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Abstract

We show that the Schrodinger operator €2 is bounded from W4 (R") to LI (R" x [0, 1]) for all
oa>2n(1/2—-1/q) —2/q and g > 2 + 4/(n + 1). This is almost sharp with respect to the Sobolev in-
dex. We also show that the Schrodinger maximal operator supy_; | le!'A £ is bounded from H*(R™) to
le0 -(R™) when s > s if and only if it is bounded from H*(R") to L2(R") when s > 2s9. A corollary is
that supg_, -1 |2 f| is bounded from H* (R?) to L?(R?) when s > 3/4.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The solution to the wave equation, d;,u = Au, with initial data u(-,0) = f and u’(-,0) =0,
can be formally written as the real part of

VB F () = f f&)er s e, (1)
Rn

Let || - |l4,« denote the inhomogeneous Sobolev norm with o derivatives in L4 (R"). J.C. Peral
[24] proved that for any fixed time ¢ and g € (1, 00),

Heitmf“Lq(R") < Crgll fllg,e
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foralla > (n — 1)|% — %|, and this is sharp. Sogge [30] conjectured that

}iei’mf||Lq<Rn iy < Coall fllga

foralla > (n—1) (— — —) — é and g > 2+ =;. This is known as the local smoothing conjecture
due to the potential gain of 1/q derlvatlves

In two spatial dimensions, Mockenhaupt, Seeger and Sogge [22] showed that the local
smoothing estimate holds at the critical exponent g = 4 for all « > 1/8, and this was improved
by Bourgain [2], Tao and Vargas [33], and Wolff [38] to o > 5/44.

Moving away from the critical exponent, but remaining in two spatial dimensions, Wolff [37]
proved the (almost) sharp estimate in the range ¢ > 74, and Laba and Wolff [16] generalised this
to higher dimensions. Garrigds and Seeger [12] have recently refined their arguments, so that, in
higher dimensions for example, the (almost) sharp estimate holds in the range

2~|— 8 1 !
> — (1= .
a -3 n—+1

The Schrodinger equation, id;u# + Au = 0, with initial datum f has solution et f which can
be formally written as

e”Af(x):/f(é)ezm(x's_z’”‘g‘z)dé. )

Miyachi [21] (see also [11]) proved that for any fixed time t and g € (1, 00),
12 £ 1 o qny < Crall Fllg.a

for all & > 2n|% — %|, and this is sharp. When n > 2, square function estimates (see [3,17,20])
yield

162 £ 1l o @anirop < Caall fllg.a

for all ¢ > 2n(§ - 5) — 2 and q > 2+ 4/n. We see that averaging locally in time yields a gain

of 2/q derivatives.

We extend the range of ¢ by taking advantage of all n + 1 dimensions of curvature. This
also allows us to treat the n = 1 case for which we obtain almost sharp estimates. In higher
dimensions, it may be possible to extend the range to ¢ > 2 4+ 2/n, and we shall see later that
this would follow from the restriction conjecture for paraboloids.

Theorem 1. Let g > 2 + 1 and a > 2n(§ — =) — =. Then there exists a constant Cq o such
that

12 £ 1l ooy < Caall fllg.a-
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Fig. 1. Region of local smoothing in Corollary 2.

Although there is a formal similarity between this and the estimates of Wolff et al., the ques-
tion for the Schrodinger equation is not as deep, and the arguments will bear no resemblance.
An obvious difference is that the wave operator, for finite time, is a local operator, whereas the
Schrodinger operator is not. We will see however, that one can decompose the initial data so that
the Schrodinger operator, for finite time, may essentially be treated as a local operator.

Before proceeding further, we should mention that there are estimates for the Schrodinger
equation, independently due to Sjolin [27], Vega [35,36], and Constantin and Saut [7], which are
more deserving of the description ‘local smoothing.” They proved that

He”AfHLz(an[o,ll) S Gl fllg-12@nys

where B” is the unit ball in R”, and || - || gs ) denotes || - [|2,«. Thus, the solution is locally half a
derivative smoother than the initial datum. We will see later that this is equivalent up to endpoints
with the global estimate

[ 5 2oy < CllFMn2qen.

which we will refer to as simply the conservation of charge.

