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Abstract

For a large class of semiclassical pseudodifferential operators, including Schrodinger operators, P(h) =
—h2A g + V(x), on compact Riemannian manifolds, we give logarithmic lower bounds on the mass of
eigenfunctions outside neighbourhoods of generic closed hyperbolic orbits. More precisely we show that if
A is a pseudodifferential operator which is microlocally equal to the identity near the hyperbolic orbit and
microlocally zero away from the orbit, then

lull < C(y1log(1/h)/ k)| P(hyu| + C/log(1/h)||(I — A)ul.

This generalizes earlier estimates of Colin de Verdiere and Parisse [Y. Colin de Verdiere, B. Parisse, Equili—
bre instable en regime semi-classique: I — Concentration microlocale, Comm. Partial Differential Equations
19 (1994) 1535-1563; Equilibre instable en régime semi-classique: II — Conditions de Bohr—Sommerfeld,
Ann. Inst. H. Poincaré Phys. Theor. 61 (1994) 347-367] obtained for a special case, and of Burq and
Zworski [N. Burq, M. Zworski, Geometric control in the presence of a black box, J. Amer. Math. Soc. 17
(2004) 443—471] for real hyperbolic orbits.
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1. Introduction

To motivate the general result, we first present two applications. If (X, g) is a Riemannian
manifold with Laplacian Ag, we consider the eigenvalue problem
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—Agu = 2u, llull z2x) = 1.

If U is a small neighbourhood of a closed hyperbolic geodesic y, we show that

/|u|2dx> S
log |2

that is, if u concentrates near y, the rate is logarithmic. This generalizes results of Colin de
Verdiere and Parisse [7], and Burq and Zworski [6].
As another application of our main results we consider the damped wave equation

{ (97 — A +2a(x)d )u(x,1) =0, (x,1) € X x (0,00),
u(x,0)=0, du(x,0) = f(x).

We prove in Section 7 that if a(x) > 0 outside a neighbourhood of a closed hyperbolic geo-
desic y, we have the following energy estimate:

10014113 20y + 1Vl13 2 ) < Ce™ 7€ F e )

for all € > 0. (In Section 7 a weaker geometric control condition in the spirit of Rauch and
Taylor [21] is considered.) This application was suggested to us by M. Hitrik, and it generalizes
an example of Lebeau [19].

We now turn to the general case. Let X be a compact n-dimensional manifold without bound-
ary. We consider a selfadjoint pseudodifferential operator, P (h), with real principal symbol p.
We assume throughout if p = 0 then dp # 0, and that p is elliptic outside of a compact subset
of T*X. Assume that

y Cp )

is a closed loxodromic orbit of the Hamiltonian flow of p. Let N C {p = 0} be a Poincaré
section for y and let S be the Poincaré map. The assumption that y be loxodromic means that no
eigenvalue of dS(0, 0) lies on the unit circle. We assume also that dS(0, 0) has no real negative
eigenvalues.

Main Theorem. Let A € llfho 0 pe a pseudodifferential operator whose principal symbol is 1
near y and 0 away from y. Then, there exist constants hy > 0 and 0 < C < 0o so that we have
uniformly in 0 < h < hy,

Viog(1/h
llull < C%/)Up(h)uu + Clog(1/h)| (I — Aul, (1.1)

where the norms are L? norms on X. In particular if a family, u = u(h) satisfies
P(hu=Op2(h), ||'4||L2(x) =1,

then

1 1
|\(1—A)u|\L2<X)>Elog(a/h)) 2, 0<h <h. (1.2)
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Fig. 1. A confining potential V (x) with three bumps at the lowest energy level E < 0.

We note that the assumptions on A imply that WF},(A) is contained in a neighbourhood of y,
while WF,, (I — A) is away from y, see Section 2 for definitions.

Colin de Verdiere and Parisse [7] have shown that the estimates (1.1)—(1.2) are sharp in the
case where X is a segment of a hyperbolic cylinder and P (h) = —h’A ¢ isits Dirichlet Laplacian.
Even though the closed orbit at the “neck” of the cylinder is hyperbolic, the flow is completely
integrable in that case. This shows that eliminating the log(h~!) factor requires global conditions
on the classical flow.

The assumption that the Poincaré map has no negative eigenvalues is standard in the literature
on quantum Birkhoff normal forms (see, for example [16,17,30]), and in the present work serves
to eliminate cases in which current techniques seem to break down. It is important to note that
this case does arise, as in the example in [18, Section 3.4].

There are many examples in which the hypotheses of the theorem are satisfied, the simplest of
which is the case in which p = |£|> — E(h) for E(h) > 0. Then the Hamiltonian flow of p is the
geodesic flow, so if the geodesic flow has a closed hyperbolic orbit, there is non-concentration of
eigenfunctions, u(h), for the equation

—h?Au(h) = E(h)u(h).

Another example of such a p is the case p = |£ |2 4+ V(x), where V(x) is a confining potential
with three “bumps” or “obstacles” in the lowest energy level (see Fig. 1). In the appendix to
[23] it is shown that for an interval of energies V (x) ~ 0, there is a closed hyperbolic orbit y
of the Hamiltonian flow which “reflects” off the bumps (see Fig. 2). Loxodromic orbits may be
constructed by considering 3-dimensional hyperbolic billiard problems (see, for example [2]),
although in the present work we are assuming the orbit does not intersect the boundary of the
manifold. In addition, Proposition 4.1 gives a somewhat artificial means of constructing a mani-
fold diffeomorphic to a neighbourhood in T*Sét’ 0 X T*R?x_’;) which contains a loxodromic orbit
y by starting with the Poincaré map y is to have.

In order to prove the Main Theorem, we will first prove that the principal symbol of P (k)
can be put into a normal form near y. This will allow analysis of small complex perturbations of
P (h). These are defined as follows. Let a € C*°(T*X, [0, 1]) be equal to 0 in a neighbourhood
of y and 1 outside of a larger neighbourhood of y. For z € [—1, 1]+ i[—§, §], define

0(z) :=P(h) —z—ihCa"” (1.3)
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V(z)=0

Fig. 2. The level set V (x) = 0 and the closed hyperbolic orbit y.

for a constant C to be fixed later. The following theorem states that by perturbing P () into Q(z)
we are able to push the spectrum of P (k) into the lower half-plane.

Theorem 1. There exist constants cy > 0, hg > 0, and Ng such that for u with WFy,(u) in a
sufficiently small neighbourhood of y, z € [—1, 1] + i(—coh, +00), and 0 < h < hy we have

|Q@u]l 2y = € HM el 2 x,) (1.4)
for some constant C.

Using Theorem 1 and a semiclassical adaptation of the “three-lines” theorem from complex
analysis, we will be able to deduce the following estimate.

Theorem 2. Suppose Q(z) is given by (1.3), and z € I € (—00, o0). Then there is hg > 0 and
0 < C < oo such that for 0 < h < hy,

log(1/h)

|| Q(Z)il HLz(X)%LZ(X) X I’l (15)

If ¢ € C2°(X) is supported away from y, then

c Vioed/h) (1.6)

0@~ 0]l 2o 2 < h

In order to apply the results of Theorems 1 and 2 to the Main Theorem, we observe that for
A as in the statement of the Main Theorem we have Q(0)A = P (h)A microlocally and apply a
commutator argument.

This note is organized as follows. Section 2 recalls basic facts about #-pseudodifferential op-
erators on manifolds. This is followed in Section 3 with a review of some standard results from
the theory of h-Fourier integral operators. In Section 4 we present some symplectic geometry
and prove the principal symbol can be put into a normal form in the case all the eigenval-
ues of dS(0) are distinct. Section 5 contains the proof of Theorem 1 in the case of distinct
eigenvalues, then re-examines the normal form of the principal symbol to show how it may
be extended to the case when the eigenvalues are not distinct, and contains the details of the
more general case of Theorem 1. Finally, in Section 6 we prove Theorem 2 and the Main
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Theorem. In Section 7 we apply the techniques of Sections 4-6 to the damped wave equa-
tion.

The impetus for this paper came when M. Zworski suggested generalizing results from the
appendix of [6], as well as correcting a mistake which was discovered by J.-F. Bony, S. Fujiie,
T. Ramond, and M. Zerzeri (see [4] for their closely related work). This paper generalizes the
statements of the theorems from the case of real hyperbolic trajectories to complex hyperbolic or
loxodromic trajectories as well as correcting the mistake.

2. Preliminaries
This section contains some basic definitions and results from semiclassical and microlocal
analysis which we will be using throughout the paper. This is essentially standard, but we include

it for completeness. We will follow the presentation in [6, Section 2]. Let X be a smooth, compact
manifold. We will be operating on half-densities,

1
u(x)|dx|? € C¥(X, 23),
with the informal change of variables formula

u(x)|dx|%:v(y)|dy|%, fory=«k(x) <+— v(/c(x))|/</(x)|%:u(x).

By symbols on X we mean
1 1
SEM(T*X, 27y) 1= {a € C(T*X x (0, 1], 2f.y): |aj§a§a(x, E1h)| < Coph™™ (£)F1P1Y.

1
There is a corresponding class of pseudodifferential operators lI/,f (X, £23) acting on half-
densities defined by the local formula (Weyl calculus) in R":

1 ey
Opj (@u(x) = 5 //a<x—;y,é;h>el<x"Whu(y)dydé-

We will occasionally use the shorthand notations a" := Op;’ (a) and A := Op}’ (a) when there is
no ambiguity in doing so.
We have the principal symbol map

on " (X, .Qé) — Skm [skm=l(T*X, Qé*x),
which gives the left inverse of Op;’ in the sense that
op 0 OpY : Skm — gkm jghm=1
is the natural projection. Acting on half-densities in the Weyl calculus, the principal symbol is

actually well defined in S*™ /SK™=2  that is, up to O(h?) in h (see, for example, [10, Appen-
dix D]).
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We will use the notion of wave front sets for pseudodifferential operators on manifolds. If

1
aeSkm(T*X, 27.y) we define the singular support or essential support for a:
ess-supp, a C T*X US*X,

where S*X = (T*X \ {0})/R. is the cosphere bundle (quotient taken with respect to the usual
multiplication in the fibers), and the union is disjoint, ess-suppj, a is defined using complements:

ess-suppy, a
=C{(x.&) € T*X: 3¢ > 0, 3%l a(x'. &) = O(™), d(x.x") +|§ —&'| <€}
UC{(x,6) e T*X\ 0: 3¢ >0, a;'afa(x’, £)=0(h* (&)™),
d(x.x") +1/18'| + |§/1€] — &'/ 1E"l] < €} /Ry
We then define the wave front set of a pseudodifferential operator A lI//: (X, 2 é):
WEF),(A) :=ess-supp;, (a) for A =Op; (a).

1
Finally for distributional half-densities u € C*((0, 115, D'(X, §2)) such that there is N so that

1
hNoy is bounded in D'(X, .Q;(), we can define the semiclassical wave front set of u, again by
complement:

WE; () :=C{(x, £): 3A € w7, with 0;,(A) (x, §) #0,
and Au € hC((0, 11, C(X. 2.))].

For A =Op}’(a) and B =Op}/(b), a € Skm b e SKm" \we have the composition formula (see,
for example [8])

Ao B=O0py (a#b), 2.1
where

Shtkmtn’ 5 g #b(x, £) = 3@ Pr P DD (4 (x, £)b(y. 7))

) 2.2

X

§

y
n
with w the standard symplectic form.
1
We will need the definition of microlocal equivalence of operators. Suppose T :C* (X, £2¢) —
1 1
C*>(X, £25) and that for any seminorm | - [|; on C*°(X, ;) there is a second seminorm || - ||2

1
on C*®(X, §2y) such that

ITully = O(h~ ™) Jul
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for some M fixed. Then we say T is semiclassically tempered. We assume for the rest of this
paper that all operators satisfy this condition. Let U, V C T* X be open precompact sets. We think
of operators defined microlocally near V x U as equivalence classes of tempered operators. The
equivalence relation is

1 1
T~T < AT-T)B=0Ouh>):D'(X,23)—>C>(X,23})
1
forany A, B € llff?’o(X, £23) such that
WF,(A)CV,  WFu(B)C U, withV,U open and
VeVeT*X, UeUeT*X.

