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We study a nonlinear integral equation for a center manifold of a semilinear non-
autonomous differential equation having mild solutions. We assume that the linear
nart_of the eanation admits in a verv ceneral sense a _decomnaosition into_center
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operator and a linear integral operator A. The operator A is formed by the Green’s
function for the hyperbolic part and composition operators induced by a flow on
the center part. We formulate the usual gap condition in spectral terms and show
that this condition is, in fact, a condition of boundedness of 4 on corresponding
spaces of differentiable functions. This gives a direct proof of the existence of a
smooth global center manifold.  © 1997 Academic Press
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1. INTRODUCTION

In this paper we give a direct proof of the existence of global smooth
center manifolds of mild solutions of nonautonomous differential equations
with sufficiently small nonlinearities defined on infinite dimensional Banach
spaces. From its inception in now classic works, [5, 13, 19, 20, 28], the
center manifold theory plays an important role in the modern theory of
infinite dimensional dynamical systems. We refer the reader to [2-4, 6, 10,
11, 14, 16, 23, 31, 38, 39, 43] and to the literature cited therein. Recently,
several advances in the center manifold theory have been made using
techniques related to scales of Banach spaces of exponentially growing
functions, see [6, 12, 15, 40-44]. However, in this paper we will use the
perhaps more direct traditional approach, see [6, 9, 13].
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To explain our main innovation, consider an autonomous semilinear
differential equation on a Banach space X:

X' =Ax+ g(x), teR, geCHY X, X), (1.1)

where A is the infinitesimal generator of a strongly continuous semigroup,
{e'"},-, such that the spectral mapping theorem holds, that is, a(e**)\{0}
=exp ta(A4), t > 0. Further, suppose that the spectrum o(A4) splits as

O-(A):O-cuo-ha o'malz7é®9 wc<ﬁh’ (12)
where the numbers w, and £, are computed as follows:
w.=sup{|Rez|:ze0 }, p,=inf{|Rez|:z€a,}. (1.3)

Under these assumptions there exists an A-invariant decomposition X =
X.® X, such that, for the restrictions 4.=A4|X,., A,=A4|X, one has
o.,={z:z€0(A.)} and 6,={z:z€0a(A4,)}. Moreover, {e"*} is a group on
X., the semigroup {e"*} is hyperbolic on X, and there are complemen-
tary projections P, on X, restrictions of operators A;f =4, | Im P, and
constants M .= M (w), M, = M () for which the following estimates hold

lee|| < M.e®V,  reR,
le i | < Mye ", >0, (1.4)
le“n | < M,e”, 1<0

whenever w > w, and fe(0, §,).

We assume that ke {0, 1, 2, ...} and let C*'(X, X) denote the space of k
times continuously differentiable functions with Lipschitz kth derivative. As
usual, we seek a center manifold for (1.1) of the form .#, = {& +y/(&): £ X}
where the function y: X, — X,, is in Y e By, a J-ball at the origin of
CHY(X, X). If we fix y e B{, project (1.1) on X.® X, to obtain “c and /
equations”, and use the Green’s function 4", to be defined explicitly below,
for the hyperbolic semigroup {e**+} ., we see that .Z, is invariant if and
only if ¥ is a fixed point of the operator 7 defined by

TN =] (=D gxlr, &)+ hlxlr, ) dr,

— o0

where e X, and x.(-, ) is the solution of the c-equation x,.=A4.x, +
gx,.+Y(x.)) with the initial condition x (0, &) =¢.

The solution x (-, ¢) defines a flow S*= S, on X, given by S'({) = x(¢, ).
Using it, we introduce a group of composition operators, V', on C*(X,, X,,)
given by (V'gp)(&) = ¢(S*¢). The operator 7 can be factored as a composition,
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T()=A4,°%()), where A, is a linear operator and % is a nonlinear
operator defined as follows:

szﬁo K(—n)V'dr, G(p)&)=gil+9&)), <CfeX. (L5)

The ball BY" is closed in the C*-norm. To find a fixed point y for 7 one
needs to show, first of all, that 7 preserves B provided &= | g/ cx1 is
sufficiently small. Using the factorization of 7, it is easy to see that 7
preserves such a small ball provided that 4, is a bounded operator
on C*!,

A key feature of our analysis is the observation that the boundedness of
4, on C*k 1 is implied by the spectral gap condition

ﬂ/}i(k+1)a)c>0

Indeed, a direct (but long) calculation using the estimates (1.4) shows that
the growth of | 7’| on C*!is bounded by exp[(k + 1)(w + M ¢) |t|]. Also,
by (1.4), the growth of the norm of the Green’s function, | ()], is
bounded by exp[ —f |t|]. Using these facts together with the definition of
4, and the gap condition, it is easy to see that for & small enough, 4, is
bounded.

A similar argument, again using (1.4) and (1.5), shows that .7 is a con-
traction in the C*-norm for sufficiently small ¢ provided the gap condition
is satisfied. We remark that the C*-contractivity of 7 for k>0 is more
than is needed to prove the desired result. In fact, by a lemma of D. Henry
(see, e.g., [9]), the ball B{" is closed in the C’-norm. Thus, it suffices to
prove that 7 is a C’-contraction.

The arguments outlined above do not use the bounds w,. and £, that
appear in (1.3) directly. Instead, they use the fact that f§, is the dichotomy
bound and w,, is the growth bound for the corresponding semigroups in the
following sense: f#, =sup ff and w,=inf w for f and w satisfying (1.4). We
stress that the calculation (1.3) of f,=sup ff and w,=infw in terms of
o(A) is possible because we assume the validity of the spectral mapping
theorem for {e’'}. These calculations are invalid for an arbitrary generator
A. The spectral mapping theorem holds, for instance, for analytical semi-
groups, uniformly continuous semigroups, etc., see [29] for details. This
point of view is helpful in understanding the corresponding spectral results
in [3, 41].

In the present paper we will consider a generalization of (1.1) to
nonautonomous differential equations of the form

X' =A(t)x +g(t, x(t)), geC+(RxX,X), teR. (1.6)
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We do not require that the linearization of (1.6) is well-posed, that is, that
it has a differentiable propagator. Instead, our starting point is a strongly
continuous evolutionary family (propagator) {U(z,s)},~,. Thus, we con-
sider mild solutions of (1.6). The operators A(¢) that appear in (1.6) can be
unbounded, can have variable domains, etc.

One of the difficulties encountered in our general setting is to formulate
the correct assumptions on the decomposition of {U(t,s)},-, into its
“center” and “hyperbolic” parts. The spectra of the operators A(¢) do not
give the appropriate information for this decomposition even when these
operators are bounded. To remedy this, we introduce the so-called
evolutionary semigroup, {T'}, acting on a “super-space” Cy(R, X) of con-
tinuous X-valued functions that vanish at infinity, by the rule (77¢)(t) =
Ult—t, 1) ¢(t—1t), TeR, t >0. Let I" denote the infinitesimal generator for
{T'}. For example, in the autonomous case above, I is just the closure of
the operator —d/dr + A. It is known, see [ 24, 25, 34, 35] that the spectral
mapping theorem holds for {7}, that o(I") is invariant with respect to
translations along the imaginary axis, and that {U(z,s)},~, has an
exponential dichotomy on X if and only if /" is invertible, or, equivalently,
if T?, for some ¢>0, has no spectrum on the unit circle. Moreover,
each spectral projection Z for T' has the form (2¢)(t)= P(7) ¢(1)
for a bounded strongly continuous projection-valued function P defined
on R.

Our conditions on {U(t, s)},~, are given in terms of the existence of a
splitting of (/") similar to (1.2). This splitting implies the existence of
a spectral decomposition for 7. Since spectral projections for 7' are
operators of multiplication on projection-valued functions, we obtain the
existence of evolutionary families {UJ1, $)} . ycr: and {U,(t, s)},=,,
generalizing {e" "4}, o _p and {e"" "%}, considered above. We
define w, and f, that appear in the gap condition in terms of o(/”), and
conclude that w, and f, are the growth and the dichotomy bounds for
{Ut,9)} (1. ser2 and {U,(t, s)} - ,, respectively.

We construct an operator .7 and its factorization J = 4% analogous
to the construction above. Again, the gap condition is seen to be a condi-
tion on the operator A that controls the “race” between the exponential
growth of the Green’s function for { U,(t, s)},-, and composition operators
V" induced by { U1, 5)} (. s)cr2. The gap condition again implies that A is
bounded as long as the norm of g is sufficiently small. As a result, we prove
the existence of a center manifold .#, for y € C*'. We conjecture that, by
a standard technique (see, e.g., [9]), this result in fact implies € C** .

The main point of this paper is the presentation of a new direct proof of
the existence of a center manifold based on a factorization analogous to
(1.5). Our proof gives a clear understanding of the role of the gap condition
that is imposed on the linear part in (1.6). Moreover, as far as we know,
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a proof of the existence of center manifolds in our general setting has not
appeared in the literature.

The paper is organized as follows. In Section 2 we collect some facts
about evolutionary families, evolutionary semigroups, and composition
operators. In Section 3 we precisely describe our assumptions and prove
the existence of center manifolds using certain norm estimates on the com-
position operator V. Section 4 contains the technical proofs of the required
norm estimates. Finally, Section 5 contains an application of our result. In
particular, we prove the existence of a Lipschitz invariant manifold for a
semilinear skew-product flow. The existence of smooth invariant manifolds
in the analogous finite dimensional case is considered in [12].

2. NOTATIONS AND PRELIMINARIES

2.1. Evolution Families

Let X denote a Banach space with norm |-| and let ¥ = %(X) denote
the set of bounded linear operators on X. For a linear operator A4, let a(A4)
denote the spectrum, p(A) the resolvent set, D(A) the domain, and Im(A4)
the image of the operator A. Also, let J={(,s)eR*: 1>s} or J=R".

DEerFINITION 2.1.  An evolution family is a family of bounded operators
{U(1,5)} 1. e, on X that satisfy, for (z,5) € J:

(1) U(t,s)=U(t,r) U(r,s) for all t =r=s;

(i) Ut t)=1,
(i1) For each x e X the function (¢, s)— U(t, s)x is continuous;
(iv) There exist positive constants § and ¢ such that

|U(t, 5)||  <ce =, (1,5)€l.

