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prove stable diffusive mixing of the asymptotic states uq(kx +
¢+ k) as x - oo with different phases ¢_ # ¢ at infinity for
solutions that initially converge to these states as x — +o0. The
proof is based on Bloch wave analysis, renormalization theory,
and a rigorous decomposition of the perturbations of these wave
solutions into a phase mode, which shows diffusive behavior, and
an exponentially damped remainder. Depending on the dispersion
relation, the asymptotic states mix linearly with a Gaussian profile
at lowest order or with a nonsymmetric non-Gaussian profile
given by Burgers equation, which is the amplitude equation of the
diffusive modes in the case of a nontrivial dispersion relation.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

We consider spatially extended pattern-forming systems that exhibit periodic traveling-wave solu-
tions u(x, t) = ug(kx — wt; k) for a certain range of wave numbers k € (k;, k;). The profile ug(0; k) is
assumed to be 27 -periodic in 6 = kx — wt, where the wave number k and the temporal frequency
w are assumed to be related via a nonlinear dispersion relation @ = w(k). Examples are the Taylor
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vortices in the Taylor-Couette problem, roll solutions in convection problems, or periodic wave trains
in reaction-diffusion systems.

We are interested in the dynamics of perturbations of wave-train solutions of the above form.
Since the linearization around a wave train always possesses essential spectrum up to the imaginary
axis, we cannot expect exponential relaxation towards the original profile even for spectrally stable
wave trains. Moreover, the periodic nature of the underlying wave train suggests that we should allow
perturbations that change the phase or the wave number of the underlying profile. In these cases, we
expect that diffusive decay or diffusive mixing of phases or wave numbers dominate the dynamics.
More precisely, consider an initial condition of the form

u(x, 0) = uo(qo()x + do(x); go(x)), qo(X) = k=, po(x) > p+ asx— Foo, (11)

where the functions qo(x) and ¢o(x) are bounded and small in an appropriate norm. We may then
expect that the solution u(x, t) can, to leading order, be written in the form

u(x, t) ~ ug(q(x, Hx + P (x. t) — wot: q(x, 1)),

and the issue is to determine the behavior of the phase ¢ (x,t) and the local wave number q(x, t) as
t — oo. We distinguish three different classes of initial data, namely

(a) constant wave number qo(x) = ko and equal phases ¢ = ¢_ at infinity for non-zero phase per-
turbations ¢ (x) # 0, which correspond to localized perturbations of the underlying wave train;

(b) constant wave number qo(x) = ko but different phases ¢4 # ¢_ at infinity, which correspond to
a relative phase shift of the wave train at +oo;

(c) different wave numbers k_ ## k at infinity, which correspond to interface dynamics between two
different wave trains.

In this paper, we address the cases (a) and (b) for general reaction-diffusion systems
du = DdZu + f(u) (1.2)

with x € R, t >0, and u(x,t) € RY, where D € R?*? is symmetric and positive definite, and f is
smooth. We now outline our results and refer to Theorems 1 and 2 for the precise statements, and to
Fig. 1 for illustrations.

For localized perturbations of a single wave train (a) we transfer existing stability results from
specific systems [15,17,16,19] to general reaction-diffusion systems. In lowest order, the dynamics
near a wave train can be described by the evolution of the local wave number q(t, x), and we prove
that the renormalized wave number difference t[q(t!/?x,t) — kq] converges towards a multiple of

\/41771 exp(—%) for an appropriate constant o > 0. This yields the

the x-derivative of the Gaussian
asymptotics

Sup|u(x, t) — gim@* (X — cgt, )dpuo(0; k)| < Cot ™' ast — oo,
xeR

with ¢*(x,t) = \/%e"‘z/“"”), where ¢jim € R depends on the initial data, where o > 0 and cg € R

ot
are constants determined by the spectral properties of ug(-, kg), and where b > 0 is a small, but arbi-
trary, correction coefficient. Thus we have Gaussian decay, where throughout this paper we say that

a function decays (in time) like a Gaussian if it can be bounded by a constant times the heat kernel

L exp(—ﬁ—zt); in particular, the terms Gaussian or Gaussian profiles will always refer to functions of

VAart R
1 X
the form Tama exp(—zg)-

For perturbations that induce a global phase shift (b), that is, for qo(x) = ko and ¢_ # ¢, but with
|pdl := |9+ — ¢—| small, we establish diffusive decay of wave-number perturbations. Specifically, the
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Fig. 1. The panels illustrate different types of diffusive behavior in the frame that moves with the speed of the group velocity cg.
(a) Localized perturbations of wave trains decay diffusively like Gaussians. (b1) If @” = 0, then phase fronts develop when
¢_ # ¢, and the wave-number perturbation (i.e., the derivative of the phase plotted in (b1)) decays diffusively like a Gaussian.
(b2) If w” # 0, then phase fronts develop, and the wave-number perturbation decays as determined by the Burgers equation.
(c) Shown is the expected formal diffusive mixing of wave-number fronts in case @” = 0. Solid and dashed lines indicate

solutions at t =0 and for t > 1, respectively, while the small solid curves in (b1)-(b2) indicate the amplitude-scaled spatially
periodic wave train to visualize the phase shifts.

renormalized wave number converges to a Gaussian profile when w” (ko) = 0, while it converges to
a nonsymmetric non-Gaussian profile when w” (ko) # 0. This latter case is the major result of this
paper.

The case (c) where qo(x) — k+ as x — too with k_ # k4 is more difficult and depends crucially
on the sign of w”(kg). If " (ko) # 0, diffusive mixing of the local wave number cannot be expected:
instead, depending on the sign of @”(kg)(ks+ — k_), we expect that q(x,t) evolves either as a stable
viscous shock or as an approximate rarefaction wave [3]. If @” (ko) = 0, nonlinear diffusive mixing can
be expected, but, for some technical issues that we explain below, a rigorous proof remains open and
is left for future research.

The proof of diffusive mixing of phases of wave trains in systems with no S!-symmetry has re-
sisted many attempts. With the rigorous separation of the phase variable ¢ from remaining modes
found in [3], a new technique is now available to treat this question. This method combined with the
renormalization group method [1,2], which has been applied for instance in [15,17,4,6,18,19] to a va-
riety of pattern-forming and hydrodynamic systems, finally yields our results. Diffusive mixing results
for the real Ginzburg-Landau equation, which has a natural decomposition into phase and amplitude
variables due to its gauge symmetry, have been obtained for instance in [1,5].

The results in this paper were presented by the last author at the Snowbird meeting in 2007.

Meanwhile, similar results on the diffusive stability of wave trains have been established in [9,7,8]
using pointwise estimates.
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Notation. Throughout this paper, we denote many different constants that are independent of the
Burgers parameters «, f and the rescaling parameter L > 0 by the same symbol C. For m{,my € N,
we define the weighted spaces H™(m;) = {u € L%(R): lull gma gmyy < oo} with norm |[ull ymy m,) =
llup™ || yma ), Where p(x) = (14 x*1/2 and H™(R) is the Sobolev space of functions with weak
derivatives up to order my in L(R). With an abuse of notation, we sometimes write |[u(x, t)||ym, (m1)
for the H™(my)-norm of the function x + u(x,t). The Fourier transform is denoted by F so that
uk) := Fu)k) = % fe‘“‘"u(x) dx for u € L2(R). Parseval's identity and F(dxu)(k) = ikii(k) imply
that F is an isomorphism between H™2(m;) and H™ (my), that is, the weight in physical space
yields smoothness in Fourier space and vice versa. To indicate functions in Fourier space, we also
write &t € A™ (my) instead of &t € H™ (my).

2. Statement of results
2.1. Wave trains and their dispersion relations

We assume that there are numbers kg # 0 and wp € R such that (1.2) has a solution of the form
u(x, t) = ug(kox — wot), where ug(#) is 27 -periodic in its argument. Thus, ug is a 277 -periodic solution
of the boundary-value problem

k*Dogu + wdgu + f(u) =0 (2.1)

with k =ko and w = wyg. Linearizing (2.1) at ug yields the linear operator
Lo = L(ko) =k§DdF + wode + ' (uo(0)), (2.2)
which is closed and densely defined on L2..(0,27) with domain D(Lo) = H

- 5er(0,277). We assume

that A =0 is a simple eigenvalue of £y on Lger(o, 27), so that its null space is one-dimensional and
therefore spanned by the derivative dyug of the wave train.

We may now vary the parameter k in (2.1) near k = ko and again seek 27 -periodic solutions
of (2.1). The derivative of the boundary-value problem (2.1) with respect to w, evaluated at k = ko in
the solution uyg, is given by dyug. Since A =0 is a simple eigenvalue of £y on Lger(O, 27), we see that
dpup does not lie in the range of Lo, and the linearization of the boundary-value problem (2.1) with
respect to (u,w) is therefore onto. Thus, exploiting the translation symmetry of (2.1) we can solve
(2.1) uniquely, up to translations in 6, for (u, w) as functions of k and obtain the wave trains

u(x,t) =ug(kx — w(k)t; k), ke (ki k), (2.3)
where w(kg) = wo and k; < kg < kr. In particular, wave trains exist for wave numbers k in an open
interval centered around kg. We call the function k — w(k) the nonlinear dispersion relation and

define the phase speed of the wave train with wave number k by ¢, := w(k)/k and its group velocity
by

dw
Cg = @(k)' (2.4)

To state our assumptions on the spectral stability of the wave train ug as a solution to the reaction-
diffusion system (1.2), we consider the linearization

oV =LoV (2.5)

of (1.2) in the frame 6 = kox — wot that moves with the phase speed ¢, = wo/ko. Particular solutions
to this problem can be found through the Bloch-wave ansatz

u(d,t) = e OrHi/kog g g, (2.6)
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where ¢ € R and (8, ¢) is 2 -periodic in 6 for each £. In fact, since ¥ (3, £ + ko) = el? ¥(¢, £), we can
restrict £ to the interval [—ko/2, ko/2). Substituting (2.6) into (2.5), we obtain

LWV =107V (2.7)

with a family of operators £ given by
L7 = e 0/kog(el/koy (g, 0)) = k3D (8 +i€/ko)* T + w(dp +i€/ko)V + f'(uo(8))¥, (2.8)

each of which is a closed operator on Lf)er(O, 27) with dense domain ngr(o, 27). In particular, £(£)

has compact resolvent, and its spectrum is therefore discrete. We can label the eigenvalues of £(¢)
by indices j € N and write them as continuous functions A;(¢) of £. In addition, we can order these
eigenvalues so that ReXj;1(0) <Rex;(0) for all j. In fact, the curves £ — A;(¢) are analytic except
possibly near a discrete set of values of £ where the values of two or more curves 1;(¢) for different
indices j coincide.

