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1. Introduction

In the recent paper [1] the authors have considered the Cauchy problem for the strictly hyperbolic
system

#U —AOAW)KU +BOU =0,  U(0,x) = Ug(x). (11)

They developed an approach which gives information about

1. upper and lower bounds for the energy ||U(t, )2,
2. results about generalized energy conservation, that is, the following a priori estimate holds
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CillUollz < U, )| 2 < C2lUollp2. t>0, (12)

with positive constants C; and C which are independent of Uy,
3. scattering results.

What remained open in [1] was an answer to the question if the upper or lower bounds for a possible
energy growth are sharp (we refer the interested reader to [6] concerning the optimality for wave

models). The main goal of this paper is to give an answer to this question.
We consider in [0, co) x R the Cauchy problem for the 2 x 2 homogenous system

U — A(t)A(t)oxU =0, U@0,x) =Uo(x) (1.3)
under the following basic assumptions:

Hypothesis 1. The matrix

_(a® b
Am‘(c(t) d(t))

is real-valued, continuous, bounded, and uniformly strictly hyperbolic, that is, there exists a positive
constant mg such that

A(t) = (a(t) — d(t))2 +4b(t)c(t) >mg >0, t>0. (1.4)
We denote [|Al| e :=sup;>o [|AD)].

Hypothesis 2. We assume that A € C1([0, c0)) is real-valued, strictly positive and monotonic. Let

t
A(b) ::1+/A(t)dr, t>0,
0

be a strictly positive primitive of A. We assume that lim;_, o, A(t) = 400 and that

: 0]
|}~ (f)| < MOW (1.5)

for some Mg > 0.

Hypothesis 3. Let

N 1 a(t);d(t) b(t)
A = AQ) - 5 trAW®) = ( S ) . (16)
We assume that A € C2([0, o)) and that
A0 \¥
AVG | <M ==2), t>0,k=1,2, 17
A0l <m0 ) < (7)

for some M1, My > 0.
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We say that the oscillations in the entries of 7\(t) described in Hypothesis 3 are very slow. Never-
theless, Hypothesis 3 is not sufficient by itself to describe all the effects coming from the oscillations;
indeed, the interaction of oscillations may lead to a blow-up result of the energy. In [1] it is proved
that such a blow-up result can be excluded if one assumes together with Hypotheses 1 to 3, that
there exists a constant C > 0 such that

t

/?ﬁl/f(r)dr

0

<C, t=0, (1.8)

where the function ¥ (t), coming out from the diagonalization procedure of A(t), is defined by

c—b—iVA)(@a—d)(b+0) —(@—d)(b+0)

19
2V A((b+0)? + (a—d)?) (19)

vt =

In particular, it is proved that the generalized energy conservation property holds. In this paper we
show how to obtain a blow-up result for the energy for a large class of initial data by assuming an
integral condition for the function . First, we present a special system for which we are able to give
a very precise description of the energy behavior. Following Example 1.6 and Theorem 2.5 from [5]
we consider the Cauchy problem (1.3) with A(t) satisfying Hypothesis 2 and

_ —cosw(t)  sinw(t)+1/v2Y .
A(t)_<sinw(t)—1/ﬁ cosa(t) > (110)

it follows

a(t) —dt) = =2cosw(t), bt)—c@t)=~2,  b(t)+c(t)=2sinw(),
A =2, Ry t) =/ (t)/2.

It is clear that Hypothesis 1 is verified. Now let
w(t) =0 (t)(2 — cos ¢ (t)) forsomer e (0,1), (1.11)
where £(t) :=log(A(t)). We write Ry := @1 + @2, where
T i p—(=1) 1-r : .
o1(t) = —513 (3Y (t)(2 — cos¢' 7 (t)) is negative
and
1—r , . ., S .
¢m(t) = —?(i (t)sin£ " (t) has an oscillating sign.

Hypothesis 3 is satisfied since £'(t) = A(t)/A(t). Obviously,

Ui < [ ot corde = Lo < S0 12)
oy \/‘w) = S0 <O, .
0
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Moreover, we can prove (see Section 3) that

t

/ysyh//(r)\drw(t). (113)

0

Theorem 1. If we choose the matrix A(t) as in (1.10), (1.11) together with Hypothesis 2, then the solution
of the Cauchy problem (1.3) satisfies the following two-sided estimate for any initial datum Uy € M4 (N),
where M (N) is a set equipotent to L% (C) (see later, Definition 1), and for any t > T (Uy), sufficiently large:

Cexp (€' (0)/2) 1Uoll2 < U, )] 2 < Coexp(C1€" ) Ul 2

The proof of this result is divided into two parts: the estimate from above will be carried out
thanks to the special structure of system (1.10) and it is proved in Theorem 2, whereas the estimate
from below is obtained from a blow-up result for more general systems in Theorem 3 for initial data
in the set M (N) which will be introduced in Definition 1.

For the oscillating behavior from Hypothesis 3 we can allow faster oscillations for the entries
of A(t). In such a case we will replace Hypothesis 3 with the following one:

Hypothesis 4. We assume that Z(t) € C? in (1.6) satisfies

AV (D)
A(t)

k
|A® @) ng( ) , t20,k=1,2, (1.14)

for some M7, M2 >0, where v(t) € C! is a real-valued strictly positive function such that

tlim V(t) = +oo, v(t) =0(A(t)) ast— oo, (1.15)

MOV ()

0<V(t)<é A0

, t>0, forsome§ € (0,1/2). (1.16)

We say that the oscillations in the entries of 7\(t) which are described in Hypothesis 4 are not very
slow.

Remark 1.1. If (1.16) holds for v(t), then 0 < V'/v < 8A/A, therefore log(v(t)/v(0)) < §log A(t), that
is,

V() < (A©) v(0). (117)

Example 1.2. The function v(t) = (log(A(t) + c,))? satisfies (1.15), (1.16) for any y > 0 and for a
suitable constant ¢, > 0 depending on y. Indeed,

-1 A
V() =y (log(A®) +¢,)) ———,
) =y (log(A®) +cy)) A0 +c,
hence (1.16) holds provided that ¢, > e?¥ —1, that is,
y 1+¢y

<
log(1+c¢y) 2
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Example 1.3. The function v(t) = (A(t))? with § < 1/2 satisfies (1.15), (1.16).
2. Main results
2.1. Energy estimates for the special system (1.3), (1.10)

We consider the system (1.3), (1.10) and we allow oscillations which are not very slow, that is, we
replace (1.11) by

o) =L0(t)(2—costP(t)), re©,1), p=1-r. (2.1)

We define y :=r+ p —1 and we remark that y > 0. Let £(t) := log(A(t) 4+ ¢y) with ¢, > e’ —1 as
in Example 1.2. We write Ry := @1 + ¢, where

o1(t) = —%K’(t)ﬁr’l (t)(2 — cos £P(t)) is negative
and
@a(t) =— ge’(rw’ (t) sin £P (t) has an oscillating sign.