We remark that usually an evolution family is defined to satisfy just (i)
and (i1) of the definition. If, in addition, it satisfies (iii) the family is called
strongly continuous and if it satisfies (iv) it is called exponentially bounded.
However, since we will only consider families satisfying all the properties of
the definition, we will not make these distinctions below.

DEFINITION 2.2. An evolution family {U(t, s)},-, is said to solve the
abstract Cauchy problem

X' (t)=A(t) x(t), x(s)=x,, x,eD(A(s)), t=s tseR, (2.1)
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if x(-)= U(-, s)x, is differentiable, x(¢) e D(A(¢)) for ¢ =5, and if x satisfies
the differential equation defined in (2.1). The abstract Cauchy problem
(2.1) is called well-posed if it is solved by an evolution family.

Note that under our definition, the operators A(¢) in (2.1) are allowed
to be unbounded. However, we will work in an even more general setting.
In fact, we will not require that the evolution family { U(z, s)},- , is differen-
tiable. Thus, we do not assume that our evolution family solves an abstract
Cauchy problem. We note that there are examples [33] of well-posed
autonomous Cauchy problems x'=A4,x such that (even for a bounded
continuous function B: R — (X)) the abstract Cauchy problem (2.1) with
A(t)=Ay+ B(t) is not well-posed.

DEFINITION 2.3.  Assume J = R% The growth bound w, for an evolution
family { U(#, 5)} (. s)er> On X is defined as the infimum over all w >0 such
that there exists a positive constant M = M(w) so that the following
estimate holds:

1U(t, 8)|| o < Me® V=5, (t,5)eR2 (2.2)

If A(1)= A is a generator of a strongly continuous semigroup, {e'},-,,
on X, then U(t, s):=e"" "4 ¢>s, defines an evolution family that solves
(2.1). If 4 generates a strongly continuous group, then this evolution family
is defined on J=R? We stress that, in the last case, the growth bound for
Ut,s):=e" 94, t,5eR is, generally, strictly greater then the spectral
bound for A defined as sup{|Re z|: zea(A4)}, see [29].

We recall the definition of exponential dichotomy for a strongly con-
tinuous evolution family, see [ 13, 19, 24, 28, 30]. For a projection-valued
function P R — Z(X), the complementary projection will be denoted by

P_(t)=I—P (1), te R Suppose that {U(s,s)},~, is an evolution family.
If P () (t, s)=U(t,s) P_(s) for all t>s, we define the restrictions
U,(t,s): =P (1) U(t,s) P, (s) and U_(t,5):=P_(t) U(t,s) P_(s). We
stress that U, (¢, s) is an operator from Im P_ (s) to Im P_(¢) and U_(z, 5)

acts from Im P_(s) to Im P_(z).

DEFINITION 2.4. An evolution family {U(z,s)},~, is said to have an
exponential dichotomy with constant f>0 if there exists a projection-
valued function P,:R— £(X) such that the function ¢t— P (#)x is
continuous and bounded for each xe X, and if, for some constant M =
M(p)>0 and all ¢ > s, the following hold:

(1) P (1) Ult,5)=Ult,s) P (s);
(i) U_(t,s) is invertible as an operator from Im P _(s) to Im P_(¢);
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(iii) U (t,9)] o < Me P1=),
(V) U_(t,8) ") < Me P,

If an evolution family {U(z, s)},~, has an exponential dichotomy, the
dichotomy bound f, for {U(t, s)},~, is defined as sup{f>0:{U(t,5)},=,
has exponential dichotomy with constant f}. The Bohl spectrum, %, for
{U(t,5)},~, is defined as

#={reR:{e"" 2 U(1,5)},~, does not have exponential dichotomy}.

We note that Bohl spectrum, see [ 13], is in fact the same as the Sacker—
Sell dynamical spectrum as defined in [ 36, 377, see [ 25] for more details.

2.2. Evolution Semigroups

Consider an exponentially bounded evolution family { U(z, s)},- , defined
on the Banach space X and let Cy(R, X') denote the space of continuous
functions from R to X that vanish at infinity with the uniform norm. There
is a natural evolution semigroup, {T'},-,, defined on Cy(R, X) as follows:

(T'9)z)=Ul(r, t—1t) ¢p(t — 1), t=0. (2.3)

This semigroup is, by our definition of exponentially bounded evolution
families, strongly continuous and therefore it has an infinitesimal generator
I'. For example, if 4: R— & is bounded, then I" is the closure of the
operator —d/dt + A(t), see [25].

The evolution semigroup defined using the propagator of a nonperiodic
differential equation plays the same role as the monodromy operator does
for the periodic case.

The following is a list of facts about evolution semigroups and their
infinitesimal generators that we will use in our analysis, see [ 24, 25, 34, 35]
for details and further references.

1. The spectrum of " is invariant with respect to translations along
the imaginary axis; the spectrum of 7’ is invariant with respect to rotations
centered at origin.

2. The semigroup spectral mapping theorem holds; that is, a(7")\{0}
=e) >0,

3. If 2 is a spectral projection for T that corresponds to a connected
component in o(T"), then there is a bounded strongly continuous projection-
valued function P: R — Z(X) such that (2¢)(t) = P(z) ¢(t), 1€ R. Also,
P(t) U(t,s)=Ul(t, s) P(s) for all ¢ >s.

4. The evolution family { U(z, s)},-, has an exponential dichotomy if
and only if 0ep(I") or, equivalently, (7T’) does not intersect the unit
circle. If this is the case, then the Riesz projection #, that corresponds to
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the part of ¢(7T’) inside the unit disk is of the form (2, ¢)(1) = P_ (1) ¢(7),
where P (-) is the bounded projection-valued function mentioned in the
definition of dichotomy.

5. The Bohl spectrum % for {U(t, s)},~, and o(I") are related by the
formula Z =a(I') n R. As a result, the growth bound w for the evolution
family { U(7, )} ;. ;) e r2, defined for (z, s) € R* and the dichotomy bound S,
for a dichotomic evolution family { U(z, s)},~, can be computed as follows:

wy=sup{|i]: ea(l) N R}, pu=inf{|1]: Aea(I) N R}.

2.3. Spaces of Multilinear Operators

For each integer ne {1, 2, ...}, let %, = %,(X) denote the set of n-multi-
linear operators on X. For a function ¢:RxX — X, let D*p(t, x)e &,
denote its nth differential with respect to xe X. Also, for each integer
kef{0,2,..}, let C*'=CF'(RxX, X) denote the set of continuous
functions ¢: R x X —» X that are k times differentiable with respect to x € X
with each such derivative globally Lipschitz and with the uniform norm
given by

ol cx.1=sup max{ max  sup [ D/o(t, x)| o,
teR Jj=1.,k xeX ’

| D¥(t, x,) — D (1, x,)] j}
X sup .

X # X [x) — x5 |
Also, for 6 >0 and for k€ {0, 1, 2, ...}, let
B ={peCh )i <0}

denote the é-ball at the origin of C*!,
Recall the chain rule for the nth derivative of the composition of differen-
tiable functions G, F: X — X, (see, e.g., [ 1, p.97]):

D"(GoF)(x)(ey, ..., e,)

k
=) Y Y. D'G(F(x)) (D" F(x)(ey,, ... e -
i=1 ji+ e +ji=k {1}

DYF(x)(e,

R ST

o 3/”)), (2.4)

where the last sum is taken over all /y<---/;, ../, . ..., 1<, and

e=(e,..,e,)eX" Also, for r=1, .., i, we define

ur(xaF):Der(x)(eljl+“.+1. H+ 15+ (] + e+ 1 ) (25)
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If /€%, and e =(e\",..,e\")e X", v=1,2, we have the following
estimate:

|/ (e(V, .., eV)—oA(e®, ..., e?)|y

<l ¥ <n |e;,”|> el — el < 1 |e;3>|>. (2.6)
Jj=1 \p<j P>j

Also, for o/, #€ ¥, and e X" we have

| (@) <[4 [T lel, () —Ble) < | =B 4 [] lej].  (2.7)

j=1 j=1
2.4. Gronwall’s Inequality

We will use the following simple consequence of Gronwall’s inequality.

PrROPOSITION 2.5. Suppose w, a, b are all positive real numbers and n is
a nonnegative integer. If, for some t >0, we have

o(t) <a f eI p(7) + e+ )7 dr,
0

then
ab
¢ < n(a+w)t 22’
<SG ¢ Jor n
v(t) <abte'“ ! for n=1, and
b
o(1) <22 etaren for n=0.

Proof. Define u(z) :=e~“v(t) and note that
t t

u(t) <aj u(t)de+e(t),  clt) =abj eltn=Dotnale g
0 0

The desired result follows from the version of Gronwall’s inequality in
[17], Lemma 4.1.2. |

2.5. Composition Operators

Consider an evolution family {U(t, )}, s cr2 on X with finite growth
bound. In particular, there are constants M >0 and w >0 such that the
evolution family satisfies the inequality (2.2).
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PROPOSITION 2.6. Suppose feCc' and (s, ¢)eRx X. If the evolution
Samily {U(t, )} . s cn defined on a Banach space X has a finite growth
bound, then there is a unique continuous function x = x(-, &), defined for all
t€ R with range in X, that satisfies the integral equatton

X1, E)=U zsf+j (1, 7) f(z, (1, &) dr (2.8)

Proof. The proof is similar to the proof given for the semigroup case in
[32,p.184]. 1

Using the solution of (2.8), we define a flow S’ on R x X by
Sis, &) =(t+s, x(t+s,&)),
and a family of composition operators V' on C*! given by
(V'p)(s, ) =9(S'(s,€)),  (s,Q)eRxX, reR. (2.9)

In the next section we will need the following estimates for V.

THEOREM 2.7. Suppose ke{0,1,2,..} and fe C*" with ¢ := | f|lcer. If
V' is a family of composition operators defined, relative to an evolution
family satisfying (2.2), by (2.9), then there exist positive constants c¢,=
ci(w, k) and c, = c5(w, k) such that:

H VtHg)(Ck,l)<C1€(k+])(w+M6)|t‘, (210)
[ Vt”:f(ck)<Czek(w+M£)ms teR. (2.11)

Next, in addition to a given fe C*', fix 6 >0 and let ¥, ¥, € BY¥). For
each (s, 8)eRx X let x,=x,(-, &), v=1, 2, denote the solutions of

X1, E)=Ult, s) &+ jt U, 1) flz, ¥ (t, x (7, &) de. (2.12)

Moreover, for v=1, 2, define the corresponding flows and composition
operators as follows:

Si(s, E)=(t+s, x,(t+s,E)), teR, o)
(Vi9)(s, &) = p(S'(s, ©)), (5, E)eRx X, peCkl

THEOREM 2.8. Suppose ke{0,1,2,.., 0}, the function feC*', and
0>0. If VI, for v=1,2, are the composition operators defined by (2.13)
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relative to an evolution family satisfying (2.2), then there are positive
constants ¢y = c5(w, 6, k) and d= d(w, 6, k) such that, for each y, y» € By
and all p € C*!

