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Abstract

LetR be a commutative ring with identity. We denote by Spec(R) the set of prime ideals ofR. Call
a partial ordered setspectralif it is order isomorphic to(Spec(R),⊆) for someR. A longstanding
open question about spectral sets (since 1976), is that of Lewis and Ohm [Canad. J. Math. 28
820, Question 3.4]: “If (X,�) is an ordered disjoint union of the posets(Xλ,�λ), λ ∈ Λ, and if
(X,�) is spectral, then are the(Xλ,�λ) also spectral?”.

Let (X,�) be a poset andx ∈ X. Recall that theD-componentof x is defined to be the intersectio
of all subsets ofX containingx that are closed under specialization and generization (i.e., und�
and�). Let (X,�) be a spectral set which is an ordered disjoint union of the posets(Xλ, �λ),λ ∈ Λ.
It is clear that(Xλ,�λ) is a disjoint union ofD-components ofX. Thus the conjecture of Lewis an
Ohm is equivalent to the following question: “Is aD-component of a spectral set spectral?”

This paper deals with topological properties of aD-component of a spectral set, improving t
understanding of the conjecture of Lewis and Ohm. The concepts of up-spectral topology and
spectral topology are introduced and studied.
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Let Spec(R) denote the set of prime ideals of a commutative ringR with identity,
ordered by inclusion, and call a partial ordered setspectral if it is order isomorphic to
Spec(R) for someR. The prime spectrum of a general commutative unitary ring, endo
with the Zariski topology, is a well established tool in algebraic geometry. Note also
spectral sets are posets which arise as the prime ideals of distributive lattices with 0 and
ordered by inclusion. In the lattice theory literature spectral sets have usually been
representable posets. Such spectral sets are of interest not only in (topological) ring
lattice theory, but also in computer science, in particular, in domain theory.

In order that an ordered set(X,�) be spectral it is necessary (but not sufficient [1
that it satisfies two conditions:

(K1): Each nonempty totally ordered subset of(X,�) has a supremum and an infimu
(that is,X is up-completeanddown-complete).

(K2): For eacha < b in X, there exist two adjacent elementsa1 < b1, such that
a � a1 < b1 � b (that is,X is weakly atomic).

These properties were noted, for a ring spectrum, by I. Kaplansky (see [7, Theor
and 11]), and then are called respectively thefirst conditionand thesecond conditionof
Kaplansky.

Note that Lewis and Ohm have added another necessary condition(H): for (X,�) to
be spectral;

Let S = {S(x) | x ∈ X }, G = {G(x) | x ∈ X}, whereS(x) = {y ∈ X | y � x} and
G(x) = {y ∈ X | y � x}.

(H): If F is a collection of subsets ofX such thatF ⊆ S or F ⊆ G, then
⋂

F∈F F = ∅
implies that there is a finite collection of sets fromF whose intersection is empty.

Following [10], there exists a partially ordered set which satisfies the conditions(K1),
(K2), and(H) but is not spectral, thus showing that these conditions are not sufficie
a partially ordered set to be spectral.

Recall that ifR is a ring, theZariski topologyor thehull-kernel topologyfor Spec(R)

is defined by lettingC ⊆ Spec(R) be closed if and only if there exists an ideala of R such
that

C = {
p ∈ Spec(R) | a ⊆ p

}
.

Although many results about spectral sets have been obtained by Dobbs, Ho
Fontana, Lewis, Ohm, and others (see [1,2,4–10]), a complete algebraic characte
of spectral sets still seems very far off.

On the other hand, the corresponding topological question of characterizingspectral
spaces(that is, topological spaces homeomorphic to the prime spectrum of a ring equippe
with the Zariski topology) was completely answered by Hochster in [6]. Recall that
closed subsetC of a topological spaceX has ageneric pointif there is somex ∈ C such
that {x} = C. A topological space in which every nonempty irreducible closed subse
a generic point is called asober space. A topologyT on a setX is spectral if and only if
the following axioms hold:
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(ii) X is quasi-compact and has a basis of quasi-compact open subsets.
(iii) The family of quasi-compact open subsets ofX is closed under finite intersections.
(iv) Every nonempty irreducible closed subset has a generic point.

Let R be a ring andT the Zariski topology on Spec(R). Then for eachp ∈ Spec(R), we
have

{p} = S(p) = {
q ∈ Spec(R) | p ⊆ q

}
.