Hypothesis 3, that is, (1.11) corresponds to y = 0. Hypothesis 4 corresponds to v(t) = ¢7 (t) for y >0
as in Example 1.2. It is clear that (1.12) still holds. Moreover, we can prove (see Section 3) that

/

We are able to derive the following a priori estimate for the solution U.

Ry ()| dT ~ PH (1) = ¢V T (D). (2.2)

Theorem 2. We assume (1.10) and (2.1). Let p < 2(1 — ), that is, y < 1 — r. Then there exist two constants
Co, C1 = 0 such that the solution of the Cauchy problem (1.3) satisfies the following estimate:

|uce, )] ,> < Coexp(Ci(log(A®) +cy))” ) IUoll2, t>0. (2.3)
In particular,
e if y + 1 <1, then for any & > 0 there exists C, > 0 such that
JUE. )2 < Ce(A® +cy) Uoll2. t=0;
e ify +r =1, then we have
U )], < Co(A® +¢,) M Uoll2, >0

We remark that this result for the special system (1.3), (1.10) is more precise than the statements
of Theorem 4 in [1] for more general systems. Applying Theorem 4 from [1] implies

Juct. ]2 < Coexp(Cq(log(A() + Cy))er])”U()”Lz, t>0.
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2.2. Blow-up for systems with very slow oscillations

The basic strategy in this paper relies into considering the Fourier transform of (1.3) with respect
to x, that is,

Ut &) =igr®ABULE),  U(0,&)=Uo(§) (2.4)

estimating its fundamental solution E(t, s, &) with a different approach in the pseudo-differential zone
and the hyperbolic zone, a suitable division of the extended phase space in (t, ). In the first zone
we will estimate E(t,s,&) by a direct way, whereas in the hyperbolic zone we are going to use a
diagonalization procedure. Indeed, thanks to Hypothesis 1 we are able to find a diagonalizer H(t) for
the matrix A(t), namely

-1 _ o me(®) +d®) 0
H <t)A<t)H(t>—( 0 u_(t)—i—d(t))’ £>0,

where

a(t) —d() £ /AF)
D) ;

Hx(t) =

such that H(t) is bounded and uniformly regular. Following [5] we define

H(t):=(1+i)<_z(f)(t) ““C*(t()t))Jr(l—i)(“C*(t()t) —Z?(D)’ (2.5)

and we remark that |det H(t)| > 2mg > 0 with mg as in (1.4). Since
det H(t) =2/ A(t)(c(t) — b(t) + i/ A(t));

after replacing U(t, x) = (detH(r))‘% H(t)U* (¢, x) the system in (1.3) is equivalent to

3 U* — A (0) <“+O+d u70+d> U™ +y(t) (é _O] ) u¥ + (hf)(t) h+0(t)> U¥=0, (26)

where ¥ (t) is as in (1.9), and

ha (6) = d;ftAH(t) (VA(I)(i(d(t) —a(t)) = (b(t) +c(t))) )" 2.7)
®) det H(t)
Thanks to Hypothesis 3 we have
[h(8)] < Ms (2.8)

[EILOVAD)  IEIA)

for some M3 > 0 depending only on the constants mg in (1.4) and M; in (1.7). In correspondence to
some positive N, with N > 2M3, we define

-1 .
f|5|={A (N/Ig) if I <N, 29)

0 otherwise,
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and

Zpd(N)={t<tI$\}a Zhyp(N)={t>t|§\}~ (2-10)

In Zyyp(N) we introduce the refined diagonalizer

1 i h(t)
K(t, &) := <_ h® lék(t)l«/A(t) ) , (2.11)
ELOJAD

and, from (2.8), we derive |detK(t,&)| > 3/4 and |K(t,&)| =1, that is, K(t, &) is uniformly regular
and bounded. Via the change of variables

Ut &) =K(t,&)UR(t, &) = K(t, ) (det H®)) P HOW (¢, £) (2.12)

the system in (2.4) is in Zpyp(N) equivalent to

AW — <¢+(é,g) (p_g g__)>iW+9h//(t)<_0] ?)W+](t,§)W:0, (213)

where

@ (t,€) = () +dO)AOE £ 3P (D)
are real-valued and the matrix J(t, &) satisfies the following estimate:

Mah(t)

— 214
|&1A2(6) 214

lie o] <

for some M4 > 0 that depends only on the constants mg in (1.4) and My for k =0,1,2 in (1.5)
and (1.7).

Definition 1. Let N > 2Ms. We define by M (N) (resp. M_(N)) the set of initial data Uy € L*(R, C?)
such that the solution U(t, x) of (1.3) with initial datum Uy verifies

—~ _1
U(tm,é) =K(t|§|,§)(detH(t|g‘)) ZH(tm)Y(fj), (2.15)
where Y (£) = (y(&), 0) (resp. Y (&) = (0, y(£))) for some y € L2(R, C).

It is clear that M (N) and M_(N) are equipotent to L2(R, C) thanks to the well-posedness of
the Cauchy problem (1.3). We are now in a position to estimate from below the blow-up rate of the
energy by using a time-dependent increasing function.

Theorem 3. We assume Hypotheses 1 to 3. We assume that the function t — fg Ny (t)dt has a constant sign
and it satisfies

t t

myvi(t) g/ﬂtt/f(r)dr <mav(t) (resp. —mapv(t) g[?h/f(r)dr < —mivq (t)) (2.16)

0 0
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for some positive constants m1, my, where v1 (t) is a strictly positive, increasing function with lim;_, o V1 (t) =
+00. Moreover, we assume that there exists a function 6 (t) such that

t

/Q(T)d‘f

N

< Ms, Ry () +0(t) >0 (resp. Ry (t) +6(t) <0) (217)

for some constant M5 > 0. Let N > N, where

N = max{2M3, 4Me?Ms 1}, (2.18)

and M3, M4 are from (2.8) and (2.14). Then there exists a positive constant C such that for any initial datum
Up € M+ (N) (resp. Ug € M_(N)) we can find a constant T(Ug) > 0 such that the solution U(t, x) of (1.3)
with initial datum U satisfies

|Ue, )] ,> = Cexp(myvi(©) — mavi (T(Uo)))[Uoll2 fort > T (Uo). (219)
We remark that C is independent of Uy.

By using Hypothesis 3 to estimate 9y (t) we can directly check that the function v (t) is bounded
from above by clog A(t) for some c > 0.

Remark 2.1. If we fix k¥ > 0, and for any Uy € M+ (N) we choose € = €(x) > 0 such that the corre-
sponding function y (see Definition 1) verifies

/ ly©)|7ds = / ly(©)| de, (2.20)

[E1>€ [El1<e
then we can take T(Ug) =t in (2.19) in Theorem 3 with t¢ as in (2.9).