IV =Vilel e < ez Vet @y —y e @l crr,  teR. (2.14)

The proofs of Theorems 2.7-2.8 are straightforward, and will be given in
Section 4. They use only the chain rule (2.4) and the version of Gronwall’s
inequality given in Proposition 2.5.

2.6. Substitution Operator

For fe C*', we define a (nonlinear) substitution operator, F, by

F ()1, &) = f(1, (1, ). (2.15)

An application of the chain rule (2.4) yields the following result.

PROPOSITION 2.9. Suppose ke {0,1,2, ..} and fe C*'. If 6 >0 and F is
the composition operator defined by (2.15), then there are positive constants
ca=c4(0, k) and cs=cs(3, k) such that for all y, r,, > B

17 Wl crr<eq I fll e,

\\ﬁ’(wu)—ﬁ"(lﬂz)\lck<cs HfHCM ”Wl _‘pz Hc’f-

We omit the proof. However, the proof is similar to the proofs of
Lemmas 4.1 and 4.2 below.

3. SETTING AND MAIN RESULT

If we are given a strongly continuous exponentially bounded evolution
family { U(t, 5)},~, and a function ge C* ' where k € {0, 1, ...}, then we will
consider the following integral equation for functions x: R — X:

x(t)=Ul(t, s) x(s) +jl U(t, 7) g(7, x(1)) dr, t=s. (3.1)

In fact, in this section we will formulate sufficient conditions on { U(¢, 5)},~
and g, so that the integral equation has a center manifold. Note, that if
{U(t,5)},=, solves a well-posed nonautonomous abstract Cauchy problem
(2.1), then each solution of (3.1), by definition, is a mild solution of (1.6).
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3.1. Linear Setting

We will consider an evolution family { U(z, s)},- , that admits a splitting
into “center” and “hyperbolic” parts. To be more precise, consider the
evolution semigroup T’ =e"" on Cy(R, X) defined in (2.3).

Spectral assumptions (S). The spectrum (") splits as
o NAR=2,0%, Z.nZ,=F, 2.,5,+. (32)
Moreover, if
o, :=sup{|i|: 1e X}, B :=inf{||: Le X}, (3.3)

then w,. < f,,.

Recall that the Bohl spectrum of { U(¢, 5)},~, is given by Z=a(I") " R.
Thus, the spectral assumption (S) has an equivalent reformulation in terms
of the evolution family {U(z, s)},~,. To make this precise, we need the
following assumptions. Assume there exists a bounded strongly continuous
projection valued function P: R - #(X) such that U(¢, s) P(s)= P(¢t) U(t, s)
for all t>=s. For Q(t):=1— P(t) define the subspaces X(¢) :=Im P(¢) and
X,(t) :=1Im Q(t), and, for ¢ > s define the restricted operators

UJft,s):=U(t,s) | XAs): X(s5)—> X.(1),
Uyt s):=U(t,s)| X,(5): X,(s) > X,(2).

Center part. Assume that, for all ¢ > s, the operator U (¢, s) is invertible
as an operator from X,(s) to X.(z), and define U,(s, t):=[UJt,s)] .
Note that the elements of the family { U(z, s)}, for (¢, s) € R?, are operators
on X that satisfy (i) and (iii) in Definition 2.1, and the replacement of
condition (ii) given by the identity U (¢, t) = P(t), t € R. Assume there exists
a positive constant w and a constant M,.= M (w)>0, such that for all
(¢, s) € R, we have the estimate

1ULt,5)] o <M e” 2L (34)

Also, let w.>0 denote the growth bound for { U.(, 5)}, ;) <2, that is, the
infimum over all w >0 such that (3.4) holds with some M.

Hyperbolic part. Assume that { U,(t, s)} ,~ , has an exponential dichotomy.
To be more precise, assume that there exist bounded strongly continuous
operator-valued functions P, : R - % such that P _(¢)+ P_(t)=P(t), and
for all 1>,

Uylt,s) P (s)=P (1) Uyt s).
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In addition, consider the restrictions
Uif(t,s)=U,t,s)|Im P (s): Im P (s) > Im P ,(¢), t=s.

We assume that the operator U, (7, s) is invertible as an operator from
Im P_(s) to Im P_(¢) and that there exist positive constants f and M, =
M, () >0 such that, for all >3,

1U; (8, 5)]l o < Mye =702,

(3.5)
ILU, (£,8)] o S Mje 700
Let f,>0 denote the dichotomy bound for {U,(z, s)},~,, that is, the
supremum over all >0 such that (3.5) holds for some M,,.
With a slight abuse of terminology we summarize our assumptions on
the evolution families { U7, )} ., cr2 and {U,(t, s)},~ as follows:

Assumption (C). {U/t,s)} is an evolution family, defined for all
(1, 5) € R? with the growth bound w,.

Assumption (H). {U,(t,s)},~, is a dichotomic evolution family with
dichotomy bound S, such that f, > w.,.

We claim that (S) is equivalent to the assumptions (C) and (H). In fact,
since (") is invariant with respect to translations along the imaginary
axis, (3.2) is equivalent to the existence of a splitting for o(I"). By the
spectral mapping theorem for {7}, the existence of the splitting for o(I)
is equivalent to the existence of a corresponding splitting for o(7T"*) for each
t>0. Such a splitting exists if and only if 7* has complementary spectral
projections # and 2 on the space Cy(R, X') with the following properties:
The projections are of the form 2= P(-) and 2=1— P(-). The function
P(-): R— Z is the bounded strongly continuous projection valued function,
mentioned in the definition of U/(¢,s) and U,(¢,s) above with X (1) =
Im P(t) and X,(¢)=1Im Q(¢). With C; ,=ImZ and C, ,=Im 2, there
is a T'-invariant decomposition Co(R; X)=C, .® C, ;, such that X .=
ol'| Cy,.)nR and 2, =a(L| Cy ;)N R. Thus, (S) is equivalent to (C)
and (H).

In what follows we will need subspaces of “X,-valued” functions on R
and functions “from X, to X,”. In fact, we define these subspaces as
follows:

Cy(R, X,) = {9 e C\(R, X): ¢(1) = O(2) §(2), te R} ;
CORX X, X)={peC'=C(Rx X, X): (3.6)
o(1, x)=0(1) (¢, P(1)x) for all (¢, x) e Rx X},
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where C,(R, X) is the space of bounded continuous X-valued functions
on R.

We will need the following standard consequence of assumption (H)
(see, e.g. [13] or [25]). For each (z, s) e R* with ¢ #s, there is a bounded
operator (Green’s function) (¢, s): X,(s) —» X,,(¢) defined as follows:

H(t,s)=U;(t,s) if 1>, and

H(t,s)=—[U, (t,5)]" if t<s.

ProposiTiON 3.1.  Assume hypothesis (H). If pe(0,f,) then, with the
constant M,,= M ,(f) from (3.5), the following estimate holds:

1A (8, )]l o S Mye P10 (1,5) e R

Moreover, for each ¢ € C,(R, X)), there exists a unique function ue C,(R, X},
such that

u(t)y=U,t, s) M(SH_JZ U,(t, ) ¢(t) dr, t=s.

N

In fact, u is given by
u(z)=fm H(t, ) d(x)dr, el

We remark, see [27], that the existence of the unique ue C,(R, X)
for each ¢ € C,(R, X), as in the proposition, is, in fact, equivalent to the
assumption (H).

3.2. An Integral Equation

In this section, we consider an evolution family U(¢z, s) that satisfies
Assumption (S) (or, equivalently, (C) and (H)). Also, we fix ke {0, 1, ..}
and ge C~ 1,

DEerFINITION 3.2. A4 set .# < Rx X is called an invariant set for (3.1) if,
for each (s, &) e M, the solution x(-, ) of (3.1) with x(s, &) = ¢ is such that
(¢, x(t,&))e M for all t =s.

For 7>0 and for k€ {0, 1, 2, ..}, we define
L ={peCoURXX, X)nC- (RXX, X): @] cer<n}.

From the definitions in (3.6), we note that if peL{, then ¢(z, x)=
O(t) o(t, P(t)x) for all (¢, x) e R x X. In other words, ¢(¢t, -): X(t) = X,(7)
for each re R.
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We will look for an element € L\ such that
My ={(t, P(t)x + (1, P(1)x)): (1, x) e R x X} (3.7)
in an invariant set for (3.1). To this end we will construct an appropriate
(nonlinear) integral operator .7 such that M, is an invariant set for (3.1)

whenever  is a fixed point of 7 in L{".
To construct 7, we begin by defining

gc(t’ X):P([) g(ta x)’ gh(t’ X)ZQ([) g(t> x)’ (t’ X)EIRXX;
as well as x(¢) = P(¢) x(¢) and x,(¢) = Q(t) x(¢). With these definitions, we

rewrite (3.1) as a system:

x ()= U1, 5) x +f (£, 7) gt x,(1) + x,(7)) d,

x1) = Uyt ) xyfs) + | "UMLT) gt x(T) +x,(1) dr. t>s

s

Moreover, for i € L{, define fe C*' by
S, x)= g1, P(t) x +y(1, P(1)x)), (£, x)eRxX. (3.8)

Since y € Bff )and P: R— % is bounded, an application of Proposition 2.9
shows there is a constant ¢ >0 such that

[fllerr<cliglieer, — e=cln, k). (39)

Fix (s, £) e R x X. By Proposition 2.6, the integral equation

x(0)=Udt,s) e+ [ Ult) fle.x(o) de, 125,

s

has a unique solution x (-, ). Note that U.(¢, s)= Ut s) P(s) and that,
without loss of generality, we may as well assume & € X (s). By assumption
(C), the solution x.(-, &) is defined for all ze R. Moreover, since P(s) e
X (s) and f(z, x) € X (1), one has x (1, &) e X(#) for all e R. Define a flow
S'=S,, on Rx X by

