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Abstract

In this paper, we study a boundary feedback system of a class of nonuniform undamped Timoshenko
beam with both ends free. We give some sufficient conditions and some necessary conditions for the system
to have exponential stability. Our method is based on the operator semigroup technique, the multiplier
technique, and the contradiction argument of the frequency domain method.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In recent years, there has been much interest in the problems of stability for elastic beam.
The exponential stability of the boundary feedback system of a Timoshenko beam with one or
two ends fixed has been studied extensively during the past decade. But little attention has been
paid to the case of the beam with both ends free. In this paper, we shall consider the system of
nonhomogeneous undamped Timoshenko beam with both ends free. More precisely, we consider
the following initial and boundary value problem:
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p&Jrai(K((p W)) =0, O<x<l, t>0,

,az_w_%( EI%) + K(p—9)=0, 0<x<l, 1>0,

a ad
Ko = 3) o= —EIFE],y=0. >0,

dw (1.1)
K(p—22)| _ =k, 0+ kw1, >0,
—EI§¢|,_ =k 0 +kip(,n), >0,

w(x,0) =wo(x), wi(x,0)=zo(x), p(x,0) =o(x), ¢ (x,0) =Yo(x),
O0<x<l,

here a nonuniform beam of length / moves in w—x plane, p(x) is the mass density, w(x, t),
the deflection of the beam from its equilibrium, ¢(x, t), the total rotatory angle of the beam
at x, I,(x), the mass moment of inertia, EI(x) the rigidity coefficient of the cross section,
K (x) is the shear modulus of elasticity, and k; > 0 (j = 1,2, 3,4) the feedback coefficients.
We refer to [3,4,10,11] for the precise description of the problem and for more technique de-
tails.

In this paper, we are interested in the following feedback stabilization problem: Under what
conditions on k; (j = 1,2, 3,4) does the energy E(z) (see (2.2) for its definition) of the sys-
tem (1.1) exponentially decay?

Our main approach is based on the operator semigroup technique, the multiplier technique
with contradiction argument of a frequency domain method. Recall that multiplier techniques
were developed in the work of Lagnese [6], Liu and Liu [7,8] for various PDEs and control
problems. On the other hand, the frequency domain method is based on the boundedness on the
imaginary axis of resolvent of a Cyp-semigroup generator to establish the exponential stability of
the Cp-semigroup on Hilbert space (see Huang [5]).

The plan of this paper is as follows. In Section 2, we will state our main results. In Section 3,
we show the well-posedness of the system and derive some spectral properties of the underlying
semigroup. The proof of the main results is given in Section 4.

2. Statement of the main results

Throughout this paper, we need the following natural hypothesis:

(2.1)

p(), I,() e C®0,11,  K(-),EI()eC'0,1],
px), Ip(x), K(x),EIx) >2C >0, xel0,1],

where C is a positive constant.
Denote the energy of system (1.1) by

1 l ow
E“):z[f(’(“"‘a
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where kp|w(l, t)|> + kal@(l, )|* represents the energy of the rigid motion of elastic system. Sim-
ple calculations yield that

)
dE(t)_/ X dw dp 9w +E18(p RR)
ar T 7 %x ) \or T oxar ax  oxor
0

ow 3w g ach]

R TR Yol vy
ow o
+k2w(l,t)§(l,t)+k4<p(l,t)§(l,t) 2.3)

and

1
dw 32 dp 9%
. +1 d
/( oo aﬂ) *
0

l l
I 2
a g a a
—/EI—(p dx—/—(p-K<(p w)dx
0 dx 0xot ot dx
0 0
l
ow Jw Jw Pw  dgp
=——|Klo— — + | Kle——)- —— )dx
at ox =l ox dxdt Ot
0

l

B] 3 dp 3%
+ 2 g / 2% 29 gy
at 0x |,y dx 0dxat
0
Jw

9 3
=- (- (kl—(l 1) + kow(l, t)) - a—f(z,r) : <k3a—f(z,1)+k4<p(1,t)>

l l
9 9 8%w dp 3%
—/K o—22) (2 2V gy /EI—(/) 29 gy (2.4)
ax Jat  0xat dx 0dxot
0 0
From (2.3) and (2.4), we obtain