Remark 2.2. If (2.17) holds true, then iy satisfies

t t

/5)’t1p(r)dt > —Ms (resp. /?h‘w(r)dr ng), t>s>0. (2.21)

N N
Remark 2.3. In order to construct the function & we remark that (2.17) is satisfied if there exist a

function 6(t) such that Ry 46 > 0 (resp. Ry +6 < 0) and a strictly increasing sequence {t;j} ;>0 with
t1 =0 and tj — oo such that

t

/ f(r)dr

bok—1

Dok+1
[ 6(t)dt =0,

fok—1

<Ms, te (tw-1,tnks1)-
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2.3. Blow-up with oscillations which are not very slow

In the context of oscillations which are not very slow we divide the extended phase space by using
a function tg| that is different from the one in (2.9).

Definition 2. If Hypothesis 4 holds, then the C! function

A(b)
O : [0, 00) — [1/v(0), +00), G)(t):m,

is strictly increasing since, by virtue of (1.16), we have

AV () — AV (B) > A(t)

0= 20 o

We remark that lim;_, o, @ (t) = +o0o thanks to (1.15), that is, ® is invertible and ©(t) = o(A(t)) as
t — o0.

Analogously to (2.8) from Hypothesis 4 it follows

he®]  _ M3v(®)
EIMOVAD)  IEIAWD

for some M3 > 0 depending only on the constants mg in (1.4) and M; in (1.14). In correspondence to
any N > 0 with N > 2M3 we define

(2.22)

-1 .
(e = {@ (N/Ig])if 1§] < Nv(0), (223)

0 otherwise,
with @(t) as in Definition 2 and Zpq(N), Znyp(N) as in (2.10). As in the case for very slow oscillations
the refined diagonalizer K(t,&) in (2.11) is in Zpyp(N) uniformly regular with |detK(t, )| > 3/4 and

bounded with ||K(t,&)|| = 1. After the change of variables (2.12) the system in (2.4) is equivalent
to (2.13) in Zpyp(N), where the matrix J(t, &) satisfies the following estimate:

Mar(O)V2(t)

2.24
&1 A2(6) (2:24)

lie o] <

for some M4 > 0 that depends only on the constants mg in (1.4) and My for k =0,1,2 in (1.5)
and (1.14).

Lemma 2.1. Let v(t) be as in Hypothesis 4 and let € > 0. For any constant M > 0 there exists a constant
N(e, M) such that

N > Mv(te) forany N> N(e, M). (2.25)
In fact, we remark that t. depends both on € and N. With the notation from Lemma 2.1 we put

Ne =max{2Ms, N(€, 4Mgexp(2Ms + 1)) }, (2.26)

where M3, M4 and M5 are as in (2.22), (2.24), and (2.17).
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We are now in a position to derive some blow-up results for the energy in the case of oscillations
which are not very slow. Our philosophy is that we are going to replace the classical estimate that
involves the L2 norm of the data and of the solution by some inequalities that compare the L? norm
of the solution with some suitable behavior in the phase space of the initial data. In Theorem 4 we
estimate from below the L? norm of the solution by the weighted norm of the initial data which is
introduced in the following definition.

Definition 3. Let g : (0, 4+00) — (—00,0) be a continuous increasing function with g(p) - —oo
as p — 0. We define the following weighted norm on L2:

~ 12
1013 = [ exp(2g ()]0 de
R
By Plancherel’s theorem, the norm || - ||g is weaker than the usual norm || - |2, since |U]lg < ||ﬁ||Lz
for any U € L2. On the contrary, we can easily prove that || - lg is not equivalent to | - ||;2, that is, for

any C > 0 there exists U € L? such that lUll;2 = C||U|lg. In particular, this implies that (L%, - llg) is
not complete.

As an example we propose g(|£]) =slog(|é|/(&)). Then ||U||§ is equivalent to

1750 )] d& + f T de,

1§11 [§1>1

that is, the natural norm on the space

X(DOH® + (1= x(DY)L?,
where x is chosen as usually as a smooth cut-off function localizing near small frequencies.

Theorem 4. We assume Hypotheses 1, 2 and 4. Moreover, we assume (2.16), (2.17) and that v(t) = o(v1(t))
ast — oo. We fix k > 0. Let y € L2(R, C) and let € > 0 be such that (2.20) is satisfied. Let N be as in (2.26)
and let N > Ne. Let tg be as in (2.23) and let Up € L%(R, C?) be such that the solution U (t, x) of (1.3) with
initial datum Uy satisfies (2.15). Finally, we define

g(I€1) == —Nv(tiepll Al

Then the solution of (1.3) with initial datum Uy fulfills

Ju. )2 = Cexp(mivi(t) —mavi(te)) |Uollg, t>te, (2.27)
where my and my are as in (2.16) and C is a constant that is independent of y.

In the next Theorem 5 we shall use for the initial data a weighted L? norm, but now the weight
depends on t itself. Therefore, we define for a fixed N > N, the function p; to be the inverse function
of t, for p € (0, Nv(0)], namely,

LN NV
=90~ A0

€ (0, Nv(0)] with py — 0 fort — oo. (2.28)
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Definition 4. Let h : [0, +00) — [0, +00) be a continuous increasing function with h(t) — 400 as
t — oo. For any t € [0, 0co) we define the weighted L2-norm

U2, = / T&)| d& + exp(—2h(t)) / U@ |fde, Uel (2.29)

€12 1< poe

It is clear that for any U e L? it holds Ut — ||ﬁ||Lz as t — oo as a pointwise-limit. For this
reason ||Uol|¢,n is not equivalent to ||Ugllg. In particular, for a fixed t the norm || - || is equivalent to
the usual norm || - ||;2, since for any U € L2 it holds

() ~
e "ONT N2 <NUNen < 1U 2,
but the lower bound is not uniform with respect to t.

Theorem 5. We assume Hypotheses 1, 2 and 4. We fix € > 0. Moreover, we assume (2.16) and (2.17) and that
V() =o(v1(t)) ast — oo. Let N > N with N¢ as in (2.26). Let t|¢| be as in (2.23) and o be as in (2.28). Then
there exists a constant C > 0 such that for any initial data Uyg € M1 (N) (resp. Ug € M_(N)), the solution
U (t, x) of (1.3) with initial data U satisfies

|UE, )] ,> = Cexp(mivi(®) — Nv@© Al — mavi o) IUollen, €3> te, (2:30)
where m1 and m; are as in (2.16), the constant C > 0 is independent of €, and h(t) = myv1(t).

Remark 2.4. Theorem 5 is written in a non-standard form in comparison with Theorem 4. In both
cases, the difficulty arising with oscillations which are not very slow is managed by using a weighted
norm for the initial datum Ug. The weight itself depends on the speed of the oscillations. It is clear
that if UAo(g) is more concentrated in a small neighborhood of & =0, namely in the ball B,¢(0) for
small € > 0, then the estimate of ||U(t, -)||;2 is worst and it holds only for large time.