Interpolating between this and the bound in Theorem 1 yields the following corollary. In one
spatial dimension, it is almost sharp in the range ¢ € [1, oo], and in higher dimensions it is almost
sharp in the ranges g € [1,2] and g € [2 + %, oo].

Corollary 2. Let g € [1, 00] and o > max{Zn(é -H.m—-DG - 5), 2n(3 — 5) - 3}. Then
there exists a constant Cr o such that
itA

12 £l oo xir.7pp < CTall Fllg.a

(see Fig. 1).

In the second part of the article, we will consider the minimal value of s for which

sup }eitAf”

O<t<l1

2 S CosI1f | s ey 3)
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holds. By standard arguments, the estimate implies the almost everywhere convergence of ¢!’2 f
to f, as t tends to zero. The minimal s for which the global bound

sup |eil‘Af|

O<r<l1

2@ S Cos I f 1 s ) 4)

holds, has also been considered in connection with the well-posedness of certain initial value
problems (see [14]).

In one spatial dimension, Carleson, Kenig and Ruiz [6,13] showed that (3) holds when
s > 1/4, and Dahlberg and Kenig [9] showed that this is sharp. Vega [14,35] (see also [28])
showed that the global bound (4) holds when s > 1/2, and this is also sharp.

In higher dimensions, it was independently proven by Sjolin [27] and Vega [36] that (3) holds
when s > 1/2, and the bound cannot hold when s < 1/4. Carbery [4] and Cowling [8] indepen-
dently showed that (4) holds when s > 1, and in this case, the bound cannot hold when s < 1/2.
It is conjectured that, the minimal value of s for which (3) holds is 1/4, and the minimal value
for which (4) holds is 1/2.

We will put these results and conjectures in context by proving the following theorem.

Theorem 3. (3) holds for s > so < (4) holds for s > 2s.

In two spatial dimensions, more was known for the local bound than for the global bound.
Bourgain [1] showed that there exists an s strictly less that 1/2 for which (3) holds, and this was
improved by Moyua, Vargas and Vega [23], and Tao and Vargas [32,33]. The best known result
is due to S. Lee [19], who showed that (3) holds when s > 3/8.

Therefore, as a consequence of the equivalence, we have the following corollary, which im-
proves the result of Carbery and Cowling in two spatial dimensions.

Corollary 4. For all s > 3 /4, there exists a constant C such that

S Gl fll s 2y

sup |eitAf|‘

0<r<1 L2(R?)

The result of Cowling also holds when the Laplacian is replaced by a more general class of
operators that includes

O=07 — 0, 05, £ +07 .
For physical applications of the nonelliptic Schrodinger equation, see for example [31]. We will

also prove the equivalence in this case, so that, by a local result of Vargas, Vega and the au-
thor [26], the global result of Cowling is almost sharp. We state this as a corollary.

Corollary 5. For all s > 1, there exists a constant Cg such that

| sup O r(] < Cll s,

O<t<l

L2(R")

and this is not true when s < 1.
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Throughout, ¢ and C will denote positive constants that may depend on the dimensions and
exponents of the Sobolev spaces. It will be made explicit when they depend on other factors like,
for example, the Sobolev index. Their values may change from line to line. The following are
notations that will be used frequently:

LYR", L} (I)): the Lebesgue space with norms (fp. | [, | f(x, )" dt]9/" dx)'/4.
W*4(R™): the inhomogeneous Sobolev space with « derivatives in L9 (R").

I - ll4,e: the inhomogeneous Sobolev norm with o derivatives in L9 (R").
HS(R") := WS2(R").

O:=03 —02 £02 & £07 .

B":={x eR": |x|<1}.

A" ={xeR" 1/2< x| <1}

Br:={x e R": |x| < R}.

Ar:={xeR" R/2<|x|<R}.

XBg: the indicator function of Bg.

o2 (x) 1= R721(1 + &hy=2n,

Lpfi=@px@p2x@px|f].

v;: a member of the lattice R~2Z".

Xg: a member of the lattice R2Z".

Tik :=1{(x,1) e R" x [0, RY]: |x — (xx +4mtv;)| < R?).

{O1}1en: a partition of R” into cubes of side R?, centred at x; € R2Z".

U a positive and smooth function, supported in B ;.

n: a positive and smooth function, supported in B”, and equal to 1 at the origin.