Sis, &)= (t+s,x(t+s,E)), teR. (3.10)

Also, for (s, &) e Rx X, we let # denote the projection given by z(s, &) =£.
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The set .#, is invariant for (3.1) if and only if x,(7) =y(t, x.(t, <))

satisfies
(1) = Uyt ) () + | Uylt, 1) gl x5, )+ (e, x (5, ) dr, 125
(3.11)

Also, we have (¢, x (1, &))=S8"""(s, &), and x,(¢) =y(S" (s, &)). Since the
function t+ g, (1, x (¢, &) + (1, x (¢, £)) is an element of C,(R, X),), we use
Proposition 3.1, to conclude that (3.11) can be rewritten as

WS 5, 6N = A T45) gu(e+s 7(ST(5, €) +UU(ST(s, ©))) de

Set t=s in the last formula and conclude that .#, is an invariant set for
(3.1) if and only if Yy eC%(Rx X, X) is a fixed point of the nonlinear
integral operator 7 defined as follows:
(T ), f)=f A (s, T+5) gu(t 45, n(S(s, &) +¥(S7(s, £))) dr.
(3.12)

3.3. Main Theorem

Our main idea is to express the operator .7 as a composition of a linear
and a nonlinear operator that are then analyzed separately. To do this, we
use the flow S'=S|, as in (3.10) and consider the composition operators
V' defined in (2.9). The linear operator 4, on C*k1 is defined by the
formula

(A5, ) =] Kis. o495, &) d

The nonlinear operator ¢ is defined on L* by

G()(s, €)= guls, P(s) S+ (s, P(5)E)).

For y e L\, we clearly have

T W) =Ay°9Y),

the desired decomposition of 7.
In addition to Assumption (S) (or, equivalently, Assumptions (C) and
(H)), we also impose the following C* spectral gap condition, k€ {0, 1, 2, ...}:
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Assumption (G). The spectral bounds w, and f,,, defined in (3.3), are
such that

Br—(k+1)w.>0. (3.13)

The spectral gap condition has the following operator theoretic inter-
pretation: If it holds, then the linear operator A4, is uniformly bounded as
an operator on C*' over e L\ and all ge C*' with sufficiently small
C*'-norm. Moreover, for all Y/, y,e L"), the norm of A, — A, , as an
operator from C*! to C*, is O(|y, — ¥, |l ¢+). To be more precise, we have

the following lemma.

Lemma 3.3. Suppose ke {0,1,2,..} and n>0. If the C* spectral gap
condition (3.13) holds, then there exist positive constants ¢y =¢&y(1, k, w., B;,)
and cy=co(n, k, o, B;,) such that for each g e C*"' with | g|| o1 <&, and all

lpa lpb lﬁ2 ELW (k)a

Ayl 2(cr1y < co, (3.14)
4y | 2(ct) < o, (3.15)
1[4y, — Ay, Jelex<co Y1 =Valerl@llee,  @eCh' (3.16)

Proof. Define y:=pf,—(k+1)w, and note that y>0. Fix o=w,+
v/(4(k+1)) and f=p,—y/4 such that f—(k+1)w=y/2>0. Find
M,=M,(p) and M,= M (w) such that estimates (3.4) and (3.5) hold. By
(2.10) in Theorem 2.7, there is a constant ¢; = ¢,(w, k) such that

l Vt”:ﬁ(c’f-l) <ciexplk+ 1)@+ M. || fllcxr) 2] ],
where f'is defined in (3.8). By (3.9), one has | f|| c«. 1 <c(#, k) || gl o+ 1 for all

e Ch1 with ||y cr1 <n. Choose ey < y[4(k+1) c(n, k) M,]~". Then, for
each ge C*! with | g| cx1<é&, and y € L one has

(oo}
1yl gcin <[ 1A (s T48) o 1V genn do
— o0

<ei(@ k)M, [ explel [—f+(k+1)o+y/4]de
=8cy(w, k) M, /y.

This proves (3.14). Using (2.11) in Theorem 2.7, the proof of (3.15) is
similar.
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To prove (3.16), choose e < y[4(k + 1) c(n, k)d] ", where d = d(n, k, ., B;,)
is given by Theorem 2.8. Then, with ¢y =c;(#, k, @, B,,) also from Theorem
2.8, we have

1Ay, = A )@l s <Myes [ explell =+ (k+ 1@ +d £l )] de
< 8C3M/1/%

as required.

We now have all the ingredients necessary to prove our main theorem.

THEOREM 34. Suppose that ke{0,1,2,..} and n>0. If the evolution
Samily {U(t, s)} =, satisfies assumption (S) (or, equivalently, (C) and (H)),
and if its growth bound w, and dichotomy bound B, satisfy the C* spectral
gap condition

Br—(k+1)w.>0,

then there is a positive constant ¢ =¢&(n, k, w,., B,) such that for each g e C*!
with || gllcx1 <& there exists a unique weLff) such that the manifold .4,,
given by (3.7), is an invariant manifold for the integral equation (3.1).

Proof. If Y e L', we claim that 7 (y)e L\ provided ¢ is sufficiently
small. Indeed, if we choose & <¢, with ¢, as in Lemma 3.3, then

17 (W)l ckr= 1Ay oG cer < Al ocrny [GW) ] cr
<coly | fller 1 <coeqc(n k) | gllenr,

with ¢, from Lemma 3.3, the constant ¢, from Proposition 2.9, and ¢(#, k)
from (3.9). In particular, 7 () e L\ provided & <[cocsc(n, k)]~ " 1.

We will show that .7 is a contraction in the C*-norm, provided &> 0 is
sufficiently small. Since L!/ is closed in the C*-norm, an application of the
contraction principle then implies the existence of a unique fixed point for
J on Lfi"). We remark that, by a lemma due to D. Henry (see, e.g, [9]),
L™ is closed in the C°mnorm. Hence, it suffices to show that 7 is a
C*-contraction for k =0. However, we will give the proof for an arbitrary
choice of k.

To prove the contraction property, choose ¢ < ¢, for ¢, as in Lemma 3.3.
Then, with ¢, as in this lemma, we have

17 (1) =T ()l ex
< H(A./jl _sz) g(‘ﬁl)”(%’"‘ HAIIJZHJZ’(C/‘) Hg(‘pl) _g(‘pz)uck
<Co(|W1 _lpz”C’f Hg(l//l)”C’<~'+ H(q(lI/I) _g(‘//z)”c")~
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Define ¢ (2, x) = P(t) x + (¢, P(1)x), (1, x)eRx X,v=1,2.Since P: R—> &
is bounded, ¢,eBY" for some J=4d(n). Also, there is some positive
constant d such that |¢; — @, ||« <d |1y — 5]l c+. Apply Proposition 2.9
with f(¢, x) = g,(t, x) and , = ¢,. Then, for some positive constant ¢(#, k),
we have

1GW D)l cer= 17 (@)l crr<cln, k) [ gl
19W1) =G W)l cx < es(0, k) gl crr |y — @ | ex
<, k) [V —vallerllgl err

As a result, we obtain

17 (1) =T ()l cx < coeln, k) Wy —Wallen gl o

By choosing ¢ < [¢yc(y, k)] ", we have the desired result. ||

4. COMPOSITION OPERATORS

In this section we give the proofs of Theorems 2.7 and 2.8. For this, con-
sider a Banach space X, a function f: Rx X — X in C*!, and an evolution
family {U(t,5)} . ,)eme On X that satisfies (2.2). Recall that, for a fixed
(s, &)eRx X, we let x(-, &) denote the solution of the equation (2.8). In
particular, the identity

x(t+s,E)=U(t+s, s)§+r Ult+s,t+s) flt+s,x(t+s,&))dr (4.1)
0

holds for all (s, £) e R x X and 7 € R. Since we will have to differentiate (4.1)
with respect to &, it is convenient to introduce, for (s, &)eRx X, the
functional notations G (&) := f(s, &) and F(¢&) := x(s, &) so that s is viewed
as a parameter. For example, in this notation, the identity (4.1) is
expressed as follows:

F (&)=Ult+s,5) §+j0[ Ult+5,7+5) G,y o F Ly (&) dr. (42)

This notation together with several variants will be used throughout this
section.
We start with two lemmas that give estimates for x(-, &) and its derivatives.
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LemMmA 4.1. Suppose that k€ {0, 1, ...} and, as in (4.2), F(&) = x(s, &). If
feCqVand e=|f| o1, then there exists a positive constant ¢ = c¢(w, k) such
that, for all (s,()eRx X and te R,

ID“F, (&)l o, < ce™@t M1, (4.3)

Proof. We claim that it suffices to prove (4.3) for ¢>0. Indeed, for
t,seR and ¢ e X, if we define

x’(la é):x(_ta é)) U’(t’ S):U(—Z, —S), f),(ta é): _f(_la é))
Fiy(&)=x'(1,¢), G(S)=1"(1, &),

then, by replacing t by —¢ and s by —s in (4.1), we obtain
t
X(t+s,E)=U(t+s, s)f+J Ut+s,t+s) f/(t+s, X' (t+s, &)) dr.
0

Since, {U'(1,5)} (.5 er2 satisfies (2.2), ||/l cx=1f"llcx, and D*F, (&)=
D'F_, (&), the estimate (4.3) for x(-,¢) and {U(-,-)} with <0 is
exactly the same as the estimate for x'(-, &) and {U’(-,-)}, but with ¢
replaced by —¢. This proves the claim.

For the remainder of the proof we assume that > 0.