dE 2

dw 2 3
— )=k |—(U,t)| —k3|—(,¢ 2.5
dt() 1 8t( ) 3 at( ) (2.5

which implies that k1 > 0 and k3 > 0 are necessary for the energy E (¢) to be not increasing.
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For simplicity, we will denote g—’; by u’. Let L%(O, ) and L%p (0, 1) with the norm ||u ”L%(O,l) =
[ 2 1 ) 2 1 . 2 2 .
(fo polul“dx)? and ”””L}p(o,l) = (fo I,|ul”dx)?2, respectively. Let H = Lp(O,l) X LIP(O, ) with

the norm

1
| . v) ”H = (””“%g(o,l) + ”U”iﬁp(o,z)) ’
andlet V = HL1(0,1) x H'(0,1) with the equivalent norm
! !
|, v, = <k2|u(l)|2 + ko] + /(K|U —u' |2+ EIN' ) dx) (k2, k4 > 0),
0

where H* (0, 1) is the Sobolev space of order k (see [1]).
Define H = V x H with the norm

[, ¢, 295 = (|, @2 + @ v |3)*

To formulate (1.1) as an abstract Cauchy problem on H, we define a linear operator 4 as
follows:
D(A) = {(w. 9. 2.9) | (w,9) € HX0,1) x H*(0,1), . ¥) €V, K(p —w)li—0 =0,
—Elg'[x=0 =0, K(p — w)|x=1 =k1z(1) + kaw (D),
—ElQ|y=1 = k3yr (1) + kap(D)} (2.6)

and

Aw, ¢, z,9) = (2. v, —p ' (K¢ — "), I, [(El¢') — K(p — w')]).,
(w, 9,2z, %) € D(A).
Then the system (1.1) can be formulated as following Cauchy problem on H:

dy
T AY, Y(0) =Yy,
where Y = (w, ¢, z, ¥) and Yy = (wo, 9o, 20, ¥0).

Next, it is easy to see that k» # 0 and k4 # O are necessary for the energy E(¢) to uniform
exponentially decay. In fact, if kp =0, then w(x) =1, ¢(x) =0, z(x) =0, ¥ (x) =0, x € [0,[] is
an eigenvector belonging to eigenvalue A = 0. Likewise, if k4 =0, then w(x) =x — [, p(x) =1,
z(x) =0, ¥ (x) =0, x € [0,1] is an eigenvector belonging to eigenvalue A = 0.

Now we can state our main results as follows.

Theorem 2.1. Let (2.1) hold and k; > 0, j =1,2,3,4. Then the Co-semigroup e Ais uniformly
exponentially stable; i.e., there exist positive constants M, w such that
le A < Me™, 120,

Theorem 2.2. Assume that k>, k4 > 0 and the Cy-semigroup e’ A decays uniformly exponentially.
Then k1 > 0 and k3 > 0.
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3. Preliminaries

In this section, we will prove that A generates a contraction Co-semigroup e’ A on ‘H, which
shows the well-posedness of system (1.1), and give some spectral properties of the genera-

tor A.

Theorem 3.1. Let kj > 0 (j = 1,2,3,4). Then A is the infinitesimal generator of a contraction
Co-semigroup e"A on 'H.

Proof. Itis easy to see that A is density defined in H. Furthermore, for any (w, ¢, z, ¥) € D(A),
integrating by parts, we have

Re{A(w, 9.2, ¥), (w, 9, 2. V), = —ki |20 — k3| (1)

which implies that A is dissipative in H.
Finally, we show that . =0 € p(.A) (the resolvent set of A). For any (f1, g1, f2, &2) € H, we
are going to solve the following equation:

Aw, .z, %) = (f1, 81, f2.8), (w,9,z,¥) € D(A). (3.2)
This implies
z=f1,
v =g,
(K(p —w")) =—pfa,
(El") — K(p —w') =15g.

Integrating from O to x and using boundary conditions at x = 0, we have

2
)

3.