2. Necessary conditions for local smoothing

Let n be a positive and smooth function supported in B”, and denote by 7g-1 the scaled
version 7)(). Correspondingly, we let ng-1 denote its inverse Fourier transform R"n(R-). We
consider initial data fr defined by

Ng-1(8)

7 _ omlilg)?
fr@) = e

‘We note that

—ilA
”fR”r,O(:He ‘2 Nr-1 Lr (R

and by a change of variables,
e—i%AnR_l(x) :Rn/ﬁ($)€2ni(Rx‘é+R2n|§|2) dE.
]er

When |x| > 27 R, by repeated integration by parts, there exists constants Cn such that

—N
lem 13201 (0] < m(ﬂ) 5)
27 R
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for all N € N. When |x| < 27 R, by the dispersive estimate,

;1
le ™ 281 ()| < Cling-1 1l 1y < C. (6)

Combining these two bounds, we see that

_il n
/&l = le 2% ng1]| o gy < CRT. (7)

On the other hand, by a change of variables,

5 0] = ‘/ a +n|(‘s3|2)>of/2 M(x'g_zn(t_%)glads‘

_ ‘R"‘“/ Lezm(m-g—znﬂa—%)\5\2) dé‘
(gz + [E12)2/2

so when |x| < oz and |1 — 3| < 55157, we have [e/"2 fg(x)| > CR". Thus,
n—a n+2
e fR”Lq(R"x[o o = CRTIR
and combining this with (7), we see that for
12 £1l ooy < Call fllra (8)

to hold, it is necessary that o > n(l — - — ) — = .

By considering fr defined by f R = Ng-1, we reverse the previous focusing example. Note that
the rapid decay (5) and upper bound (6) remain true for all 7 € [1/2, 1]. This forces |e/'2 fr| > ¢
on a set of measure cR" as otherwise the conservation of charge would be violated. We see that

”eimfR ||L4(Rnx[o,1]) > CRq,

and as || frllra < CR*R" 7, for (8) to hold it is also necessary that o > n(é + % —1).

Finally, we consider initial data fr defined by fR &)= ﬁ(R)‘(E —(R,...,R))),where AL > 1,
so that

eitAfR(x) — / ﬁ(R)»(s _ (R, o, R)))e2ﬂi(x~sf2nt‘s|2) dé

One can calculate that [277 Vg (x - £ — 27t|€[%)| < If—é in the region defined by

R* 1 1
lf| < ——, and |$—(R,...,R)|<F,

x| < —=,
100 1000
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so that the phase is almost constant for each pair (x, ¢) in the region. Thus,
Heimf “ S CR-™R%
RilLa®nx[0,1]) © ’
and combining this with

A4
||fR||r,a<RaR At s

we see that
1 1
azi|l——-).
q r
Setting A = 1 and letting A — oo yield the necessary conditions o > n(é - %) and g > r, re-
spectively.

In particular, ignoring endpoint issues, one may hope that

1€2 £ 1l o griony < Coll Fllg.a

for all o > max{2n($ —$.0,2n(3 — 5) — 2y
3. Localising lemmas

As in the arguments of Fefferman [10], Bourgain [2], Wolff [38], Tao [32], and others, we

decompose the solution of the Schrodinger equation into wave packets at scale R? >> 1.
Fix a positive and smooth function v, supported in B_/;, such that

D oU(E-R)=1,
j

where v; € R™27". We also fix a positive and smooth 7, supported in B”, that satisfies 7(0) = 1,
so that, by the Poisson summation formula,

Pie-3)
k

where x; € R2Z". Now for any Schwartz function f, we define f j and fjr implicitly in the
following decomposition:

fE=Y_fi®=_P(R*E—v))f®), ©)
J J

F =3 firto = Zn(%)fj(x). (10)
J.k J.k

Note that fjk is supported in the ball of radius (/7 + 1)R~2 with centre v;.
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We also partition R” into cubes Q; of side R?, centred at x; € R?Z", and define the function
¢g2 by

—2n
P2 (x) = R—z"(l + m) :

and the operator L p2 by

L2 f=@p2* Qg2 * @ga k| f].
We state a slightly refined version of a lemma which can be found in [32], or more explicitly
in [18], where we replace the Hardy-Littlewood maximal operator by a convolution operator. It

is clear from their proofs that this is permissible.