To prove (4.3) for k=1, we differentiate (4.2) and use (2.2) to obtain

1
IDF,, ()] 4, < Me” + Me jo e |DF,, (&)] o, dr.
After multiplication by e ~“’, an application of Gronwall’s inequality yields
(4.3).
Proceeding by induction on &, assume that (4.3) holds for 1,2, ..., k—1.
After differentiation of both sides of (4.2), we find that

DF (&)= [ Uttt 545 DAG. L F. (&) di

The chain rule (2.2) together with (2.2) yield the estimate

ID*F,, ()l o,

P k i '
M| ey T TSl [ IDAFe (O], dr
r=1

i=1 ji+ - +ji=k {I}
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Note that, for i=2, .., k, the condition j, + --- + j,=k, implies j, <k —1,
for r=1, ..., i. Using the induction assumption, we have

IDAF, ()] o,

<Me{ [ e DAy e

+§ y thew“”cexp<z (@ + Me) >d‘[}

i=2 ji+ - 4ji=k {1} 0

t
<M6 {J w(t—1) HDsz+5(5)|‘y/ dT + Cf ew(tfr)+k(w+Me)r df}
g 0
The estimate (4.3) follows from Proposition 2.5. |

LemMmA 4.2. Suppose that ke {1,2, ..} and, as in (4.2), F(&)=x(s, &). If
feC* Y and e = | f| o1, then there exists a positive constant ¢ = c(w, k) such

that, for all £, #¢&,e X and s, te R,
ID*F, (&) = D*F, (&)] o, <ce D@t MITT|E & ]y (44)

Proof. As in Lemma 4.1, it suffices to give the proof for > 0.

For k=0 the estimate (4.4) is proved in [ 13, Lemma VIL5.2].

Proceeding by induction on k, we fix k=1 and assume that (4.4) holds
for 0,1,2, .., k—1.

Apply D* in (4.2) and use the chain rule (2.4) with e=(e,, .., e;) and
le;| =1 to obtain

k

[DkF;+s(él)_DkFt+s(£2)](e):f(: U([—}—S’ T+S) Z Z Z Aidf,
i=1 ji+ - +ji=k {I}
(4.5)

where
Ai:DiGrJrs(FTJrs(él))(u(l)) D G7:+s( T+S(£2))(u(2)))
and " = (u\", ..., u!"), v=1, 2 with

uf,v) = D‘f’FT+_y(é‘y)(el_ 4o 1 41 v e, 4o 1 )5 (46)

J1 Jr—1 J1 Jr
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forr=1, .,iand i=1, .., k. Since |¢;| =1, using Lemma 4.1 we have
[l ] < celrlot Mol r=1,...i i=1,..,k v=12. (4.7)
For i=1, by (4.6) with j, =k, we obtain
i) —uP | < |D'F, (&) = D'F., (&)l o, (4.8)

For i=2,..,k we find j,.<k—1, r=1,..,i Hence, by the induction
assumption,

D —u? | el V@M g e =T (49)
Also, for k=0, (4.4) gives
IX(z 45, &) —x(T 45, &) Scel@ M E &), (4.10)

We will estimate |4;|, i=1, ..., k in (4.5). For this, apply (2.6) with n =1,
&{ = DiGT+A‘(F‘r+x(é2))’ and e(V) = u(V) = (u(lv}’ () uEV))' Clearly»

|A1| < |[DiGT+s(Fr+s(él)) _Di(Gr+s(F‘r+s(éZ))](u(l))| + |ﬂ(u(1)) _&{(u(m”

SISl x(z+s, &) —=x(r+5, )] [ |u”|
r=1

i

Fifle Y < 1 |u;,w|> WO < 0 Iu§3>|>-
¥ p<r

r=1 p>r

For i=1, the estimates (4.7), (4.8), (4.10), with j, =k, yield

|4, Sece' T MITNE =&,y - ceMOHMIT g ”DkFr-%—s(él)_DkF‘r+s(£2)H3’k'
(4.11)

For i=2, ..., k, the estimates (4.7), (4.9), (4.10) give

|AI| <8ce(w+Ms)r |£l _52| .ce((quMs)Zi:lj,r
i
+e Z ce((u+Ms)Zp<rjpr.ce(wwLMe)(errl)r |é] _§2| . Ce(w+M£)Z[’>rjpT'

r=1

Taking into account (see (4.5)) the fact that 3/ _, j.=k, we conclude that
there exists a constant ¢ = c(w, k) such that, for i=2, ..., k,

|4;] Sece™ T D@TMITIE ¢, ). (4.12)
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We substitute (4.11) and (4.12) in (4.5) and use (2.2) to obtain
HDkF[‘FS(él) _DkFtJrs(éz)H Z
t
<Mz [ e I{IDAF, (&)
0

CDAF, , (&)l g+ ceh IO gy e

Gronwall’s inequality (Proposition 2.5) yields the estimate (4.4) for the
integer k. |]

Proof of Theorem 2.7. In the proofs of (2.10) and (2.11) we will give
estimates only for the kth derivative; lower order derivatives are estimated
in a similar manner.

Fix ¢ e C*'. We will use the notation @ (&)= ¢(s, ) and, for a solution
x(-, &) of (4.1), we will use F (&) =x(s, &).

We will estimate |D(@oS')(s,&)llg,. that is, [[D(®,oF)(&)] 4, by
using the chain rule (2.4). In fact, we have

[Dk(qursoFt+s)](é)(€1a s €1)

k
=) Yo Y DD, (F, () Uy, ).

i=1 ji+ - +ji=k {1}

Here, see (2.5), we define

“rszrFrJrs(é)(e{/]Jr-~-+l/’_ 4+ 1> 0o e{.+~-+l»)? }’=1,..., L.
Using (4.3) from Lemma 4.1, we obtain the estimate
k i )
D@85,y <y X Xlele [T ID7F (Ol
i=1 jj+ - +j=k {I} r=1 '

< c(w, k) eXr=1 @M ]

=c(w, k) M g
This proves (2.11).
To finish the proof of (2.10), fix &, # &,. Again, apply the chain rule (2.4)

with @ and F as above. This time, see (2.5), we define, for r=1, ..., i and
i=1,.,k:

uEAV):D‘/"FI-O—S(éV)(e[jl"'--~+1'A + 15 s el-+~-~+/‘)5 V:1, 2
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Then, for e= (e, .., ¢;) with |e;|] =1 and i=1, .., k, we have

k
|D(g o S)(s. £1)(e) — D*( o S")(s, &)(e) < ). Y X4l
i=1 jj+ - +ji=k {1} (4.13)

where, for i=1, .., k,
|A1| < |Di®t+.r(Ft+s(él))(u(ll)a (3%) ug’l)) _Di®1+.r(Ft+S(él))(u(12)a (%) ugz))|
DD, , (F,\ (E)) = D'®,, (F,, (ENUR, yu). (4.14)

To estimate the first norm in (4.14), we apply (2.6) with n=i, o/ =
D'd,, (F,, (&), and e =u" = (u\", .., ul"), v=1, 2, to obtain

|Di(pt+,\<(Ft+,v(él))(u(l)) - Di¢t+x(Ft+s(él))(u(Z))|

i

<lgle X (n |u;”|> |u£”—ui”l<ﬂ qu”)
r=1 \p<r p=r
i

<lgller Y, {eel M Zpers

r=1

. ce' @+ M)+ 1) 11l |E, — &, | ce' @t M,y \t\}
<c(@, k) [|@] el MIEEDIE &),
Here, to estimate |u'"| < | D*F,, (& )Hg) and
[ul” —u® | < |D”F,, (&) —D’ "Ft+,v(52)”y/’_,

we have used Lemma 4.1 and Lemma 4.2, respectively.
Returning to equation (4.14), we use Lemma 4.1 and Lemma 4.2 with k=0
to estimate the second norm in (4.14) as follows (recall, that 3. _, j, =k):

|[Di¢t+s(Ft+s(él))_Di¢r+\( t+s(<2))]( (2) e §2))|

<llolcir |x(t4s, &) —x(1+5,$5)l H |ug?|

r=1

<ol cir cel®+Me) Il |, — &, .e(w+M8)Z;:1j»'|t|
e D@s MOl e £ | lollcir.

Using this estimate in (4.13) yields

D" o S)(s, &1) =D (@ o S)(s, &)l o,

< c(w, k) el MK+ D1 1& =&l el crn,y

and the proof of (2.10) is complete. ||
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Our next goal is to prove Theorem 2.8. Recall that the operators V! in
(2.14) are constructed using the solutions x (-, &) of (2.12), where f, y, e C*!
are given for v=1,2. We also define ¢=|f| w1 and d=max{ |y, | cx1:

v=1,2}, and assume that { U(¢, s)} satisfies (2.2).
We know that x (-, &) satisfies

x(t+5E=U(t+s,5)¢E +Jz Ult+s,t+s) f(t+s, x(t+s, &) dr,
’ (4.15)

where, naturally, we let f,(z, x) = f(¢, ¥,(t, x)) for v=1,2. Since we will
have to differentiate (4.15), for notational convenience we define as above

GO =110, FlO=x,(0, VI =y,({). (416)

By Proposition 2.9, if k€ {0, 1, ...} and J >0, then there exists a positive
constant d =d(d, k) such that

Ifileri<de,  v=1,2. (4.17)

The main step in the proof of Theorem 2.8 is contained in the following
lemma.

Lemma 4.3. Let x,(-, &), for v=1,2, denote solutions of (2.12) and
define F(&)=x(s, ). If ke {0, 1, ...} and if w is the exponent in (2.2), then
there exist positive constants d=d(w, k) and c=c(w, k) so that, for all
(5,8)eRx X and teR,

HDkFl

t+s

(&) = D*F7, (&) o, < ce D@ @y — s || . (4.18)
Proof. 1f k=0, then, using (4.15) and (2.2), we compute
lxi(1 45, &) —x5(1 45, <)
<M IS o [ €O W(z+5.50(5 5. €)=Yl +5.x,(2 45, )
(T 5, X4 ( 45, &) — (T +5, Xo(t 45, 0))| dr
<Me [ eIy =Yl ok Wl con bxa(e 5, ) = xolr 5, O}

and note that (4.18) follows from Proposition 2.5 with n=0.
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Fix k=1 and assume, by induction on k, that (4.18) holds for
0,1,2, .., k—1. Apply D* in (4.15), and use the notation (4.16) to obtain

DkFl

t+s

1
(€)= D'F} (&)= | Ulits. w4 ) (DG o WL, L))

7Dk(GT+A\'O Tz

T+s

o F2 (&)} dr. (4.19)
From the chain rule (2.4) we find that, for v=1, 2,

DN(G,,yo (P!, o FY, ))(&E)(e)

Y Y DG (P, oF )uY).  (420)

T+s
U ji+ o +j=k {1}

I >

i

where e = (e,, ..., e,) € X* with |e;,| =1 for i=1, ..., k, and (see the notations
(2.5)), u = (u'", ..., u'") where, for r=1, .., i,

u(rV) :Dj"(Yj:+on¥+.¥)(é)(€1jl+ R T ERENC) AR +1-,)~

To compute u'”, we again apply the chain rule (2.4). For v=1,2 we
obtain

ul" = i Y Y. D/, (FY, (E)(v™), (4.21)

J=1 pi+ -+ p=j, {l}

where again, as in (2.5), for j=1, .., j,, r=1,..,1i, i=1, .., k we define
vO= ", ., v_/(.")), v =DPF’, (&) (e), ee X7, c=1, ..,

To complete the induction step for (4.18), we will use the estimates for
[u0] and |u' —u'*| given in Proposition 4.5 below. To prove this
proposition, in its turn, we will need estimates for [v"| and [v") —v'?|,
given in the next Proposition 4.4. We remark, that for i=1 in (4.20) one
has j, =k and, for r=1 and j=1 in (4.21), also p, =k. For i=1 in (4.20)
and r=1, j=2, .,k in (421) one has p,<k—1, o=1, .., j. Finally, for
i=2,..,kin (420) one has j,<k—1,r=1,.., 1 and, as a result, p, <k —1
fore=1, .. jand j=1, .., j, in (421).