Next, we assume that A1(0) is the rightmost element in the spectrum for £ = 0. Since we assumed
that A =0 is algebraically simple as an eigenvalue of £, there is a curve 1q(£) of eigenvalues with
A1(0) =0, and this curve is analytic in ¢ for £ close to zero. We call the curve Aq(¢) the linear
dispersion relation and denote the associated eigenfunctions of L) by v1(0, £). We shall compute
the derivative di1/d¢ and recover the group velocity as defined via the nonlinear dispersion relation,
namely

—ImogAile=0 = —Cp + (ko) = —Cp + Cg. (2.9)

We remark that the phase velocity ¢, appears in this formula solely because we computed A; in the
frame moving with speed cp, while @ was computed in the steady frame. We also note that the signs
of the second derivatives of A1 and w are, in general, not related. Finally, we assume that Re1/(0) <0
and that all other eigenvalues X ;(£) satisfy Re;(£) < —og. The following hypothesis summarizes the
assumptions we made so far.

Hypothesis 2.1 (Existence of spectrally stable wave trains). Eq. (1.2) admits a spectrally stable wave-train
solution u(x,t) = ug(f) with 6 = kox — wot for appropriate numbers ko # 0 and wg € R, where ug is
2m -periodic. Spectral stability entails the following properties. First, the linearization Lo of (1.2) about
up has a simple eigenvalue at A = 0. Furthermore, the linear dispersion relation Aq(¢£) with 11(0) =0
is dissipative so that 1{(0) < 0, and there exist constants o, £o, @ > 0 such that Rei;(£) < —og
for [¢] > £p and Reiq(£) < —agl? for |£] < £o, while all other eigenvalues Aj(£) with j > 2 have
ReA;(£) < —op for all £ € [—k/2,k/2).

Standard perturbation theory yields that the wave trains ug(kx —w(k)t; k) are also spectrally stable,
possibly for a smaller interval k; < k; < k < k; < k; of wave numbers than the interval of existence. By
changing k;, k; accordingly, we shall assume from now on that the wave trains ug(-; k) with k € (k;, k)
are spectrally stable with uniform constants £¢g, og, ®g.

For later use, we collect a few properties of the linear dispersion relation and refer to [3, §4.2] for
their derivation. We denote by

Laqu =k2D2u — wodgu + f'(uo(0)) u

the Lf,er((O, 2m))-adjoint of Lo = L(ko) and let u,q be a nontrivial function in its null space with the
normalization

(Uad, dpU0)12(0 27y = 1- (2.10)
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Using the adjoint eigenfunction, we have
X1 (0) = i(uaq, cpdptio + 2koDdZ o), = i(cp — ¢g) €iR, (211)
)L/{(O) = —(uad, 4koDokdguo + 2Ddpup) 2 € R. (212)

We shall also use the identity

9¢v1(-,0) = idkug (213)
that was established in [3, §4.2].
2.2. Statement of results

Throughout this section, we fix the wave number kg of a wave train ug(kox — wot; ko) of the
reaction-diffusion system (1.2) that satisfies Hypothesis 2.1. We then set

1
wo = w(ko), cp = wo/ko, cg = o' (ko), B Z—Ew”(ko), 0 =kox — wot
and write

A () =i(cp —cg)l — al® + O(63) (2.14)

for the expansion of the linear dispersion relation of ug(-; ko). For convenience henceforth we write
k = ko. Before we state our result, we remark that the decomposition of the initial data that we shall
use below in the statements of our theorems is not unique. This non-uniqueness will be removed in
the proofs but does not affect the conclusions made in the results below.

Our first result states that ug is diffusively stable with respect to localized perturbations and ex-
tracts the leading-order behavior of the displacement for large times. For notational convenience, in
the following we consider initial conditions at t = 1.

Theorem 1 (Diffusive stability). Let ug(-; k) be a spectrally stable wave train that satisfies Hypothesis 2.1 and
pick b € (0, 1/2); then there are €, C > 0 such that the following holds. If, for some 6 € [0, 27r),

ux, t)|e=1 =uo (0 — o + do(X): k) + vo(x) with lgolly3(3). IVolly23) < &, (215)
then the solution u(x, t) of (1.2) exists for all times t > 1, it can be written as
u(x,t) =ug(0 — o + ¢ (x,t); k) + v(x,t),
and there is a constant ¢jim € R depending only on the initial condition so that

sup|@ (x,t) — ¢imG (x — cg(t — 1), t)| + |[v(x, 0)| < Ce 1P, (2.16)
xeR

where

1
G, t) = ﬁe_xz/ (dat) (217)



B. Sandstede et al. / ]. Differential Equations 252 (2012) 3541-3574 3547

In particular, we have

suplu(x, t) — uo(6 — 6o + dimG (x — cg(t — 1),t); k)| < Cyt b,
xeR

Next, we discuss diffusive mixing of phases for non-localized phase perturbations. In this situation,
the precise asymptotics of perturbations depends on g = —%a)”(k).

Theorem 2 (Diffusive mixing of phases). Let uo(-; k) be a spectrally stable wave train that satisfies Hypothe-
sis 2.1 and pick b € (0, 1/2); then there are constants &, C > 0 such that the following holds.

(i) Assume that 8 = —%a)“(k) =0and u(x,t)|i=1 = U@ — Oy + Po(x); k) + vo(x) with ¢o(x) — ¢+ for
X — £00, |pa| = ¢+ — ¢_| < &, and

H(p([)()HHZ(Z)’ ”VO”HZ(Z) <8. (218)
Then the solution u(x, t) to (1.2) exists for all t > 1, and can be written as
ux,t) =ug(6 — 6o +¢* (x — cg(t — 1), t); k) +v(x, 1),

where
OF(x, ) = p_ + (P4 — ¢p_) erf(x//at), with erf(x) = \/%_/ e/4de  (219)

and sup,cg |V(x, t)| < Ct~1/2+b,
(ii) The same result holds if B = — %a)” (k) # 0, with ¢* (x, t) replaced by

o*(x,t) = %ln(l +zerf(x/\/07)), In1+2)=¢+ —¢_. (2.20)

Remark 2.2. Clearly, the decompositions (2.15) and (2.18) are not unique. For instance, ¢y =0 would
be one possibility in (2.15), but we may shift perturbations between ¢g and vg. In the proof we shall
fix this non-uniqueness via mode filters.

The higher weight in the initial conditions in Theorem 1 vs. 2 is due to the fact that in Theorem 1
we want to extract higher-order asymptotics, i.e., faster decay. The asymptotic phase-profiles in (2.17),
(2.19) and (2.20) only depend on k via o from (2.14) (and on B for (2.20)). In particular, they are
independent of the phase speed c, and therefore are formulated in x and t.

Remark 2.3. Formally, we may as well describe the diffusive mixing of wave numbers in case @” =0,
see Remark 2.7. However, then the rigorous separation of the (then unbounded) phase, see Section 3,
becomes more difficult. Therefore, we will not consider this case here.
2.3. The idea

The translation invariance of (1.2) and the fact that by assumption we have periodic wave trains

ug(0; k) for wave numbers k in a whole interval (k;, k;) suggest to consider initial conditions for (1.2)
of the form

|uic(®) — uo(keX + ¢1: ks)| > 0 asx— +oo. (2.21)
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The behavior of the corresponding solutions can be discussed formally if we assume that the initial
phase shift ¢4 — ¢_ or the initial wave number shift g, — q_ happens on a long spatial scale. We
make the ansatz

u(x,t) = ug(kox — wot + @ (X, T); ko + 89x P (X, T)) (2.22)

where 0 < 8 « 1 is a small perturbation parameter that determines the length scale over which the
wave number is modulated by the function dx®, and where X and T are long spatial and temporal
scales. Plugging (2.22) into (1.2) and comparing equal powers in § it turns out (see [3, §4.3]) that

(X, T) = (8(x — cgt), 8%t), where cg = o' (k), (2.23)

are the correct spatial and temporal scales, and that q(X, T) := dx® (X, T) should satisfy the Burgers
equation

1 1
orq=adzq+pix(¢°), @=-51{(0), f=—-0" (), (224)
while the phase @ (X, T) itself satisfies the integrated Burgers equation
D =adzd + B(0xP)>. (2.25)

Note again that in case § = 0 (Theorem 2(i)) (2.24) resp. (2.25) are the linear diffusion equations.

Two questions arise: (a) What do we (formally) learn from (2.24) resp. (2.25)? (b) In what sense,
i.e. in what spaces and over what time scales, do solutions of (2.24) via (2.22) approximate solutions
of (1.2), and can we give rigorous proofs for that?

To answer (a) we briefly review some well-known results about dynamics and stability in the
Burgers equation in the following section. With this in mind we turn to (b). One way to translate
the formal analysis into rigorous results is to give estimates for the difference between the formal
approximation

Uapprox (%, t) = UO(O +D(X,T;8);k+80xP(X, T; 5))

and a true solution u(x,t) of (1.2), on sufficiently long time scales. In [3] this has been achieved for
a variety of cases using a separation of the critical mode (the phase mode) from the exponentially
damped remaining modes by Bloch wave analysis. Here, for special initial data we obtain the diffu-
sive stability results and the mixing results from Theorems 1 and 2. The proofs heavily rely on the
coordinates from [3], which are introduced in Section 3.

2.4. Dynamics in the perturbed Burgers equation

In the spectrally stable case the amplitude equation for long wave modulations of the local wave
number is given by the Burgers equation. For given classes of initial conditions the behavior of
solutions of the Burgers equation is well understood, and, moreover, this behavior is stable under per-
turbations of the Burgers equation. Thus, before proving our results for (1.2) with initial data (2.21)
we briefly review some well-known results about the (perturbed) Burgers equation, cf. [2,11] and [19,
Section 3]. This also motivates the ideas and methods of the proof. To keep track of @ and B8 we do
not rescale (2.24) to the standard form d;q = 8§q + 0¢ ).

The Burgers equation (2.24) has Galilean invariance: if q solves (2.24), then v = q + ¢ solves
arv = aa)z(v —2cBdxVv + Bdx(v)? which can be transformed back to (2.24) via X — X + 2cAT. Thus,
concerning the stability of constant solutions of (2.24) we can restrict to g =0.
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We add a higher-order perturbation in the form of a total derivative to (2.24) and for notational
convenience we take initial conditions at time T = 1. Thus we consider

arq=adzq+ Box(q®) + yaxh(@. 9xq), glr=1=qo. (2.26)

where for simplicity h(a, b) = a'h% is a monomial. For ¥ = 0 we again have the Burgers equation.
The perturbation is assumed to be of higher order. To make this precise we define the degree

dp=di+2d, —3, andassumethat d, <1 and d,>0. (2.27)

The mean qu(X ,T)dX is conserved also by the perturbed Burgers equation (2.26). Diffusive sta-
bility of ¢ =0 in (2.26) is based on the fact that solutions to the linear diffusion equation in Fourier
space concentrate at wave number k = 0. Roughly speaking, for initial data in L!(R) that decay like
|X|~", the solutions of drq = ad2q fulfill

n—1
qX.T) =Y T~UV240 ) H;(X/VT) + 0(T™?) for T — oo, (2.28)
j=0

where Hj is a multiple of the (scaled) jth Hermite function H(x) = (—1)13,{ exp(—x?/(4a)).
Thus, if §o(0) = 5= [z qo(X)dX # 0 then |ig(-, T) |1~ < CT~V/2|igol|;1, while for §(0) =0 we have
lg(, T|lree < CT‘1||q0||L1. In the second case it turns out that solutions to the nonlinear equation
(2.26) with zero mean have the same asymptotics as solutions to the linearization with zero mean.
Thus, both nonlinear terms Bdx(q%) and ydxh(q, dxq) are called asymptotically irrelevant.