In the course of this paper, when we say P = Q microlocally near U x V, we mean for any A,
B as above,

APB —AQB=0;2_;:(h™),
or in any other norm by the assumed precompactness of U and V. Similarly, we say B =T !
on V x V if BT = I microlocally near U x U and T B = I microlocally near V x U.

For this paper, we will need the following semiclassical version of Beals’s theorem (see [8]
for a proof). Recall for operators A and B, the notation adp A is defined as

adg A =[B, A].

Theorem (Beals’s theorem). Let A:S — S’ be a continuous linear operator. Then A = Opy! (a)
for a symbol a € S*V if and only if for all N € N and all linear symbols Iy, ..., Iy,

adopy 1,y 0 adopy 1) 0+ 0 adopray) A= O(h"V) 12 5.

The following lemma (given more generally in [3]) will be used in the proof of Theorem 1.

We include a sketch of the proof from [27] here for completeness. It is easiest to phrase in terms
of order functions. A smooth function m € C*°(T*X; R) is called an order function if it satisfies

m(x, €) < Cm(y, pdist(x — y) + 1§ — )"
for some N € N. We say a € S (m) if

0% < Cyh™'m.
If I =0, we write S(m) := S%(m).

Lemma 2.1. Let m be an order function, and suppose G € C*°(T*X; R) satisfies

G(x,€) —log(m(x,§)) = O(1) 2.3)
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and
8§8§G(x, &) =0@1) for(a,B)#(0,0). 24
Then for G¥ = Op}/ (G) and |t| sufficiently small,
exp(tG") = Opj) (by)
for b, € S(m"). Here €'C" is defined as the unique solution to the evolution equation

{ #(UW®) -G U@ =0,
U(0) = id.

Sketch of the proof. The conditions on G (2.3) and (2.4) are equivalent to saying /¢ € S(m?).
We will compare exptG" and Op;’ (exptG), which we do in the following claims.

Claim 2.2. Set U(t) := Op}(¢'C):S — S. For |t| < €, U(t) is invertible and U(t)~! =
Opy’ (b;) for by € S(m™"), where €y depends only on G.

Proof. Using the composition law, we see U(—t)U (¢) = id 4+ Op} (E;), with E; = O(t). Hence
id + Op}’ (E,) is invertible and using Beals’s theorem, we get (id + Op;/ (E))~ 1= Opj, (c;) for
¢; € S(1). Thus Op}’ (c)U (—1)U (¢) =1id, so

U@~ = Op} (c; #exp(—1G)),

and subsequently b, € S(m™"). O

Now observe that

d
S U(=D=—0p}(Gexp(~1G)) and U(-1)G" = Opj’ (79 #G),
so that

%(U(—t)etGw) = —Op} (G exp(—1G))e'S" + Op (e 'O #G)e' "

=OpY(Ay)e'" (2.5)
for A, € S(m™"). To see (2.5), recall that by the composition law,
e 'O #G = e '0G + (terms with G derivatives).

Then the first terms in (2.5) will cancel and the remaining terms will all involve at least one
derivative of G, which is then bounded by (2.4).

Set C(¢) := —Op}l"(A,)U(—t)’l. Claim 2.2 implies C(t) = Opj},(c;) for a family ¢; € S(1).
The composition law implies ¢; depends smoothly on ¢. Then

8 w w w
(E + C(t)) (U(=0)e'®") = Opy (Ap)e'®" — Opy (Ap)e'®" =0,
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so we have reduced the problem to proving the following claim.
Claim 2.3. Suppose C(t) = Op}/(c;) with ¢; € S(1) depending smoothly ont € (—eo, €o). If Q(t)

solves

ot
0(0)=0p}(q), withq € S(1),

(3 + C(t)) 0(1) =0,

then Q(t) = Op}/(q;) with q; € S(1) depending smoothly on t € (—€, €o).

Proof. The Picard existence theorem for ODEs implies Q(¢) exists and is bounded on L2
We want to use Beals’s theorem to show Q(#) is actually a quantized family of symbols. Let
l1,...,In be linear symbols. We will use induction to show that for any N and any choice of
the [}, adop};)(ll) 0-+-0 adop};)(lm o) = (’)(hN)Lz_)Lz. Since we are dealing with linear sym-
bols, we take i = 1 for convenience. First note

d
7 adopyay -+ 0 adoppy) Q1) +adopyy) 0+ 0 adopy ay) (C(H Q1) = 0.

For the induction step, assume adopw ) © -+ 0 adopw ;) Q1) = O(1) is known for k < N and
observe

adopr ) 0-+- o adOPhw(lN)(C(l)Q(t)) = C(n)adopry) o+ oadopry) Q1) + R(@),

where R(t) is a sum of terms of the form A (¢) adOp,f(ll) 0---0 adop;:)(lk) Q() foreach k < N
and Ay (1) = Op} (ax(t)) with a (1) € S(1). Set é(t) = adopp ;) o+ -+ 0 adopr () Q(1) and note
that é solves

3 ~
(E + C(t)> Q1) = —R(1),

0(0) =02, 2.

Since R(r) = O(1);2_, ;2 by the induction hypothesis, Picard’s theorem implies O () : L2 — L2
as desired. 0O

We will need to review some basic facts about the calculus of symbols with two parameters.
We will only use symbol spaces with two parameters in the context of microlocal estimates, in
which case we may assume we are working in an open subset of R??. We define the following
spaces of symbols with two parameters:

SEmim(R2) = {a € (R x (0, 17): [9%0f a(x. &: h. h)| < Caph™™h ™™ (&)1}
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For the applications in this paper, we assume h > h and define the scaled spaces:
ko () = {a € C(R x (0. 17

. AN D
|00l aCx, & h )| < Caﬂh‘mh‘m(ﬁ> <§>k—ﬂ}.

As before, we have the corresponding spaces of semiclassical pseudodifferential operators
gkmm and 11/5]‘ M - where we will usually add a subscript of & or & to indicate which para-
meter is used in the quantization. The relationship between ¥}, and ¥} is given in the following
lemma.

Lemma 2.4. Let a € Sg’m’m, and set

b(X, Z)=a((h/h)* X, (h/h)? &) € SF.

1
There is a linear operator T}, j.jp unitary on L2, and an operator such that
Op}f OV, ju= ThﬁOpZ’ (a)u.
Proof. For u € L?(R"), define T, i by
T,, ju(X) = b/ fu((h /)2 X). (2.6)
We see immediately that 7}, ; conjugates operators a* (x, hD,) and b" (X, hDy). O
We have the following microlocal commutator lemma.

Lemma 2.5. Suppose a € SO_OO’O’O, be S_fo’m";’, and h > h.
-2

(@ IfA= Op};’ (a) and B = Opﬁw b),

h 3/273/2
A, B] = ~Opj ({a, b}) + O(*/*h*7).
(b) More generally, for eachl > 1,
adlA B = OLZ_)LZ(hEl_l).

Proof. Without loss of generality, m =m = 0, so for (a) we have from the Weyl calculus:

[A, B] = ﬁoph({a b}) +h 0( Z a“aaﬁb)
lor|=181=3
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since the second order term vanishes in the Weyl expansion of the commutator. Note d%a is
bounded for all «, and observe for |8| =3,

BoPb = RO,

For part (b) we again assume m = m = 0, and we observe that for / > 1 we no longer have the
same gain in powers of / as in part (a). This follows from the fact that the /-principal symbol for
the commutator [A, [A, B]], —ih{a, —ih{a, b}}, satisfies
—ih{a, —ih{a, b}} = —h*(3zadx (3zadxb — dxadzb) — dxadz (dzadxb — dxadzb))
(2.7)
ey, (2.8)

since {a, b} involves products of derivatives of both a and b.
For general / > 1, assume

oi(ad, B) € S
and a calculation similar to (2.7)—(2.8) finishes the induction. O
3. h-Fourier integral operators

In this section we review some facts about /-Fourier integral operators (2-FIOs). See [9] for
a comprehensive introduction to general FIOs without %, or [10, Section 10.1] with the addition
of the h parameter. For this note, we are only interested in a special class of 4-FIOs, namely

those associated to a symplectomorphism. In order to motivate this, suppose f:X — Y is a
diffeomorphism. Then we write

1 .
fu@ =u(f) = 5o / O8Iy (y) dy e,

and f*:C®°(Y) — C*°(X) is an h-FIO associated to the nondegenerate phase function ¢ =
(f(x) — y,&). We recall the notation from [9]: if A:CZ°(Y) — D'(X) is a continuous mapping
with distributional kernel K4 € D'(X x Y),
WE; (A) = {((x, &), (. m) € (T*X x T*Y)\ 0: (x,y; &, —n) € WF(Kp)}.
In this notation, we note
WE;, f* c {((x, &), (y.m): y=f(x), §="Dsf -n},

which is the graph of the induced symplectomorphism

Kk(x, &) = (f(0), ('Dy H1®)).
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To continue, we follow [26], and let A(¢) be a smooth family of pseudodifferential operators:
A(t) = Op}’ (a(t)) with

a(t) € C®([-1,11:; S~T*X)),
such that for each 1, WF;, (A()) € T*X. Let U (¢) : L>(X) — L*(X) be defined by

{hD,U(t) +U((t)A() =0,

U(0) = Up e w0(X), G-1)

where D; = —id/dt as usual. If we let ag(¢) be the real-valued A-principal symbol of A(¢) and
let k (¢) be the family of symplectomorphisms defined by

d
{ e 00.8) = (£0), (g (5,9)
€(0)(x. &) = (x, &),

for (x,&) € T*X, then U(t) is a family of A-FIOs associated to « (). We have the following
well-known theorem of Egorov (see, for example [10, Section 10.1]).

Theorem (Egorov’s theorem). Suppose B € 'J/}f( " (X), and U (t) defined as above. Suppose fur-
ther that Uy in (3.1) is elliptic (o5,(Uy) = ¢ > 0). Then there exists a smooth family of pseudodif-
ferential operators V (t) such that

{ah(V(t)BU(t)) = (k1)) on(B), 3.2)

VU@ —1, U@V @) —1 e, > 2X).
Proof. As Uy is elliptic, there exists an approximate inverse Vy, such that UgVy — I, VoUg— I €

lI/h_OO’_OO. Let V (¢) solve

hD,V(t) — A1)V (1) =0,
V(0) = Vj.
Write B(t) =V (t)BU (¢), so that
hD;B(t) = A()V()BU(t) — V(1) BU (1) A(t) = [A(1), B(1)]

modulo lI/h_oo’_oo. But the principal symbol of [A(¢), B(#)] is

h h
on([A®), B®)]) = ~{on(A®)). on(B®))} = ~Hay0on (B(1)).

i
so (3.2) follows from the definition of k(). O

Let U := U (1), and suppose the graph of « is denoted by C. Then we introduce the standard
notation

Uel)(X xX;C, withC'={(x,&y,—n): x,8) =« 0},
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meaning U is the h-FIO associated to the graph of k. The next few results when taken together
will say that locally all #-FIOs associated to symplectic graphs are of the same form as U(1).
First a well-known lemma.