Lemma 6. Let t € [0, R*]. Then forall N € N there exists a constant Cy such that

|x—(xk+47ttvj)|>_N

|€itAfjk(x)| g CNQDRZ ES |fj(xk)’(1 + R2

We note that when ¢ € [0, R*], the wave packets e/'2 f &k are essentially supported in the
tubes Tjx defined by

Tix = {(x, 1 eR" x [O, R4]: |x — (xx +4rrtvj)| < Rz}.
Lemma 7. For all f frequency supported in B" and € > 0, there exists functions f, ]71 satisfying
(i) Wfillzrn < CRZG™0% ) Tl )
forall p <gq,
i) Y 1 il gy < CRENFNL gy
and foralll, N € N and (x,t) € Q; x [0, R?],
(i) €2 f0)] <[ fi(0)| + CnR™N Lga f (x).

Proof. We decompose the solution into wave packets, e//® f = 3" ik A fix, at scale R?. We
recall that

(XX
fjk(x) = U(T)fj(x),

and we define fji by

X — Xi

i) = Inll/z( 72 )fj(x).
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As 1 decays rapidly and ) ", n(x — %) =1, it is easy to see that

12, Xk
gm (x R2><c,

so that

e
CE:ﬁk

< CIF N0 - (11)
Jik LIR™)

L4 (Rm)

As supp f C B", we have that the v;’s are contained in a slight enlargement of B”. Thus, the
tubes Tj; make angles with the spatial hyperplane which are uniformly bounded below. Letting
R? Q; denote the cube of side R>*¢ with centre x;, we write

fi= Y Yotk

k: QkNREQI#D

so that '’ AN f; consists of the wave packets that pass through or near to Q; x [0, R*]. Similarly,
we define f; by

= X X

k: QkNREQi#D ]

To prove property (i), we note that
X — Xk
> n( = )f(x)
k: QkNRE Q1#0
> |n|‘/2< = )f( )‘

<C 1+| — -
R2+2¢
k: QkNRE Q1#0

lx — x;] ~
:c(1+ ij) |70))

for some large M € N, so that, by Holder,

| fito)| =

CRZ(I-&-S)n(%—g

1 ~
I fill Lo @y < N il Lo gy

To prove property (ii), we note that a cube Qy can intersect R®Q; for at most 2R"¢ different
cubes @y, so that

~ e
DAl <> Y D
1

Ik QuNREQi#0" La®R™)

< CR"EZ Zf,k

L4(R")
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Thus, by (11), we see that

leﬁlqu(Rn CR™||f 114 @)

To prove property (iii), we consider the pointwise bound

Z Zeimfjk )

k: QkNREQI=0 ]

|€itAf’<’€”Aﬁ’+

By construction and Lemma 6,

cR2"

< CN/RZN/ Z Z or2 x| fil(xr)

N/
- L. =l
J=1 kil —x| > 5 R¥HE

D 11 E))

k: QkNREQ1=0 j

for all (x, 1) € Q; x [0, R?], and all N’ € N. Choosing an N’ > (4n + N)/& + 2n, we have

cR?"

<CNR_NZ Z gz * | fijl(xk)

— R - e vl
J=V ke |xg—x/| > 5 R#FE

DD By 116

k: QkNREQ1=0 j

for all N € N. Now, by (9),

i1 < R (R™2)| % 1 fI < Copa % | f1,

so that
& ore % oga % | F1(x0)
itA —N R2 R2 k
Y yetpe|cemty y wtemelfion
K QR Q=0 ] J=1 ke g L RO kA

Now, it is easy to see that
YRz * Qg2 * | f1(X) X Qg2 * @pa * [f1(x"
when |x — x'| < \/nR?, so that

Z r2x o2 * | fl(xk)

[xx — x|

S Copax @ x o | f1(x1)
ke lxe—x | > 3 R2+

S Cogr *pprx@pa x| fl(x)
for all x € Q;. Substituting into (12), we have
e f )| < [ fit)| + CN RN ppo % oo % oo | £1(x)

for all (x, 1) € Q; x [0, R%], and we are done. O

12)
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Lemma 8. Let g > py > po and I C [0, R?]. Suppose that
itA ‘
e f”LZ(BRZ,L;‘(I)) S CR| fllLron)

whenever R >> 1, and f is frequency supported in B". Then for all ¢ > 0,

i s+2n(if)—)+s
(e S CR™TT TP £ Loy ey

xR, L)
Proof. By Lemma 7, for all ¢ > 0, there exists functions f; and ?1 such that

1
So)+e T
Il fillLrowny < CR P fille ey
Znﬁ o cny < CRENF Ny oy

and for all N,/ € N and (x,1) € Q; x [0, R?],
"2 F )| < [ fi(x)] + CNR™N L f (x).