For §(0) # 0 only ydxh(q, dxq) is irrelevant, and there is a nonlinear correction to the dynamics
for (2.26) compared to (2.28). To derive this we use the Cole-Hopf transformation

vaX Ja
a Y, T
Q(X,T)ZEXP<§ / Q(Y,T)dY>, q(X,T):?a%, Y =X/Va,

which transforms (2.26) with y = 0 into the linear heat equation drQ = 8)2(Q, Q|r=1 = Qq, with
limyx_ o Qo(X)=1 and limx_ Qo(X)=1+2z>0, i.e.

oo

In1+2)= g / qY,1)dy.

—0o0

Since limr_ o0 Q (v/TX, T) =1+ z erf(X) + O(1/+/T) we find that the solution q to the Burgers equa-
tion (2.26) with y = 0 satisfies

Jim VTqWTX,T) = %% In(1 + zerf(X/va)) = f£(X), (2.29)

with rate O(1/+/T). Therefore, if g # 0, then the renormalized solutions converge toward a non-
Gaussian limit f}(X). Again, the same behavior can be shown for (2.26) with y # 0. We summarize
these results as follows:

Proposition 2.4. For each b € (0, 1/2), there exist C1, C2, To > 0 such that for solutions q of the perturbed
Burgers equation (2.26) the following holds.
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(i) Assume that ||qoll 23y < C1 and ffooo qo(X)dX = 0. Then there exists a qjjm € R such that

_x2 _1
[Ta(V/TX, T) = qimXe X /2| o 5 < T2, (2.30)

Thus, q(X, T) |1 < C2T~2* and [|q(X, T) || < C; TP,
(ii) Assume that A = ffooo qo(X)dX #0, 8 =0, and ||qoll 22y < C1. Then

< CT 3, (2.31)

A 2
TV2q(WTX, T) — ———=e X"/t4®)
H v H2(2)

4o

and consequently ||q(X, T) || < C2T~1/2.
(iii) Assume that A = f_°°oo qo(X)dX #0, B #0, and |Iqoll 22y < C1. Then

—X%/a
TV2g(TV2X, T) — f5(X < CT™ V24P where f(X) = v ze ,
IT"%a( ) = fi( )HH2(2> 2 f20 B/Amr 1+ zerf(X//a)

(2.32)
andIn(1+2) = gffooo qo(Y) dY. In particular, again ||q(X, T) ||~ < C2T~1/2.

Remark 2.5. (a) By translation invariance of (2.26), we can replace qo in Proposition 2.4 by qo(- — Xp)
for some Xg € R and obtain the corresponding results for q(X — Xg, T); w.l.o.g. we set Xo =0.

(b) The higher weight for q¢ in Proposition 2.4(i) compared to (ii), (iii) is due to the fact that we
want to isolate higher-order asymptotics (with faster decay). For this we need F(qo) € H3(2) — C2.

(c) The profiles in (ii), (iii) are explicitly given in terms of A due to the conservation of [ qdx, ie.,
since the right-hand side of (2.26) is a total derivative. On the other hand, the constant qji, in (i) in
general depends on qp in a complicated way.

(d) The local phase @, which is related to the wave number q by q = dx ®, satisfies the (perturbed)
integrated Burgers equation

Ir® = adx® + PxP)* + yh(3x®,03®), @(X,1) = Do(X). (2.33)

For (2.33) there exist Cq, C3 > 0 such that we have the following asymptotics.
(1) If [P0l 33y < C1 then there exists a ¢iim = —2aqjim € R such that

_x2 _
[TV2@(VTX, T) — drime %" /4 |33y < C2T 1/2+4b, (2.34)

Thus, the renormalized phase converges toward a Gaussian.
(i) If =0 and @o(X) > P as X — oo with [@, — d_| <y and || ®g]|y2(y) < C1, then

|@(VTX. T) = &*(X)|| ;3 < CaT V2P

(@)

where @*(X) =®_ + (P4 — &_)erf(X/ /).
(iii) If B #0 and @p(X) - @+ as X — too with |@, — P_| < Cq and ||¢6||H2(2) < Cq, then

|@VTX, T) - @5(X) Iy < C,T1/2+b

where ®F(X) =d_ + % In(1 + zerf(X/4/@)), In(1+2) = g(qfur — ).
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Remark 2.6. We briefly want to explain the reason for (2.27) and the idea of (discrete) renormaliza-
tion. If /' qo(X)dX #0, then, for L > 1 chosen sufficiently large, we let

an(&, 1) =L"q(L"E, L*"7). (2.35)
Then g, satisfies
0cqn = aagzqn + B0 (q%) + VLinaé‘hn(Qn, 0gqn), (2.36)
with
M (Gn. Beqn) = L~ 292 =3mg0 (9,2, (237)

where d, = dy + 2d; — 3 > 0 due to (2.27). Next, solving drq = d2q + Bax(v?) + ydxh(q, dxq) for
T €[1, 00) is equivalent to iterating the renormalization process

solve (2.36) for T € [L™2, 1] with initial data g, (&, L %) = Lgn_1(LE, 1) € X, (2.38)

where X is a suitable Banach space. Since (formally) L™"9¢h, in (2.36) goes to zero, in the limit
n — oo we recover the linear diffusion equation (if 8 = 0) respectively the Burgers equation (if 8 # 0)
for gn, with the known asymptotics (2.28) respectively (2.29). Similarly, if ['godX =0, then we scale

qn(€.7T) =L1*"q(L"¢, L*"1), (2.39)

and (independent of whether 8 is zero or not) end up with the linear diffusion equation in the
respective renormalization process. To make this rigorous we need a suitable Banach spaces X and
rigorous control of the iterative process (2.38), and again we refer to [2] and [19, Section 3] for
details. However, two observations are most important. (a) In (2.37) we see that each derivative in x
gives an additional L~! in the rescaling. (b) The diffusive spreading in physical space corresponds to
concentration at k¥ =0 in Fourier space according to F(Lu(L-))(k) = ti(«/L). Thus, for the linear part,
only the parabolic shape of the spectrum A(k) = —ak? of aa,% near k =0 is relevant.

Remark 2.7. If qo(X) — g+ for X — %00, then q(v/TX,T) = QZ(X) + O(T~Y2) as T — oo for the
solutions of qr = aa)%q, where Q4 (X) =q- + (q+ — q-) erf(X/+/). Thus we have diffusive mixing of
the wave numbers. Then, for § =0 and for suitable qg, we have the asymptotics

aVTX, T)=Q*(X)+O(T™?) asT — oo (2.40)

for (2.26), where [Q*(X) — QF(X)| < Ce=X*/4 ie., we have essentially the same asymptotics as in the
linear case, with a small localized correction, see [2]. On the other hand, for 8 # 0 a front is created,
see [3]. However, here we do not further comment on this case since below we focus on diffusive
mixing of phases.

3. The separation of the wave numbers
3.1. The ansatz
Only special systems such as the cGL have an S'-symmetry and therefore a natural decomposition

into amplitude and phase. Hence, the first step is to extract from a general reaction-diffusion system
an equation for the phase, and then out of this for the wave number. We follow the formal derivation
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made in [3] which uses a multi-scale expansion which however we cannot assume a priori. Thus,
here we proceed as follows for the reaction-diffusion system (1.2). As above we change coordinates
via 0 = kx — wt, and obtain
du =k*DdZu + wdgu + f(u). (3.1)
A stationary wave train ug(@; k) of (3.1) with period 27 satisfies
k*Ddug + wdguip + f(ug) =0. (3.2)
Given a smooth phase function ¢ (¥, t) we seek solutions of the form
u(@,t) =uop(; k(1+dpp (9, 1)) + w(@, 1), (3.3)
where the phase ¢ (¥, t) and the coordinates 6 and ¢ are related by
0 =1 — (1) (3.4)
Roughly speaking we require that dy¢ is small, uniformly in ¢, and that ¢ (¢, t) is close to the asymp-
totic profile we want to extract. Still, (3.3) adds an additional degree of freedom by introducing ¢;

we later add additional conditions on ¢ and w, via mode filters, to remove this additional degree of
freedom again.

Remark 3.1. It might seem more natural to make the ansatz
u(@,t)=uo(0 +¢©®,): k(14 396, 0)) + w(®,t) (3.5)

instead of (3.3). However, we need to be able to relate the dynamics of u(#, t) back to properties of
the wave train ug(@; k). Thus, we would need to express u(6,t) in terms of 4 =60 + ¢(6,1t), i.e,,

Uo(0 + ¢ @, 0); k(1 + 39 (8, 0))) > ug(9: k(1 + g (09, 1), £)))

which involves the inverse 6 (%3, t) of the function ¥ =6+ ¢ (6, t). The occurrence of this inverse would
have made the forthcoming analysis much more complicated.