Lemma 3.1. Suppose « :neigh(0, 0) — neigh(0, 0) is a symplectomorphism fixing (0,0). Then
there exists a smooth family of symplectomorphisms k; fixing (0, 0) such that ko = id and k1 = .
Further, there is a smooth family of functions g; such that

d
Ekt = (K1)« Hy, .

The proof of Lemma 3.1 is standard, but we include a sketch here, as it will be used in the
proof of Proposition 4.1 (see [10, Section 10.1] for details).

Sketch of the proof. First suppose K : R?" — R?" is a linear symplectic transformation. Write
the polar decomposition of K, K = Q P with Q orthogonal and P positive definite. It is standard
that K symplectic implies Q and P are both symplectic as well. Identify R?* with C" on which
Q is unitary. Write Q = expi B for B Hermitian and P = exp A for A real symmetric and JA +

AJ =0, where
(0 =1
J._<I 0)

is the standard matrix of symplectic structure on R?". Then K; = exp(itB) exp(tA) satisfies
Ko=idand K| =K.

In the case « is nonlinear, set K = 9« (0, 0) and choose K; such that Ko =id and K1, = K.
Then set

1
K (x,8) = ;K(r(x,s)),

and note that &, satisfies ko = K, k1 = k. Rescale «; in ¢, so that K, = K near 1/2 and k] = «.
Rescale K; so that Ko =id and K; = K near 1/2. Then «; is defined for 0 < ¢ < 1 by taking K;
forO<r<1/2and ik; for 1/2 <t < 1.

To show %K[ = (ky)«Hg,, set V; = %K,. Cartan’s formula then gives for o the symplectic
form

Ly,w=dwiV; +d(wiV;),

but Ly,w = %K,*a) = 0 since «; is symplectic for each ¢. Hence w1V, = dg; for some smooth

function g; by the Poincaré lemma, in other words, V; = (k) H,,. O

We have the following version of Egorov’s theorem.
Proposition 3.2. Suppose U is an open neighbourhood of (0,0) and «:U — U is a sym-
plectomorphism fixing (0,0). Then there is a bounded operator F:L* — L? such that for all

A =Op}/(a),

AF =FB microlocally on U x U,
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where B = Op}(b) for a Weyl symbol b satisfying

b=«*a+ O(h?).
F is microlocally invertible in U x U and F~'AF = B microlocally in U x U.

Proposition 3.2 is a standard result, however we include a proof as we will be using it for the
proof of Theorem 3.

Proof. For 0 <t < 1 let k; be a smooth family of symplectomorphisms satisfying xo = id,
k1 =k, and let g; satisfy %I{t = (k1)+H,,. Let G; = Op}’(g;), and solve the following equa-

tions:

hDF(t) + F)G(1)=0 O<r<1),
F0) =1,

{thﬁ(t) —GWOF@t) =0 (0<t<),
F(0)=1.

Then F (1), F(t) = O(1): L* — L* and
hD;(F(OF (1) = —F@) G F (1) + F()G (1) F(1) =0,
so F(1)F(t) =1 for 0 <t < 1. Similarly, E(t) = FF — I satisfies
hDE(1) =Gt F(t)F(t) — F()F()G (1) = [G (1), E()] (3.3)

with E (0) = 0. But Eq. (3.3) has unique solution E(¢t) = 0 for the initial condition E(0) = 0.
Hence F(t)F(t) = I~ microlocally.
Now set B(t) = F(t)AF(t). We would like to show B(t) = Opjy, (by), for by = «jfa + OHh?).
Set B(t) = Op} (k; a). Then
~ h d h
hD,B(t) = ?OpZ’ <EKI*(1> = ?Opz’({gt, Kt*a})
=[G, BO]+ E1(),
where E(t) = Opj/ (e1(¢)) for e1(¢) a smooth family of symbols. Note if we take g; # (k,"a) —

(k) a) # g;, the composition formula (2.2) implies the h? term vanishes for the Weyl calculus
since w? is symmetric while

g (x, &)faly, n) —«falx, £)g (v, n)

is antisymmetric. Thus E(¢) € llf,? =3 since we are working microlocally. We calculate:
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hD,(F(t)B()F (1))
=—FOGOBOF@®) + FO)([G®), BO] + E1(1))F (1)
+F()B0GHF (1)
= FEI(F ()
=0(h%).

Integrating in ¢ and dividing by & we get
. t
FB)F(t) = A+ ;— / F()E1(s)F(s)ds = A+ O(h?),
0
so that B(t) — B(t) = O(h?).
We will construct families of pseudodifferential operators B (¢) so that for each m

B(t)=B(t)+ Bi(t) + -+ + Bu(t) + O(h"*?).

Let
t
er(r) =(Kz)*/(K;1)*€1(S)ds,
0

and set E; (1) = Opy'(e1(1)). Observe

~ <. h
hDEy=[G@), E\]+ —(E1(t) + E2(1)),

i
where E;(t) € W,fl)’_4 by the Weyl calculus, since [G, El] = (’)(h4). Then as in (3.4)—(3.6)
hD (FOEI(F (1) =-FO[GW®), E\()]F (1) + F)hD,(E (1)) F (1)

h - -
= l—.(F(t)El(t)F(t) + F()E2()F(1)).

Integrating in ¢ gives

t

t
F(t)El(z)F(t)=/F(s)E1(s)F(s)ds+ ;—/F(s)Ez(s)F(s)ds,
0 0

and substituting in (3.7) gives
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(3.4)
(3.5)

(3.6)

(3.7)

(3.8)
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t

B(t) — B(t) = %El(t) - F(t)(% / F(s)Ea(s)F(s) ds)F(t)
0

= %El(t)+(’)(h3).

Setting By (t) =i E 1(t)/ h and continuing inductively gives By (t) satisfying (3.8).
Let / be a linear symbol, and L = Op;’ (/). Then

ad (B — B)=[B — B, L]1=O(h?).

Fix N. From (3.8) we can choose Bj, ..., By so that replacing B with B + Bi +---+ By, we
have for /1, ..., [y linear symbols, Ly = Opj, (),

adp, o---oadp, (B — B) = O(hN*?),
so Beals theorem implies B(t) = Op;’ (b(¢)) for b(t) =« a + Om?. o
The next proposition is essentially a converse to Proposition 3.2.

Proposition 3.3. Suppose U = O(1):L* — L? and for all pseudodifferential operators
A,B e lI/,?’O(X) such that o,(B) = k*o,(A), AU = UB microlocally near (po, po), where
k :neigh(pg, po) — neigh(po, po) is a symplectomorphism fixing (po, po). Then U € I}?(X x X;
C") microlocally near (pg, po).

Proof. Choose «; a smooth family of symplectomorphisms such that kg = id, 1 = k, and
kt(po) = po. Choose a(t) a smooth family of functions satisfying %Kt = (K1)« Ha(r), and let
A(t) = Op}/ (a(t)). Let U(t) be a solution to

hD:U(t)—U(@)A(t) =0,
ulh=U

for 0 <t < 1. Next let A and B satisfy the assumptions of the proposition. Since AU = U B, we
can find V (¢) satisfying

V(0) =id. (3-9)

{ AUV @) =U@)BV (1),
By Egorov’s theorem, the right-hand side of (3.9) is equal to
U(t)V(t)(V(t)leV(t)) =U@)V(Et)A+O(h).

Setting t = 0, we see [U(0), A] = O(h). Applying the same argument to [U (1), A] and another
choice of A, B satisfying the hypotheses of the proposition yields by induction,

ads, o---oada, U0) = O(h") (3.10)
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for any choice of Aq,...,An € lI/}? ’O(X ). Since we are only interested in what U (¢) looks like
microlocally, (3.10) is sufficient to apply Beals’s theorem and conclude that U (0) € lI/}? ’O(X ).
Thus U(t) and hence U (1) = U is in I}?(X x X; C’) for the twisted graph

C'={x.&y,-n: .=k, &} O

Using the following more general version of the Poincaré lemma from [29], we will be able
to generalize Proposition 3.2 to a neighbourhood of a periodic orbit.

Lemma 3.4. Let N C T*X be a closed submanifold, and assume (x, &) € N implies (x,0) € N.
Then if w is a closed k-form such that w|y = 0, then there is a (k — 1)-form I (w) in a neigh-
bourhood of N such that w = d I (w).

Proof. Let m;:T*X — T*X, my:(x,€) — (x,s&), be multiplication by s in the fibres, and
define

That is, in coordinates,
1 0
Xy == Z £ %
j J

is just 1/s times the radial vector field. Then

< (mo)

o =m} (Xs.dw) +d(m;'f(XJa))),

r=s

and integrating in r gives
w—miw=1(dw)+dI(v)

for

1

I (w) = /m;‘(Xr_nw) dr.

0

Now w|y =0 and dw = 0 finishes the proof. O

Theorem 3. Suppose N C T*X is a closed submanifold such that (x,&) € N implies (x,0) € N,
and assume k :neigh(N) — «(neigh(N)) is a symplectomorphism which is smoothly homo-

topic in the symplectic group to identity on N. Then there is a bounded linear operator
F: Lz(neigh(N)) — LZ(K(neigh(N))) such that for all A = Opy})(a),

AF =FB  microlocally on neigh(N) x « (neigh(N)),
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where B = Op}’ (b) for a Weyl symbol b = k*a + O(h?). Further, F is microlocally invertible
and F~YAF =B in N x k(N).

Proof. The proof will follow from the proof of Proposition 3.2. Let «; be the homotopy in the
proposition, ko = id and k1 = x. We need only verify that «; is generated by a Hamiltonian. Set
V, = %K,, and calculate

d
0= EK’*(I) =Lyw="V,adw+d(V; ).

Hence X; =V, uw is closed and further A;|y = 0 so we may apply Lemma 3.4 to obtain a 0-form
I(X;) so that

dl(A) = A
or
Vi=Hi@,)- O
We will make use of the following proposition (see [10, Section 10.5] for a proof).

Proposition 3.5. Let P € 11/; ’O(X ) be a semiclassical operator of real principal type (p = op(P)
is real and independent of h), and assume dp # 0 whenever p = 0. Then for any po € {p~'(0)},
there exists a symplectomorphism k : T*X — T*R" defined from a neighbourhood of pg to a
neighbourhood of (0,0) and an h-FIO T associated to its graph such that:

(i) «*&1 =p,
(i1) TP = hDy, T microlocally near (po; (0, 0)),
(iii) 7! exists microlocally near ((0, 0); po).

4. Symplectic geometry and quadratic forms

We now return to the setup of the introduction. Let P (k) satisfy all the assumptions from
Section 1. The main tool at our disposal is to use symplectomorphisms to transform the Weyl
principal symbol into a different Weyl principal symbol which is in a more tractible form. Then
by Propositions 3.2 and 3.3, any estimates we prove about the quantization of the transformed
principal symbol will hold for the original operator modulo O (h?).

It is classical (see, for example [1]) that using our assumptions on p, the Implicit Function
theorem guarantees that there is an €y > 0 such that for € € [—¢, €¢], the energy surface { p’1 ()}
is regular and contains a closed loxodromic orbit y €. Further,

y= U

—€0<ESE

is a smooth, 2-dimensional symplectic manifold diffeomorphic to S x [—€p, €] C T*S'. Choose
symplectic coordinates (¢, 7, x, £) in a neighbourhood of y so that y is the image of the unit
circle, S 5 ¢ > y (1), t parametrizes y€ and y = {t, 0; 0, 0}. In [1] it is shown that S = {t =0} is
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a contact manifold with the contact form @, g) = i *w, where i : § — X is the inclusion. Then the
Poincaré map preserves p and @, modulo a term encompassing the period shift for € € [—ep, €g]
different from zero and (x, &) # (0, 0). This motivates our next change of variables. Similar
to [25], we observe that T depends only on the energy surface in which y€ lies: T = g(¢). H is
tangent to the energy surface {p~!(¢)} for each € € [—€o, €], so that

atp(tvtvxvo)Zalp(tvt’osé)zo and 8xp(tv7:,070):0» 8Sp(t7770,0):():
so that
p(t,7,0,0)= f(r) and p(1,0,x,&) = f(0) + O (x> +&7).