Let € > 0. We remark that in Theorem 4, for any y € L2(R, C) such that

suppy C Bac (0), / ly©)|?dz #0,
e<|E]<2¢

we can choose an initial datum Uy with supPUB C B2¢(0), such that (2.27) holds for t > t¢. On the
other hand, in Theorem 5 we can state (2.30) for any Ug € M (N), that is, supp Up can be arbitrarily
small. Nevertheless, the estimate (2.30) is non-trivial only for large t with respect to the radius of
supp fIB, due to the definition of || - ||, given in (2.29). Indeed, if suppLTg C B, (0) for some €1 €
(0, €), then for any ¢ € [te, te, ], it holds

exp(m1v1(0))[1Uolle.n = 1Uoll 2.
In facts, the estimate (2.30) allows a more general statement.

3. Proof of the energy estimate in Theorem 2

First we prove (2.2) (we recall that (1.13) is the special case with y = 0). We can directly check
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that

t t
/|m¢(r)|dr < c/z/(r)zy(r)dr <Cer ).
0 0

To prove the estimate from below we define the sequence {t;};>j, (with jo :=2ko — 1 large enough
to make the sequence well defined) by

eP(tj) = jm /2 + 37 /4.

After using the change of variables

d
o=0(1), 2 =ptP D)l (r) (31)
dt
we get for any k > kg
tox km+3m /4
p f (D) P () sineP (1) dt = f 0" sino do ~ (—1)X (k).
bok—1 kw4 /4

Therefore, by using —@1 < c|@z| in [tak—1, tp] for any k we conclude for any t > ¢,

/

1 (573

l
Ry (1)|dr>c ) f (—Drpa()dr > c1 Y (k)P

k=ko ) k=ko

> co(Im) TP A 0P (1) & £PH (1),

where t € [ty, tz(41)). This concludes the proof of (2.2).
Now we shall prove Theorem 2. First we prepare some integral estimates. Let ¢?(t;) = jr, that is,

tj:= A" (exp((jm)/?) —¢,) /o0, j= jo.

with jo = jo(p,cy) =2ko — 1 sufficiently large to be well defined. It is clear that ¢»(t;) =0 and that
@y is strictly positive (resp. negative) for t € (tox—1, tox) (resp. t € (tok, tak+1)) with k > ko. Moreover,
by using (3.1) we derive

taer1 Q@k+)m
/ goz(r)drz—% / o"/Psino do < 0. (3.2)
tak-1 k=)
We define
]
=2l .= / (—DI gy (1) d,
tj—1

0*(t) = —¢2 (t)M { o, teltae—1, ol
2 1/Ik+1, t € [tok, toks1]-
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By (3.2) it holds Iy, < Ipk41. From

fok+1
@2(7)dt =) — Ipk—1 <0

tok—1

it can be proved that

oK1
1 1/Ipk, t € [tak—1,takl,
0 t)+0*(@t) = t)| = d 3.3
>920+6°0 }¢2()|2t/ 2T dr X {1/12k+1, t € [tak, tak+1]- G:3)
2k—1

Indeed, let t € [tyr_1, tak]. Then we have ¢, (t) = |2 (t)| and

bok+1
1

H(T)dT.
20y ] ¢

k-1

1 _ Tt Tk
21y

@2(t) + 0% (t) Zsﬂz(t)( )prz(f)

Analogously we prove (3.3) for t € [ty, tak+1], Where @(t) = —|@2(t)]. By using (3.2) we conclude
from (3.3) that

bok+1 Dok+1 1 k+1)m
/ lg2(T) +0*(1)| = — / (pz(t)drzz / o"/Psino do. (3.4)
tok—1 fok—1 k—1)m

Remark 3.1. The role of the function 6*(t) is quite similar to the one of the function 6(t) that appears
in Theorems 3, 4, 5 in the setting of blow-up results. Indeed, here we also have

Ny +0" =1 +p2+60" <1 <O0.

Nevertheless, we do not have an integral estimate on My as the one in (2.16) (which we need to
prove blow-up). In fact, estimate (1.12) describes exactly such an integral behavior.

Lemma 3.1. For any k > ko we have

Dk+1
/ 0*(t)dt =0, (3.5)
o1
k41
/ |02(T)| dT < CO (o), (3.6)
k-1

and for any s < t it holds
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t
/\@(r) +0*(v)|dt < Ce'(v), (3.7)

t

/9*(‘[)(11’

N

< 2Mgl' (¢). (3.8)

Proof. The proof of (3.5) is straight-forward. Indeed,

2K+ tok tok+1
I 1 I I
0*(1)dt = — (pz(f)m dr — (pz(f)md‘[ —0.
21 2l5k+1
tok—1 fok—1 tor

By using (3.1) we can prove (3.6) since

Bkt [2k+1 1 Qk+1)m
/‘ﬁﬁz(r)‘dts / gﬁ/(r)ﬁr“’*l(r)drzi / o"Pdo
tok—1 tok—1 k1w
1
_ +2r/p ((@k+ 1)) — (@k = ) P~ (4 4+ r/pym (@K + D) 7P

To derive (3.7) it is sufficient to prove that

Dok+1
/ l@2(T) + 6% (D) | dT < £ (tak41)

kg -1

since €' (t) &~ €7 (tyk41) for t € [tag_1, tars1]. By using (3.4) we obtain

t tok+1 ; QCk+1)m
/|§02(T)+9*(T)|d7< / }ﬁﬂz(f)+9*(r)|df:§ / o"Psino do.
s toky—1 Qko—1)m

After integrating by parts twice we get

Qk+1)7 k+1)

1 r
. _ e ypy@ktnm _
o'"’Psinodo = 3 [‘7 ](2I<o—1)7r 2p

(ko—1)7 (2ko—1)7

o~ 0=1/P) cos o do

2k+1)m
1 r/p12k+Dm r(1—r/p) —_(2— .

— /p (2=r/p)
= 2[0’ ](2k071)n 0+ 2 o sino do.