Remark 3.2. Suppose that we found a phase function ¢ (¥, t) with small derivative dy¢ (¢,t) so that

(3.3) satisfies (3.1). Using the implicit function theorem, we can then, a posteriori, solve (3.4) for ¢ as
a function of & which is of the form ¥ =6 + ¢ (0, t), where

$6,0) =@, 0)=(6 +$(®,0),t).
In particular, we see that
uo(9: k(1 + 39 (0, 0))) =uo(6 +¢(0 + (0, 1), 1): k(1+ 398 (6 + $(6. 1), 1))) (3.6)
and
d . . .
@qs(e +¢0,0),t) = (14090, 1))dd (0 + ¢, 1), 1)

= 9 (0 + 0, 0),£) + O(|3s (6 + G0, 1), 1) ).

thus, to leading order, the solution (3.6) is of the desired form (3.5) with ¢ (0, t) replaced by ¢ (6 +
$0,1),0).
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We now substitute the ansatz (3.3) into (3.1) and derive the resulting PDE in ¢. We use the
notation

ul = uo(9: k(1 +39¢)),  jul := Bjuo)? := Bjuo) (9: k(1 + d94)), j=0,k. (3.7)
Assuming that dy¢ is small, we obtain

o 1 o —o¢
do ~ 1—03y¢’ dt ~ 1—09y¢’

d 1 d @2 (1 dy
do ~ 1—dgp do’ do2  \1—dy¢ dv )’

and therefore

du 1 s kdzo
— = oyl Ielp ,
40~ Ty M0 T 75,4 %Mo
Cu_( 1 d ke AN,
do? 1—39pdd 1—03¢dk/)
du  —dd . 4 35 pord 6
— = 9 k(- 3909 | s,
dt = Ty Mo T\ T, T 000 )l
and
dw 9w 9w dw 1 9w Pw 1 d\°
dt — ot 90 1—0y¢ do ~ 1—093¢ 00’ do2 ~ \1- 093¢ dv
Thus
0r ¢ ¢ 2, O ¢ t
- dgud —k( o —390rp |0 dw — )
1= oy 740 <(1’¢1—30¢ 0 |Oktlg + kW T—ay92Y

2 2
=KD LI kijo o e (——2 ) w
T—dgpov  1—ogpok) © \1—ay0p a0

+o (8pud +k(326) Bkl + 9 w)

1
1—-0s¢
— (K*Dd3ug — wdyuo + f(uo)) + f(ul +w) (38)

where we used (3.2) in the last equation.

Our goal is to separate the critical modes, which involve the dynamics of ¢, from the damped
noncritical modes using the eigenfunctions of the linearization L(k). This is done via Bloch waves
which we introduce next.

3.2. Bloch wave analysis
Bloch wave transform J is a generalization of Fourier transform F. We briefly review the main

properties and refer to [12,17,13,3] for proofs and further details. From now on we use a slightly
rescaled Fourier transform, namely
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o0 o0
R 1 ; N ; R
W) =FWO) = / e Wkwwydy,  w@)=(F W)W = / e/ (e) de,
—00 —00
(3.9)
and thus, denoting the classical Fourier transform (where k =1) by 7,
1 . 1A
(Fw) () = E(]—Hw)((/k) and (FW)(®) = (F; 'W)@/k). (3.10)
Then, for sufficiently smooth and rapidly enough decaying functions w, we have
y pidly g ying
00 k/2
(T7'W) @) :=w®) = / My de=Y" / eIk (¢ + jk) de
—o0 jeZik/2
k/2 k/2
= / eiw/k[Zerfv(ﬁ + jk)] de = / ek (9, 0) de (3.11)
—k/2 JjeZ —k/2
where
W@, 0) = (Tw)(®, 0= eWwE+ jk. (3.12)
JjezZ

Similar to the Fourier transform, the Bloch transform can be defined for tempered distributions. By
construction,

W@ +27,0)=w®, 0 and W, L+k) =e’Ww®,0), (3.13)
such that we can restrict ourselves to ¢ € [—k/2,k/2). The Bloch transform of the product of two
functions wq and wy in ©¥-space is given by the convolution

k/2
Jlw - wa](@, ) = [wy * W] (9, £) = / W19, € — D)Wy, £ dl (3.14)
—k/2
of their Bloch transforms W and W in Bloch space, where (3.13) is used for |¢ — £| > k/2. The
analytic properties of the Bloch transform are based on a generalization of Parseval’s identity

o) 2 k/2

/\u(ﬁ)yzdﬁzsz f i, )| dedv.

~o0 0 —k/2

As a consequence, Bloch wave transform is an isomorphism between H™2(m1), and the space B™ (my)
of functions (19, £) that are 27 -periodic w.r.t. %, satisfy (3.13), and whose norm

m 2 k/2

18]l g1 gmyy = Y Z/ / laJal i, o) dedy
j=01i=09 i,

is finite. We now collect a few more properties; see, e.g., [17] or [3, §5.2] for more details and proofs.
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Remark 3.3. (a) If wq(¥%) is 2w -periodic in ¥ and the support of the Fourier transform w, of a
complex-valued function wy(#) lies in (—1/2,1/2), then we have

TIwiw2](@, £) = w1 (P) w2 (0). (3.15)

Due to (3.15) Bloch transform is useful to analyze differential operators with spatially-periodic coeffi-
cients, which in Bloch space become multiplication operators.

(b) Since we are interested in functions which do not necessarily decay to zero at infinity, we
employ a method already used in [14] to extend multiplication operators from the space L2 of square-
integrable functions to the space Lﬁl of uniformly locally square-integrable functions equipped with

the norm ||Ll||L2] = SUPyeRr f;‘“ lu(y)|?dy. We recall that

Hm

m={usR— R Jully = lullam i) < 00 with Yim ot — Tyl — o]

where [Tyu](x) =u(x+ y). Now let m,s € Z with m+s >0 and m > 0, and consider a function

MR — L(Hpet*(0,27), Hpp (0, 277)), £+ M(L)

per

which is C? in the Bloch wave number ¢. Then M defines a bounded operator M : HF — H™ with

Mg gmss amy < CQm N (i s2.k20, LIS (3.16)

per per

Clearly, this can be extended to multi-linear operators.

3.3. Mode filters, and separation into critical and noncritical modes

Our goal is to separate the dynamics of the eigenmodes v (%%, £) associated with the critical eigen-
values A1 (¢) from the remaining modes, which are linearly exponentially damped and therefore called
noncritical. We use mode filters to obtain this splitting.

Due to Hypothesis 2.1 there exists a number ¢; with 0 < ¢; « 1 so that the eigenvalue r1(0) of
£(¢) is bounded away from the rest of the spectrum for |¢| < ¢;. Therefore, there exists an £(£)-
invariant projection

- 1 < -1
‘WO=—|[r-L di
Q=5 [~ L]
r
onto the space spanned by V(s £), where I C C is a small circle that surrounds Aq(£) counter-

clockwise in the complex plane and does not intersect the rest of the spectrum of L£(¢) for this
fixed ¢. For £ =0 we have

QEO)7(-, 0) = (uad, V)1 (-, 0,
and similarly Q€(¢) can be expressed by using the scalar product with the adjoint ii4q(-, £) in Bloch

space.
We choose a nonincreasing (for £ > 0) C§°-cutoff function x :R — [0, 1] with

1 forlel<1,
x(ﬁ)—{o for [¢] > 2. (3.17)

and define
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~c ~ ¢ 4¢ - ~c a0
P =Q (E)x(a), P )=1-0 (g)x(a),

<0 ~ . 8¢ ~o ~ e 8¢
PLe(6)=Q ()% (a), Poe(6):=1-Q(0)x <E>’

and

pe 5¢ 2t 55 - 16¢
PT(=Q (€)X<Z>, Ps(0):=1-Q (z)X<Z),

These operators commute for each fixed ¢ and satisfy

(1-PY)Pg,=0=(1—PL)PS;,  (1-P°)P5,=0=(1-P°)P5,,
PE+PR=1,  Phe+Pr=1. (3.18)

We define scalar-valued operators pg (€) and p; .(¢) implicitly by
[P @u]71(, 0 = PEOT,  [pL(@)i]v1(, 0) = PO (319)

Remark 3.3(b) implies that each of the operators above extends to a bounded operator on Hﬁ}“ . The
resulting operators will be denoted by the same letter but with the superscript ~ being dropped.

The mode filters p ; and P} . are now used to separate the critical and noncritical modes in (3.8),
while pf, and P{, are used to limit the Fourier support of the critical modes. We write (3.8) given by

%9 ¢
1— 093¢ 1—0y¢

1 9 ko2 9 \° 1 9\?
=k’D = 97 %) ¢ 9
¢ ((1—aﬁ¢aﬁ+1—a§¢ak> ”0+<1—a§¢aﬁ> W)

ocp
1—0y¢

dy W

dpud — k<a§¢ - aﬂaﬂp) KUY + dew —

o —1819¢> (39u? +k(330)aul + 8y w)

— (2Dd2up — wdyuo + f(uo)) + f(ufh +w), (3.20)
as

[—Bo+ B1(09¢p, ) ]0rdp + 0w = —Lid9p + LW + G (9, W), (3.21)
where

Bodtgp = (dpug — kdylpdy ) o,

[,1‘819(]5 = —ﬁ(k3§¢8]<U0) + ](2D(2319¢8§U() + 8§¢819U()) — w80¢8ﬁu0
=k[L(i99¢d,v1) +kD (20 pd3u0 + 35 uo) — Cpdapdsuo],
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¢ 2 ¢
dpuy O5ddu ®
B1(0p¢p, w)orp = | 0 - ot — k| ———9 dxlUo — 9 09 0
1099, W)3ep (ﬂuo 1—aﬁ¢> ¢ (1_30(]5 e + (ktto — dufy) 3y dep

319W

g (3:22)

and where G contains the remaining terms. In the calculation above, we used that d,v{ = idyug,
see (2.13). The symbol £; is used since in the critical modes 9y L; corresponds to L, see (3.33) below,
i.e., £; resembles an integration of L. Clearly,

B1(d9p, w) = O(|0sp] +wl),  G@ygp, w) =0 (139 ¢|* + [w[?).
Our goal is to replace (3.21) with the system
3 P§Bo¢ = P Lidyp + PB1(d9p, w)dep — PrG(dp g, W),
dw = LW + PSBodrp — P§Lidyd — PS B1(3y, W) + P3G (dgp, W) (3.23)

for (¢, w). Subtracting the first from the second equation and using (3.18), we see that solutions of
(3.23) give solutions of (3.21). Alternatively, we may consider the system

3 pf,Bod = PiLidyd + PreB1(Bsd, W) — pr G (39, W),
dw = Lw + PSBodyp — P Lidyd — PS.B1 (D9, w)deep + PS. .Gy, W) (3.24)

for (¢, w), where the first equation is now scalar-valued. Inspecting (3.19) we see that (3.23) and
(3.24) are equivalent. We shall require that (¢, w) satisfy

supp Flp] C I :={€; x(4¢/t1) =1} (3.25)
and
(1-P)w=0 (3.26)

for all t > 1. Since PS commutes with £, it follows from (3.18) and (3.24) that (3.26) holds for all
t>1 if it is true for t =1.

It remains to check whether (3.25) is respected by (3.24) and to calculate the operator p?SBo to
see whether (3.24) is a proper evolution equation. Due to the properties of the multiplier p¢ ., we
know that

supp F[plye(B1(3s, W)dkep — G(3p, w))| €T

for any sufficiently smooth function ¢. From (3.22) we find that the operators By and 7; have 2m-
periodic coefficients in ¥ and are multipliers in Bloch space which allows us to use Remark 3.3. For
any function ¢ that satisfies (3.25), we then obtain

BS.JBog] = P(OT[Bog1(, ) °=” $() x (4€/61)Q°(0) (dpu0(®) + O(0))

=3O x 4/6)(1 4+ 0©) 1, 0) 2 [(1+ 0€1))$ (@) ]71(9, ©),
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where the O(¢1)-term is a multiplier and [(1 + O(Zl))é] has support in Z. Therefore, using the
definition (3.19) of pg and denoting the operator associated with the O(¢1)-term by B>, we get

PBo¢ = (1+ B2)g (3.27)

for all ¢ that satisfy (3.25), where By has norm |By|| = O(¢1) and respects (3.25), i.e.
supp F[Ba¢] C Z. Since similar arguments apply to the multiplier £;, (3.25) is indeed preserved
by (3.24).