According to [10], if(X,T ) is a topological space and� is a partial ordering onX, the
topologyT is said to becompatible with�, if {x} = S(x), for eachx ∈ X.

Note thatT is compatible with� if and only if the following conditions hold:

(1) S(x) is closed for allx ∈ X, and
(2) closed sets of(X,T ) are closed under specialization.

It is clear that any order compatible topology is aT0-topology. Conversely, if(X,T )

is aT0-space, thenT is compatible with the ordering� defined by:x � y if and only if
y ∈ {x}. One can obviously see that(X,�) is spectral if and only if there exists an ord
compatible spectral topology onX. Thus, the concept of spectral sets may be consid
as a merely topological notion.

Now, let us consider the two natural examples of posets(N,�) and(N,�). SetÑ =
N∪{ω} and equip̃N with the ordering�ω (respectively�ω) extending� (respectively�)
on N and makingω the greatest (respectively smallest) element of(Ñ,�ω) (respectively
(Ñ,�ω). Then(Ñ,�ω) and(Ñ,�ω) are spectral sets [9, Theorem 3.1].

The two previous examples motivate us to introduce two notions linked to sp
sets. These notions are important in obtaining information concerning a longstandin
question about spectral sets (since 1976) stated by Lewis and Ohm [10, Question 3
poset(X,�) is the disjoint union of posets{(Xλ,�λ), λ ∈ Λ}, we shall say thatX is the
ordered disjoint unionof theXλ’s if x � y if and only if there is anλ such thatx, y ∈ Xλ

andx �λ y.
Theorem 3.1 of [10] says that if(Xλ,�λ) is spectral for eachλ ∈ Λ, then(X,�) is

spectral. However, Lewis and Ohm have not been able to establish the converse of
previous theorem and they raise the following question:

“If (X,�) is the ordered disjoint union of posets(Xλ,�λ), λ ∈ Λ, and if (X,�) is
spectral, then are the(Xλ,�λ) also spectral?”.

Let us introduce the two new concepts.

Definition 0.1. Let (X,�) be a poset,ω /∈ X andX̃ = X ∪ {ω}. EquipX̃ with the partial
order�ω (respectively�ω) extending� on X and makingω the greatest (respective
smallest) element of(X̃,�ω) (respectively(X̃,�ω)). The poset(X,�) is said to beup-
spectral(respectivelydown-spectral) if (X̃,�ω) (respectively(X̃,�ω)) is a spectral set.
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Naturally, one can wonder what the topological analog is of each of the notions
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Definition 0.2. Let X be a topological space.

(1) X is said to be anup-spectralspace if it satisfies the axioms of a spectral space
the exception thatX is not necessarily quasi-compact.

(2) X is said to be adown-spectralspace if it satisfies the axioms of a spectral space
the exception thatX does not necessarily have a generic point when it is irreducib

It will be shown that a poset(X,�) is a down-spectral (respectively up-spectral)
if and only if there exists an order compatible down-spectral (respectively up-spe
topology on(X,�).

We finish this introduction by stating the main results of this paper.

Result A. Any disjoint union of down-spectral(respectively up-spectral) sets is a down
spectral(respectively up-spectral) set.

Result B [Proposition 4.1].Suppose that(X,T ) is a disjoint union of topological space
(Xλ,Tλ) (λ ∈ Λ). ThenX is up-spectral if and only if eachXλ is up-spectral.

Let (X,�) be a poset andx ∈ X. Recall that theD-componentof x is defined to be
the intersection of all subsets ofX containingx that are closed under specialization a
generization.

Let (X,�) be a spectral set which is an ordered disjoint union of the po
(Xλ,�λ), λ ∈ Λ. It is clear that(Xλ,�λ) is a disjoint union ofD-components ofX.
Thus the conjecture of Lewis and Ohm is equivalent to the following question:
D-component of a spectral set spectral?”

The aim of this paper is to give some topological properties of aD-component of a
spectral set, improving the understanding of the question raised in 1976 about d
order unions of posets.

Let (X,�) be a spectral set,D aD-component ofX andT an order compatible spectr
topology onX.

Lazard has proved in [8], that there exists a family of subsets(En, n ∈ N) of X such
that:

(i) D = ⋃
n∈N

En (the Lazard’s formula for aD-component).
(ii) En ⊆ En+1.
(iii) For eachn ∈ N, En is a closed subset ofX.