Thus, there exists a smooth nonvanishing function a(z, 7, x, §) defined in a neighbourhood of y
such that

a(t,t,x,&)pt,t,x,8) = f(r) + O,(xz —}—52).

Since the Hamiltonian vector field of p, H), is tangent to {p = 0}, we can choose a Poincaré
section contained in {p = 0}, that is, a (2n — 2)-dimensional submanifold N, transverse to H;, on
{p =0} centered at ¥ (0). Let S: N — N be the Poincaré (first return) map near y (0). Note that
w=dt ANdT + &y ) is the symplectic form on 7*X in our choice of coordinates, so S preserves
the (2n —2)-dimensional symplectic form @ on N. Thus S is a symplectic mapping N — N, with
S(0) =0. That y is loxodromic means none of the eigenvalues of dS(0) lie on the unit circle. In
this section for simplicity we consider only the case where all the eigenvalues are distinct (the
general case is handled in Section 5.2). We think of dS(0) as the linearization of S near 0 € N,
with N identified with Ty N near O.

We want to put p into a normal form in a neighbourhood of y . Inspiration for this construction
comes from [12,25]. Let g(p) be defined near 0 € N and quadratic such that dS(0) = exp H,.
Let «; be a smooth family of symplectomorphisms such that ky = id while x; = S. Then from
the proof of Lemma 3.1 we can find ¢;(p) defined near O € N so that

q:(p) =q(p) + fi(p)

with f;(p) = O;(|p|*) and

d

EKI = (Kt)*Hq,-

Remark. Here we see the first obstacle to extending these techniques to include negative real
eigenvalues: we want to write dS(0) = exp H, for a real quadratic form ¢. But this is impossible
for some linear symplectic transformations with negative eigenvalues as the example

2
ds<0>=< ¢ _f_z>

shows. Here dS(0) is symplectic, but cannot be written as exp H,; with ¢ real. Roughly, negative
eigenvalues may be realized only by deforming a family of symplectomorphisms «; through an
elliptic component.
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Set p(s, 0, p) =0 + qs(p). We will show p and p are equivalent under a symplectic change
of coordinates on the set p~!(0). Then since both p and j have nonvanishing differentials, we
can write

K p=>b(t,7,x,6)p 4.1
for a smooth, positive function b and a symplectomorphism «. Indeed, we claim
exp(tHp)(s,0, p) = (s +1,01(0,5,0), k5 0 ' (p))
for some oy (s, 0, p), giving (4.1). To see this, set
- -1
(s, p) = (s + 1. Kkigs 0 k5 ().
We need to check that @;|y 1 is a 1-parameter group. We compute
D11, |y xst (8, 0) = (S 11+ 102, Kty ir+s OKS_I(P))~
But we check
Dy Iyxst © Pyxst (8, 0) = Py [ yxs! (S + 12, Kiy4s5 © Ks_l(/o))
= (S + 1t +1n, Kti+t+s © K[;_:-s (Kt2+s © (Kters o Ks_l(lo))))’

so the group law holds. We need only verify that p and p have the same Poincaré map, so we
check:

= (1, Hy, (p)),
t=0

d
(EéthxSl(Svlo)>

which is clear. Note this construction depends only on the Poincaré map S and is unique up to
symplectomorphism.

Next we want to examine what form the quadratic part ¢(p) can take. The fact that S(0) =0
implies we can write

1
q(p) = E(q”(O)p, p)- 4.2)

Now we define the Hamilton matrix B by

1
q(p) = 55)(/0, Bp) (4.3)

so that the symplectic transpose of B, ® B, is equal to — B. Note that B is the matrix representation
of H,, and so has eigenvalues which are the logarithms (with a suitably chosen branch cut) of the
eigenvalues of dS(0). Thus the condition that y be loxodromic implies none of the eigenvalues
of B have nonzero real part. Recall that since dS(0) is a symplectic transformation, if p is an
eigenvalue of dS(0), then so are [, w1, and !, This implies for the corresponding Hamilton
matrix B in (4.3), if A is an eigenvalue of B, then so are —A, A, and —A. Thus the analysis of
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B in the loxodromic, or complex hyperbolic case amounts to analyzing the eigenvalues in sets
of 2 or 4. For this we follow the appendix in [16], and recall for this section we are assuming
the eigenvalues are distinct. There are 2 cases. First, assume A ; > 0 is real. Then —2; is also an
eigenvalue. Let e; and f; be the respective eigenvectors such that w(e;, f;) = 1. Then e; and
fj span a real symplectic vector space of dimension 2. For a point p in this vector space, write
p=xjej+&;f;. Then (x;,&;) are symplectic coordinates, in which g (p), the projection of ¢
onto the jth coordinates becomes q;(p) = A;x;&;. We call the

Ajxjj

the action variables.

Now we would like to see what these actions look like when the eigenvalues have nonzero
imaginary part. Suppose A; is an eigenvalue with ReA; > 0, ImA; > 0. Then —A;, Xj, and
—); are eigenvalues. Let ¢, f}, &j, and f; be the respective eigenvectors. Note @(e;j,é;) =
a(ej, fj) =a(fj, fj) =0. Scale f; so that @(e;, f;) = 1. Then {e;, f;} and {&;, f;} span
complex conjugate symplectic vector spaces of complex dimension 2. Thus {e;, ¢;, f;, f i} span
a symplectic vector space of complex dimension 4 which is the complexification of a real sym-
plectic vector space. Write a point p in this space in this basis, p = zje; + ¢ fj +wjé; +nj f ;.
Then (zj,¢j, wj,n;) become symplectic coordinates, in which the projection g; becomes
qj(p)=X1jz;¢; + ijjnj. Now write

1 1

for real e’;, f /k . This is a symplectic change of basis, and writing p in this basis:

2
p=zjej+¢ifj+wiej+nifj=) (i +& ).
k=1

we have
q;(p) =Red;(x}&] +x367) —Ima; (x}e? — x2e)).

This is summarized in the following proposition (using the notation of [16]). Let nj. be the
number of complex hyperbolic eigenvalues w; of dS(0) with || > 1, and np, the number of
real hyperbolic eigenvalues w ; of dS(0) such that p; > 1. Thus we have 2n — 2 =4np + 2np,.

Proposition 4.1. Let p € C*°(T*X), y C {p = 0} as in Section 1, with the linearized Poincaré
map having distinct eigenvalues (1 not on the unit circle. Assume for 1 < j < npe we have
|l > 1 and Imu; > 0, and for 2npe +1 < j < 2npe + npr we have juj > 1. Then there exists
a neighbourhood, U, of y in T*X, a smooth positive function b > C~' > 0 defined in U, and a
symplectomorphism x : U — k(U) C T*S%m) X T*RZ‘;;) such that

Kk(y)={(t,0;0,0): r eS'},

and b(t,t,x,E)p =«k*(g +r), with



166 H. Christianson / Journal of Functional Analysis 246 (2007) 145-195

g, t,x,8)
Rpe
=7+ Z(Re)\j(XZj—ISZj—l +x2j€2j) —ImAj(x2j—1&2j — x2j&2j-1)) 4.4)
j=1
2npet+npy
+ Z Ajxi&;, with2npe +np=n—1 and 4.5)
j=2np.+1

r=0(x +15P).
Here ) j =log(u;) for |pj| > 1 and ImA; > 0.

Remark. The quadratic form (4.4)—(4.5) in Proposition 4.1 is the leading part of the real Birkhoff
normal form for a symplectomorphism near a loxodromic fixed point. With a non-resonance
condition and the addition of some higher order “action” variables (see, for example, [14,16]),
the error r could be taken to be

r=0(x* + &),
or even O(|x|*° + |€]°°).

Remark. We think of p(t, 7, x,&) € C* (R4), p =71+ Ax§&, for A > 0 as our “model case.” The
feature we are going to exploit about this model case is that if G (¢, 7, x,&) = %(x2 —£& 2), then

H,G =A(x* + &%), (4.6)
which is a positive definite quadratic form. However, the growth of x? — £2 will force us to use
instead G (x, £) = log(1 + x2) — log(1 + £2). Suppose p =T + Axé + x5 — €3 =17 + Axé +

O(x3 + £3) in a neighbourhood of y of size € > 0 as in Proposition 4.1. Then

2 2 2 2
X & E°x x“&
A 3 3 .
1+x2+ 1+§2Jr 1+x2+ 1+&2

H,G=X\
Motivated by (4.6), we would like to write this as

x2 52
H,,szlHZ(l+(9(e))+xl+52

(1+0()),

which we clearly cannot do in this example.

As the last remark indicates, in order to deal with the error terms, we will need a more re-
fined form than that given in Proposition 4.1. Inspiration for this development, and in particular
Proposition 4.3 comes from [11,22].

Let {u;} be the eigenvalues of the linearized Poincaré map at y(0). They come in pairs
Wi ,u;l for the real p; and in sets of four u;, it;, /L;l, and /Tj_l for the complex ;. The
Stable/Unstable Manifold theorem guarantees we will get two n-dimensional, transversal, flow-
invariant sub-manifolds A, and A_ such that exptH), is expanding on A and contracting
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on A_. Since the Ay are invariant under the flow @; = exprH), which is symplectic, the sym-
plectic form w vanishes on the A4, that is, the A1 are Lagrangian sub-manifolds.

Lemma 4.2. Assume p is in the form of Proposition 4.1. Then there exists a local symplectic
coordinate system (t, t,x,&) near y suchthat Ay ={t=0,§=0}and A_ ={r =0,x =0}.

Proof. We claim the A are orientable and embedded in T*S! x T7*R"~!. Since d S(0) describes
how the flow of H), has acted at time ¢ = 1, we know the evolution of a tangent frame of A+ will
be described by d.S(0). Using the action variables in Proposition 4.1, we have

dS0) = (3 g)

with
A= dlag(ﬂl 5 IU/_lv cees Mnges l’l’nhc; M2npe+1s -+ -5 M2nh¢,+nh,),

describing the time 1 evolution of A and |u | > 1 for each 1 < j < npy + npe by our choice of
coordinates. Similarly,

T -1 ——1 -1 —1., -1 —1
B_dlag(u‘l 7:u1 a~-'a/~’l/nhcvu'nhc ’MZnhc-i-l""’MZnhc-i-nhr)

describes the time 1 evolution of A_ with |M;1| < 1 for each j. But we have assumed there are
no negative real eigenvalues, so det A > 0 implies A is orientable. Similarly, det B > 0 and A_
is orientable. Now our assumptions on p mean the flow has no critical points in a neighbourhood
of y so the A4 can have no self-intersections and hence are embedded.

Let A C T*S! x T*R"~!, A ={r =0, £ =0}. Since A is a closed, n-dimensional subman-
ifold of T*X, the tubular neighbourhood theorem guarantees there is a diffeomorphism f (not
necessarily symplectic) taking a neighbourhood U of y into itself so that f fixes t and

f(ALNU)=ANU.
Further, since T, () A4 = Ty(,)fl for 0 <t < 1, we can choose f satisfying
[(f7) @], =@yw, O0<i<l (4.7)

The statement in the lemma about A now follows directly from the more general Theorem 4.1
in [29], but we include a proof of this concrete case. We have A C T*S! x T*R"~!, a Lagrangian
submanifold with two distinct symplectic structures, wo = (f ~')*@® and the standard symplectic
structure o inherited from T*S! x T*R"~!. We want to find a diffeomorphism g : U — U such
that g(/i) = A and g w1 = wy.