(2’(’0—1)7’[

The conclusion of the proof follows by putting the last integral on the left-hand side by taking account
of

T(l—r/P)<T(1—r/P)< 1 ‘
2po? 2pm? 472
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Now, let m and k be such that s € [ty;—1, tomy1) and ¢ € [tak—1, tok+1). By using (3.5) in [tam+1, tak—1]
and (3.6) in [tam—1, tam+1] and in [tag—_1, tok+1] We are able to prove (3.8). O

3.1. Subzones of the hyperbolic zone

To prove the energy estimates in Theorem 2 we divide Znyp(N) in two subzones and we follow
the ideas of the proof of Theorem 3 (see later, Section 4). Let t|¢| be defined as in (2.23) by

At gl = NE¥(tg)),

whereas the function f¢) is defined by

A €] = N€¥ (Eg)) exp(LE (Eg)))

for some L > 4Mg, where Mg is as in (3.8). We recall from Definition 2 that ©(t) = A(t)/£Y (t) is
increasing, therefore from

CIG)
O ()

=exp(Lt' (Fg)) > 1

it follows that ¢ < fj¢| (it is easy to prove that fj¢| is well defined, too). Let q : (0, co) — N* be such
that g = q(|&]) satisfies tyq—1 < tjg) <tag+1. We divide Znyp(N) into the two subzones, the oscillation’s
subzone Zosc(N) and the interaction’s subzone Zintac(N) which are defined as follows

Zosc(N) = {t)g) <t <trgq1) and  Zipac(N) ={t > tag+1}
Lemma 3.2. It holds

t2q+1
/ lp2(D)|dT < C'LE™Y (8g)). (3.9)

Lg|

Proof. Let m be such that ty;_1 <tj¢ < tom+1. Analogously to the proof of (3.6) we get

t2g+1
/ lp2(0)|dT <

fg|

I+r/p +2r/p (g +1)m)"*"P — (@2m — 1)) "*"'P)

~((q+1-mm)(q+Dr)"?
~ (L (Ee)) — € (D) € e ~ (£ — £(tep) € P i)

o (ACGD = s ”(Za))] Vi 1 oY
~10g<—A(tlg‘))€ (ﬁa)—[w (tlé‘)—i_log(ﬁ’(tm) & (te) =~ LOT ()

what we wanted to show. O

First we estimate the fundamental solution to (2.4) in Zjytac(N). If we put W =TZ, where W is
as in (2.13), and choose
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(exp(— ffzq+1 0*(7)d7) 0 )
0 .

T, §):= eXp(fttqu 0*(t)dr)

then we get

Q4,8 0 ; -10 7 =
8tZ—( 0 (p_(t7é))lz+(w(t)+9(t))( 1)ZJrJ(t,%‘)Z—O-

Thanks to (3.8), from L > 4Mg it follows

227 (t) exp(LLT (£))A(E)
&1 A2(t)

[Te.e))<c
Hence,

RG0!

a1 Z1% <2(In
i1 Z| ( A0

Tz <2<|¢z<t)+9*(t)l + + |7, s)||>|2|2.

Integrating by parts yields

~ 2V (tag11) exp(Le (trq11)) ~Covi
/”J(T,S)”dfé E1A(gr)) NK (tig), t=tags.

tag+1

By Gronwall’s lemma and by using (3.7) we conclude

|Z(t, &)| < exp(CL1))| Z(tag 11, €)| < Cexp(Cr (€)™ ™| Z(t2q11, 6)].

In Zysc(N) it is sufficient to use (3.9) (we recall that r + y = 2r + p — 1) together with the estimate

Cﬁ (t\g|) C
J(t,8)|dt —¥ (tig)),
[l ol < T = e e
bg|
whereas in Zpq(N) we use a straight-forward estimate.
4. Proof of blow-up results

4.1. Proof of Theorem 3

We look for the fundamental solution E = E(t, s, §) to (2.4). It solves for any s,t >0 and & € R the
Cauchy problem

oE(t,s, &) =iEA()A(D)E(L, s, &), E(s,s,8) =1

We can directly estimate E(t, s, &) in Z,q(N). Indeed, from the boundedness of A(t) and the positivity
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of A(t) it follows

Lg|
/A(I)IIA(r)H dt) < exp(|€| At | AllL<) = exp(N||Alle<).
0

|Epatt.s. )| <exp<|é|

We can apply Liouville’s formula to estimate ”E;dl (t,s, &), so that

exp(=NAlli<) < | Epa(t, s, )] < exp(NIIAll=), s, <tje). (4.1)

Now let y e L% and let the initial data Uy be defined as in Definition 1. We claim that the solution
V =V(t, &) of the Cauchy problem

oV —IELAW)V =0, >ty
{ t i& ()A() €] (42)
Vte), &) =U(tg, ),
verifies in Zpy,(N) the estimate
|V(t.&)| > Crexp(mivi(t) — mavi (tig)) |y (&)|,  t >ty (4.3)

where the constant C; is independent of &. Via the change of variables (2.12) the Cauchy problem (4.2)
becomes (2.13) with the initial data W (tg, &) = Y (§). For some positive p = p(N) that we will fix
later we define

t PA(T)
T(t,§):= P o O+ i) 40 ¢ ’ pA(T) .
0 eXP(fy O() + iz 47)
It follows
[T &) [T 8] <exp(Ms+p/N), t=>tg.

If we put W =T(t, &)Z, then we get

[ e+(t,8) 0 ) PA(D) )(—l 0) _ ~
" ( 0 ‘P—(fw?))l“(meM|5|A2<r) 0o 1)%T]EHZ=0,

Z(tiz,§) =Y(&),

(4.4)
where, thanks to (2.14), the matrix 7 =T~1JT verifies

My exp(2ZMs + 2p/N)A(t)
|&1A2(6)

[T e < (4.5)

We consider the case %ty 46 > 0. Following [5] we define in Zny,(N) the Lyapunov functional

2

S8 = |z 6 - |22, &)
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where Z(t,&) = (z1(t, &), z2(t, £)) solves (4.4). Then we derive

PA(E)

oS, &) =2 Ny (t) +6(t _—
(S(t.£) (w<>+<)+|S|A2(U

—2|7¢, s>H) 1z, 6)|.

We fix p = N/2, N > N, that attains the maximum of the function f(p) = pexp(—2p/N). For such a
choice, by virtue of (2.18), it holds

p =2Mgexp(2Ms +2p/N). (4.6)

But this allows to conclude

BS(,&) = 2Ry (O +6(0)| 2, 6] = 2Ry (©) +6(D)S (¢, ©).

Thanks to Gronwall’s inequality, to Remark 2.2 and to the choice of initial data Y (&) = (y(&¢),0) it
follows

t
S(t,€) > exp<2f(mw(r) +6(1)) dr)S(qg,S)

L
t L t
= <2/<S}W(r)dr —2/5R1//(t)dr+2/0(t)) dr>|y(§)|2
0 0 G|

> exp(2mv1 (t) — 2myv1 (tg)) — 2Ms) |y (©)[°,

t>1tg.

Therefore we proved (4.3) since |Z(t, )| is equivalent to |V (¢, £)|. In correspondence to y € L%(R, C)
we take € as in (2.20) and we derive

1+« yE). &l >e,
Y12 = ——1Iyell?. whereye<s>:={ (47)
& K £ 0, &] < €.

Taking into consideration (4.1) and (4.3), estimating —mpv1(tjg)) > —mav1(te) for |§] > €, we get

|0 -)||L2>< / |V<t,s>!2ds)

1§1>€

> Cyexp(mqv(t) —mavy(te)) I yell 2

K
= C " exp(mivi(t) —mavi(te)) |yl 2
> Cexp(myvi (6) —mavi(te)) I Uoll 2, ¢ te. (4.8)

This concludes the proof (see Remark 2.1). The case %y <0 can be treated in an analogous way.
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4.2. Proof of Theorem 4

In order to prove Theorem 4 some modifications to the proof of Theorem 3 are required. First of
all we prove Lemma 2.1 by using the following statement.