We define onD two topologiesT1(D) andT2(D) by

(D,T1(D)) is the disjoint union of the subspacesE0, En\En−1, n ∈ N\{0}.
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SinceEn is a closed subspace of(X,T ), it is spectral. LetTn be the topology induced
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byT onEn. We define the topologyT2(D) onD by letting the closed sets be theF with the
property that there exists somen ∈ N, such thatF is a closed subset of(En,Tn). Observe
that a setO is open in(D,T2(D)) if and only if it is of the formO = U ∪ (D\Ek), where
k is a sufficiently large integer so thatD\Ek ⊆ O , andU is open in(Ek,Tk).

Under the previous notation we have the two following topological results, impro
the understanding of the conjecture of Lewis and Ohm.

Result C [Theorem 5.1].Let (X,�) be a spectral set,D be aD-component ofX andT
an order compatible spectral topology onX. Then(D,T1(D)) is an up-spectral topology

Result D [Theorem 5.5].Let (X,�) be a spectral set,D be a D-component ofX and
T an order compatible spectral topology onX. Then the space(D,T2(D)) satisfies the
following properties:

(1) T2(D) is compatible with the order induced by� onD.
(2) T2(D) is quasi-compact.
(3) Each nonempty irreducible closed subset of(D,T2(D)) distinct fromD has a generic

point.

1. Down-spectral topology

We start by describing how to construct down-spectral spaces.

Theorem 1.1. Let (X,T ) be a topological space. Then the following statements
equivalent:

(i) (X,T ) is a down-spectral space.
(ii) There exists a spectral spaceY with minimum elementω, such thatX is equal to the

subspaceY\{ω}.

Proof. (i) ⇒ (ii). Let ω /∈ X andX̃ = X ∪ {ω}. When(X,T ) is reducible (respectivel
irreducible), we consider the topologỹT on X̃ such that the closed subsets areX̃ and
the closed subsets of(X, T ) (respectivelyX̃ and the closed subsets of(X, T ) distinct
from X).

Clearly,{ω} = X̃, and(X̃, T̃ ) is a quasi-compactT0-space. Thus,ω is the least elemen
of (X̃,�), where� is the ordering induced by the topologỹT on X̃.

If U ⊆ X is open, thenU ∪ {ω} is open inY = X̃.
Let O be a nonempty open subset of(X̃, T̃ ), then the following properties hold:

(1) There exists an open subsetU of (X,T ) such thatO = U ∪ {ω}.
(2) O = U ∪ {ω} is quasi-compact in(X̃, T̃ ) if and only if U is quasi-compact in(X,T ).
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Hence(X̃, T̃ ) has a basis of quasi-compact open subsets which is stable under finite
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Let C be an irreducible closed subset of(X̃, T̃ ).

– If ω ∈ C, thenC = {ω} = X̃.
– If ω /∈ C, thenC is an irreducible closed subset of(X,T ). According to the definition

of the topologỹT , C is necessarily distinct fromX. Thus,C has a generic point.

Therefore,Y = X̃ is a spectral space with minimum elementω andX is equal to the
subspaceY\{ω}.

(ii ) ⇒ (i). Let Y be a spectral space with minimum elementω andX is equal to the
subspaceY\{ω}. Let us prove thatX is a down-spectral space.

Let (Ui, i ∈ I) be an open covering ofX (with Ui �= ∅). Then(Ui ∪ {ω}, i ∈ I) is
an open covering ofY . SinceY is quasi-compact, there exists a finite sub-covering
(Ui, i ∈ I) for X. Thus,X is quasi-compact.

Let B be a basis of quasi-compact open subsets ofY which is stable under finite
intersections. ThenB′ = {U\{ω} | U ∈ B} is a basis of quasi-compact open subsets oX

which is stable under finite intersections.
Let C be an irreducible closed subset ofX such thatC �= X. Then C is also an

irreducible closed subset ofY . HenceC has a generic point; there existsx ∈ C such that
C = {x}Y = {x}X .

Therefore,X is a down-spectral space.�
Let A be a subset of a topologicalX. We say thatA is closed under specializationif

{x} ⊆ A, for eachx ∈ A.
The next result gives another tool for building down-spectral spaces.

Proposition 1.2. Let (X,T ) be a spectral space andA a subset ofX such thatX\A is
quasi-compact andA is closed under specialization. LetC be the topology onA, where
the closed subsets areA and the closed subsets of(X, T ) contained inA. ThenC is a
down-spectral topology onA.