We use these pointwise bounds on cubes, to obtain an L9 (R", L} (1)) bound. We have

e ”Af”Lq(R,, Ly = Z||€”Af||Lq(Q1 Ly (1))

<D M hl+ CNR_NLR2f||iq(Qz,L:<1>)’
[

and using the fact that ||g + h||7 <29(||g||7 + ||k]|7), we see that

e £17

1

Now, by Young’s inequality,
q 2 q
Z ”LRZfHL‘?(Q[,L;([)) g R a ||()0R2 * (pRZ * (pRZ * |f| ||Lq(Rn)
!

2
< CR q”f”zq(Rn),

so that

” ltAf“Lq(]R" Lry) X CZHe”Aﬁ“Lq(Q] ray T CNR?N”JC”Z(R")'

By translation invariance and the hypothesis,

[ St Loy, gy < CRWfillzrocee)

Lan,L;ay S € Z”elmﬁ [ Zaconzran + CNRTY Y IL w2 f a1y

2115

13)
(14)

15)
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for all [ € N, and combining this with (13),

4 +2n(ph =) +e | 7
e fi| SCR TR TR il e @y (16)

L4(Qy,Li (1))
On the other hand, as supp f CcB"and p; < q, by Bernstein’s inequality,
I fllLawry < CIN flle ey (17

Substituting (16) and (17) into (15), we see that

(H2n(E Dy 5 | 7 _
[ F N T ey ryy S CRTT 0 O NG gy + CN RV ey
!

Finally, as ¢ > p1, by convexity,

q/p1
}:wmum@n (}:wmum&n) :

so that, by (14), we can sum to obtain the required bound. O
4. Restriction implies local smoothing

We denote by LS(q — ¢) the estimate

” ”Af”Lq(RnX[O 1 X Coz”f”q o

for all @ > 2n(— — l -2
We denote by R’k (p — q) the (adjoint) restriction estimate

1€ £l Lagnsry < CUF Lo,

where p’ = ” 5. Itis conjectured that R*(p — q) holds forallg > 2+ %, and it has been proven
in the afﬁrmatlve by Tao [32] in the range ¢ > 2 + +1

Theorem 9. R*(p — q) = LS(qg — q).

Proof. Suppose first that supp f C B". Considering (2), we see that e/ f can be viewed as the

. . . 251512 .
convolution of f with the Fourier transform of e =47 1§ 5o that we can also write

; 1 ilx—y2
itA - - L
e ﬂm—mmmﬁffme4 dy. (18)
Rn
As in [5], we ‘complete the square’ in (2), and compare the representations, so that

n/2 21A Af CX
—ictt — | 19
e i(2) (19)

"2 f(x)| =




K.M. Rogers / Advances in Mathematics 219 (2008) 2105-2122 2117

Making a ‘pseudo-conformal’ change of variables, we have

. T
||ettAfH < CR™ el?A f(_)
Li(B R2/2,R%]) .
4(Bg2x[R?/2,R?)) t L9 (B, x[R2 /2. R2))
2(n+2) A
—n+ itA
SCR ”e f” L9(Bn+y

Now, by hypothesis,

1€ Fll Loy < CNFllogeny,

where p’ = so that

ol

1€ £ ) a8 o iz k2 < CR N f .