ProposITION 44. If ke{0,1,..}, 0>0, and w>0 is as in (2.2), then
there exist positive constants ¢ = c(w, 0, k) and d=d(w, 0, k) such that the
following estimates hold:
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[0 < cepol et foreach p,,0=1, .., J;
(4.22)
[0 — v | <IDFF 1, (&) = DFF?, (&)l 4,
Jor pi=ji=ki=1,j=1; (4.23)
00— o2 | et D@ |y o ||y, for each p,<k—1.

(4.24)

Proof. Since x,(-, &) satisfies (4.15), one can apply Lemma 4.1 with
f=f,and k= p_ to obtain

[y | < | D F?

M| £, || ~Po-1
L&), Scerdet MDA

Now (4.17) implies (4.22).

For i=1, j=1, and p,=j,=k, the estimate (4.23) follows from the
definition of the quantity v{",.

Fori=1,j=2,..,k, or for i = 2, ..., k one has p, <k — 1. Hence, one can
apply the induction assumption:

o) — v | <[ DPFL, (&) =D F3, (&),

< ce Pt D@ +de) 7| ”‘//I _ Wz ” Cras

and (4.24) is proved. |

ProPOSITION 4.5.  With the same assumptions as in Proposition 4.4, there
exist positive constants ¢ = c¢(w, 9, k) and d=d(w, 9, k) such that the following
estimates hold.:

[ul"| < cell ) It for r=1,..,1i;
=1,k v=1,2; (4.25)
i —uP| <l |DFL, (&) —D*F?, () o,
+elkrhlord) i H‘pl_lpzuck} Jor i=1; (4.26)
|l —u | < celrt @@y — s || ek Jor r=1, .1,

i=2, ..k (4.27)

Proof. To prove (4.25), we use (4.21) and apply (4.22) from Proposi-
tion 4.4 to obtain, for r=1,..,4, i=1, ., k, and v=1, 2,
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J, j
| < )y > Wl IT o]
J=1 pi+ -+ p=j Al s=1
Jr :
< Z Z Z C&ezjx:l pyw+de) 7| < Cejr(u)-%—ds:) \‘:|

J=1 pi+ - +pi=j, {l}

Similarly, for |u!" —u'*'|, we use (4.21) to obtain

ARSI D VD W1 RN E O

J=1 py+ - +p;=j {1}
—D/(P2, (F2, ()]}

Jr

<X Z 2D, (Fr ()

Jj=1 P+ J, {l}
_D/yliJrs( r+s(é))](v(l))| + |D/¥I$+s( T+s(é))(v(l))
—D7P3, (F7, ()]}

Using (2.6)—(2.7) with e =v" and .« = D’ ¥?

(F?
T+
[u'V —u'?| is bounded by

T+s

(&), we find that

YT D) - DL,

j=1 p+ - +pi=J 1

J
+HDJ r+\(F3+\(f)) Dlg’zﬂ»s ‘r+\ H,!} H |U(\1)|

s=1

sl S (n |v5”|) ol — )| (n |v<,2>|>}. (4.28)

s=1 Nl<s I>s

Note that, in (4.28) by the induction assumption (4.18) with k=0,

1D/, (Fo () =D (F7 ()],

T+

Sy leir lx(t+s,E) —x(t 45, &) <cel@ N I =l cx.

Also, we have

ID/(We, o F7 &) =D/ (P2, o F7 ) 5 < Y1 =¥ co.

Finally, we apply (4.22) from Proposition 4.4 in (4.28) to obtain

M —u <Y Y Y feeth ety g

Jj=1 p;+ - +11/-=j,. {1}

53 <H |v5“|> o) — o] (H |v52)|>}. (4.29)

s=1 \Nl<s I>s
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To finish the proof of (4.26) and (4.27), we consider two cases: i =1 and
2<i<k.
For i=1, we apply the estimates (4.23), (4.24) in (4.29) to get

i —ui? | <c {e(“”(‘””” =yl IDFFL L (&) = D*F7, (D) o

+ i Z Z eZi<sPil@+de) |t|

J=2 pi+ e+ p=), Al

. e([lXJr 1)(w +de) |7| Hlpl _ lpz H s ezl>\, pi(w+de)|t| } .

This proves (4.26).
Fori=2,.. kand r=1, .., i, we apply the estimates (4.24) and (4.22) in
(4.29) to get

J, _
|u(11)_u(12)| < Z Z Z {C(j,.+1)(w+dz.)|r\ Hlpl _1/12 HC"

J=1 pi+ - +pi=j, {l}

+Cezl<spl(w+d£) Izl , e(ps+ 1)(w +de) || le _ lﬁz ” ors

TPl de)Iel )
This proves (4.27). |
We have all the ingredients to finish the proof of Lemma 4.3. To this
end, we will make an estimate in (4.19) using (4.20). Recall that, for

i=1 in (4.20), one has j, =k, while, for i=2, .., k, one has j, <k —1 for
r=1,.., i We use (2.2) together with (4.19) to obtain

LDFL, (&)~ DF2, (&) (o)
<ut [l el IDG L)
0

—DG., (P2, o F7, (O)u)] (4.30)

T+

k
+2 > 2 IDG (P o Fr (&)™) (431)

i=2 ji+ o =k {1}

DG, . waoniH(f))(u@))@dr.
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First, we see that the expression in (4.30) is bounded by

(DG, . (P!, F!, (&)= DG, (¥, F>, ()]
+IDG (P2, o F2, (D], ) —uf?|

<l (Wi 45, x1(t 45, ) = Pal 45, xa(t 45, E))|
(T 50 05T 45, €)= YT+ 5. a5, )]} )
1S e D =)

SISl {0 o 1T+ 50 E) = xalt 4+, E) + [y — sl co} ud?)]

S e fui? —uf? .

We will apply Proposition 4.5. Since i =1 in (4.30), we have j, =k. We use
(4.25) and (4.26), together with the induction assumption (4.18) with k=0
to see that in fact the expression in (4.30) is bounded by

ce{ | DF 1, (&) = D'F7 ()l g + e @@y —ys |}, (432)

Next, we use (2.6)—(2.7) to observe that the expression (4.31) is bounded
above by

k

2 > 2 AIIDG, (Ve o Fr ()

i=2 ji+ - +ji=k {I}

—D'G. (V7 o F; (NI + DG, (V7 o F7, (&)™)

—DiGT+S(¥’f+\ F2 ()1}

k

<y ¥ Z{H[DGTH(W P (E)

i=2 ji4 - 4ji=k {I}

_DiGr+\(y,3+\ r+\(é))‘|g’+H[D Gr+s(yl-}'+\ ‘L‘+x(é))

7DiGr+\(Sy§+r r+r Hif 1_[ |u(1

r=1

FIDG (P2, o (@D, Y <H |u<“|>|u‘“
1 s<r

ey (H |u§2)|>}
S>r
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k

<y ¥ z{{f|cmwlum|x1(r+s,5>—x2<r+s,é>|

i=2 i+ ji=k {l}

1S Wy =l o} TT 1tV
e Y (n |u.<s>|> ) | (n |u.<3>|)}.
s<r s>r

r=1

As before, we will apply the induction assumption (4.18) with k=0, and
the estimates (4.25) and (4.27) to conclude that the expression (4.31) is
bounded by

cee®+ D@+ |y || . (4.33)

The estimates (4.32) and (4.33) for (4.30) and (4.31) yield the inequality

HD/\ l+v(é) D/th-o—v(é)uyk
gde[ @=L DFx (T +s, &) — Dk.X2(T+sa€)H~Y’k
0

+ |W1 _ l//z HC" e(k+l(cu+ds)\r\} d‘[

with a positive constant d=d(w, J, k). Now Proposition 2.5 withn=k+1>=2,
a=de, and b= |}y, — || o+ gives the inequality

[D*x (145, &) — D*xy(1 45, &) o < Re+ D@l
where

de

R_k(w+d)|\¢1 Valler< e, 0, k) [y —allcre. |

Proof of Theorem 2.8. For a fixed e R, we will estimate
sup{ |DX(®@, ;o F}, (&)= DX®, o F7, )l 4 s€R, X,

where, as above, @,(&)=¢(t,&). The estimates for the lower order
derivatives follow similarly. Recall that x (-, &) for v=1, 2 are the solutions
to (2.12) and that F)(&)=x(t, &).