For all (¢, w) for which (d3¢, w) is small and ¢ satisfies (3.25), the first equation of (3.24) can be
written as

-1
o = [1 + By + p:—:nfBl(al?d’s W)] [P?sﬁiaﬂfﬁ - P?nfc(&?d), W)]

Substituting this expression for d;¢ into the second equation of (3.24) for w, we arrive at the system

¢ =[1+ B2+ pSB1(3p . W)]_1 [P§Lids¢ — PG (n e, W], (3.28)
Bew = Lw — PLLidy¢ + P5 Gy, w) + [PLBo — PS.:B1 (39, w)]
.
x [14 Ba + pSeB1(09p, w)] [ p§Lidnd — pSC (B, w)]. (3.29)

Thus we have a splitting of the critical modes ¢ and the noncritical modes w.
3.4. The system for wave numbers and damped modes

We now replace ¢ by ¥ = dy¢ and obtain

8 = p[1+ Ba+ pSyB1 (¥, w)]~ [pS.Liv — pSeG (W, w)], (3.30)
dw =Lw — PLLiY + PG, W) + [PEBo — PiB1 (v, w)]
x [1+ By + p&yeBr (¥, w)]  [pRL1Y — PG, w)], (331)

which we also write in short as
oY =AV+FQY), (3.32)

where V = (, W), A is a linear operator, and F(V) = O(]V|?). We now prove that the spectrum of
the operator

39 (14 B2) "' pS L

near A = 0 is approximately given by the linear dispersion curve A1(£) with the associated eigenmodes
given approximately by the Fourier modes exp(—i¢#/k). This follows from

Li(elV%) = k[ £ ("8, 1) + (kD (282 uo + i(¢/k)dguo) — icpdpuo)e’/¥],

and therefore (pS .7 Li(e*?/%)) () = x (g—f)ik[,\; (0) — i8(2kDdy 8 V1 + dyup) + O(£2)1el?/k Since 1 +
By(£) =1+ O(£) as a multiplier and 9yel¢?/k = i(¢/k)el?/k we find

I (35 (1 + B2) " 'pS e LX) (0) = x (%f) (r1(0) + O(€3))el/k, (333)
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For notational convenience we diagonalize the linear part of (3.30), (3.31) by setting

(5)=s"(0)=(5 D), (334)

where &; € C®°([—k/2,k/2), L(C, H"(T27))) is a multiplier with suppS; C {£1/8 < || < £1/4}. Thus,
v¢ =1 and PSv® =v5, and, by definition,

ST AS =diag (1S, A%), (3.35)

with A¢(¢) = X(?—f)()q(ﬁ) + O?)), cf. (3.33). In these coordinates, (3.32) becomes
dqvE =21V + By LN (Ve v0), (3.36a)
dv® = AV + PYN (v, V), (3.36b)

where N is a smooth nonlinear map from H$+2 X H$+2 into HY} for every m > 1.

3.5. The moving frame

To prove Theorems 1 and 2 we want to set up renormalization processes based on (3.36). For this
we need to remove the O(¢) terms in A1 (£) =i(cp —cg)l — at? + O3). Therefore we define

(ZZ):j‘1<::z) via (gi)(ﬁ,Z,t):ei(CP_Cg)“<g§>(z‘),£,t). (3.37)

QU = Ag (OU + (dy + il/k)pS (N (G, T°), (3.38a)
oti* = Ay (0T + PN (4, ), (3.38b)

This yields

where g (£) = A1(£) — i(cp — cg)¢ and ﬁfg(é) = A(£) —i(cp — cg)L. The factors e*!* drop out of the
nonlinearities since as multipliers they commute with the mode filters and

(ﬁ*z)(E)e*iC“ — ((eica\?)*z)(ﬁ)e’ut — / eic(lfm)tf/(z _ m)eicmtf/(m) dm efith — (‘7*2)@)’
m
and similar for higher power convolutions.

In general, (3.37) does not correspond to a simple transform in #-space. However, if i has the
special form i(t, ¢, %) =& (£, t)g(®¥) then, cf. (3.9),

k/2
v(O,t) = / O/ =g (£, £)g(9) de = ot (D /k + (cp — o)L, £) g()
—k/2
= [a(x —cgt, ) + dpar(x — cgt, )py (9, 1) + h.o.t.]g (). (3.39)

Thus, (3.37) will be responsible for recovering the group speed in Theorems 1 and 2, which motivates
the index g in (3.38). On the other hand, completely transforming (3.36) to a comoving frame would
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make the linear part spatially and temporally periodic, and the subsequent analysis would require
Floquet theory in time and thus be more complicated.
The key features of (3.38) are the following. By construction,

Ag(0) = (M(0) —i(cp — cg)l) = —al? + O(£3). (3.40)

We have
(39 + i/l PSEN (U6 + %) = HON (T, T°), (341)

where [j(€)| = C¢ and N maps H™2(n) x H™2(n) into H*(n) for all s € N. In particular, by the
calculations from [3],

AONC (I, @) = pie(ac) ™ + hot., (3.42)

with g = —%w”(k), and where the higher-order terms h.o.t. are discussed later. The spectrum of ﬂ‘g
is left of Rez < —0p, hence #° is linearly exponentially damped. Thus, heuristically, if for now we
ignore @° and h.o.t. in (3.42), then, as explained in Section 2.4 we have the following situations: in
Theorem 1 and in Theorem 2 case (i) (with @” = 0), corresponding to Proposition 2.4 cases (i) and (ii),
respectively, the whole nonlinearity is irrelevant and we obtain Gaussian diffusive behavior of @i“; for
case (ii) of Theorem 2 (w” # 0), corresponding to Proposition 2.4 case (iii), the dynamics are governed
by the Burgers equation for €.

The (unavoidable) drawbacks of the coordinates (3.38) are their relatively complicated derivation,
and that (3.38) is quasi-linear while the original system (1.2) is semi-linear.

4. The results in Bloch wave space

To prove Theorems 1 and 2, in Section 5 we set up renormalization processes for (3.38) in Bloch
space. For this we need Bloch spaces with regularity and weights in £. Thus we first collect a num-
ber of definitions and basic properties. We recall that H™ (m1) = {u € L>(R): ||u]|gm2 (my) < 00} with
lull gmz gy = Nup™ ||ymz gy, where p(x) = (1 + [x|?)!/2, and that F is an isomorphism between
H™(my) and A™ (m,), where the notation H™ (my) = H™ (my) is used to indicate functions that
live in Fourier space.

Similarly, for L > 0 and my, my, b > 0 define

By (ma, b) := {V € H™ ((—Lk/2, Lk/2), Hpe:((0, 27))): ¥l 3m i, 1) < 00},

~ ~ 2
||V||23’L”1(mz,b>: > > e 3y7)p" Itz 2

asmy fmy

Here p = p(¥), i.e., we introduce a weight in the Bloch wave number ¢, and the subscript L indicates
that the Bloch wave number varies in [—kL/2, kL/2]. For fixed L > 0 the weight p is irrelevant since,

due to the bounded wave number domain, all norms || - ||BT1 (my.by) and || - ||Ban1 (my.by) 2T€ equivalent,

but the constants depend on b1, by and L. The purpose of the weights is to take advantage of the
“derivative structure” of the nonlinearity in the equation for @i, see (3.42), and Lemma 5.2 below.

Let B™ (imy, b) := B;’“ (my,b). Then 7 is an isomorphism between H™2(my) and B™ (imy, b), with
arbitrary b > 0, see, e.g., [17, Lemma 5.4]. We define the scaling operators

RiL:B™(my, b) — B (my,b),  [Ri/¥1(9,€) = (D, £/L).
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Only ¢ is rescaled, and ¢ is not, and similar to (3.37) this does in general not correspond to a simple
rescaling of v. However, note that o = (¢, t) does not depend on ¥, i.e., for i Bloch space is
identified with Fourier space, and in this case we have

I N Ryi) = F U (Rl = LRy, (4.1)
i.e., concentration at £ =0 in Bloch space corresponds to spreading in . Finally,

IR LTl g 5.y < CL V211 lm ). (42)

and, for i1, v eB (m2,0) with my,my >1/2 and £ € (—L/2,L/2),

1/2
Ryt (RL* RLVI(E, X) = / (¢ — Lm, x)v(Lm, x)dm
-1/2
L/2
=L / (¢ —m,x)¥(m, x)dm =: L™ (il %, ¥)(£, x). (4.3)
—L/2

This will be used to express the rescaled nonlinear terms, where henceforth we will drop the subscript
L in X .

To recall the heuristics, as a model for Theorems 1 and 2(i) (in which the nonlinearities are
completely irrelevant), consider the Fourier transformed version of od;u = ozB u, Ui—1 = up, ie.,

3l = —af?ii, which is solved by @i(¢, t) = e~@D2{i(¢, 1. Then, for any ¢ € C, or more specifically

¢ € R since we consider real-valued functions u, fC ) = ce— is a fixed point of the renormalization
map

Wi e @0V R . (4.4)

Moreover, for L > 1 being sufficiently large, this line of fixed points is attractive in H2(2). To see
this, write i(£) = fc(€) + g(£) with g(0) = 0. Then, using |g(£)| < (6/L)||84§\|Cg (by the mean value

theorem) and H2 < C! we obtain
—af?(1-1/1%) =12 <cL Vs 45
e Rl/LgHHz(z) < 18l H22)- (4.5)

Thus, ¥(¢,t) = ii(t~"/2¢,t) > fe(€) as t — oo is the expected scaling for i in Theorem 2(i). The-
orem 2(ii) is also based on (4.4) but we have a nonlinear correction to the asymptotic profile as
explained in Section 2.4.