Thus, by Lemma 8,

. 2(n+2)
A —n+ +2n(—— )+e
||e” f”Lq(Rnx[RZ/z,RZ]) <C £l
1-2
= CR"70% fllLagen.
Finally we scale, so that
k
A —Z n(1-
€2 F 1 oot 2ty < €277 R TN F Iy
whenever supp f C Bokg with k > 0. Summing, we see that
A 1-
1€ £ an e,y < CR™ 470 U fllLaa

whenever supp f C Bg, and the proof is completed with the standard Littlewood—Paley argu-
ments. O

5. Equivalence of the conjectures for the maximal operator
‘We consider the local bound,
12 £l Lo Lrioy < Csllf s, (20)
and the global bound,
|2 £ 1l Lo@n 170,17y < Csllf s ey 1)

Theorem 10. Let q r = 2. Then (20) holds for all s > so if and only if (21) holds for all s >
250 —n(2 ;) + ;.
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Letting ¢ =2 and r = oo, we obtain Theorem 3. Letting g = r = 2, we see the equivalence
up to endpoints of the conservation of charge and the local smoothing theorem of Sj6lin, Vega,
and Constantin and Saut, mentioned in Section 1.

We will need the following lemma due to Lee.

Lemma 11. (See [19].) Let q,r > 2. Suppose that
itA ‘
”el f”LZ(BR,L;[(),R]) SCRf Nl L2y

whenever R >> 1, and f is frequency supported in A". Then for all ¢ > 0,

Heimf

s+e
L0 S Ce RNl 2y

By the standard Littlewood—Paley arguments and scaling, to prove Theorem 10, it will suffice
to prove the following theorem, where (ii) and (iii) correspond to (20) and (21), respectively.

Theorem 12. Let g, r > 2, and consider functions f which are frequency supported in A". Then
the following bounds are equivalent:

@) ”el:tAf”Lz(BR,L;[O,R]) < CR* ||f||L2(Rn)f0r all R > 1 and s > s,
(ii) ||ef’Af||L;1(BR’L;[O)Rz]) S CR fllL2@ny for all R > 1 and s > so,
(iii) ||eltAf||Lz(R",L;[o,R2]) < CR* £l L2(gey for all R > 1 and s > so.

Proof. By changing variables R — RYZ in (iii), we see that (ii) and (iii) trivially imply (i).
Thus, it will suffice to show that (i) implies (ii) and (iii). Now, (i) implies (ii) is precisely the
content of Lemma 11. Similarly, by changing variables and letting po = p; =2 and I = [0, R?]
in Lemma 8, we see that (i) implies (iii)). O

By the local result of Lee [19], mentioned in Section 1, and Theorem 10 with ¢ and r taken
to be 2 and oo, respectively, we obtain the following corollary.

Corollary 4. For all s > 3 /4, there exists a constant Cs such that

H sup |eitAf|‘

O<r<l1

@) < Csll f 1l s w2y

We note that as (21) cannot hold for any value of s when g < 2 (see for example [25]), there
can be no such equivalence when g < 2. Letting r = 0o, we also see that the necessary conditions
for (21) to hold given in [25], are equivalent to the necessary conditions for (20) to hold given
in [29].

6. The nonelliptic Schrodinger equation

The generalised Schrédinger equation, id;u + ¢ (D)u = 0, where @ = ¢(&)u(€) and
¢ (£) is real, has solution ¢//?(?) f which can be formally written as

emp(D)f(x):/f(g)ezmx-sﬂnp(s)dg_
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In the local case, Kenig, Ponce and Vega [15] showed that if there are at most N € N solutions
to

¢(Ela"'agkv-xagk-l-l’""én—l)=r (22)
forall&eR”‘l,re]R,k:O,...,n—l,and

19 (&)
Vo (&)l

<C(1+E%)",
then for s > s,

| sup [etoPrg]| < Cul s 23)

O<t<l1

LZ(E”
In the global case, Cowling [8] showed that if |¢ (£)| < C (1 + |£]?)%, then for s > s0,

O <l 24

ol

O<r<l L2(R")

In particular, both these results hold for smooth ¢ that are homogeneous of degree m > 1. The
injectivity condition (22) is fulfilled and

6(E)] 2
Vg S CUHER)

so that (23) holds for all s > 1/2. On the other hand |¢(§)| < C(1 + |& |2)m/2, so that (24) holds
for all s > m/2.

For such ¢, these results are again equivalent. Indeed, for any ¢ satisfying |D*¢(§)] <
Cole|™1@! where |a| < 2, and |V ()] > CO_1 |£|™~1, there is an equivalence.

