+#0 and
(Vy, Wy) =@, (Vyy, Wy where (V,,, W,,) is of type 111 spanned by the
chain (5, Ugyseen Vg k1) (Ways Wagsews Wy ))- Let

V=V ®V,,

W=WoW,.

We make (¥, W) a system as follows: Let (a, b) be a basis of C*. For k even
put

av,; = Wy, i=1,.,k—1,
bvliz w2,i+l’ i:1,...,k— l-
For 3 < k odd put
o, k41
aUZi:WZI lf l¢ 2 ’

avy xkinp2 = Wa,ki 2 T W

bry=wy ;s i=1.,k—1
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This makes (¥, W) an extension of (V,, W,) by (V,, W,). For any odd
k>3, wis contained in the range space of a subsystem of (¥, W) that is a
direct sum of two subsystems of type III*~ P72 and III* V7* respectively.
This implies that (¥, W) cannot be pure-projective for if it were, then w
would be contained in the range space of a finite-dimensional direct
summand (X, Y) of (¥, W). We now show that this is not possible. Let m, =
max{m: (X, Y) has a direct summand of type II1"}.

Choose k odd such that (k—1)/2 > m,. By the height relation in the
proof of 1.4 of |8] w must be contained in the range space of a direct
complement of (X, Y) contradicting w € Y. Therefore. (¥, W) is not pure
projective. [

Remark 2.9. By using pullback and/or pushout and the results of this
section one can obtain conditions under which an extension of an arbitrary
pure-projective system by another pure-projective system is pure-projective.
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