Lemma 4.1. Under Hypothesis 4 it holds

Vo ® I (N)=0(N) asN — +oo. (4.9)

Proof. From (1.17) we have v(0)©(t) > (A(t))'~%. We recall (see Definition 2) that @~ is an increas-
ing function from [1/v(0), +-00) to [0, o). Let N > 1/v(0) and t = ®~1(N). Then

VON > A(67(N)' ™,

that is, being A~! increasing,

1
O~ (N) < A7 ((v(0O)N) ™).
Therefore, since §/(1 —§) < 1, by using (1.17) again, we get

) 1

2 — )

Vo ® H(N) < v(0)(V(0)N) ™ = (v(0)) PN =0o(N) as N — -+o0.
This completes the proof. O

Proof of Lemma 2.1. We fix M > 0 and € > 0 and define M’ := M/e and N’ := N/e. Therefore we
want to prove that there exists a constant Cy; > 0 such that

vite) _ 1 /
N gﬁ forany N' > Cyy.

Thanks to (4.9) this holds for any positive M’ since

V(te) ) Vo ® (N
= |lim —— %=
N—+oo N’ N'—>+00 N’

0.

So we can take N(e, M) > €Cyy in Lemma 2.1. O

Now we fix y € L(R,C) and € > 0 as in (2.20). Let N > N, with N from (2.26). Analogously
to the proof of Theorem 3 we can straight-forward estimate the fundamental solution E(t,s, &) in
Zpd(N), deriving, in particular, that

|Epa(t,s, &) = exp(=Nv(tiglIAll=) = exp(g(1§1)), 5.t <tjg|- (4.10)

In Zyyp(N) we can prove that

|Vt &)| > Crexp(mvi(t) —mavi(tie)) [y ()|, €] =€, t>tp. (4.11)

We follow the proof of Theorem 3, but now for some p = p(N, €) > 0 that we will choose later. We
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introduce

t PA(TIV2(T)
T(t,§):= (eXp(_ff8|(9(T)+ Seazm )40 0 )dt)>

PUOA(T)
0 exp(fy, (O(T) + 250

Taking into consideration

T

the matrix J =T~ JT verifies

1, 6)| <exp(Ms + pv(tig)/N), ¢ >t

M4 expMs +2pv(tje))/N)A(E)v? O}
|&1.A2(t)

We fix p = N/(2v(t¢)), that attains the maximum of the function f(p) = p exp(—2pv(te)/N). Thanks
to (2.25) for such a choice of p it holds

[Te. o] <

p > Maexp(2Ms + 2pv(te)/N).

We remark that, with such a choice of p, the norms ||T(t, £)|| and || T~1(t, )| are uniformly bounded
by exp(Ms + 1/2). We follow the proof of Theorem 3 and we derive (4.11). Now, let y, be as in (4.7).
Analogously to (4.8), estimating —mpv1(tjg)) > —mavq(te) for |£] > €, it follows

N 3
G ~>||Lz>( / |V(r,s)|2ds)

|§1>€

> Crexp(mqvi(t) —mavy(te)) el 2

K
>0 os exp(mqv1(t) —mav1(t)) 1yl

> Cexp(mivi(t) —mavi(te))lUollg, t>te, (412)

where in the last estimate, by virtue of (4.10), we used
=~ 2 — 2
||J/||%z > C2/|U(t\s|,$)| dg =C2/|Epd(t\g|,0,‘§)U0($)| dg > C2||U0||§-
R R

4.3. A corollary to Theorem 4

If we restrict in Theorem 4 the set to which y has to belong, that is, the choice of the initial data
Up in (1.3), then we can improve our result. We define

Ge:={V el distsuppV,0) > €},  Fe:={Uel* UeG),

and we remark that

F={Uel* dist(supp U, 0) > 0} = U Fe

e>0
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is dense in L. For any € > 0 and N > N, let M4 (N, €) be the set of initial data Uy € Fe such that the
solution of (1.3) with initial data Uy verifies (2.15). Such a set is equipotent to Fe.

Corollary 4.2. We assume Hypotheses 1, 2 and 4. Moreover, we assume (2.16) and (2.17) and that v(t) =
o(vi(t)) ast — oo. We fix € > 0. Let N¢ be as in (2.26) and let N > N and tj¢| as in (2.23). Then, for any
initial data Uy € M4+ (N, €) (resp. Ug € M_(N, €)) the solution of (1.3) with initial data Uy verifies

Juct. |2 = Ceexp(mivi(®))[Uoll 2. t>te. (413)
where Cc = Cexp(—Nv(te)||AllLe — mavy(te)) with C > 0 independent of €.

In order to prove Corollary 4.2 it is sufficient to notice that if y € G¢, then U(t, -) € F¢, therefore,

we can directly glue (4.10) and (4.11) to derive
|[U(t.&)| > C1exp(miv(t) — mavi (te)) |y ()|
> C1exp(mivi (6) —mav1 (te)) exp(g(1£1)) [T (6)]

for any t > te. The proof follows from —mpv1(tg)) = —mavi(te) and exp(g(|£])) = exp(g(e€)).
4.4. Proof of Theorem 5

We divide the space Rg into the pseudo-differential limited interval [—p;, or] and the hyperbolic
complementary R\ [—p¢, pr] at any time t > t¢. This division is related to zones which we proposed

in the previous sections. Here € > 0 is fixed and N > N.. We recall that p; < € for any t > tc. In the
expected estimates we have to replace (4.10) by

[Epa(t.0.8)] > exp(~Nv©y max| As)[ ). 181 < pr. (414)

that is,

U&= exp(—NV(t) max|| A(s) II)IUAo(E) . EI< pr.

whereas we replace (4.11) by

U, 8)] = Crexp(mivi (6) —mavi () |y (©)]
> Cexp(mqvy(t) — mavy(te))) | Epaltie), O, E)UB(E)|

> Cexp(mv (6) = movi (te)) = Nv(tie) max | A®)|) [ To©)]. 161> e, t>te.
St

(4.15)

Gluing together (4.14) and (4.15), estimating —mpv1(t)g)) = —mav(te) and —v(tg) = —v(t) in (4.15),
and integrating with respect to & we conclude the proof.
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5. Concluding remarks

Concerning the problem of generalized energy conservation, that is, to derive (1.2), one can in general
not expect that this holds in the case of oscillations which are not very slow. Nevertheless, we can get
some benefit of higher regularity of the coefficients by assuming a so-called stabilization condition.
The case of C? stabilization condition together with (1.8) has been considered in [1]. Here we propose
a C™ stabilization condition, m > 2, for a special class of systems (1.3) with » € C"~! and

_(a®) b
A(t)—<c(t) a(t)>, (5.1)

where a € CO and b,c € C™ are real-valued and bounded. Condition (1.4) in Hypothesis 1 reads as
A(t) =4b(t)c(t) > mp > 0. In particular, b(t) and c(t) have the same sign and this is constant. Let H(t)
be as in (2.5). We remark that the eigenvalues of Z(t) are 4 (t) = u(t), where w(t) := /b(t)c(t).
System (2.6) reads as

atv—x(r)<“:;“ _M0+a>isv+h(t)<_()1 é)v:o, (5.2)

where

b = SELHO (./A(t)(b(t) + c(t))>/ _.cb-bc

_ iR.
2A(0 detH(D) e <!