As usual, for v=1,2 and for a fixed (s, &)e Rx X, we will apply the
chain rule (2.4). In fact, we find that

k

DD, o Fy )(&)(e)= ) ) 2 DD, (F, (&)™),

i=1 ji+ - +ji=k {I}
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where, see the notation of (2.5), e=(e,,..,e,) e X*, with |e,| =1, for
i=1,.,k and for r=1, .., i,

u® =", . ul), uiv):D.ferH(é)(e,jﬁ“_+,_ tls e €1 )
We have

ILDX®P, o F, (&) = DD, o F7, (E)](e)]

k

< Z Z Z {|[Di@t+.v(Ftl+x(f))_Di@t+.v(F12+.v(é))](u(l))|
i=1 ji+ - +jj=k {1} (4.34)
+|D'®, (F7, (&)D)=D'®,, (F7, (&) (u?)]}. (4.35)

We use (2.7) to show that the expression in (4.34) is bounded by

@l i lxi(t 45, &) —xa(t+5,. I [T i1

r=1

To estimate |x,(¢+s, ) —x,(t+s, &)|, we use Lemma 4.3 with k=0. To
estimate |u!"| we use Lemma 4.1 with k=, and f =/, in this lemma.
Then, using (4.17), we find that the expression (4.34) is bounded by

Il et e+ 401 [y — | o cerm oM LAl 1

< etk r @t W =l cr Il con. (4.36)

To estimate (4.35), we use (2.6)—(2.7) with n=i, o/ = D'®,  (F?, (&)),

t+s

and e =u"", v=1, 2, to show that the expression (4.35) is bounded by

el i Zl<

r=

[T b1 ) o =1 TT 1?1 )

p<r p>r

Now, for [u!”| and |u\" —u{®|, we apply Lemma 4.1 with k= j,, f =/,
and Lemma 4.3 with k = j,, respectively, to show that the expression (4.35)
is bounded by

|<p|cicexp< S st M ent) |z|>

p<r

xexp((J, + Dl +de) |t] [y =2 cr)

xexp< S et MLl en) |t|>.

p>r



388 CHICONE AND LATUSHKIN

By (4.17), we find that the expression in (4.35) is bounded by
celk @] [ =l cr llll cx . (4.37)
Finally, we apply (4.36)-(4.37) in (4.34)—(4.35) to obtain

IDX(®P, o F iy JE) = DY@, o F7L )€l o,

S [T 720 Per [ P

and Theorem 2.8 is proved. ||

5. CENTER MANIFOLDS FOR SKEW-PRODUCT FLOWS

In this section we will give an application of Theorem 3.4. Actually, we
will apply this theorem in an autonomous situation where the evolution
family {U(z, s)} is, in fact, a specific semigroup, the evolution semigroup
generated by a linear skew-product flow. As a result, we will prove the
existence of a Lipschitz invariant manifold for a semilinear skew-product
flow. The existence of a differentiable invariant manifold for this situation
in the finite dimensional setting was proved by Chow and Yi in [12]. We
do not consider the question of the smoothness of the invariant manifold
in this paper, but we believe that our approach could be used to analyze
this question as well.

Let ¢’ denote a flow on a compact metric space @, let Z denote a
Banach space, and let {®@'},., denote a linear cocycle over ¢'; that is, for
each 0 e O, we have ®'(0)e ¥ (Z) and, for all ¢, s >0, we have the follow-
ing identities:

D' (0) = D(P*0) D°(0),  DY0)=1.

Here, we assume that the cocycle {@’} is strongly continuous, that is
(t,8)— @(0)z is continuous from R x O to Z for each ze Z.

For H: ©®xZ— Z, a globally Lipschitz function, let us consider the
semilinear skew-product flow Y* on @ x Z given by

110, 0) =40, 2(1; 0, 0)), (5.1)

where, for fe€ ® and { € Z, the function ¢+ z(¢; 6, {) is the solution of the
following integral equation:

z(t;0,0) =D (0){ + L’ D' (¢°0) H(¢°0, z(s; 0, {)) ds. (5.2)
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If z(-; 0, ) and the cocycle @’ are differentiable, and if

d
A(H) ::7611
t=0

'(0),

then 1+ z(z; 0, {) is the solution of the abstract Cauchy problem
Z=A(¢'0)z+ H(¢'0,z),  z20)=( (5.3)

The special case where the Banach space Z is finite dimensional and where
z is the solution of an abstract Cauchy problem is considered in [ 12].

Returning to the general equation (5.2) for a strongly continuous
cocycle, let 2 denote the Sacker—Sell spectrum for the linear skew-product
flow

P OXxZ—>0O0xZ:(0,0)— (¢0), D(0)().

In this section we will show that the semilinear skew-product flow Y* has
a Lipschitz invariant manifold M < ® xZ provided that |H|co: is
sufficiently small and the Sacker—Sell spectrum X satisfies a gap condition.
Our strategy is to reduce the existence of an invariant manifold for the
nonautonomous skew-product flow Y’ over @ to a corresponding existence
problem in an autonomous setting on the space X of continuous vector
functions x: ® — Z. A similar idea was used by R. Johnson in [21] in the
finite dimensional setting, see Remark 1 below. The philosophy of “lifting”
the flow to a space of functions was exploited in [25] (see also [7, 22])
for the case of linear skew-product flows by the introduction of a special
semigroup of operators on the space of continuous vector-functions, the
evolution semigroup. This concept will play a fundamental role in the rest
of this section.

The evolution semigroup {E’},-, associated with a linear skew-product
flow is a semigroup on the space X = C(@;Z) of continuous functions
x: ©® > Z with sup-norm—a space that is isomorphic to the space of
continuous sections of the trivial bundle © x Z — @—that is defined by the
following rule:

(E'x)(0) = '(¢~'0) x(¢~'0). (54)

We will formulate below three facts about these evolution semigroups. In
order to do this, let us recall that a semigroup {E’} is called hyperbolic
provided that o(E')n{z:|z| =1} = . Also, the linear skew-product
flow ¢ is said to have an exponential dichotomy (see [36, 37]) if there
exists a strongly continuous projection-valued function P: ® - ¥(Z) and
a complementary projection Q defined by Q(6):=1— P(0) such that
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D'(0) P(0) = P(¢'0) @(0), the restriction @,(0)=®'(0)|Im Q(0) is inver-
tible as an operator from Im Q(0) to Im Q(¢’0), and if there are constants
f >0 and C>0 such that, for all 0 ® and >0, the following estimates
hold:

PR < Ce ™, [[PYNT "] <Ce .
We will need the following facts (see [25]).

PROPOSITION 5.1.  The evolution semigroup { E'} is hyperbolic on X if and
only if the linear skew-product flow ¢' on @ x Z has exponential dichotomy.

PROPOSITION 5.2.  Suppose that the evolution semigroup {E'} is hyper-
bolic. If 2 denotes the Riesz projection for E' on X = C(0, Z) corresponding
to the part of the spectrum of E' that lies inside of the open unit disk, then
the projection 2 has a form (2x)(0) = P(0) x(0), where P is the projection-
valued function given in the definition of the exponential dichotomy for {(15’ }.
Conversely, if P is the projection-valued function given in the definition of the
exponential dichotomy for {§'}, then (2x)(0) = P(0) x(0) defines the Riesz
projection 2 for E' on X=C(0, Z).

The following formula relates the spectrum of the evolution semigroup
on X and the Sacker—Sell spectrum of the linear skew-product flow.

ProposITION 53. X =In [a(E")\{0}].

As a result, the spectral projections for E' give the Sacker—Sell spectral
decomposition for {gﬁ‘} that corresponds to the components of X.

We formulate the gap condition for the linear skew-product flow {(ﬁ’}
as follows: Assume that 2'=X_u 2, with 2. n2X,= and define f,=
inf{|1]: 1eX,} and w,=sup{|i]: 1€ X }. The skew-product flow satisfies
the gap condition provided

Br—aw.>0. (5.5)

By Proposition 5.3, the gap condition is, in fact, the spectral condition
(S) imposed on the evolution semigroup {E’}. Also, by Propositions
5.1-5.2, the existence of the decomposition X=X U2, implies the
existence of the corresponding spectral (cf. [ 36, 37]) decomposition of the
trivial bundle @ x Z into a direct sum of subbundles Z,. and Z, where, in
its turn, Z,=Z," ® Z, . The spectral subbundles Z,, Z,, and Z;* are given
by the corresponding spectral projections 2., %,, 2;f for the operator E'.
We use the notation Z,,(0)=Im P. ,(0) to specify the fibers of the
spectral subbundles.
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THEOREM 5.4. Consider the bundle © x Z, a function H: © x Z — Z, and
the corresponding (nonlinear) skew-product flow Y' defined by equations
(5.1) and (5.2). For each n > 0 there exists ¢ > 0 such that if |H|| o1 <¢, then
Y" has an invariant manifold, given by the graph of a function y: @ x Z — Z.
In fact, the invariant manifold has the form

M, =1{(0,{.+¥(0,(.):0€0,( e Z(0)},
where Y is an element of the space
L, ={yeChOXZ,Z): Y| cor<n, y(0,-): Z0)— Z,(0)}.

Proof. Consider a semigroup {&'},, of (nonlinear) operators on X =
C(O; Z) defined by

&'(x)(0) =z(1;9 0, x(¢~10)). (5.6)

Using (5.2), we see that for each fixed xe X and all f€ O,

E'(x)0)=D'(¢~'0) x(¢ ~'0) + fo[ D' 10) - H(¢" 10, 6°(x)(¢*'0)) ds.
(5.7)

Define g: X —» X by g(x)(0) = H(0, x(0)). From the definition (5.4) of the
evolution semigroup {E‘},.,, equation (5.7) becomes

&(x) = E'x + j E'%og(£7%(x)) dr.

Thus, if we fix x,€ X and define U(z, 1) =E' 7, then the function R— X
given by ¢+ &'(x,) satisfies equation (3.1). Let X = X.® X, be the spectral
decomposition for the linear semigroup {E’},- , that satisfies

In|o(EO\{0}|=2,,  In|o(E,)\{0}]=Z).

By Proposition 5.2, the corresponding spectral projections #. and %,
for E' on X are multiplication operators whose multipliers are strongly con-
tinuous projection-valued functions P, P,: @ - ¥ (Z); thatis, (2. ,x)(0) =

P, ,(0) x(8). Thus, for j equal to ¢ or i, we have that
X,={xeC(0;2):x(0)eZ,(0),0€6}.

Our strategy to complete the proof of the theorem is to first use Theorem
34 to prove the existence of a function ¥: X, — X, whose graph is
invariant for the flow &’ on X. This ¥ will be found as a fixed point of a
Lyapunov—Perron operator on C°( X, X,). Next, we will “push” the graph
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of ¥ back to @xZ. To be more precise, we will show that ¥ can be
“localized in the variable 07; that is, there exists a function y: @ xZ - Z
such that (0, -): Z.(0) - Z,(0), and the following condition holds: For
each fixed #e® and (.€Z.(0) we have Y(0,{.)=P(x.)(0) for every
function x_.e X, with the property x.6)={_,. The graph of this function
will be the desired invariant manifold for Y.