Similarly, for any c € R, g.(¢) = icte=? s a fixed point of the renormalization map
9(2) = eia[z(li]/Lz)L'RULﬁ, (4.6)

and again this line of fixed points is attractive in H3~(2) N Xo, where Xp consists of functions with
zero mean. For this write ©1(£) = g.(£) + h(¢) with d;h(0) =0 and use |h(£/L)| < (Z/L)2||3£?h||cg and
H3 < C2. Thus, V(£,t) = t120(t~12¢,t) - g.(£) as t — oo is the expected scaling for @i in Theo-
rem 1. The need for ii € C? also explains the higher weight in x in Theorem 1.
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Theorem 3 (Diffusive stability). Let ug(-; k) be a spectrally stable wave train and b € (0, 1/2). There exist
&, C > 0such that if | (@, i) |e=1 | 32y x B3 (2.2) < €1 and U0, 1) = ﬁ S uc(®,1)d® = 0, then the solution
(@i, i1%) to (3.38) exists for all t > 1, and there exists a Y € R such that

Htl/zﬁc(tfl/zg’ t) _ h}“mgeftx(zz ||H3(2) < Ct1/24D, (4.7)

1205 (712, t) <Cce /D, (4.8)

”Bfﬁ(z,z)

Theorem 4 (Diffusive mixing of phases). Let uo(-; k) be a spectrally stable wave train and b € (0, 1/2). There
exist €, C > 0 such that for |¢q4| < € the following holds.

(i) Assur~ne that 8 = —%a)”(k) =0, [T, D2, < & with U°(0,1) = ¢a/Qmk), [0°C, Dllg2p2 < &
and PSus(-, 1) = (-, 1). Then the solution (ui¢, *) to (3.38) exists for all t > 1, and
Ry 86 0) =GO | o ) < CETVZHP, (49)
~ —1/24b
IRy, e, )| B2 <Ct /2+b (4.10)

where i€ (£) = ¢ge=*C.
(ii) If = — %a)” (k) # 0 then the same result holds with i (¢) replaced by

—92/(k%a)
ﬁze—)(@), (411)

s (L :.7-"<—
1 B 1+ zerf(9/vka)
where In(1 4+ 2z) = ggbd.

Before proving Theorems 3 and 4 we show that they imply Theorems 1 and 2.

Proof of Theorem 1. Given initial data in the form (2.15) from Theorem 1, i.e.,

u(x, Ole—o = o (6 — 0 + o(¥); k) + v with lgollyseay. Vol < &

we first need to extract (i€, i%)|;—1 and show that they fulfill the assumptions of Theorem 3. Then
we translate (4.7), (4.8) back into (¢, v) coordinates.

Thus, as explained in Remark 3.2, let u(x, t)|t=1 = tuo(?; k(1 + 99 ¢o)) + wo () with 6 = — ¢ ()
and

wo (D) :=uo(9: k) — uo(: k(14 dy¢o)) + vo(X).

W.lo.g. assume that (1 — P*)wg = 0, otherwise redefine ¢o = p,¢o. This fixes the non-uniqueness

in (2.15). Also, ¢ € H™(3) for all m € N due to the compact support of ¢g, and, with g = dy o,
J from (3.12) and S from (3.34),

(@, @*)],_, = IS~ (Yo, wo) = J (Y0, wo — S1%0) (412)

is well defined and fulfills [|(Z€, &°)|ly32)xB3(2.2) < C1€ and u°(0,1) = ﬁ fuc(®, 1)d® =0.
We now use (4.7), (4.8) to recover Theorem 1. Using (3.10) and ]:f](iee‘“ﬂ)(z?) =

2
— L2 e=9%/(4) we have
Ao 2
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(R U (D, 1) — Ym0 = FARR i (e, 1) — iimbe 20 ] ),

where Yijim = —%ﬁ, and from ¢1 ||| gnmy < |ullgm @y < C21li ]| gnmy We obtain
92 /(4k2 B
”t'Rﬂ/zuc(g’ £) — Yrimde 94/ (4k* o) HH2(3) <Ct 1/24b
Then, with

Y (@, 0) =u(9 +k(cp —cg)t,t) and w(@,t) =Su(9/k+ (cp —co)t, t) +u’ (@, 1)
we obtain, in L*°,
4 S V+k(cp—cg)t
s.0:= [ viends = —% / (—ﬁe—fz/“kza”) d + o)
—00

_ _2t71/2k2I/Ilimaef(l?+k(cp7Cg)t)2/(4ak2t) + O(t’l), (413)

—00

i.e., Glim = —4k2V o3 T Yiim. Also w(,t) = O(t™!) since suppS; C {£1/8 < |¢| < £1/4} and

k/2
/ el/kis (9, ¢, t)de
—k/2

5,0 = L85 ) =

Lo

kt'/2 /2
=12 f el kS (9,67 120, 1) (14 €2) (1 + €2) 2 de
,kt1/2/2

<ct12? ||Rt—1/2fls(', - 1)

Lo©

<ct b, 414
I B22.2) (4.14)

Finally,
D =6— 90 4 ¢(19,, t) -0 — 90 _ zkzt—1/2wlimae—(ﬁ-'rk(('p—Cg)t)z/(40lk2t) + O(t—l)

=0 — 0 — 2Kt Py o XG0/ (1)
using 6 = kx — wt = k(x — cpt) and the implicit function theorem. O
Proof of Theorem 2. First, assume that 8 = 0. As above we write u(x,t)|t—o = ug(¥; k(1 + 99¢0)) +
wo () with wo(?) := ug(®; k) — ug(¥; k(1 4+ dy¢o)) + vo(x), and where now ||¢6(~)||H2(2) < & and
¢o(¥) — ¢+ as ¥ — Foo. Again, w.l.o.g. assume that (1 — P5)wg = 0. Then, for

Yo () = s o(9) = u (D, 1)
we obtain 27kii€(0,1) = fuc(ﬁ, 1) d® = ¢4, and Theorem 4 applies to
(@, @°)|,_, = J87 (Yo. wo) = J (0. wo — S1¥0).

Thus, with ¥ (9, t) = u (@ +k(cp — cg)t, t) and w(,t) = S1u(@ +k(cp — cg)t, t) + u*(9, t) we obtain,
in L°°,
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9 . P+k(cp—cg)t
@D, t) = + / V(O dE =¢_ + (s — ) e 8/ g 4 o(t7)

= ¢_ + (¢4 — ) erf((x — cgt) /VAat) + O(t™1)
and w(®,t) = Ot~ "/2th) as in (4.13) and (4.14) above. Hence
P=0+¢D,0)=0+¢_ + (¢ — ) erf((x — cgt) /Vaat) + O(t71/?)

and by shifting the O(t—1/2)-part to v we obtain part (i) in Theorem 2. Part (ii) with 8 0 works in
the same way. O

5. Renormalization

We first prove Theorem 3; the minor modifications needed to prove Theorem 4(i) are then ex-
plained in Section 5.5, while the changes for the slightly more complicated proof of Theorem 4(ii) are
explained in Section 5.6.

5.1. The rescaled systems

Based on the asserted behavior t1/24¢(t=1/2¢, t) — iyymfe~*%" we introduce, for n e N and L > 1
chosen sufficiently large below, the variables

05k, 7) = LU (i /L", L?"7) = L"[ Ryl (i, L*"T), (51)
50, k, 7) = L"0* (9, k /1", LP"7) = L*[Ry-n0°) (9, &k, L*"T). (5.2)
Then (ui§, ii;,) fulfill
UG, T) — Agn (k)G (e, T) = LN (4§, i) (k, T), (5.3a)
F U5 (0, K, T) — Ag s (9, k., T) = L3NS (U5, 13 (9, &, T), (5.3b)

where
hgn(kK) =L hg(k /L"), Agn=L""Ri-nAgRin,
NE(@@G, a5) = 7(k /L) Rp-a N (L"Rpnl§, L"RnilS),
N3 (@S, u5) = Rp-nPS N (LT"Rpnti§, L Rnlif).

Except for the different scaling due to (0, £) =0, (5.3) has a very similar structure as, e.g., [15,
Eq. (30)] or [18, Eq. (3.2)]. Thus, similar to (2.38), we shall consider the following iteration:

7€ 7 C
solve (5.3) for T € I :=[L™2%, 1] with initial data (g?) (0,6, L7%) =1L (g's’l—l> @, «/L,1).
n n—1
(5.4)

Formally, (5.3) is solved by the variation of constant formula, i.e.



B. Sandstede et al. / ]. Differential Equations 252 (2012) 3541-3574 3565

T

S, 7) = eV Aange (i 1/12) + / T en I 3G 75) (i, 5)ds,  (5.52)
1/12
T

080, k, 1) = eT VAR GS 9 e 1) 4 / eT =9 en [3MARS(0S, 05) (9, k,5)ds. (5.5b)

1/12

However, (5.5) cannot be used to construct the solution since (5.3) is a quasi-linear system, as it
can be seen from N :H™ (mq) x H™(m;) — H™~2(m;) in (3.36). To solve (5.3) we use maximal
regularity methods [10] for parabolic equations in (weighted) Sobolev spaces as in [19]. A posteriori,
(5.5) can then be used to estimate the solutions. Thus, we first note some properties of the linear
semigroups and the nonlinearities in (5.5), and then explain how to obtain local existence for (5.3).

5.2. Estimates on the linear semigroups and the nonlinearities

We shall need some detailed estimates on the linear semigroups and the nonlinear terms in (5.5).
The idea is to exploit the derivative-like structure in the Bloch wave number k of AN/¢ as expressed

in (3.42) by relaxing the weight, and to regain the weight using e(T=kgn, Thus, from this point on,
the weights in ¥k become important.

Lemma 5.1. There exists a C > 0 such that for all L > 1 we have

e e HB?_'n 2 < Cmax{l, (v - )" (56)

[
n ” B3, (2,2-b)’

He(’_f’)/igv”ﬁ < Cmax{1, (z — r’)_mZ/z}e_”‘)LG(’_f) i

(5.7)

n“Bin (2,2) ”an (2-my,2)’

Proof. Eq. (5.6) holds since the real part of Ag (k) = L?"Ag(k /L") = —ak? + O(k3) is bounded from
above by the parabola —agk?, while (5.7) holds since /Ig,n is a relatively bounded perturbation of
L?"(dy + ix /L™)? and by construction has spectrum left of —L?"y,. O

The following lemma transfers the fact that derivatives give higher powers of L~! upon rescaling
to general convolution operators with a “derivative-like” structure.