Proof. Note thatV ⊆ A is open inC if and only if V = O ∩ A, for some open setO of X

satisfyingX\A ⊆ O .
Of course,{x}C = {x}X . Thus,(A, C) is aT0-space.
Clearly (A, C) is quasi-compact and every irreducible closed subset of(A,C) distinct

from A has a generic point.
Let O be a quasi-compact open subset of(X, T ) such thatX\A ⊆ O . We prove that

O ∩ A is quasi-compact in(A, C). To do so, let(Oi, i ∈ I) be a family of open subse
of (X,T ) such that for eachi ∈ I , X\A ⊆ Oi and(Oi ∩ A, i ∈ I) is an open covering
of O ∩ A in (A, C). HenceO ∩ A = ⋃

i∈I (Oi ∩ A) = (
⋃

i∈I Oi) ∩ A. This forcesO =⋃
i∈I Oi . SinceO is quasi-compact, there exist finitely many elementsi1, i2, . . . , in ∈ I

such thatO = Oi1 ∪Oi2 ∪· · ·∪Oin . Thus,O ∩A = (Oi1 ∩A)∪(Oi2 ∩A)∪· · ·∪(Oin ∩A).
Therefore,O ∩ A is quasi-compact in(A, C).
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Let U be a quasi-compact open subset of(A, C). We may writeU = O ∩A, whereO is
,

e

-

d

t
al

,

from
an open subset of(X, T ) such thatX\A ⊆ O . We claim thatO is quasi-compact. Indeed
let (Oi, i ∈ I) be an open covering ofO , thenX\A ⊆ ⋃

i∈I Oi . Thus there exists a finit
subsetJ ⊆ I , such thatX\A ⊆ ⋃

j∈J Oj . Let Vi = Oi ∪ (
⋃

j∈J Oj ), thenO = ⋃
i∈I Vi ,

andX\A ⊆ Vi for eachi ∈ I . Thus,

U = O ∩ A =
⋃
i∈I

(Vi ∩ A).

Hence, there exists a finite subsetK of I such that

U =
⋃
k∈K

(Vk ∩ A) =
( ⋃

k∈K

Vk

)
∩ A.

HenceO ∩ A = (
⋃

k∈K Vk) ∩ A; and thusO = ⋃
k∈K Vk = ⋃

i∈K∪J Oi . It follows thatO
is quasi-compact.

Therefore the quasi-compact open subsets of(A, C) are the intersections ofA with the
quasi-compact open subsets of(X,T ) containingX\A.

Now, it is easily seen that the following properties hold:

– (A, C) has a basis of quasi-compact open subsets.
– The collection of quasi-compact open subsets of(A, C) is closed under finite inter

sections.

This proves that(A,C) is a down-spectral space.�
The next result is in the spirit of an analogous one about spectral sets.

Proposition 1.3. Let (X,�) be an ordered set. Then(X,�) is a down-spectral set if an
only if there exists an order compatible down-spectral topology onX.

Proof. Necessary condition. Let ω /∈ X andX̃ = X ∪ {ω}, whereω is the least elemen
of X̃. Then (X̃, �ω) is a spectral set. Hence there exists an order compatible spectr
topology T̃ on X̃. Let T be the topology onX, where the closed subsets areX and the
closed subsets of(X̃, T̃ ) which are contained inX. It is clear, in view of Proposition 1.2
thatT is an order compatible down-spectral topology onX.

Sufficient condition. Let T be an order compatible down-spectral topology on(X,�).
According to Theorem 1.1, there exists an order spectral topology on(X̃ = X ∪ {ω},�ω).
Therefore,(X̃,�ω) is a spectral set, completing the proof.�
Corollary 1.4. Every spectral set is down-spectral.

The following result gives an important tool to construct down-spectral sets
spectral sets.

Corollary 1.5. Let (X,�) be a spectral set andx ∈ X. Then(X\G(x),�) is a down-
spectral set.
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Proof. Let T̃ be an order compatible spectral topology onX. The subsetA = X\G(x)
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is closed under specialization andX\A is quasi-compact. LetT be the topology on
A = X\G(x) such that the closed subsets areX\G(x) and the closed subsets of(X, T̃ )

contained inX\G(x). Hence, according to Proposition 1.2,(A,T ) is a down-spectra
space. On the other hand, we have{x}T = {x}T̃ = S(x). ThusT is compatible with�.
Therefore,(X\G(x),�) is a down-spectral set by Proposition 1.3.�

The following result indicates that to discuss the spectrality of a down-complete or
set with finitely many minimal elements, wemay suppose, without loss of generality, th
it has only one minimum element.