(3.3)

X
Ko—uw)=— [ 00 dy. (3.4)
0
Substituting (3.4) into (3.3), we obtain

@MW=—/Mﬁﬁ@M%HM2 (3.5)
0

and

X

X Yy
E1¢/=—//p(y1)fz(y1)dy1 dy+flp(y)gz(y)dy, (3.6)
00

0

or equivalently,

x Y X

1 1

(x)//lo()’l)fz(}’l)d}’l dy+%/1p(y)gz(y)dy, xel0,l]. (3D
00 0

w(X)=—EI

Therefore, we have
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l

T )y
1
¢<x>=¢<z>+/ﬂm//p(yofz(yl)dyldydr
00

X

T
1
— | — 1 dydr, 0,1]. 3.8
/El(t)/ p(Mg () dydr, x€[0,1] (3.8)
x 0
Let x =/ in (3.6); we can obtain

l

Ly
kvt +kot) = [ [ o0 nondndy - [ 1memd.
00 0
which, using (3.3), yields
l
()= —i (kBgl(l) + / Ip(y)g2(y) dy) +
0
From (3.8), (3.9), we can assert that
l l

y

1 1

¢(X)=—H<k3g1(l)+/1p(y)g2(y)dy) +E//p(y1)fz(y1)dy1dy
0 0 0

-

Ly
//P(yl)f2(yl)d)’1 dy. (3.9
0 0

l

Ty
1
+/T(z)//ﬁ(y1)f2()’1)dy1dydr
00

X
l

1 T
—/mflp(y)gg(y)dydr, x €[0,!1]. (3.10)
X 0

From (3.4), we can obtain

X

Kw/=K<ﬂ+/p(y)fz(y)dy, (3.11)
0
and consequently,
l l T
1
w(x)=w(l)—/w(y)dy—/m/p(y)fz(y)dydf, x €[0,1]. (3.12)
X X 0

Let x =1/ in (3.4); we can obtain
I

k12 + kow(D) = — / PO A dy, (3.13)
0
which, using (3.3), yields
l

1
W(l)=—k—z(klfl(l)+/p(y)f2(y)dy>- (3.14)

0
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From (3.10), (3.12), and (3.14), we can assert that

l

l T
1 1
w(X)Z—5<k1f1(l)+/p(y)f2(y)dy) —/mfp(y)fz(y)dydf
0

0 X
l

Iy
1 1
+ E(l—X)(k3g1(l)+/1p(y)gz(y)dy> - E(l_x)//./)(yl)fz()ﬂ)d)’ldy
0 0 0
yi 2

[
1
_f/EI(r)//p()’)fz(Y)ddeZdyldt
X T 00

L1 | Y »
+// (_C)//Ip()’)gz()’)dydyzdy1df, x €[0,1]. (3.15)
o 0 0

EI

Since hypothesis (2.1) is satisfied, we can easily deduce that (w, ¢) € V and that (w, ¢, z, V) €
D(A) is the unique solution of (3.2) z = fi, ¥ = g1. Hence, A =0 € p(A). Finally, from the
above discussion and the Lumer—Phillips theorem [9, Theorem 1.4.3], it follows that A generates
a contraction Cp-semigroup. The proof has been completed. O

Proposition 3.2. Assume that k; >0, j =1,2,3,4. Then iR C p(A).

Proof. From the proof of Theorem 3.1 we have A =0 € p(.4) and we can prove
{k €o(A) | Ima ;é()} Cop(A)

in a similar way as in [2, Lemma 4.1]. Therefore it suffices to show iw € op (A). Indeed, if it is
not true, then there exists w € R, w # 0 such that iw € op (A). Hence, there exists (w, ¢, z, ¥) €
D(A), (w, ¢, z, ¥) # 0, such that

(io—A)(w,p,z,¢%)=0, (3.16)
which implies

Re{(io — A)(w, 9.2, ¥), (W, 9, 2. W)}y, = k1 |z O[> + ka|w )] = 0.
Using k1, k3 > 0, we conclude that

=90 =0. (3.17)
From (3.16), we can obtain

z=iow,

v =iwg,

(K(p —w") =—iwpz,
(El¢") — K(p —w) =iwl,y.