To start, we define

L, ={PeC’X,X): |¥llcr1(x. xy<nand ¥: X, —> X,}.

Thus, for Ye %, and 0€ 0O, if x.€ X, we have x (0) e Z (0) and ¥(x,)(0) €
Z,(0). The graph .4y, ={x,+ ¥(x,): x.€ X} of the function Y€ %, is an
invariant set for the nonlinear evolution semigroup &* on X if and only if
¥ is a fixed point of the Lyapunov—Perron integral operator J on
C%(X,, X,), see formula (3.12) above, given by

T (P)(x%) = Jﬂ H(—5) gn(x(5, x°2) + P(x (s, x°))) ds. (5.8)

— o0

Here, 27" denotes the Green’s function for the hyperbolic linear semigroup
E,=FE"| X,, and we have defined g,(x) := Z%,g(x) where &, is the projec-
tion %,: X - X,,, and 1+ x (1, x°) denotes the solution of the X -equation

t
w30 = B4 [ B (s, x0) + Pl (s, x0)) ds. (59)
0

In the course of the proof of Theorem 3.4, we showed that 7 is a strict
contraction of .%, provided the gap condition (5.5) holds and | gl co.1(x, x)
is sufficiently small.

First, we note that

| g(x1) — g(x,)| x =sup [H(O, x,(0)) — H(0, x,(0))] ~

0O

<sup [[H]| co. WO xZ 2Z) [x1(0) — x,5(0)]
OeoO

< | H co WOxZ, Z) ) — x5 [l x
where the Lipschitz norm of H is defined by

”HHC“«l(@xz, Z)

=sup max{sup |H(0, z)|, sup |H(O,z,)—H(0,, z,)|/|z, _Zz|}-

Oe® zeZ Z1F 2y

This implies [ gl co1x, x) < [H co.1(0x 2. 2)-
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To prove the theorem, we will show that 4 preserves a closed subset
L, 10c < <, and, hence, has a fixed point ¥ e %, ... We define 7 |, to be
the set of all functions ¥ e %, with the following property: For each point
0,€ 0 and for all x,, x,e X, if x,(6,) = x,(0,), then ¥(x,)(6,) = ¥(x,)(6,).

LEMMA 5.5. . preserves the closed subset ¥4, \,.< %,.

We will postpone the proof of the lemma and complete the proof of the
theorem. To this end, let ¥€ %, |, denote the unique fixed point of the
contraction J. We define the function eL,, where L, is the space
defined in the statement of the theorem, by the following procedure: For
each (0,(.)e @ xZ_(0) choose a function x_.e€ X, such that x (0)={_. and
then define

Y(0, L) =¥ (x.)(0). (5.10)

Since ¥ € ), ... the function y is well defined.
Consider the graph M, of the function y. We want to see that M, is
invariant under " in (5.1)—~(5.2). Fix 0,€0, {.€ Z.(0,) and let {=(_ +

Y(0,, £,). In fact, we want to show the following: If z (¢) := P(¢'0,) z(t, O, {)
satisfies

20 = PU§'00) @(00) Lot [ PU9'00) ' (°00) H(905.2.05)

+Y(¢°0,, 2(s5))) ds, (5.11)

then z,(¢) =y/(¢'0,, z (1)) satisfies

z,(t) = P(¢'0,) D'(0,) ¥(0,, () + fot Pi(¢'0,) D" ($°0,) H(¢"0y, z (5)

+W(¢S009 ZC(S))) ds.

Here, P, ,(0): Z— Z, ,(0) are the projections associated with the Riesz
projections 2. ,: X —> X, , for E'. In particular, we have

(Z,5x)(0) =P, ,(0) x(0),  and
H.,(0,z)=P, ,(0)H(0, z), 0e®, zeZ

Recall that .#,, the graph of ¥, is invariant for &’ on X = C(0; Z). This
means that, for each x"e X, if the function x.(-;x°): R, — X, solves
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equation (5.9), then the function %(x.(-,x%):R, — X, satisfies the
equation

P15 x00) = BP0 + || B} g s xd) + Wlxds, xO) ds. - (5.13)

Choose x° e X, such that x°(0,) = {,. If equation (5.9) holds, then for every
0 e O we have

X5 X0(0) = P0) D(§~0) x29~0)
+ [ PUOY @G0 PO UG O x (5 309 0)

+¥(x (55 x2))(¢°10)) ds. (5.14)

Recall that Y€ %, .. In particular, for 0@ and for i as defined in
(5.10), we have

P(x (55 x))(°0) = ("0, x (55 x2)(°0)).

Using this fact, the evaluation of equation (5.14) at the point 6 = ¢'0, has
the following form:

X1 X(§100) = PL§'0) D'(00) x200)+ [ P(§0) @' (9°0)
X P(9°05) H($0y, X(5; X)(9°0,)
Y0, x5 X2)($°00))) ds.

Thus, z,(1) :=x(t; x°)(¢0,) satisfies (5.11).
Similarly, in view of equation (5.13), for € ® we have

P, (1: x0)(0)
= P(0) $(§~10) P(xO)($~0)
+ [ PUOY @0 PG 0) H O x s XD O)
(x5 XN 0)) ds. (5.15)
Moreover, since e Z, ... we have

P(x(1; x0)(§00) = Y(§0, x(1, x2)($'00)) =P (¢'0y, (1)) = z,(1).

Using equation (5.15) evaluated at 0=¢'0,, we have that z,(z) indeed
satisfies equation (5.12).
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Proof of Lemma 5.5. Fix ¥Ye %, . and let the operator .7 be defined

as in Eq. (5.8). We will first show the following proposition: For each
0,€ O and every x,, x,€ C(0, X), if x,(0,) = x,(0,), then T (¥)(x,)(0,) =
T (¥)(x2)(0,).

Since ¥: X.— X, is in &, |,., we can define the function  as in (5.10).
Then, (0, -): Z.(0) > Z,(0) and, for each x.e X, we have ¥(x.)(0)=

W(0, x(0)).
Fix 0,e 0 and x%e X,, i=1, 2 such that x9(0,) = x5(0,). Let x.(-; x?):
R — X, denote the solutions of the equation

w1 x0) = B0+ [ B g (x(s5 x0) + P(x (s X)) ds. (5.16)
0

Claim. 1f teR, then x.(¢; x9)(¢'0y) = x (t; x7)(4'0,).
To prove the claim, we remark that using equation (5.16), if € ® and
i=1,2, then
x(t, x7)(0) = P(0) D'(¢~'0) x](¢ ~0)
] PO B0 HOp 0. x (s 3009 0)
+Y(P° 10, x (55 x7)(¢°10))) ds, (5.17)
where we have used the fact that Y(x(s; x))(¢°~'0) = (¢~ 0, x (s, x?)
(¢*~'9)) for our function y defined by equation (5.10). For i=1, 2, if we

define z,(1) = x.(#; x?)(¢'0,) and evaluate equation (5.17) at 0= ¢'0,, then
we see that z;(-) satisfies the equation

2100 = @L00) X0(00)+ [ @L(000) HI 00,2, (5)+ Y $0. () s

Consider

h(ta C):H(¢[009€+W(¢t003 ))5 IGR, geZc(gb’eO):

and U(t, ) =D~ 7(¢70,). Clearly, h is globally Lipschitz and, by the cocycle
property, { U(#,7)},=. is an evolution family. By the assumption, x§(6,) =
x9(0,) =: ¢, and z; are the (mild) solutions to the following nonautonomous

equation

(1) = U(1,0)¢ + f U1, s) h(s, =(s)) ds.
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But, if /& is Lipschitz, then this equation has a unique solution. Thus, we
conclude that z,(7) =z,(¢) for all ze R, as required.
To finish the proof of the lemma, recall that

9‘(£”)(X?)=f H (=) gy(xs; x7) + P(x(s;x7))) ds, i=1,2,  (5.18)

where the Green’s function #° for the hyperbolic evolution semigroup
{E;},~, is given (see, e.g., [26, Definition 4.1, Sect. 2], [25, formula
(5.2)],) as follows: A '(s)=E°_ for s>0 and J#(s)= —E* for s<0. Here
E', =E*|Im2, and 2,, resp. #_, is the Riesz projection for E, that
corresponds to a(E,)n{z:|z| <e i}, resp. to a(E,)n{z:|z| >e}. In
other words, for the projections (2, x)(8) = P .(0)x(0) one has:

H(5)(x,)(0) =P (0) D) (¢0) x,(¢ —0) for s>0,
H(s)(x,)(0)=—P_(0) D) (d—°0) x, (¢ —°0) for s<0, 00, x,eX,.

By the claim proved above, we have x.(s; x9)(¢*0,) = x.(s; x9)(¢°0,), s € R.
If we evaluate equation (5.18) at 8 =6,,, we obtain

T 00 == [ P (00) i *(900) H($0o. x.(5: 50)900)
FYP 0y, x5 x0)(9°00))) ds

H P00 05 (500) HIp 0y, x. (53 0)(0y)

+ (%04, x5 x7)(9°0,))) ds.

The right-hand side of the last formula remains the same for i=1 and i =2.
Thus, 7 (¥)(x°)(0,) = 7 (¥)(x5)(0,), as required. |

Remark 1. We thank Yi for mentioning to us the paper [ 21 ] by Johnson
where a proof is given for the existence of invariant manifolds for skew-
product flows as in (5.3) in the finite dimensional setting with the base
metric space O taken to be the hull of a certain matrix-function. In this
paper, Johnson also used the idea of “lifting” the skew-product flow to a
space X of functions f: ® — Z. Instead of X'= (0, Z), as we have used,
Johnson uses X' = B(0, Z), the space of bounded functions. This allows him
to use results from [20] concerning the existence and smoothness of
invariant manifolds for the iterates of a map to prove the existence of
invariant manifolds for the flows that he considers. We note that for maps
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one can obtain ¥ e B(0, Z) and then compute y as in (5.10) for the func-
tion x,.€ B(O, Z) defined so that x.(0)={, and so that x_. vanishes else-
where. Thus, for X=B(6, Z) our “localization” argument used to show
that ¥ e %) .. is not needed. However, the advantage of our choice of
X=C((0, Z) for the flow case is related to the fact that we obtain a space
X where {E'} is a strongly continuous semigroup. Thus, our Theorem 3.4
is directly applicable, and the transition from maps to flows is not needed.
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