Lemma 5.2. et my € N, y > 0, and K € C;"' ([=1/2,1/2)*, H*(Ton)) with |K(k — £,0)|y2(7,) <
C(lk — €|+ [€])Y . Then

L2
V, W) — (M1/LK)(\7, w)(k, ) = / [R1/LI~<](K — 0,0, NV (K, )Wk —£,9)de
—L/2

defines a bilinear mapping (My,.K) : B} (2,2) x B]"' (2,2) — B]"' (2, 2), and there exists a C > 0 such that
forall L > 1 we have

5o —min{y,1} 15 ~
||(M1/LK)(V,w)||BTl(2’2_V)<CL ¥ VI 2,2 IWlgm .2

Proof. This holds due to sup, |%| <CL7Y. O
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Lemma 5.3. Let || (i, i) g3, @op SRS There exists a C > 0 such that
g )

L’ ||/\711C(ﬁrcwﬁi)”33(2,1) <CLT"R}. (5.8)

3 "/ . . . . 3 v, _ "/ Y "/
T[:e term L>" N can be split according to the number of ¥ derivatives as L>"N; = an,o —I—./\/ns’1 + an,z such
that

||'/\7:f,i”33(27i,2) < CR%- (5.9)

Proof. We write L3”/\7nc =51 + S2, where, as explained in Section 3.5, the lowest-order term s; in
L3NE @S, s) reads

s1(¢) = L3"ig f—nRH (L"Runii€) ™ (), (5.10)

cf. (3.42). This yields [s1llg3z.1) < CL*”R,% by direct calculation. The remaining terms s, can
be estimated in a similar way using Lemma 52 and taking into account the finite support of
(89 + it/k)pS N (i€ + i) in Fourier space.

This does not work for L3NS (i, ii5). However, here we do not need an additional factor L™,
and (5.9) simply follows by checking the number of derivatives in A and using (4.3). O

5.3. Local existence

Since (3.36) and hence (5.3) is quasi-linear we cannot combine Lemmas 5.1 and 5.3 to directly
show local existence for (5.3) via (5.5). Instead we use maximal regularity theory from [10]. For
I=(t9,71) and r,s >0 let

H™S(I,my) = L*(I, H (my)) N HS (I, L2(my)).
Since (3.36) is a parabolic problem these spaces only occur with s =r/2 and we set K™ (I,my) =
H™2™2/2(my). Then, for any given weight b > 0, Bloch transform is an isomorphism between
K™2 (I, mq) and
K™ (I, my, b) = L*(I, B™ (my, b)) N H™/2(1, B™ (0, b)).

Similarly, for every n, let

K[ (1, ma, b) := Ry/pn K™ (I, ma, b) := L*(I, B}l (m2, b)) N H™/3(1, B]}1 (0, b)),

i.e., the subscript L" again indicates that the Bloch wave number varies in [—kL" /2, kL"/2). From (4.2)
we have

~ b+1/2) 1
IRyl s 1y < CL" 2 1 1, (5:11)

Recall that for each n the weight b in k gives an equivalent norm in I?ffﬁ (I, my, b), but the constants
depend on n. We also need subspaces of functions that vanish sufficiently fast at 7y, and define

oK™ (I, my) := {v e K™(I,my): Hv(,10)=0forjeN, j<my/2— 1/2},

oK (1, ma, b) := {v € K[t (I, ma, b): 33V(.,-,10) =0for jeN, j<my/2—1/2}.
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We set
I=(L721),

and for (IS, ii5)|;_; > € [B3.(2,2)]% construct solutions (ii§, &i$) € [K3. (I, 3,2)]1 to (5.3). Note again
that for ii; we can identify Bloch space with Fourier space such that in fact i € K3(1,2) (in the
Fourier sense) with suppii(t) C I, = {|«| < L"¢1/4}. We abbreviate (5.3) as EnUn = Ny (Up), where
. O, UC (K, T) — dg n (KT (K, T
cnun:< f n(k. T) = Agal ) n(. ) ) (5.12)
A US (9, K, T) — Ag iy (V9,K,T)

and, for my > 2, we first consider the linear inhomogeneous version of (5.3) with zero initial data, i.e.,
LaUn(@) = Na(@), Ny [(Rama =22,  Only_y2=0, (513)

where moreover for the first component N of Ny = (NS, N5) we assume
N eK3(1,2) (inthe Fourier sense), and suppNj(t) C In = {|k| < L"¢1/4}. (5.14)

Lemma 5.4. There exists a C > 0, independent of n € N, such that for all Ny e [okfn(l, my — 2, 2)] which
fulfill (5.14) there exists a unique solution of (5.13) with

||Un||1(3 I,my,2) C”Nn||01(3 (I,my—2,2)" (5.15)

Proof. The first component 9.1 (k, T) — Xg,r,(/c)ﬂf.,(/c, T) =./\7,.f is independent of ¢ and thus can be
solved by the variation of constant formula using (5.6) (with b = 0). For the second component we
use resolvent estimates for the solution of

(h — Ag )il = N3,
There exists a C > 0 such that for my > 2, /\/'5 € B 1(my —2,b) all A e C with ReA >0 we have

+ A"l g (e + A2 7| (5.16)

~S
””n “ By (my.b) 10, b) "1 (my—2.b) B, (O,b))'
Similar to Lemma 5.1 this holds since Ag, is a relatively bounded perturbation of L?*(3y + ix /L")
and by construction has spectrum left of —L?"y. See also [19, Appendix A.2] for an explanation of
how to obtain resolvent estimates in weighted spaces. From (5.16) we obtain (5.15) by continuation
of N for t € R, Laplace transform, and the Paley-Wiener Theorem. In fact, in (5.16) we could choose

X to the right of —L2"yg, but Re A > 0 is enough to show (5.15) with C independent of n. O
We denote the solution operator of (5.13) by gﬁn‘]. To solve the nonlinear problem we write

Up =V, + W, where V, € I?gn (R, 3,2) is a continuation of 0n|r:r2’ which exists due to [10, Theo-
rem 4.2.3]. Then W, fulfills

LoWn=Gn(Wy), Wyl,_;>=0, where Gy(Wp)=No(Vy+Wpn) —LpVy.  (517)

The idea is to show that for W, € oK}, (1,3,2) we have G(Wy) € oK3,(I,1,2) and use Lemma 5.4
and estimates on the nonlinearity to apply the contraction mapping theorem to
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D(W) =Ly, ' Gn(Wh). (5.18)
We set

~C S

pn = (@, “n)|r=1 ”[Bi,,(z,z)]l (5.19)

and obtain the following local existence result, taking into account that (ﬁg,ﬂf,)(l/Lz) and (uf_;,
uy_4) are related by (i, ty)|;—;-2 = LR1/(U},_4. U;_;)|r=1 and hence, by (4.2),

| (@5 @ CL"?py-1.,

)|I:L—2 ” Bfn 2,2) <

Lemma 5.5. There exist C1, C2 > 0, independent of n, such that the following holds. If pp—1 < C1L=7/2, then
there exists a unique solution (ii§, ii%) € [K3, (1, 3, 2)]? to (5.3) with

| (@ f‘ﬁ)Hlkfnua,z)Jz < oL’ py-1. (5.20)
Moreover, for all Ty > L=2 and any my € N there exists a C3, independent of n, such that

H (ﬁﬁ’ f’fl) H[k,%((rl,l),mz,Z)]Z < C3L7/2,0n71- (5.21)

Proof. From standard Sobolev embeddings we have that A/, is a smooth mapping from I?f"(l ,3,2)
to 12?"(1, 1,2), see also Lemma 5.3. To show that G,(W,) in (5.17) is in ol?fn (I1,1,2) we have to
fulfill one compatibility condition, namely Gn(Wn)|r:sz =0, which holds by construction. For suffi-
ciently small p,_1, @ is a contraction since N, is quadratic and higher order. In particular, combining
Lemma 5.4 with a slight adaption of (5.9) to the time-dependent case we find that Cy, C; may be cho-
sen independent of n. The higher regularity follows by a standard bootstrapping argument: for almost
all T € (L72,1) we have @5, ud)(7) € B%n (3, 2). Starting again at such a t the required compatibility
conditions to apply Lemma 5.4 are automatically fulfilled. This yields (5.21). O

5.4. Proof of Theorem 3 (Diffusive stability)

Due to the loss of L7/2 in Lemma 5.5 we need to improve (5.20) to iterate (5.4). Given a local
solution (u§, ii;) with the higher regularity (5.21) this will be achieved by using the variation of
constant formula and a suitable splitting of uf.

For i€ € A3(2) we define ITii¢ = 8, ii°(0), which, by Sobolev embedding, gives a continuous map,
ie. |Mi.| < C|\1]C||g3(2). Here, and also in (5.25) below, we need the smoothness in the Bloch wave

number, which for @i we again identify with the Fourier wave number. To prove Theorem 3 we write
Uy (e, 1) =Yg (k) +1p(k), Uk, 9, 1) =1 (9, 1), (522)

where g(k) = xe—<* and r5(0) = 9,15 (0) = 0. This makes sense since (0, 7) =0 for all n € N and
all T e[1/L%,1] if (0, 1) = 0. Substituting (5.22) into (5.3) yields

Vn — Y1 =1y, (5.23a)
re=e(-L%en Ry 1 + IS + Resy, (5.23b)

= e DA Ry i I g+ 15 + 155, (5.23¢)
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where, using the notation L3N = NS | + N5 | + NS, from Lemma 5.3,

1 1
IS = L3 / e(l—l’)}»g,n_/\?rf(ﬁﬁ’ ﬁ;)(f) dr, IYSH. = / e(]—‘[)/\g,n'/\?’;y]’(ﬁ;, ﬂfl)(r) dr,

‘l/L2 ]/LZ
and where the residual in (5.23b) is defined by Res, = il/fn_1e(l‘L72>ng"LR1/Lg— iyng. We also define
C S
Pnc = |5 ||B§rl 22 and pns= Irs “an ,2)°

which gives, cf. (5.19), pn = 151153, 2.2 + 18313, 2.2) < Cl¥nl + Pnc + s

Now assume that p,_; < L~7/2. Then from (5.6), (5.8) we immediately obtain

[¥n — ¥no1] < CL"(Cal7? pyy)” (5.24)

with C, from (5.20). Moreover, ||e<1‘L72)Xg~"LR1/Lg —gligs 2. < CL™" and hence ||Resy || g3 2.2 <
Ln il Ln i

CL™2"|yrn_1|. Next, we have

T (e L (529

n(2,2) n(2,2)

This follows from r{_, (x /L) = (%)Za,frﬁ_l(k) for some kK between 0 and k. Here again we need the

smoothness in k. Combining the above estimates we arrive at
_ _ 2 _
Prc <CL™ ppo e+ CLTM(C2L"? pu1)” + CL™" Y1 . (5.26)
To estimate p; s first note that

N 2 _
He(] L )AgLRl/ers171 ” < Ce vk L7/2pn—1.s<L 1/On—l,s (5.27)

B}.(2,2)

for L sufficiently large. Next, 1151,0 and 1;,1 can be estimated using (5.7) and (5.9) to

”ITSI,O“Bin 2,2) + ”Ifm ”Bin 2,2) <L (L7/2pn_1)2. (5.28)

However, for the quasi-linear part Ifhz we have to use the higher regularity (5.21) and split 1151,2 =

11//L22~~~d1: +f1]/2~~~d1: to obtain
1/2 1
2 1 — 2n1_ 2 _ 2nq_
112053, 2.2) < C(C2L7 pnon) /(1—1) le D dr 4 C(C3L7? 1) /e WlTA=D g
1/12 1/2
— 2
<C(C2+CHL™(L7% pan)”. (5.29)

This yields

_ _ 2
Pns <CL 1)0117] +CL n(L7/2l0n71) . (5.30)
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Now, let L > Lo with Lo so large that CL™! < L=0~P) and let pg = [|(i€, i%)]|g35.5) < L. Then,
combining (5.24), (5.26), (5.27) and (5.30), iteration shows that there exists a ¥j; € R such that

[Yiim — Ynl + Pn.c + Pns < LMD asn 00, (5.31)

where the correction L™ takes care of the powers C" arising in the iteration. This discrete convergence
implies Theorem 3 using t = L?"t and the local existence Lemma 5.5.