From (3.17) and (3.18), using w # 0, we can obtain

(3.18)

w(l)=g() =0. (3.19)
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From (2.6), (3.17), and (3.19), we can easily obtain

K(p—w)|x=0=K(p —w)|y= =0,

0 = w)li0 =K (@ =)y (3.20)
—El¢|y=0 = —El¢'|x= = 0.

From (3.18) and (3.20), we can conclude that
(K(p—w)) +o?pw =0,
"N, _ oy 2 —

(Elg)) = K(p =) = a’lpp =0, G2
K(p—w)ly=0=K(p —w)|x= =0,
—El¢|x=0 = —El¢'| =1 = 0.

The uniqueness theorem of ODEs shows that (w, ¢, z, ) = 0. This is in contradiction with
(w, @, z, ¥) # 0, and the proof is completed. O

4. Proof of the main results

Proof of Theorem 2.1. Clearly, if w = w(x, 1), ¢ = ¢(x,t) is the solution of the system (1.1),
then

2
(w. .2, %) =" (wo, 0. 20. Yo) and lw, .z, 9) |3, =2E@®), 1>0.

Hence, the uniformly exponential decay of the energy E(¢) is equivalent to the uniform expo-
nential stability of Co-semigroup e’ A1t follows from Proposition 3.2 and the frequency domain
results (see [5]) that we need only to prove

sup [ (A — )7 < +o00. @.1)

r€iR
If (4.1) is false, from the resonance theorem, there are two sequences {A,} C R, and
{(Wn, @n. zn, Yn)} C D(A) such that

|Wns @ns 2 ) |4y =1. [Anl = 00 (4.2)
and

@iy — A)(wy, ®ns Zn> Yu) = (fins &1ns fon, 820) — 0 in'H. 4.3)
From (4.3), it follows that

(A Wn — Zns i2n@n — Yn) = (fin- g1) > 0 in V., (4.4)
(irnzn + 0~ (K (0o —w))) ikt — 1, [(El@)) — K (g — w))])
= (fon,g2m) >0 in H. 4.5)
Since

Re(((ihn — A)(Wn, @ns Zns Yn)s Wns @ns 20y Yi)))3 = O,
by (3.1), we can obtain

ki |za ) + ks |9 O] = 0,
which implies

(1) = 0, Y,(l) — 0. (4.6)
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By using a simple interpolation inequality, (4.4), (4.6) and |A,| — oo, we can deduce that

{)ann(l)—>0, Anon () — 0,

w,()—0,  ¢.()— 0. “7)

From (4.4), we have
1
|Gins g1 |3 = k2| fin O + ka| g1a D + / (Klgin — f,12 + Ellg}, ") dx — 0,
0
which yields that

Sin() — 0, gin() >0 and gy, — f{, >0, g, — 0 inL*0,0). (4.8)
From (4.5), we have
/ l
[Gane g2y = [ olpiar+ [ 1lgaPdx o0,
0 0
which yields that

fon — 0, g — 0 in L%(0,1). (4.9)
Again by (4.4), we have that ((fi,, g1n), (2n, ¥n)) g — 0, and consequently,
l l l
ixn/pw,,z;dx +ikn/Ip<pn1de —/(plzn|2+ LY |?) dx — 0. (4.10)
0 0 0
By (4.5) and (4.7), we have that (( 2, g21), (Wn, @n)) g — 0, and consequently,
l l l
idn / PWnzndx + iy / Ly@nn dx + /(KI(pn —w)|? + Ellg,|*) dx — 0. (4.11)
0 0 0
Taking the real parts of the sum of (4.10) and (4.11), we obtain
I I
/(Km —w) >+ Ellg,|*) dx — f(p|z,,|2 + I, |m)?) dx — 0. (4.12)
0 0
By (4.2) and (4.12), we conclude that

:fé(lﬂwn—w:,|2+E1|<o,;|2>dHl, i)
Joolzal® + Lol ¥ ?y dx — L. '
By (4.4) and (4.13), we can obtain

w, — 0, ¢n — 0 in L%(0,1). (4.14)
From (4.4) and (4.5), we can obtain

2 pwn — (K (on = w))) = —(idn fin + frn)p (4.15)