Recall that an ordered set(X,�) is said to bedown-completeif each nonempty totally
ordered subset of(X,�) has an infimum.

Proposition 1.6. Let (X,�) be a down-complete ordered set with finitely many mini
elements. Then(X,�) is spectral if and only if(X,�) is down-spectral.

Proof. It remains to prove that if(X,�) is down-spectral, then it is spectral. LetC be
an order compatible down-spectral topology onX. SinceX is down-complete and ha
finitely many minimal elements,X = S(a1)∪S(a2)∪· · ·∪S(an), where{a1, a2, . . . , an } =
Min(X). HenceX is reducible or has a generic point, in which casen = 1, and there is a
minimum element.X is spectral in either case.�

2. Up-spectral topology

We start by describing how to construct up-spectral spaces.

Theorem 2.1. Let (X,T ) be a topological space. Then the following statements
equivalent:

(i) (X,T ) is up-spectral.
(ii) There exists a spectral spaceY with a maximum elementω, such thatX is equal to the

subspaceY\{ω}.

Proof. (i) ⇒ (ii). Letω /∈ X andX̃ = X ∪{ω}. Consider the topologỹT = T ∪{X̃} on X̃.
It is easily seen that(X̃, T̃ ) is a quasi-compactT0-space and has a basis of quasi-comp
open subsets which is stable under finite intersections. Clearly,ω is the maximum of̃X
with respect to the ordering induced by the topologyT̃ .

LetC be a nonempty irreducible closed subset of(X̃, T̃ ). Thenω ∈ C andC = K ∪{ω},
whereK is a closed subset of(X,T ). We discuss two cases:

Case1. K = ∅. In this case,C = {ω} has a generic point.
Case2. K �= ∅. Necessarily,K is an irreducible closed subset of(X,T ). Hence there

existsx ∈ X such thatC = {x}X = {x}X̃ .
Therefore,X = X̃\{ω} is an up-spectral subspace of(X̃, T̃ ).
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X = Y\{ω} is a nonempty subspace ofY . Let us prove thatX is an up-spectral subspa
of Y .

SinceY is the unique open subset ofY containingω, the topology ofX is {X} ∪ {U ∈
T | ω /∈ U}. HenceX has a basis of quasi-compact open subsets which is stable unde
intersections.

Let C be an irreducible closed subset ofX. ThenC ∪{ω} is an irreducible closed subs
of (Y,T ). Hence there existsx ∈ C such thatC ∪ {ω} = {x}Y . ThusC = {x}X , showing
thatX is a sober space.�

It is natural to have the following.

Proposition 2.2. Let (X,�) be an ordered set. Then(X,�) is an up-spectral set if an
only if there exists an order compatible up-spectral topology onX.

Proof. Necessary condition. Letω /∈ X andX̃ = X∪{ω}. We define oñX the ordering�ω

extending� onX and makingω the greatest element of̃X. Since(X,�) is an up-spectra
set,(X̃,�ω) is a spectral set. Hence there exists an order compatible spectral topolT̃
on X̃. According to Theorem 2.1[(ii) ⇒ (i)], the subspaceX = X̃\{ω} is up-spectral, its
topology is, obviously, compatible with the ordering� of X.

Sufficient condition. Let T be an order compatible up-spectral topology onX. Then
X̃ endowed with the topologỹT = T ∪ {X̃} is a spectral space (cf. the proof
Theorem 2.1(i) ⇒ (ii)). Clearly, T̃ is compatible with�ω. Thus (X̃,�ω) is a spectra
set, showing that(X,�) is an up-spectral set.�

According to [6, Proposition 8], if(X,�) is spectral, then(X,�) is also spectral.
It follows, immediately, from the definitions and [6, Proposition 8] that we have

following result.

Proposition 2.3. Let (X,�) be an ordered set. Then(X,�) is down-spectral if and only i
(X,�) is up-spectral.

The previous proposition permits us to state alist of corollaries giving the analogs o
results concerning down spectral sets.

Corollary 2.4. Every spectral set is up-spectral.

Corollary 2.5. Let (X,�) be a spectral set andx ∈ X. Then(X\S(x),�) is an up-spectra
set.

Corollary 2.6. Let (X,�) be an up-complete ordered set with finitely many maxi
elements. Then(X,�) is spectral if and only if(X,�) is up-spectral.
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3. Ordered disjoint unions of down-spectral sets
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In this section we will restrict our attention to ordered disjoint unions of down-spe
sets.