5.5. Proof of Theorem 4(i) (Diffusive mixing, Gaussian case)

The main difference compared to the proof of Theorem 3 are different scalings for i, i;, which
are now based on (4.4) instead of (4.6). Thus, we introduce

05k, 7) = Ry—nil(k, L*"T), 0Dk, T) = Rp—n* (9, &, L"T). (532)

We want to show that

ﬁ,ﬁ(/(,l)—>¢de’“"2, i3 (k,1)—> 0 asn— oo. (5.33)

We obtain
AU (e, T) — Agn ()G (e, T) = LN (TS, ) (k, T), (5.34a)
d 05D, K, T) — Ag nlly (9, &, T) = LN (4§, 45) (9, k, T), (5.34b)

where Agn(k) = L?"ig(kc/L?") and Agp=L?"R;-n AgRn as before, and
NE (@, a8) = 7 (k /L"YR - N (RnllG, Rinils),
NE(@g, i3) = Ry-nPEN (Rpnl§, Rinil).

The renormalization process reads

5C
solve (5.34) for T € I := [L™2, 1] with initial data Un (5.35)
uS

n

l’lC
— Rl/L < “n—1 )
T=["2 u?l—1
The local existence for (5.34) works exactly as for (5.3). In contrast to Lemma 5.5 with

(@S, 15)(1/L%) € [B3,(2,2)1? it suffices here to take (i, u5)(1/L%) € [BZ:(2,2)1% in order to extract
the asymptotics (5.33), cf. (5.45). Thus, we set

=1

o ~C ~§
pn = | (@5, uﬂ)|‘[:1 I (B2, (2.2)12° (5.36)
and for pp_1 < C1L~>/2 we obtain a local solution (@I§, i5) € [KZ, (I, 3, 2)]? to (5.34) with
~c =~ 5/2
” (7 “;)||[kfn(1,3,2)]2 < CL*Ppyy, (537)
and for each 71 > L=2 and my € N there exists a C3 such that we have the higher regularity

” (ﬂrcz f‘;) ” [l?fn((rl,l),mz,z)]l < C3L5/2'0"—1 : (5.38)
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The estimates for the linear semigroups work as before, i.e., here

Ve~ —b ~
”e(r ‘ )/\g,nu;“an 2.2) S Cmax({1, (v - 7) /2} (o= “an(z 2-b)* (5.39)
“e(T ’ )Ag"”s “32 22 S < Cmax(1, (7 — T/)_mz/z} i Hszn (2-my2)  (5:40)
The nonlinearities are now estimated as follows.
Lemma 5.6. Let || (1§, ii5) ”[Bfn eap SRi<1 There exists a C > 0 such that
L H-/Vrf(aﬁv iiy) ”Bf,,(z,n < CL?HR%- (5.41)

T:e term L>"N$ can be split according to the number of ¥ derivatives as L>"N§ = “;,0 + /\7,15,1 + ./\7”5.2 such
that

” nl”an(Z 12) CRZ (5.42)

Proof. Apart from the different power counting, the proof works like the one of Lemma 5.3, with the
crucial difference that now the term s; from (5.10) vanishes since 8 =0 by assumption. O

Similar to (5.22) we now set
Up(ic, 1) = gag(i) + (), Up(k, 9, 1) =1(k, 9), (5.43)

where g(k) = e~ and r5(0) = 0. Here no variables ¢, are necessary since, due to the conservation
of total phase shift, i.e., 3;ii(0, t) = 0 for all t. We obtain

r¢=e0-LkenRy 11¢ | 415 + Resy, (5.44a)
ro=el bRy s+ Lo+ g+ 1 (5.44b)

where Res, = ¢g(e1=L R, g — g) and

1 1
IS =2 / e(]-r)ig,nﬂfg(ﬁﬁ,ﬁ;)(f)df, I = / e<1—r)/ig,nj\7;,j(a;’ﬁlsl)(f)dr,

1/12 1/12

with L2NS = NS o + N3 ; + NS, from Lemma 5.6. Clearly, [|Resy||g2 (5 < Cl¢glL™2", and
: : : 2

|-t ey 1t <cL M (5.45)

n— 1“52 (2,2) HBfn(z,Z)

which follows by writing r_; (k/L) = (%)Bkrfl_l(k) for some k¥ between 0 and x. Combining this
with (5.39) and (5.41) thus yields

2 _
Pnc < CL pno1.c+ CL™"(Cal>2 pn1)” + ClgpglL ™", (5.46)
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and similarly

Pns <L ,On 1,5+ C(Cz + C3) (Ls/zpn—l)z- (5.47)

The proof of Theorem 4(i) now follows by iteration. At this point the assumption |¢4| < € is crucial.
This can be seen by computing p,  in powers of L for n=0,1,2,... starting with pg = 0. Hence,
we need |¢y| < L~¢ with d sufficiently large.

5.6. Proof of Theorem 4(ii) (Diffusive mixing, Burgers’ case)

Essentially, Theorem 4(ii) is again based on the scaling (5.32). However, the crucial difference to
the case B =0 is that now the analog of (5.41) no longer holds. Therefore, we need to scale ui*
differently, i.e., we blow up i}, in order to avoid problems with the quadratic terms involving #* in
the critical part, in which the term i¢g8 (i * i) will give the Burgers dynamics for u€. Thus, for small
p > 0 we introduce

U5k, 1) = Ry-nti®(k, L*"7), @50, k,7) = "I R i (9,1, LT), (5.48)

to obtain
3 US (e, T) — Agn (k)G (K, r)_LZ"NC( 0 ) (K, T), (5.49a)
dUS(0, K, T) — Ag nlls (9, i, T) = L"CPINE (@S, 08) (9, k., T), (5.49b)

where again Ag (k) = L?"Ag(k /L") and Agp = L*"R;-n AgRn, but now
N (@G, a5) = 7 (k /L") R - N (Rpnti§, L PP RS,
Ns( ¢ ~S) Ri- anfN(RLnu L= p)RLnu )
Accordingly, the renormalization process reads

. (5.50)

5C
solve (5.49) on T € I := [L™2, 1] with initial data (gs)
=1

n

ﬂC
=R1/L( L )
T=L"2 L=Pu ; 1

The estimates for the linear semigroups are again (5.39) and (5.40), while the nonlinear terms are
estimated as follows.

Lemma 5.7. Let || (i, u5)||[an 2p SRa<L There exists a C > 0 such that LZ”N;(ﬁﬁ, i) =s1+ 52+
$3 + 54 with s1 = iBk (U§ * uc) and

lIsallg2, 2,1 < CL™" [ nisz @.2)"

lIs3 ”B{n 2.1 < cLna=p Hﬁﬁ HBfn 2,2) Hﬂn H B2, (2,20

lIsallgz, 1) < cL—2na-PR2, (5.51)

The term L"(3’P)./\~/,f can be split according to the number of ¥ derivatives as L"(3’p)/\~/nS = ./\7,1S 0 +/\7,f 1 —l—./\~/;,S 5
such that ’ ’ ’

2
I n1||32 @-i2) S <C(LP n”an(Z,Z)J’_RTZI)' (5.52)
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Proof. The term s, contains the quadratic terms in &I, except for iBx (u§ * i15), i.e., sy is of the form
s2(c, £) = h(ic /LM (@S * 06) with h(k) = O(k?). s3 contains the quadratic interaction of &S and &S, and
sS4 contains the remaining terms. Then (5.51) follows from the finite support of /\Nf,f in Fourier space. It
is in s3, s4 that the blowup scaling @ (9, , T) = L"A"P R w059, &, L?"1) is useful. Eq. (5.52) again
follows by straightforward power counting. 0O

The terms involving only u§ in (5.52) blow up as n — oco. However, combining (5.52) with the
exponential damping in the stable part, cf. (5.40), we still get local existence for (5.49) with constants
independent of n. We let

~C ~S

Pn = “ (5, ”n)|z:1 ” [B2,(2.2)12° (5.53)

and for pp_1 < CiL™>? obtain a local solution (iiS,i) € [K2(1,3,2)]> to (5.49) with
||(ﬁrcwﬁ§)”[kfn(l,3,2)]2 < C3L%%p,_1, as in (5.37), which moreover enjoys the higher regularity

IR T2, oy, 1).mg. 202 < G312 onn, f. (5.38).

Similar to (5.22) and (5.43) we now separate from i, the lowest-order asymptotics, now obtained
from the Burgers equation. However, due to the contribution s1 =i« (i§ * ii$) of the nonlinearity to
the asymptotics here we work out an intermediate step and split iif, in a T-dependent way. In detail,
let

iy (K, T) =i (K, T) + @n(k, T) (5.54)

where

—02/(k2at)
o ze
e )(f)

i e 1) = x (/L) (c, ith aS(¢,0) = F Y —————
il (k. T) = x () /L")u5 (e, T)  withTS(, ) (ﬂ 1+ zerf(®/vkat)

cf. (411), and x from (3.17). Consequently &;(0, t) =0 for all n, T due to the conservation of total
phase. Then

0G5, T) — Agn(K)ES (K, T) = LM (NE(HS, 65 (k, T) — NE(S . 0)) +Resn,  (5.55a)
F 05D, k., T) — Ag iy (9, k,T) = L"C™PINE (5, 05) (9, k., T), (5.55b)
where
Resy = — 37115, + Jg n (KIS, + L NE (i, 0).
Lemma 5.8. There exists a C > 0 such that sup;— <r<i ”RES"(t)”Bfn 2.2 S CL"|¢q].
Proof. By construction, i.e., since iij; , is an exact solution of the Burgers equation,
Resn(kc, T) = CL™"(O (k)0 , + O(k2 (5, + 1 ,)))

which can be estimated in Bf,. (2,2) by L™"|¢q| since u(k, T) is analytic and exponentially decay-
ing. O
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Now setting

Uy (i, 1) =y, (k, 1) 417 (k), (e, 0, 1) =r(Kk, D), (5.56)
the remainder of the proof of Theorem 4(ii) works as the proof of Theorem 4(i) in Section 5.5.
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