Set ws = swp + (1 — s)w;. We have dws = 0 and w;| ; = 0. Note (4.7) implies w; is nonde-
generate in a neighbourhood of y for 0 < s < 1. Let @y : TX — T*X denote the isomorphism
generated by wg, @ : Z — Z_wg. We use the general Poincaré Lemma 3.4 to obtain a 1-form
¢ =i(wo — wy) so that dp = wy — w1 and set Yy = c?)s_l(q)). Then ¢| ; = 0 implies

Y iwg = @(Ys) =@,
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so that Yy is tangent to A. Thus if g; = exp(sY;) for 0 < s < 1 is the integral of Yy, g;(A) = A.
(g;kwr) +g;k(d(Ysts))
\y

We calculate:
d
*
- g ( ar” )
r=s ' dr =S

=g (w0 — w1 +d(—p))
=0.

d
dr

Setting g = g1 gives g*w; = wy as desired. Now taking g~! o f gives a diffeomorphism of a

neighbourhood of y taking A4 to A such that g* o (f~1)*® = .

After this change of coordinates, we still need to put A_ in the desired form. Since A_ is
transversal to A4 and all of our transformations so far leave {r = 0} invariant, we can write A_
as a graph over {x = 0}:

A ={(t,0,x,8): x=g(5, 1)} 4.8)
Further, since for each fixed ¢, (4.8) is Lagrangian and the first de Rham cohomology group

HL}R {r=0,x=0}) ~ Hle (R"=1) vanishes, it is classical that we can write g(&, 1) = dgh(&,1)
for a smooth (£, t) (see, for example [20]). Then we write

A_= {(t,O,x,éE): x = 0gh(€, t)},
and observe 1 must satisfy d:/(0, 1) = 0. This determines & up to a constant, which we take to

be 0 so that 2(0,7) = 0. Now let b(&, t) be a smooth function satisfying b(&,t) = d,h(&,t), and
note b(0, r) = 0. Then we perform the following change of variables:

t'=t,

=1+ b, 1),
x'=x—0:h(§,1),
g'=£

We calculate:

dt' Adt' +dE' Adx' = <dr + )0, b(E. 1) dEj + d,b(E. 1) dt) A dt
j

+ ng, A <dxj — Zagi g, h(E, 1) d& — 3,05, h(E. 1) dt>
j i
=dt ANdt +d& Ndx,

by the symmetry of the Hessian dg, d¢; 2 (€, 7). Thus this change of variables is symplectic and the
lemma is proved. O

Using the change of variables in Lemma 4.2, we have the following proposition.
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Proposition 4.3. Let p € C*°(T*X), y C {p = 0} as above, with the Poincaré map having dis-
tinct eigenvalues 1 ; not on the unit circle. Then there exists a neighbourhood U of y in T*X,
a smooth positive function b > C~' > 0 defined in U, a symplectomorphism « :U — k(U) C
T*S(_t}r) X T*R'(’;El), and a smooth, n x n-matrix valued function B; such that

K(}/):{(Z,O;O,O)ZIESI}, and b(t,t,x,E)p=«*g, with
(1, T:x,6) = T + By (x, £)x, &), (4.9)

with B; satisfying

(B:(0,0)x, &)

Rhe
=Y (Re;j(xaj 1621 + x2j62)) — Im2j (x2j 162j — x2j62-1)) (4.10)
j=1
2npe+npy
+ > g (4.11)
j:2nh(‘+l

Here ).j =log(u;) for |wj| > 1 and ImA; > 0.
Proof. Recall that the Poincaré map S is linear in lowest order, and let dS(0) be the linearized

map. Let go satisfy dS(0) = exp Hy,. After a linear symplectic change of variables, gy can be
written in block-diagonal form

qo(x,§) = (bx,§)

Rpe
= Z(Re)»j(xzj—lézj—l +x2j62;) —ImAj(x2j—1&2j — x2€2j-1))
j=1
2Mpetnpy
+ Z Ajx;&;,  with2npe +npp =20 — 2.
j:2n/zc+1

According to Lemma 4.2, we may symplectically change variables so Ay = {t =0,& =0} and
A_ = {1t =0, x = 0}. The linearization of the Hamiltonian vector field of p is Hj,, which implies
we have a quadratic form as in the proposition. 0O

5. Proof of Theorem 1

Proof of Theorem 1 with distinct eigenvalues. First we assume P (%) has principal symbol
given by

p(t, 75 %, ) =T + (B, (x, £)x, £), (5.1)

with B; satisfying (4.10), (4.11) as in Proposition 4.3. Let U be a neighbourhood of y, U C
T*S! x T*R"~! and assume
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UCUep:= {(t,t,x,é): (d(x,x()/(t)))2 +|& —S(y(t))}z—i-rz)% < %}

for € > 0. Let ¥ be a microlocal cutoff function to a neighbourhood of U, that is, take yg €
c (R2my, Yo =1 on U, with support in Ue. Then we assume throughout that we are working
in U,. With & small (fixed later in the proof), we do the following rescaling:

X:=/h)ix, 5=G/h)2E, (5.2)

and assume for the remainder of the proof that | (X, &)| < (h /h)Y/%e. We use the unitary operator
Th’ j defined in (2.6) to introduce the second parameter into P (k). Following [6] we define the

operator P (h) by
P(h) =T, ;PMT, ;.
so that the principal symbol of P(h) is
Pt T X, B) =1 +(B.((h/R)* (X, B))(h/R)2 X, (h/R)? B), (5.3)
and p € S:f/oio’o microlocally. We have
8%, 2 5| < Ca /)2 (5.4)

for (X, &) e U(ﬁ/h)l/Ze by Lemma 2.4.
We will use the following escape function, which we define in the (X, &) coordinates:

G(X,E):= %(log(l +1X %) —log(1 + |2]%)).
G satisfies
0395 G (X, 8)| < Cap(X) 7)1 for (@, B) # (0, 0),
and since (X)%(Z)~2 is an order function, G satisfies the assumptions of Lemma 2.1 so we may

construct the family e* Gai for sufficiently small s.
Now for |(X, &)| < (h/h)'/?¢ we have

H;G(X, &)
- 0 a
= (h/h) [<th, 8_X> - <Bt8—7, EHG(X, =) (5.5)
n—1
- 0 ad
+(h/h)g|:Z<ﬁ3f("')x’3>axc(x’ 5)] (5.6)
j=1""7 J
s n—1 9 9 :|
—(h/h)2 < B(-,~)X,E>TG(X, ). 5.7)
[; axX; 5]
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For s sufficiently small, we define a family of operators
Bo(h) = e~ B(h)Op (o ((h/h)?e))e*®”
~ w ~ l
= exp(—s adge) P(W)Op (Vo ((h/h)? e)), (5.8)

where OpZ’ and G" are quantizations in the 1-Weyl calculus. Now owing to Lemma 2.5 and
(5.4) we have microlocally to leading order in A:

adly (PO} (ho((h/)e)) = Opa_ (),

and in particular,
[P(h), G"] = —ih Op} (H;G) + O (k). (5.9)
Now near (0, 0), B; is positive definite, (B; X, X) > C~'|X |2, so
(B:X,X)' <CIX|2

Applying this to the errors (5.6), (5.7) we get

(h /iy’ Lg%&()x :> af(] , E)] = /iyt < |+X||;2(|2O('E')
and similarly for (5.7). Adding these to (5.5), we get
H; G—(h/h)[< |Xﬂ(1+(h/ﬁ)5o(|5|)) (5.10)
+(h/h)[ﬁ}(l+(h/h)2(’)(|X|)) (5.11)

Now we expand B; in a Taylor series about (0, 0) to get

- [(B;(0,0)X, X) 1 | X|? ~ PN
=(h/h)|:W (h /h) |X|2 (‘(X,d)’)](l+(h/h)20(|d|))
- [(B;(0,0)5, & 2 S 1
+(h/h)[% (h/h)> '|' o(|x, ")\)}(1+<h/h)20(|X|)),

which can again be written as (5.10), (§ .11). Recalling that B; (0, 0) is block diagonal of the form
(4.10), (4.11), we get for |(X, )| < (h/h)' %€,
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H;G(X, 8)
Mhe X2 4+ x2. 52+ 52
2j 2j—1 2j 2j—1 ~_1
= ReA; + 1+h720(e 5.12
[; "( L+ 1P L+18P >( @) e
By X = 1+h720 5.13
Iy —2 . .
+ -Z ]<1+|X|2+1+|E|2> (1+ (€)) (5.13)
j=2npc+1
Thus
Py(h) = P(h) —ish(A(1 + Eg))" +sE} +sEY (5.14)

with Eg = O(h—12¢), Ey = O(h3/2/h3/2), E; = O(hh), and AY = OpY'(A) for

AX, E
Npe X2. +X2 E2‘+E2~
2j 2j—1 2j 2j—1
= ReA; + 5.15)
2 (G ) (
2npe+npyr X2 Ez
+ A,-( L+ ]~2>' (5.16)
We claim that for & sufficiently small,
h
(A"U,U) = ZIU I (5.17)

for some constant C > 0, which is essentially the lower bound for the harmonic oscillator
fzzD%( + X2, Clearly it suffices to prove this inequality for individual j for the real hyper-
bolic terms (5.16), and in pairs for the complex hyperbolic terms (5.15), which is the content
of Lemma 5.1.

Now fix 2 > 0 and |s| > 0 sufficiently small so that the estimate (5.17) holds and the errors
E| and E; satisfy

IShA™ U2 > |SEYU| 2 + |S*EXU | 5.
and fix € > O sufficiently small that the error |Ep| < 1, independent of # > 0.
We now have for smooth U satisfying OpZ’ (Yo (h%o))U =U + O(h®),
~ hh
—Im{Ps(U, U) = < IUII*. (5.18)

Now define the operator K;” by K = Th_f: i T, - Translating back into original coordi-

nates, and with z € [—1, 1] 4+ i (—coh + 00) for sufficiently small c¢p > 0, (5.18) gives

—Im(eSKflrU (P(h) - Z)eﬂ'K"wu, M) > Ci||u||2-
1
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Finally, since |lexp(£sK;) || = O(h~N) for some N, the theorem follows in the case where p is

of the form (5.1).
For general p, by Proposition 4.3, there is a symplectomorphism « so that up to an elliptic
factor, x* p is of the form (5.1). Using Theorem 3 to quantize « as an h-FIO F, we get

Opy(k*p+E1)=F'P(h)F,

where E| = O(h?) is the error arising from Theorem 3. We may then use the previous argument
for k*p getting an additional error of O(h?) from Theorem 3 in (5.18), which is of the same
orderas E|. O

Remark. The error arising at the end of the proof of Theorem 1 from the use of Theorem 3 is
of order O(h?) and hence negligible compared to our lower bound of & for A. However, the
estimate of A is used for the imaginary part of Py, and the error in Theorem 3 is real, so O(h)
would have been sufficient.

Lemma 5.1. Let

22
ao(y,n) = —= + —L,
»r n)?

for (y,n) € R?"=2, and (y) = (1 +|y|*)!/?, and let

2 2 2 2
Yot Yy Mty

(y)? (n)?

ai(y,n) =
Then a;, i =0, 1, satisfies

lu|? (5.19)

Al s

(Opy (@)U, U) >

orh>0 sufficiently small and a constant 0 < C < oo.