A2 Loon + (EIQ)) — K (pn — w)) = —(iAngin + g20) 1. (4.16)
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Now let g(x) = e — 1, where 7 is a positive constant to be determined after soon. Multiply-
ing (4.15) by qw;,, respectively, integrating from O to /, we obtain

l
[ Do~ (kG = wp) Tawg dx == [ G fon-+ fepaiax. 4.17)
0
combining this with (4.4), (4.7), and (4.8), we can obtain
l
f[,\ﬁpwn — (K (¢n — w})) Jqw} dx — 0. (4.18)
0
From (4.17) and (4.18), integrating by parts and taking the real parts, we have

l
Re{ / apwn — (K (o — w;z))/]quT,;dx}
0

=——/(pq) [Anwhp| dx——/(Kq K'q)lw),|? dx

I
- Re(f Kq¢;zu_;dx> — 0. (4.19)
0
Multiplying (4.16) by q@ , respectively, integrating from O to /, we obtain
l I
/ (A2 Lo¢n + (El)) — K (9n — w))|qe) dx = — / (idngin + g2)pqeldx,  (4.20)
0
combining this with (4.4), (4.7), and (4.9), we can obtain
l
/[,\ Lygn + (Elg)) — K (9n — w))]|q¢), dx — 0. 4.21)
0
From (4.20) and (4.21), integrating by parts and taking the real parts, we conclude that

l
Re{/ Lygn + (Elg) — K (pn — w))]|qe), d }
0

1 1
- / (1) Vo dx — 5 [ (Elq' — EIK g1} /> dx

1

+Re< f Kqp,w) dx) — 0. (4.22)

0
Taking the sum of (4.19) and (4.22), we can obtain
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) ) l
/ (09 P walP dx + / (Kq' — K'g)lwl 2 dx + / (1)q) Ponoa? dx
0 0 0

1
+ f (Elq' — EI'q)|¢,|*dx — 0. (4.23)
0

It is easy to see that hypothesis (2.1) guarantees the existence of 1 as above. We choose 7 large
enough and positive constant C1, such that

ne™p+p'(e"™ —1)>Cy >0, ne”xlp—}—l;)(e”x -1 >C; >0,
ne™K —K'(e™ —1) > C; >0, ne™El — EI'(e"™ — 1) > C; > 0,

combining this with (4.23), we can obtain

(4.24)

{)\nwnﬁo, w) — 0 in L(0,1), (4.25)

An@n — 0, @, — 0 in L%(0,1).
From (4.14) and (4.25), we conclude that

[
/ (Klpn — w), 1> + El|g)|*) dx — 0, (4.26)
0

which is in contradiction with (4.13), and the proof is completed. O

Proof of the Theorem 2.2. First it is impossible that k; = k3 = 0. Indeed, it follows from k; =
k3 =0 and (2.5) that
1 2
E) = 5[l wo. 0. 20. ¥0) 3,

= E0)
1

1
= E[f(wo — whl? + Ellg) | + plzol* + I, 1¥ol*) dx
0

+kz|wo<l)\2+k4\¢o<l>|2], t>0, 4.27)

for any (wo, @0, 20, Yo) € D(A). Thus the energy E(¢) of the system (1.1) does not uniformly
exponentially decay.
Next, let k; = 0 and k3 > 0, we can define

Vo={w,peVieh)=0}, H'=VoxH, A" =Alp.
That is

DA% ={(w, ¢, ,z,9%) € DA NH | Aw, ¢, z, ) € H®}
and

Aw, g, z2,9) = Aw, 9,2, ¥), (w,,,z,9%) € DAY).
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By the same argument as in the proof of Theorem 3.1, we can conclude that A is dissipative and
0 € p(A%). Hence, A° is m-dissipative and generates a contraction Co-semigroup A’ Since
etAO (wo, ®0, 20, Yo) € D(AY), the same proof of (2.5) yields

d

1 d
- (5 | (wo. 9o, 20, o) ||?H0> = —E() =0,

which implies that Cp-semigroup A" is an isometric semigroup. Therefore the energy of the
system (1.1) does not exponentially decay. Finally, let k; > 0 and k3 = 0, we only need to define
Vo = {(w,9) € V| w(l) =0}, and the similar proof follows. This completes the proof of the
theorem. 0O
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