We remark that 9th = —ih is the derivative of the function log(,/c(t)/b(t)).
We assume Hypotheses 2 and 4 in correspondence with a C™ regularity rather than only C2, that
is, we replace (1.5) and (1.14) by

)\.k+1(t)
O] <M , t>0k=1,....m—1, (5.3)
Ak(t)
k
AVt
|b<k>(t)|+|c<">(t)l<M/< (A)(];;)) £20. k=1,....m, (54)

for some M’ > 0. Moreover, we assume the following condition:

Hypothesis 5 (C™-stabilization condition). We assume that there exists a positive, strictly increasing,
continuous function @q(t) such that:

o limi_, o @1(t) = +o0;
e there exists a constant C; > 0 such that @1 (t) < C1O(t) for t > 0;
e there exists a constant C; > 0 such that

—(m-1)

(O@) M) dT < C(O1(1)) t>0; (5.5)

e there exist two constants b, and co, and a constant C3 > 0 such that

MT)(|b(T) = boo| + |c(T) — co|) dT < C301 (1), t>0. (5.6)

O~
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If (5.6) holds, then by, and cs are uniquely determined and bs,Co, > 0. We are ready to state the
following result about generalized energy conservation.

Theorem 6. Let A(t) be as in (5.1), and we assume Hypotheses 2 and 4 (in absence of (1.16)) in correspondence
with C™ regularity, that is, (5.3), (5.4). If we assume Hypothesis 5, then the solution to (1.3) satisfies (1.2).

Remark 5.1. If we directly consider the system (5.2) with no assumption about C™ regularity or sta-
bilization and we define its Lyapunov functional as

St &) = [vil* — |val?,
where V = (vq, v) is the solution to (5.2), then
9 S(t, &) =2R((0v1)VT — (Brv2)V2) = 2R(—hvaVy — hviV3) = 2% (—h2R(v17V32)) = 0.

This proves, in particular, that if S(0, £) = 0, that is, the two components of Uy do not coincide in L2,
then |U(t, )2 = C > 0, that is, the energy cannot vanish for t — oc.

One can find more details and some examples about stabilization condition in [2-4]; in particular,
for systems, see [1].

5.1. Examples
Example 5.2 (Polynomial growth). Let A(t) = (1 + t)P~! with p > 0, that is, A(t) ~ (1 +t)P, and let

v(t) = (1 +1t)7 with 0 < g < p, that is, ©(t) ~ (1 +t)P~9. It follows

(@(‘E))_mk(t)dt <C+ t)—((l-"—ll)m—p)7

provided that q < p(m — 1)/m. Hence, we may choose @1(t) = (1 +t)" with r =p — gm/(m — 1).
Therefore, (5.6) holds if

t
/(1 + P (|b(T) = boo| + |c(T) — coo]) dT < C3(1+ 1) (5.7)
0

Example 5.3 (Exponential growth). Let A(t) = eP! with p > 0, that is A(t) ~ePt, and let v(t) = % with
0<q < p, that is, O(t) =eP~Dt 1t follows

(©() "r(r)dT < Cem(PmOm=P)X,

provided that g < p(m — 1)/m. Hence, we may take @q(t) =e'" with r = p — gm/(m — 1). There-
fore (5.6) holds if

t
/e’”(|b(r) — boo| + [c(T) — coo|) dT < C3€™. (5.8)
0
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Now we show how to construct explicitly coefficients b(t) and c(t) in the polynomial case (resp.
exponential case) satisfying (5.7) (resp. (5.8)).

Example 5.4. Let by, Coo € R with booCso > 0. For the sake of simplicity we assume b, Coo > 1. For
each of these, say b, we construct a not identically vanishing function ¢ € C™ with supp¢ C [0, 1]
and

~1<9®@t)y<1, k=0,...,m,

and we look for a sequence {tj, §;,7;}j>1 such that

tj /100, 0<3dj<tjpr —tj, 0<n;<1.
If we put
o0
b(t) =beo + ) njp((t —1))/5)),
j=1
then
k —k —1/m —k
O © <nsT < (n; "8) T, telty tjal
for any k=1, ..., m. For an opportune choice of {t;};> let
j A 1/m
inj
Aj=Alt)), Aj= Z(tm — AL, V= 55,

=1

We have to choose {t;,d;,n;}j>1 in a such way that v; — 400 and vj =0(A4)).
Via the change of variables o = (t —t;)/§) for t € [t], t;+1] we are able to estimate

t 7S

/A(r)!b(r)—b CZW»I/ ((x—t)/8 \dr—cnwupZmAlal.

t t =1
In order to derive (5.7) we choose {tj, §;,7;};j>1 in a such way that
J
> md N O =O1(t)). (5.9)
=1
In the polynomial case let t; = e/ so that Aj =e/P~D and ©; = e/" with r = p —qm/(m —1) as in Ex-

ample 5.2, where v; ~eld Let §j= =eJ® with @ < 1 and nj=e —I# with 8 > 0. Then the condition (5.9)
is satisfied if we take

—-B+a+p—1=p—gm/(m—1), thatisa=1+p8—gm/(m—1). (5.10)
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By definition of v; and from (5.10) we derive

q=1-p/m—a=—Bm+1)/m+qm/(m—1), thatis, B =qgm/(m*—1).

It follows o =1 — qm?/(m? — 1).

In the exponential case, let t; = j so that A; = elP and O1,j= eJm with r=p —gm/(m—1) as in
Example 5.3, where vj ~ /9. Let §; = e/* with « <0 and nj = e~/# with 8 > 0. Analogously to (5.10)
to obtain (5.9) we take

—-B+a+p=p—qm/(m—1), thatis,a=8—qm/(m—1). (5.11)

By definition of v; and from (5.11) we derive

q=—-p/m—a=—-pm+1)/m+qm/(m—1).
Therefore we get again 8 =qm/(m? — 1) and o« =1 — qm?/(m? — 1).
5.2. Proof of Theorem 6

In the proof of Theorem 6 we will use a refined diagonalization. The system in (5.2) has a special
structure since the lower order term is anti-diagonal and its entries are anti-conjugate. Such a special
structure is preserved by successive steps of diagonalization and this property is fundamental to de-
rive suitable energy estimates if (5.5) is satisfied for m > 2. The procedure of refined diagonalization
itself can be applied to ordinary differential equations with parameter, in general. For the ease of
readiness we use a different notation for the system’s entries.