Proof. The idea of the proof is that a; is essentially the harmonic oscillator which satisfies the
inequality (5.19). We write each a; as a a; = |b|2 for b a complex symbol. Observe ag(y, n) =
|b(y, m)|* with

Yj . Nj
b(y,n) == —L.
0=yt

Thus, using the 7-Weyl calculus,
ay (y,hDy) = b" (y, hDy)*b" (y, hDy) + " (y, hDy), (5.20)

where
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)N Y 72
n)=hy—>, =1 +0O(h
- { m (y) } ( )

=h() W7 (1+ 0>y + ) + O(IyPInl?) + O (7). (5.21)
For (y, ) small, c¢ is bounded from below by h as in (5.17), and for large (y, n) we have
C'<a<C

for some constant C > 0. Hence for large (y, 1), (5.20) is bounded from below independent of h.
Observe a1 (y, 1) = |b2j (y, MI* + |b2j—1(y, > for

Yk . Nk
by, = 2% i
KO =0 T

and the same argument applies to aj asto ap. O

Remark. It is interesting to note that the estimate (1.4) depends only on the real parts of the
eigenvalues A ; above. Unraveling the definitions, the eigenvalues A ; are logarithms of the eigen-
values of the linearized Poincaré map dS(0) from above. Then (1.4) depends only on the moduli
of the eigenvalues of dS(0).

5.1. A return to quadratic forms
Recall the only place we have used that the eigenvalues are distinct is in determining the

possible form of the quadratic form ¢g(p) defined by d.S(0) = exp H,;. We then considered the
Hamilton, or fundamental matrix B defined by

1
q(p) =: Ec?)(p, Bp). (5.1.1)

We follow [15] and return to the setup for Proposition 4.1. All of the following changes of
variables will be linear, so we may assume we are working in R*"~2 and choose local symplectic
coordinates in which @ is the standard symplectic form

n—1
d=Y dtj ndx;.
j=1

Then we can write (5.1.1) in a more easily manipulated form:

1
q(p) =: §<p,JBp),

where J is the matrix of symplectic structure on R>"~2,

=)
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As mentioned previously, the eigenvalues of B are the logarithms of the eigenvalues of dS(0)
(with a suitably chosen branch cut), hence have nonzero real part, and come in pairs A, —A for
the positive real hyperbolic eigenvalues, and 4-tuples A, —A, A, —A for the complex hyperbolic.
If we allow p to be complex for the moment, and denote by V), the generalized eigenspace for A
real or complex, we see

oV, Vi) =0

unless A + 1" = 0. We then consider the spaces V; @ V_;, which is symplectic with the restricted
symplectic form o|y,gv_,, since A # 0. As in Section 4 we choose the pairs and 4-tuples of
eigenvalues so that Re A > 0 and ImA > 0. We thus have a decomposition of R>"~2 into sym-
plectic subspaces

Nhe Nhe+Rhr
R = (@VA eV, eVieV o+ P vi,ev. )
Jj=1 J=npc+1

where nj, is the number of real eigenvalues with A > 0 and nj, is the number of complex
eigenvalues with Re A > 0, Im 2 > 0. Our notation here means if A ; has multiplicity k;, then

Nhe Npe+npr
Z4k + > 2%j=2n-2
J=npc+1

Fix A real or complex, ReA > 0, ImXA > 0, with multiplicity greater than 1 and consider the
complex symplectic subspace V) @ V_;. Assume V, has dimension m. Note B restricts to a
linear map in Vj,, T := B|y,, such that T — A[ is nilpotent. Our definitions equip V) @ V_,
with a symplectic structure in which V_, is dual and isomorphic to V,. We abuse notation and
write a point (x,&) € V) @ V_,. Then if we put T into Jordan form in V) so that Tx = Ax +
(x2,x3,...,%m,0), we obtain a symplectic change of coordinates by writing

Blv,ov_, (x, &) = (Ax + (x2, ..., X, 0), =2& — (0, &1, &2, ..., Em—1)),

by the symplectic skew symmetry of B. In these coordinates we then have g, , the projection of ¢
onto V, @ V_,,

k—1

qa(x, E)—KZXI$1+ZXI+1$Z, (5.1.2)

=1 =1

where k is the multiplicity of A. This is the normal form in complex variables, with the “actions”
Ax;&; as in Section 4, but with the additional terms coming from the Jordan form. In order to
understand the real normal form, there are two cases to examine.

Case 1: A > 0 is real. Then the space V) @ V_, is real, the change of variables above is real, and
we get g; exactly as in (5.1.2). Let the real matrix Q; be defined by the real normal form:

1
qr(x,8) =: 5((}6,5), 0(x,8)). (5.1.3)



176 H. Christianson / Journal of Functional Analysis 246 (2007) 145-195

Then Q takes the special form

where A is the k x k matrix

A0
A= o (5.1.4)

and AT denotes the transpose of A.

Case 2: A complex, ReA > 0, Im A > 0. We use a similar change of variables to that in Section 4.
That is, let {e;, f7} be the generalized eigenvectors for A, —A, respectively. Here, 1 <! < k where
k is the multiplicity of A. Then {e;, fi, &/, f;} forms a basis for a complex vector space which is
the complexification of a real symplectic vector space. We then consider the projection g, of ¢
onto the space

W:V)L@V_)L@Vx@vix.
Write a point p in W as
k
p=Y_zer+afi+wé +mnfi,
=1

so that
k k k—1 k—1
G(P)=AY G +rY wm+ Y znb+ Y wian.
1 1 I I

We define as in Section 4 a real symplectic basis {ell, elz, fll, flz} for 1 <I<kby

1 1
e;zﬁ(e}—i-ielz), fl=—2(fz1+ifl2)’

and write in these new coordinates

2
p:Zlerelr+§lrrlr.

=1 r=1

Then we get the real normal form of g, in these coordinates:
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k k

@1(p) =Red Y (xa_1&x—1+xuéu) —ImA > (xya—1 — xu-152)
1 1

k—1

+ ) (ai€a1 + xa2ga).
1

We again define the real matrix Q in terms of the real quadratic normal form ¢, by (5.1.3), which
now takes the form
0 A
o=(% 4).

where A is the 2k x 2k matrix
(5.1.5)

with 7 the 2 x 2 identity matrix and
A= Rer —ImA
“\ImA Reir /'

Putting this discussion together with the proof of Proposition 4.1, we have proved the following
proposition.

Proposition 5.2. Let p € C*°(T*X), y C {p = 0} as above, with the linearized Poincaré map
dS(0) having eigenvalues {1 j} not on the unit circle, and suppose ; has multiplicity k;. Then
there exists a neighbourhood, U, of y in T*X, a smooth positive function b > C~! > 0 defined

in U, and a symplectomorphism k :U — x(U) C T*SEI o X T*R?x_sl) such that

Kk(y)={(t,0;0,0): r €S'},
and b(t, T3 x,8)p =k*(g + ), with

Npe kj

gt Tx, E) =T+ Y (Red;(ry—1&x-1 +xua) — ImA; (xu—16x — xuéx-1))
j=1i=1

Npe kj7]

+ Z Z (X214 18211 + x211221)

j=11=1

2npetnpy k./ kj -1
s (zxma+2xl+la),
=1

j=2npe+1 \ I=1

where Aj =loguj for each j (with a suitable branch cut) and r = O(x P +1£%).
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The proof of Lemma 4.2 depends only on the moduli of the eigenvalues of dS(0) restricted
to the stable and unstable manifolds, hence does not depend on the multiplicities, or the Jordan
form. Consequently we have the analogue of Proposition 4.3.

Proposition 5.3. Under the assumptions of Proposition 5.2, there exists a neighbourhood U of
y in T*X, a smooth positive function b > C~' > 0 defined in U, a symplectomorphism « : U —
k(U) C T*S%m) X T*]R?;g), and a smooth, n X n-matrix valued function B; such that

k(y)=1{(t,0;0,0): teS'}, and bt t;x,6)p=rx"g,
with g(t,f;x,é)=T+<Bt(x,§)x,$),
with B; satisfying

(B:(0,0)x, &)= Z Z(Re Aj(xo—16-1 4 xu€x) —Im i (xo—182 + x22-1))

he kJ
=11=1

~
~

Nhe kj_l

+ Y0 a1+ xu282)

j=11=1

2petnpr kj kj -1
s (zxjx,s,+le+ls,).
=1

J=2npc+1 \ =1
5.2. End of the proof of Theorem 1

Now we turn our attention to the proof of Theorem 1 in the case of non-distinct eigenvalues
of dS(0). Recall the key feature to the proof of Theorem 1 in the case of distinct eigenvalues was
that the normal form given in Proposition 4.3 has quadratic part g (x, £) with the property that
there exists another quadratic form

1
w(xv S) = E(W(xﬂ E)’ ('xa E))

such that H,w(x, §) is a positive definite quadratic form. Then we would like our escape func-
tion to be G(x, £) = w(x, &), however for technical reasons we had to use a logarithmic escape
function and form the families ¢, With the following theorem, the proof of Theorem 1 is
complete.

Theorem 4. Suppose g € C*°(R>") is quadratic of the form

q(x, &)
Rpe k.f

= Z Z(Re Aj (o181 4 xx) — Im A (x— 162 — xux-1)) (5.2.1)

j=11=1
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Rpe kj_l

+ Z Z (x21+1821-1 + x2142820) (5.2.2)
j=1 I=1
2nh¢'+"hr k -1

+ ) (ZA xi& + Z xz+1sz> (5.2.3)
J=2npc+1
and
1
G(x,&) = E(log(l + |x|2) —log(1+ Iélz)).

Then there exist m x m nonsingular matrices A and A’, positive real numbers 0 < r| < ry <
-+ < 1y < 00, and symplectic coordinates (x, &) such that

2.2 2
ZTzl"j Xj +Z/ 17 5
1+ |Ax|? 1+ |AE12

seeo=5(6()- ()

is a real quadratic form with ¢ symmetric of the form

_ (P 0
g_ O _P ’

where P is symmetric and nonsingular. Then

Hy(G) =

(5.2.4)

Proof. First, suppose

Px

1
d 2log(l + (Px,x)) = TFrn

and similarly for £ so studying
1
Hq<§(log(l + (Px,x)) —log(1 + (P§, g))))

can be reduced to studying H, g(x, &), modulo the positive terms 1+ (P -, -) in the denominator.
If g (x, &) is of the form (5.2.1)—(5.2.3), then we can write g in terms of the fundamental matrix B:

awar={() ()

where
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as usual. Then the vector field H, can be written as

= (oe) ()

=) CICEC) ()
OO0

Now from the discussion preceding the statement of Theorem 4, we know B = —J Q for Q

of the form
0 A
0= (AT 0 ) , (5.2.5)

where A is block diagonal with diagonal elements of the form (5.1.4) or (5.1.5). Thus with the
same A as (5.2.5),
AT 0
B ( ) _A) .

Now we have reduced the problem to finding nonsingular P such that PA” and P A are both
positive definite. But we know that if A is an eigenvalue of A, then ReX > 0, so A is positive
definite and P = [ suffices. (5.2.4) then follows immediately from Lemma 5.4. O

and

We have used the following classical lemma (see, for example [14] for a proof).

Lemma 5.4. Let

1
Q(x,é) = E(Q(xv‘i:)’ (xs$)>

be a positive definite quadratic form, where Q is symmetric. Then there are positive numbers
0<ri <r < - <ry < oo and alinear symplectic transformation T such that

m
1
9(T(x.8) =) =] +§)
j=1 /
Further, if T' is another linear symplectic transformation such that

W |
9(T'w.©) =) =5 (¥} +&7)
Jj= J

forO<ri <---<ry, <00, thenrj:r;.foralljandeT/.
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Fig. 3. The energy surface {p*I(O)}.

6. Proof of Theorem 2 and the Main Theorem
6.1. Proof of Theorem 2

In this section we show how to use Theorem 1 with a few other results to deduce Theorem 2.
This is similar to [6], with the generalization of the loxodromic assumption. First we need the
following standard lemma.