Theorem A. Any disjoint union of down-spectral sets is a down-spectral set.

Proof. Let X be the ordered disjoint union of the ordered disjoint sets((Xλ,�λ), λ ∈ Λ).
Suppose that for eachλ ∈ Λ, (Xλ,�λ) is down-spectral. The problem here is to pro
that (X̃,�ω) is a spectral set. To do this, takeTλ an order compatible spectral topolo
on X̃λ = Xλ ∪ {ωλ}, whereωλ is least inX̃λ. Let Y = ⋃

λ∈Λ X̃λ be the ordered disjoin
union of(X̃,�λω). Consider the topologyT on Y , where the open sets are the

⋃
λ∈Λ Uλ,

with Uλ is an open set of(X̃λ ,Tλ), for λ in a finite subsetL of Λ, andUλ = X̃λ, for each
λ ∈ Λ\L.

Step 3.1. (Y,T ) is a down-spectral space.

Proof.

Claim 3.1.1. T is compatible with�, and (Y,T ) is quasi-compact. Moreover,T has a
basis of quasi-compact open subsets which is stable under finite intersections.

It suffices to observe that ifUλ is quasi-compact and open inXλ, for eachλ ∈ L ⊆ Λ

with |L| < ∞ andUλ = Xλ, for eachλ ∈ Λ\L, thenU = ⋃
λ∈Λ Uλ is quasi-compact.

Claim 3.1.2. Each irreducible closed subset of(Y,T ) distinct fromY has a generic point

Let C be an irreducible closed subset of(Y,T ) distinct fromY . Hence there exists
finite subsetL of Λ such thatC = ⋃

λ∈L Cλ with Cλ a closed subset of̃Xλ. Thus there
existsλ ∈ L such thatC = Cλ, by irreducibility of C. ThusC = Cλ is an irreducible
closed subset of(X̃λ Tλ). It follows thatC has a generic point, completing the proof
Claim 3.1.2.

On may represent the ordered set(Y,�) as follows:

. . . Xλ
. . . Xµ . . .

. . . ωµ◦ . . . ωµ ◦ . . .

Now let us identify all theωλ to one,ω. This yields the ordered set(X̃,�ω), which
looks like

. . . Xλ
. . . Xµ . . .

ω
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This idea permits to prove that(X̃,�ω) is spectral. Consider the equivalence relation

e

,

e

r

nder
R on Y such that the equivalence classes are given as follows: clR(x) = {x}, for each
x ∈ X = ⋃

λ∈Λ Xλ and clR(ωµ) = {ωλ | λ ∈ Λ}, for eachµ ∈ Λ.

The quotient setZ = Y/R is ordered by letting:

– for eachx, y ∈ Xλ, clR(x) � clR(y) if and only if x �λ y;
– ω � clR(x), for eachx ∈ X = ⋃

λ∈Λ Xλ.

Let p :Y → Z be the canonical surjection, then the ordered set(Z,�) looks like

. . . p(Xλ) . . . p(Xµ) . . .

ω

It is easily seen that(Z,�) is order isomorphic to(X̃,�ω). Thus we are aiming to prov
that(Z,�) is a spectral set.

Let TR be the quotient topology onZ = Y/R. To complete the proof of this theorem
it suffices to show thatTR is an order compatible spectral topology on(Z,�).

Step 3.2. (Z,TR,�) is a spectral space.

The notation of Step 3.1 remains in effect.

Claim 3.2.1. TR is compatible with the ordering� onZ.

The proof consists of showing that{α} = S(α), for eachα ∈ Z. We need to consider th
following two cases:

– Suppose thatα = ω. Let V be a nonempty open subset ofZ = Y/R, thenp−1(V )

is a nonempty open subset of(Y,T ). Let x ∈ p−1(V ), then there existsλ ∈ Λ such that
x ∈ Xλ. Henceωλ ∈ G(x) ⊆ p−1(V ). Therefore,ω ∈ V , proving that{ω} = S(ω) = Z.

– Suppose thatα = p(x), wherex ∈ X = ⋃
λ∈Λ Xλ. From the definition of the orde

onZ, it is clear thatp−1(S(α)) = S(x). HenceS(α) is a closed subset ofZ. It follows that
{α} ⊆ S(α). Conversely, letp(y) ∈ S(α) andV an open subset ofZ containingp(y). There
exists a saturated (underR) open subsetU of Y such thatV = p(U). Hencex ∈ G(y) ⊆ U ,
so thatα = p(x) ∈ V . Thusp(y) ∈ {α}. Therefore,{α} = S(α).