‘We consider the local bound,

Hem(mfHLzaBan,L;[o,l]) < Gl f s @y (25)

and the global bound,
|

By scaling, it will suffice to consider ¢!/?%(P) f defined by

s rsioy < Coll Flls . (26)

eil¢R(D)f — / f(%-)eZHi)C'éﬁ’tRimqﬁ(Ré) dé,

where o = R™™¢(R-), f is supported in A" and r € [0, R™]. It is easy to see that | D*¢r(§)| <
Col&" 71! and [V@r(£)] > C; ' [&" " for all R, so that [V (v))| ~ |v;|" .

Now, Lemma 6 generalises to ¢ such that [D%¢(§)| < Co|&|"™ ol for || <2 (see [18]). The
2v; is replaced by V¢ (v;), and the constants depend only on Co.
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To prove versions of Lemmas 7 and 8 with ¢//?2(P) £ in place of ¢/’2 f, only the numerology
changes. The important point is that the tubes make angles with the spatial plane which are
uniformly bounded away from zero, which we have insured by requiring that |[Vég (§)| < Cy for
all & e A",

Lemma 11 can be similarly generalised. The important point there is that the tubes make
angles with the #-axis which are uniformly bounded away from zero, which we have insured by
requiring that |Vor(§)| > %Co_l for all £ € A",

Thus, considering f frequency supported in A", and ¢, r > 2, the following bounds are equiv-
alent:

o) ||e”¢R(D)f||Lq(BR LI0.R) S S CR| fllL2@n) forall R>> 1 and s > so,
(ii) ”elt(f’R(D)f”Lz(BR’L; 0. S CR| fllp2@wny forall R > 1 and s > so,
(iii) ||e”¢R(D)f||L§(R,,’Ltr[0’Rm] < CR™ || fl 2@y forall R>> 1 and s > so.

By scaling and the usual arguments of Littlewood and Paley, this yields the following theorem.

Theorem 13. Let g, r > 2. Suppose that |D*¢(€)| < Col&|" ™1 and |V (£)| = Cy g™ for
all £ € R"\ {0}, where |a| <2 and m > 1. Then (25) holds for all s > sq if and only if (26) holds
forall s > msy— (m — 1)(n(— - —) - 7).

A corollary of this and the generalised result of Lee [19], is that Corollary 4 also holds for the
generalised Schrodinger equation; where |[D%¢ ()] < C|$|2_|‘”| and |V¢ (&) > c1 |1, and the
Hessian of ¢ has two nonzero eigenvalues of the same sign.

For completeness, we note that when m < 1, we no longer need Lemma 11, so that we have
the following theorem.

Theorem 14. Let g > 2 and suppose that |D*¢(£)| < Col&|" 1! for all € € R \ {0}, where
lo| <2 and m < 1. Then (25) holds for all s > sq if and only if (26) holds for all s > s.

In particular, we consider ¢ (&) = (27|&])™ so that ¢ (D) = (—A)"™/? with m € (0, 1). The
conditions of Theorem 14 are fulfilled, and we see that global bounds are equivalent to local
bounds.

Finally, we consider the nonelliptic Schrodinger equation; where ¢ is defined by ¢(§) =
—4n?(E7 —E7 £ EZ L £ E2), and

p(D)=0=09; — 9}, +o;, +---+0; .

Xn

Note that the conditions of Theorem 13 are fulfilled with m = 2. Vargas, Vega and the author [26]
showed that, in this case, the bound of Kenig, Ponce and Vega is almost sharp, in the sense that

< Csll fll s ®my

sup |eit|:lf|’

O<r<l

L2(B")

does not hold when s < 1/2.
Therefore, by Theorem 13, we see that the bound of Cowling is similarly sharp, and we state
this as a corollary.
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Corollary 5. For all s > 1, there exists a constant Cg such that

H sup |e”Df|‘

O<t<l1

@ S Csll f s ey

and this is not true when s < 1.

Theorem 9 also generalises to the nonelliptic case, so the well-known Stein—Tomas—Strichartz
estimate yields an almost sharp local smoothing estimate in the range g > 2 +4/n. In two spatial
dimensions, by a restriction theorem independently due to Vargas [34] and Lee [18], we have the
result in the range ¢ > 10/3.
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