Lemma 6.1. Suppose Vo € T*X, p is a symbol, T > 0, A an operator, and V € T*X a neigh-
bourhood of y satisfying

Vpe{p ' (0} \V, 30 <t < T and € = £1 such that exp(esH,)(p) C {p~ O} \ V
for0 <s <t, and exp(etHp)(p) € Vo 6.1.1)

and A is microlocally elliptic in Vo x V. If B € PO0(x, .Q)l(/z) and WFy(B) C T*X \ 'V, then

1Bul| < C(h™" | Pull + (| Aull) + OB®)u].
Figure 3 is a picture of the setup of Lemma 6.1.

Proof. Since {p~'(0)} is compact, we can replace V) with a precompact neighbourhood of VN
{p~1(0)}. We will prove a local version which can be pasted together to get the global estimate.
We may assume WF,(A) C U, where U is a small open neighbourhood of some point pg € Vj,
and

WFi(B) € | ] exp(etH,)(U) CcT*X\V, 6.1.2)
01ty

where U1 € U and A is microlocally elliptic on Uy x Uj. For |t| < #; sufficiently small, by
Proposition 3.5 there is a microlocally invertible 2-FIO T" which conjugates P to hDy,. Set
i=Tu,andlet B € w90 pe microlocally 1 on WF;(B) x WF;,(B) and 0 microlocally outside
(Uogzgtl exp(eth)(Ul))2 C (T*X \ V)%. We calculate:



182 H. Christianson / Journal of Functional Analysis 246 (2007) 145-195

(a) (b)

Fig. 4. (a) The cutoff functions a, Y1, and y. (b) (1 — wz)z < (1 —=vy.

1, .
Eaﬁq lull® = (9x,u, u)

< lldx @il
L —12 ~2 00 2
< ATITPT R 4 ) + O o,
= BT il 2, < (Co (W ITPT ™l 70, + IAT il )

+ OBl 72y,

where the last inequality follows from Gronwall’s inequality. But

IBT! <|IBT!

~n2 ~n2
u”Lz(X) u”LZ(X)

gives the result for small #. Then we partition [0, 7] into finitely many subintervals and apply the
small ¢ argument to each one. 0O

Using this lemma, we can deduce the following proposition.

Proposition 6.2. Suppose Yo € S*O(T*X) NC°(T*X) is a microlocal cutoff function to a small
neighbourhood of y C {p_l(O)}. For Q(z) = P(h) — z — iCha" as above with 7z € [—1, 1] +
i(—coh, ), co > 0 and C > 0 sufficiently large, we have

Qu=f = [(0—vo)"u| <Ch I fII+OnR™)|ul. (6.1.3)

For this proposition and the proof, we use the convenient shorthand notation: for a symbol
b,b" :=Op}’ ().

Remark. Note that Proposition 6.2 is the best possible situation. It says roughly that away
from y, Q™! is bounded by Ch~!. Thus the global statement in Theorem 2 represents a loss

of \/log(1/h).

Proof. Choose ¢ > 0 from Theorem 1, microlocal cutoff functions v, ¥, such that WF, (1 —
Y¥;i) Ny =0, and C > 0 sufficiently large so that

co(1 — )" /2,

(Ca=clnd =y >{cn«1——wﬁwr%1——wﬁw/z
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and supp Y1 C {» = 1} (see Fig. 4). Then we calculate

1 _
Ec0h/|(1 — )" ul’ dx < h/(Caw +h " Imu(l — Y1) udx
X X

— Im / 0@u(l — y1)"udx
X

=—Im/f(l—de
X

<A =) u| + OB lull)
< (eh) I FIZ + e (1 = y) u|* + Oh>) Ju>.

Now we use Lemma 6.1 with A = (1 — )", B= (1 — ¢¥1)", and P = Q(z), which we may do
since the perturbation terms in Q(z) are all of lower order. Thus

(1 =y ul < Ch7H Q@u| + [ (1 = ) u] + OG®) u|
= Ja—ynvul’
SR FICH M AN+ | = v2)Pul)) + | (1 — w2 u])> + OB fue]?
SCh2FI2 4+ (1 =) u® + O™ u?
SCh 2P+ e (1 =y ul® + O lul?,
which gives (6.1.3) with g replaced by ;. Another application of Lemma 6.1 with A = (1 —

Y)Y, B= (Y1 — ¥o)", and P = Q(z) shows the error |[({¥; — ¥o)"u] is bounded by the same
estimate as in (6.1.3). O

We will need the next lemma, which is essentially an operator version of the classical Three-
Line theorem from complex analysis. We include the proof here for the reader’s convenience,
collected from [5,6,28].

Lemma 6.3. Let H be a Hilbert space, and assume A, B:H — H are bounded, self-adjoint

operators satisfying A> = A and BA = AB = A. Suppose F(z) is a family of bounded operators
satisfying F(z)* = F(Z), Re F > C~'Imz for Imz > 0, and further assume

8 _L
BFfl(z)B is holomorphic in 2 :=[—e€,€]+i[—6,8] for—-<<M M <1,
€
for some Ny > 0, where | BF~'(2) B|| < M. Then for |z| < €/2, Imz =0,

1
(a) |BF'()B|| <C OgSM,

(b) |BF'(2)A] < c,/k%TM.
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Proof. For the proof of part (a), consider the holomorphic operator-valued function f(z) =
BF(z)~'B. Choose ¥ € C°([—3€/4,3¢/4]), ¥ =1 on [—€/2,€/2], and for z € £2, set

o) =82 /e_(x_Z)z/al/f(x)dx.

©(z) has the following properties:
(a) ¢(z) is holomorphic in £2,
() lep(x)| < Cin £,
© lp(@)|>C~'>00n[—€/2,€/2], and
(d) |p(z)| < Ce €/% on 2 N{Rez==+e}.
Now forz € 2 := [—e€,e]l+i[—6,5/log M] set

g(z) = NHEMPB () £ (2),
and note that g(z) satisfies:

@ lg@|<CM'"N on S~2~ﬂ {Imz = -6},
(b) 1) < Cye P on2n {Rez ==e}, and
(©) lg(z)] < Cnlog(M)/s on 2N {Imz=245/log M}.

Then the classical maximum principle implies for § sufficiently small and N sufficiently large,
lg(2)] < Clog(M) /8, which in turn implies

logM € €
g T A A R
lf|<cC ; on[ 5 2]c

For part (b), note that our assumptions on F'(z) imply
Imzllul|® < CRe(F(2)u, u).
We have

IBF'All 2, ;2= sup [[BF'Abl|,> =sup|BF~'A%D|| 2,
{lbll 2=1}

since A>Z = A. Suppose F(z)u(x) = Ab(x,z). Then u = F(z)"'Ab and Bu = BF~'AAb, and
forImz > 0,

2 2
[Bull” < Cllul

C
< E(Re F(Qu, u)

c
< EKF(Z)%”H
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C
- Imz (Ab, u”

=E|(Ab, Au)|

C
< I—||Ab||2.
mz

where we have used A*A = A2 = A. Thus we have

IBF@)'A| -, 2 < for Imz>0 and

C
+Imz
|BF @)~ A”LZ%Z_HS?"I}”BF Aull 2

= sup |BF 'BAull;2, ;>
{lull=1}

<M sup [|Aull,
{lul=1}
<CM,
and we can apply the proof of part (a) to f(z) = BF(z) 'Ato get (b). O
Proof of Theorem 2. Let 1/ satisfy the assumptions of Proposition 6.2. Then
(1 =yo)"ul < Ch7H| Q@u| + OB |ull.
Further, since

[[Q. v’ Jull < [[Q. v'](1 = 9" )ull + OG)ull,

for some Vo satisfying the assumptions of Proposition 6.2 and WE;, v C {¥o = 1} so using
Theorem 1 and the fact that [Q, ;'] is compactly supported and of order &, we have

g ull < Ch=N([|yg’ Qu|| + [ Q. v Tul)
< Ch M (| gy Qu|| + A~ Ik Qull) + O(h™)
< Ch M| Qu|l + O ™) ||ul|.

Now let F(w) be the family of operators F(w) = ih~10(z0 + hw), A = xs'ﬁpp(p, B =id. Fix
8 > 0 independent of &, € = (Ch)~!, M = h~™o, and apply Lemma 6.3 to get

IBF~'B| < Clog(h™°),

IBF~'A] < C,/log(h=™),

and (1.5), (1.6) follows. O
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6.2. Proof of the Main Theorem
The Main Theorem is an easy consequence of Theorem 2.

Proof of the Main Theorem. Recall A is 0 microlocally away from y x y. Let Ae 'I/f? 0 be
a pseudodifferential operator so that A=1 microlocally on a neighbourhood of WF,(A) x
WEF,(A). Let a” be as in Theorems 1 and 2. Choosing A and A so that WF,(aV) is disjoint
from WF,, (Z), we have for Q = Q(0)

QAu = PAu. 6.2.1)

The right-hand side of (6.2.1) is [P, Alu+ APu.Now [P, A] is supported away from y since A
is constant near y, so

1P Aull 20x) < TP, Alu] 2, + 1 Pull 2x,)
<Ch|(I — A)u ||L2(X) + 1Pull p2(x)- (6.2.2)

From Theorem 2, we have

~ h ~
QAU 2x) = C™ ———|Aut| 12y (6.2.3)
x) log(1/ ) x)
Combining (6.2.2) and (6.2.3), we have
C M ullz2cx) < CTHHAull 2oy + [ = Au| 2 x)
_ Vlog(1/h)
< C(Viog(1/m) + CT [ = Ahu] oy, + CX—="—IPull 2(x),

which forO <h < hgis(1.1). O

Remark. In the calculation (6.2.2), we have only used |[P, Alu|l < Ch|/(I — A)u]|. If we could
determine a global geometric condition which would allow us to choose A in a manner which
improves this, but does not have too much interaction with @™ in the definition of Q(z), we could
eliminate the log(h_l) in (1.1).

7. An application: The damped wave equation

In this section we adapt the techniques from Sections 5, 6 to study the damped wave equation.
Let X be a compact manifold without boundary, a(x) € C*°(X), a(x) > 0, and consider the
following problem:

(7.1)

(07 = A+2a(x)3 )u(x,1)=0, (x,1) € X x (0, 00),
u(x,0)=0, dux,0) = f(x).

Let p € C®°(T*X), p = |£|?, be the microlocal principal symbol of —A and suppose the classical
flow (geodesic flow) of H, admits a single closed, loxodromic orbit y in the level set { p~ (D).
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supp(a)

Fig. 5. The manifold X and the projection y of y onto X.

Assume throughout that a(x) is supported away from the projection y of y onto X (see Fig. 5).
We recall that the H* inner product on X is given by the local formula

(u, U)H: = /(1 + |$|2)Sﬁﬁd§,

]R)‘l

where 1 is the Fourier transform of u. If u solves (7.1), we define the s-energy E*(t) of u at
time 7 to be

s 1 2 A |12
E*(1) = E(Hat“”HS(X) + [V=Aau H‘Y(X))'
Lemma 7.1. If a(x) =0, E*(t) is constant. If a(x) is not identically zero, then E*(t) is decreas-
ing.

Proof.

%E“(r) = (07w, dyu) s + (9 V= Au, V= Au)
= (8,u, (8,2 — A)u)

= —<8,u,2a(x)3,u). O

We make an important dynamical assumption, which amounts to a geometric control condi-
tion similar to that given by Rauch and Taylor in [21]. We assume:

There exists a time T > 0 and a neighbourhood V of y such that for all |§| =1,
(x, ) eT*X CV, exp(tHp)(x,&) N{a > 0} # ¢ for some [t| < T. (7.2)

In [10, Section 5.3], it is shown that with a global Rauch—Taylor condition, we have exponen-
tial decay in zero-energy. Here we have a region without geometric control, so we expect some
loss.
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Theorem 5. Assume (7.2) holds and a(x) is not identically zero. Then for any € > 0, there is a
constant C > 0 such that

E%t) <Ce | f113e.