Claim 3.2.2. (Z,TR) is quasi-compact.

Since(Y,T ) is quasi-compact andp is continuous,Z = p(Y ) is also quasi-compact.

Claim 3.2.3. (Z,TR) has a basis of quasi-compact open subsets which is stable u
finite intersections.

Let BR = {p(U) | U ∈ B and{ωλ | λ ∈ Λ} ⊆ U}. Any U ∈ B such that{ωλ | λ ∈ Λ} ⊆
U is a saturated open subset ofY , so thatp(U) is an open subset ofZ = Y/R. It is clear
thatp(U) is quasi-compact sinceU is.
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Now, let V be a nonempty open subset ofZ. Thenω ∈ V . HenceU = p−1(V ) is a

en

3.

e
es
nonempty open subset of(Y,T ) containing{ωλ | λ ∈ Λ}. There exists a finite subsetL

of Λ such that

U = p−1(V ) =
⋃
λ∈Λ

Uλ,

with Uλ an open set of(X̃λ Tλ), for eachλ ∈ L, andUλ = X̃λ, for eachλ ∈ Λ\L. LetBλ be
a basis of quasi-compact open subsets ofX̃λ. Then for eachλ ∈ Λ, Uλ is a union of some
nonempty elements ofBλ each of them containsωλ (since{ωλ} = X̃λ). HenceV = p(U)

is a union of some elements ofBR, proving thatBR is a basis of quasi-compact op
subsets of(Z,TR).

Let p(U) andp(V ) ∈ BR. SinceU andV are saturated, we get

p(U) ∩ p(V ) = p(U ∩ V ),

showing thatBR is stable under finite intersections.

Claim 3.2.4. (Z,TR) is sober.

Let G be an irreducible closed subset ofZ. We discuss two cases.
Case1. ω ∈ G. In this case,G = {ω} = Z. ThusG has a generic point.
Case2. Suppose thatω /∈ G. Then there exists a finite subsetL of Λ such that

p−1(G) = ⋃
λ∈L Fλ, whereFλ is a closed subset of(X̃λ, Tλ) and ωλ /∈ Fλ, for each

λ ∈ L, in this case theFλ are saturated. Hence thep(Fλ) are closed subsets ofZ.
Since G = ⋃

λ∈L p(Fλ) and G is irreducible, there is someλ ∈ L, with G = p(Fλ)

and Fλ is necessarily irreducible in(X̃λ, Tλ). Thus there existsx ∈ Y\{ωλ | λ ∈ Λ}
such thatp−1(G) = Fλ = {x} = S(x). By the definition of the ordering onY , we have
p(S(x)) = S(p(x)), for eachx ∈ Y\{ωλ | λ ∈ Λ}. Therefore,G = S(p(x)), proving that
G has a generic point.�

The following result is an immediate consequence of Theorem A and Proposition 2.

Corollary 3.3. Any disjoint unions of up-spectral sets is an up-spectral set.

4. Disjoint union of up-spectral spaces

Let (X,�) be an ordered disjoint union of the posets(Xλ,�λ), λ ∈ Λ. Our concern in
this section is to give necessary and sufficient topological conditions onX in order to get
all the(Xλ,�λ) spectral.

Let T be a topology onX. We denote by(X/Λ,T /Λ) the quotient space of th
topological space(X,T ) by the equivalence relation� on X whose equivalence class
are theXλ.

Proposition 4.1. Suppose that(X,T ) is a disjoint union of topological spaces(Xλ,Tλ)

(λ ∈ Λ). ThenX is up-spectral if and only if eachXλ is up-spectral.
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Proof. Suppose that(X,T ) is an up-spectral space. SinceXλ is a clopen subset of(X,T ),

r
ets

r a

d

it is an up-spectral space.
Suppose that each(Xλ,Tλ) is an up-spectral space. The disjoint union(X,T ) is easily

aT0-space.
Let Bλ be a basis of quasi-compact open subsets of((Xλ,Tλ)) which is stable unde

finite intersections. Then clearly,B = ⋃
λ∈ΛBλ is a basis of quasi-compact open subs

of (X,T ) stable under finite intersections.
Let C be a nonempty irreducible closed subset ofX. ThenC = ⋃