Lemma 5.1. Let & be a parameter; for any &, let ¢ (t, &) be continuous and complex-valued, let a1 (t, &) be
continuous and real-valued and let By (t, &) € C! complex-valued, with respect to the t variable, and let I¢ be
an interval such that SUPgey, |B1(L, £)|? < 1. If we define

a1 BilBil? — i} /2
R, = U=
b= A=A

(=318 + (B (3B1) — (RBD(SBY)']
%= 1—1B112 €

then the system 8;U1 = ¢ (t, §)U1 + A1 (t, £)U1 is equivalent to 9: Uz = ¢ (¢, §)U + Ax(t, §)Uy in Ig, where

. 1 0 0 Bj .
o3 82 B} s

via the change of variables U1 = M (det M)~ 1/2U, with

1 B
M=\ - .
(5 %)
Proof. Straight-forward calculations imply the statement. Indeed, applying the change of variable
U1 = M(det M)~1/2U, we derive

Uz = (¢ + (det M) /(2detM) + M~ AiM — M~ M) U,
= 9U3 + (et M) ((det M)'/2 4 M* (1M — M) U,
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where det M =1 — | 1| and M2 is the adjoint of M, given by

j 1 —p
Mad] — 1 )
(& 7)
Therefore, this gives

Ay = (det M)~ ((det M)' /2 + M*Y (A1 M — M)
_ v (Y e 1 [, (1-2pP -1
= 1_“31'2( 2(/31/31 +ﬂ]'31)+<—ﬂ1 1 )[10{1( B —(1—2|,B1|2)>
(7 %))
B’ 0
1 1, _
-7 ((1) _01) (iou(l —3|ﬂ1|2)+§(ﬁ1/31'—ﬁ{/31))

o < o 2ia1ﬂ1|ﬂ1|2+ﬂ{>
1= 1B1 2 \ —2ien BB + Br’ 0 '

The conclusion of the proof follows from the following property:

BiBr — B\ B1 =2i[(MB1) (3B1) — MBDGA]. O

Proof of Theorem 6. For some N > 0, that we will fix later, we define

»171 i )
f|s\={()] (N/IED) if ©1(0)IE] < N. (512)

0 otherwise,

where @1(t) is the function in Hypothesis 5. We need the zones Zpq(N) and Zpyp(N) as in (2.10). In
Zpd(N) we consider the Cauchy problem

{aﬁ—k(t)(a(t)lz—l—Aoo)iS/G:O, E<te, (513)

U(0,8) =Uo(8),

where we denoted

(0 b
rom (255,
The matrix A is strictly hyperbolic due to bs,co > 0. Hence, it admits a (constant) diagonalizer H .
Therefore the fundamental solution E(t, s, &) for (5.13) satisfies the estimate ||Ex(t, s, )| < C and

5&3 (t,s,&) = Exo(s, t, ). Coming back to the Cauchy problem (2.4) for any (t, &), (s,&) € Zpa(N) we
write its fundamental solution in the form

Epd(tssa E) = EOO(tvsvé)QOO(tvs’s)s

that is, the matrix Qo (t, s, &) has to solve the following Cauchy problem:

{ 9 Qoo(t,5,8) =A(D)IER(L,5,6) Qoo(t, 5, 6), <ty
QOO(S!S7§) = 12;
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where

R(t,5, &) = Eco(s, £, &) (A(D) — Ao)Eso (L, 5, £).

Thanks to the boundedness of E(t, s, £) we derive ||R(t, s, £)| < C2||7\(t) — Axoll. From (5.6) it follows
that

b
|Quo(t.s.8)| < exp(c2|s|[x<r>||2<r) — Aco dr) < exp(C'I€101 () < exp(C'N) = Cy.
0
By Liouville’s formula we derive such an estimate from below, too. Therefore we proved that the
fundamental solution is bounded both from above and from below in Z,q(N). In Zpy,(N) we use the
procedure of refined diagonalization presented in Lemma 5.1.
Coming back to (5.2) we put

cb—b'c
pa(t, &) =) =vbe,  hi(t, &) =ht)= i
By (finite) induction, we define for any j=1,...,m—1
hj 1 gj
i(t, €)= , Kit, &)= _ ],
86 = 50 (6. ) <g, 1)
and
(1-3lgj1Huj+[(Ng) Xg) — Ng)(Rg)'] hjlgjl® — igrg)
Wit (t.8) = SR T 8 8 PRSI hja s =

1-lgjl? 1P
We remark that w; is real-valued for any j, whereas g; and h; are, in general, complex-valued. We
claim that (5.2) is equivalent to the system

0 h;
atwj—isx(r)a(t)wj—igx(t)uj(r,s)(é _01>Wj+<i7 OJ>W]-:0,
]

that is,

. . 1 0 0 i
W =iEA(Oa®)W; +iEr(t)uj(t, &) [(O _q ) -2 (—g_j %])] W; (5.14)
forany j=1,..., m, provided that N > N(m) with N(m) sufficiently large. It is clear that (5.2) is (5.14)
for j =1, where we put V = Wy. By the principle of induction it is sufficient to prove that the

system (5.14) in correspondence with j =k is equivalent to (5.14) in correspondence with j =k + 1.
To prove this, it is sufficient to apply Lemma 5.1 with

Ur =Wy, Us=Wiyr, ¢=ifrO)a®), a1 =ErOm(t.§), pr1=2gt.§5), M=K,

after taking N(m) sufficiently large to have |gjl <1/2 for any j=1,...,m. Indeed, by (finite) in-
duction we can prove that |g;(t,&)| can be taken arbitrarily small in correspondence of sufficiently
large N. This can be easily proved by having in mind the related symbol classes for g;, pjy1, hj1
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(see, for instance, Lemma 3 in [2]), which we did not introduced in this paper for the sake of brevity.
By using the properties of the hyperbolic zone Zny,(N) this leads to the above estimate for g;. Then
it is clear that K; is invertible.

We write the fundamental solution to (5.14) for j = m in the form En(t,s,&)Qn(t,s, &) for
t,s >t where

exp(i£ [} (a(t) + um(t, £))d7) 0 ) '

En(t,s,§) = < 0 exp(i¢ [ (a(t) — um(z, §))dr)

We have |Ej;|| =1 and E;l(t, S, &) = En(s,t, &), whereas Q;, is bounded both from above and from
below since it solves

atsz_E;] (f% h(;n)EQOs Qm(s,s,8) =1.

Here we haven taken into consideration that (5.5) implies

oo
c c’
|hm (7. )] dT < —— = T
rg/| O (epls™t N

Therefore, the fundamental solution E(t, s, &) is bounded both from above and from below in Zyy,(N)
too. This completes the proof. O
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