The damped wave equation in the context of a global Rauch—Taylor condition has been studied
in [13,19,21,24]. The difference here is the presence of y and a neighbourhood in which the
Rauch-Taylor condition does not hold.

Formally, if # = 0 for + < 0, we apply the Fourier transform to (7.1) in the ¢ variable and
integrating by parts motivates us to study the equation

P(D)i(x, 1) := (—12 — A+ 2ia(x)r)ﬁ(x, )= f. (7.3)

We use the techniques of the previous sections to gain estimates on the resolvent P (7).
We call the poles of P(t)~! eigenfrequencies for (7.1). Note if 7 is an eigenfrequency, then
0 <Imt < 2||a||re. Further, (7.3) is invariant under the transformation (i, ) — (it, —T), so the
set of eigenfrequencies is symmetric about the imaginary axis. We therefore study only those in
the right half-plane. For 0 < h < hpand z € 2 :=[«, B] +i[—y,y] Where 0 <o < 1 < 8 < o0
and y >0, set T = /z/h. (7.3) becomes

1 A
ﬁQ(Z’ hi = f, (7.4)
where
Q(z, h) = P(h) — 2+ 2ih/za(x) (7.5)

and the principal symbol of P (k) is p(x, &) = |&|2. The next corollary follows directly from the
proof of Theorem 1, replacing s in the conjugation (5.8) with —s.

Corollary 6. Suppose u has wavefront set sufficiently close to y. Then there exists co > 0,
C < o0, and N > 0 such that for z € [a, B] + i[—coh, cohl],

Im((P(h) — 2)u,u) > C~"hN |u)?.
In particular, | Q(z, u| = C~ AN ||u]|.

We observe that for u as in the theorem and —coh <Imz <0, ||Q(z, h)u|| > C'Imzllul|.

The proof of Proposition 6.2 relies on the assumption that the symbol a(x, &) in (1.3) is elliptic
away from y. The function a(x) in (7.5) is not assumed to be elliptic anywhere, so we will use a
technique from [19] to replace a(x) with its average over trajectories of exp(t H)).

For T > 0, we define the T -trajectory average of a smooth function b:

T

1
byr(x,&) = ?/boexp(th)(x,E)dt.
0



H. Christianson / Journal of Functional Analysis 246 (2007) 145-195 189

Set g(z) =24/za(x), and for z € Q2= [, B]1 +i[0, c1h], where ¢; > O will be chosen later, and
(x,&) e {p ' (la =8, B +8])} for 8 > 0, let gre, € S(1) depending on T solve

qRez) — HpgRe; = <‘I(ReZ))T'

(See [24] for details on the construction of gre,.) Now we form the elliptic operator A :=
Opjy'(e8) € w00 and observe

AT'PA=P+ AP, A]
= P — ihOpj/(¢*) ' Op}/ ({p. })
=P —ihB,

with 0,(B) = e #{p, e} + O(h) = Hpg + O(h). Thus
AT (P +ihq(z))A=P +ihOp}(g(Rez) — Hyg) + O(h?)
= P +ihOpj}) ((q(Rez)), ).
since Im z = O(h) Re z. Following [13], we claim there exists a time 7 > 0 such that
(a)r(x.§)>C7'>0 (7.6)

for (x,&) € {p‘l([oz —46/2,8+6/2D}\ V, where V is as in the statement of Theorem 5. To see
this, recall p = |£|> means H, = 2(£, ;) and p~!(E) = {|&| = v/E}, which means

inf (a)r = inf (a) .
pL(E) piy  VET

By assumption (7.2),

inf (a) 57 >C7'>0
Pl

in {p~'(1)\ V for T sufficiently large and +/E close to 1. Choosing « and g sufficiently close
to 1 proves (7.6).

Corollary 7. Suppose o € S*O(T*X) N CX(T*X) is a microlocal cutoff function to a small
neighbourhood of y C {p_l(l)}. For Q(z,h) = P(h) — z 4+ 2ih\/za as above with z € [o, B] +
i(—c1h,ci1h), ¢ > 0, we have

Q. hu=f = [(0=v)"u <Chfl+OH®)]|ull. (1.7)

Proof. Selecting T > O sufficiently large and ¢ > 0 such that

0<cy < inf (a)r(x,8),
p~H(a—8/2,8+8/21)

we apply the proof of Proposition 6.2 to the conjugated operator A~'Q(z, h)A. O
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We now have good resolvent estimates for z in an £ interval below the real axis, as well as
weaker estimates above.

Corollary 8.
(i) There exist constants C > 0 and N > 0 such that the resolvent Q(z, h)~! satisfies
loG@m™ 2.2 <ChN,  zela, Bl+i(—coh, coh).

(i1) In addition, there is a constant Cy such that

log(1/h)
h

N

loG ™, <C ., zela, B1+i[-Cy'h/log(1/h), C;'h).

This is an immediate consequence of the proof of Theorem 2, together with the slight modifi-
cation of Lemma 6.3 given in Lemma 7.2.

Lemma 7.2. Let f(z) be a holomorphic function on §2 = [—¢, €]+ i[—8, §], with

1) _L
-—KM M
€

for some N1 > 0, and suppose f satisfies || f (2)|| < M on 2 with | f(z)| < C|Imz| for Imz < 0.
Then there exists a constant 0 < C1 < 00 such that if—Cl_l(S/logM <Imz < Cl_l(S we have

|f(z)\<clog8M.

Proof. Let v/ (x) be as in the proof of Lemma 6.3, and for C N ! < cp, let

0(z) =561 /e*“*”"cflwz/%/f(x)dx.
We observe if C| > 0 is sufficiently large, for [Imz| < C N Is ,

(x—z+iC;18)" = (x —Re2)” — (€} '8 —Imz)’ + 2i(x —Rez)(Cy '8 —1
1 = z 1 mz)” 4 2i(x —Re2)(C, mz)
and
|(x —Rez)(Cy '8 —Imz)| <4C)'es,

so if Cy > 0 is sufficiently large,

Ree~(—eHC'92/6 5 = (—Re2)’/5+(Cy '5-Im2)* /5 cos(4C; 'e)

> O~ p—(—Re2)?/6+(Cy'5-Im2)*/s

Thus ¢(z) satisfies:
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(a) ¢(z) is holomorphic in £2,

(®) le(x) < Cin £2,

© lp(2)] = C~! forz € [—€/2,€/21 +i[C] '8, €161,

() |@(z)] < Ce™C/% on {+e} x i[—CI_I(S, C1_18], if C; > 0 is chosen large enough.

Now similar to the proof of Lemma 6.3, for
ze2:=[—e el +i[-C;'8/logM, C'5]
set
g(z) =N eMg(2) f(2).

Then as in the proof of Lemma 6.3, the classical maximum principle implies for § sufficiently
small and N sufficiently large, |g(z)| < Clog(M) /3, which in turn implies

logM €

|f(z)|<cT on|:—%,2]+i[—C1_15/10gM,C1_18]. O

With these resolvent estimates, we have the following estimates in terms of 7.

Proposition 7.3. Fix € > 0. There exist constants 0 < C, C1 < 00 such that if —(log(t))™! <
Imt < C]_I, then

Cl
1P 2,2 < :)Tg;t), (7.8)
|P@) 7Y 2, 2 < Clr)log(t),  and (7.9)
[ P@ " oy s <C. (7.10)

Proof. (7.8) follows directly from rescaling. To see (7.9), calculate

lull o < C (Il Autll 2 + llull2)

1
<c(Ip@ul e+ (-2 + 2ace)ul s+ 22 o)

< C(1+|rllog(t) + (r) ' log(r)) | P()u ..
For (7.10), let € > 0 be given. From Lemma 7.4, we have

1+e

[P |} <C| P@ 7 ]l | PO u

< Cellulfa iy

To get the estimates for H® — H’T17¢ we conjugate P(z)~! by the operators

A =(1—A)3
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and apply to v = A’u:
| PO | o = AT AT P@ T AT
AT (P + AP A D

lvllz2

<
SCllullgs. O
We have used the following interpolation lemma.
Lemma 7.4. Let € > 0 be given, and suppose f € H*(X) N L*(X). Then
1130 S CUANSILIEE.

Proof. We use the local formula for H* norms and calculate:

|uﬁH=f0+m%”£%s

Rn
=/m+@mMW*mes
<Cl((+1gPnf) 2 A,

1— 1
<CIfIR A o

2
I+e€

We are now in position to prove Theorem 5. This proof comes almost directly from [10,
Section 5.3].

Proof of Theorem 5. Assume u(x, f) solves (7.1). Choose x € C°(R),0< x <1, x=1on
[1,00),and x =0 on (—00,0]. Set uy(x,t) = x(t)u(x,t). We apply the damped wave operator
toup:

(07 — A +2ad;)u
= x"u+2x"us +2ax'u+ x (37 — A +2as, )u (7.11)
=x"u+2x"u; +2ax'u=:g. (7.12)
With g1 supported in X x (0, 1) and u1 =0 for r < 0, we have
2 2 2
”gl ”LZ((O,OO);I‘F) g C(”“”Lz((o‘l);HE) + ”atu”Lz((O,l);Hf))' (713)
Now
O (i, u) ge(x) = 2{(0;u, u) ge(x)
<18l e xy + Nl Fge

SCE(0) + [lull e x)-
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so by Gronwall’s inequality,

t
et ey < C€° (Hu(o, Wi+ [ E®) ds)

0

gCtetHf”%-]e(x)-

Thus (7.13) is bounded by C||f||%_I€(X).

We now apply the Fourier transform to (7.11), (7.12) to write &1] = P(r)_lgl. By Proposi-
tion 7.3, we have forImt =C~! > 0

e unl L2o00psmry = 181G +1C™D L2 g ooy
= PC+iCHaC+iCD | oy Coooer i
S Cl81I L2((~00.00): HE)
< Cliglzz(0,00): 59
S CIfllHex)-

Thus
||€t/CM||L2((1,oo);H1) S CISf Il He(x)-

Now for T' > 2, choose x2 € C*(R), 0 < 2 < 1,suchthat y =0fort < T —1,and x; =1 for
t>T.Setur(x,t) = x2(t)u(x,t). We have

(8t2 — A+ 2a3t)u2 =g

for g2 = xj'u; +2x5u; + 2axsu, and supp g2 C X x [T — 1, T]. Define

1
Exr) =5 /(em)2 +|V=Au | dx,
X

and observe

EY(t) = (07u2. diua)y — (Aua, dyuz)x

= —(2a(x)0u, dua)y + (82, du2)x

<c/|atu2|(|a,u|+|u|)dx
X

< C(Ez(t) + /(|8,u|2 + |ul?) dx).
X
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Now since E»(T — 1) =0 and E»(T) = E(T), Gronwall’s inequality gives

E(T) < C(”aIMHiZ((T_l’T);LZ) + ”u”iz((T—l,T);Lz))' (714)
We need to bound the first term on the right-hand side of (7.14). Choose x3 € C*°(R) such that

x3=0fort<T—-2andt>T+1,x3=1forT —1<t<T.Then

T+1
0= / /qu(afu — Au+ 2a8,u) dxdt
T-2 X
T+1
2
= / /X}‘z(atu)z — 2x3x3udu + 2)(32648,1,{ + X32|«/—AM| dx dt
T-2 X
whence
N9l 27 —1,7):22) < Cllull 27 —2,741); 1)
giving
E(T) < Clular_p iy < Ce N e
as claimed. O
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