λ∈Λ Cλ, whereCλ is
a closed subset of(Xλ,Tλ). For eachλ ∈ Λ, Xλ is a clopen subset of(X,T ). Hence theCλ

are closed in(X,T ). Thus there existsλ ∈ L such thatC = Cλ. So thatC is a nonempty
irreducible closed subset ofXλ. Accordingly, there existsx ∈ Xλ such that{x}Xλ = C.
SinceXλ is a closed subset of(X,T ), {x}X = {x}Xλ = C. Thus,(X,T ) is sober. �
Corollary 4.2. Let (X,�) be an ordered disjoint union of the posets(Xλ,�λ), λ ∈ Λ, such
thatΛ. Then the following statements are equivalent:

(i) For eachλ ∈ Λ (Xλ,�λ) is an up-spectral set.
(ii) There exists an order compatible up-spectral topologyT onX such that(X/Λ,T /Λ)

is a discrete space.

Corollary 4.3. Let (X,�) be an ordered disjoint union of(Xλ,�λ), λ ∈ Λ, such thatΛ is
finite. Then the following statements are equivalent:

(i) For eachλ ∈ Λ (Xλ,�λ) is a spectral set.
(ii) There exists an order compatible spectral topologyT onX such that(X/Λ,T /Λ) is

a T1-space.
(iii) There exists an order compatible spectral topologyT onX such that(X/Λ,T /Λ) is

a discrete space.

5. D-components of a spectral space

Let (X,�) be a spectral set,D a D-component ofX and T an order compatible
spectral topology onX. In the introduction we have recalled the Lazard’s formula fo
D-component.

We define onD two topologiesT1(D) andT2(D) by:

(
D,T1(D)

)
is the disjoint union of the subspacesE0, En\En−1, n ∈ N\{0}.

SinceEn is a closed subspace of(X,T ), it is spectral. LetTn be the topology induce
byT onEn. We define the topologyT2(D) onD by letting the closed sets be theF with the
property that there exists somen ∈ N, such thatF is a closed subset of(En,Tn). Observe
that a setO is open in(D,T2(D)) if and only if it is of the formO = U ∪ (D\Ek), where
k is a sufficiently large integer so thatD\Ek ⊆ O , andU is open in(Ek,Tk).
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Under the previous notation, we have the two following topological results, shedding

le
f

t

re,

nd
).

r finite

s

some light on the conjecture of Lewis and Ohm.

Theorem 5.1. Let (X,�) be a spectral set,D be aD-component ofX andT an order
compatible spectral topology onX. Then(D,T1(D)) is an up-spectral topology.

We need three lemmata.

Lemma 5.2 [3, Proposition 7, p. 122].Let X be a topological space andU a nonempty
open subset ofX. Then the mappingV → V defines a bijection from the set of irreducib
nonempty closed subsets ofU onto the set of irreducible nonempty closed subsets oX

meetingU . The inverse bijection isZ → Z ∩ U .

Lemma 5.3. LetX be a sober space andU a nonempty open subset ofX. ThenU is sober.

Proof. Let F be a nonempty irreducible closed subset ofU . According to Lemma 5.2,F
is an irreducible closed subset ofX. HenceF has a generic pointx. Let us writeF = {x}X ,
and note thatx ∈ U . Clearly,x ∈ F = F ∩ U . ThusF = {x}U . �

Let U be an open subset of a topological spaceX. If X has a basisB of quasi-compac
open subsets closed under finite intersections, thenBU = {O ∈ B | O ⊆ U} is a basis of
quasi-compact open subsets ofU which is closed under finite intersections. Therefo
according to Lemma 5.3, the following lemma is easily checked.

Lemma 5.4. Any open subset of an up-spectral space is up-spectral.

Proof of Theorem 5.1. For eachn ∈ N, (En,Tn) is a spectral space. On the other ha
En\En−1 is an open subset ofEn, henceEn\En−1 is up-spectral (cf. Lemma 5.4
Therefore,(D,T1(D)) is an up-spectral space, by Proposition 4.1.�
Theorem 5.5. Let (X,�) be a spectral set,D be aD-component ofX andT an order
compatible spectral topology onX. Then the space(D,T2(D)) satisfies the following
properties:

(1) T2(D) is compatible with the order induced by� onD.
(2) T2(D) is quasi-compact.
(3) Each nonempty irreducible closed subset of(D,T2(D)) distinct fromD has a generic

point.

(Thus what is missing in the conclusion of this theorem to make the topologyT2(D)

down-spectral is that it has a basis of quasi-compact open subsets closed unde
intersections.)

Proof. (1) Let x ∈ D = ⋃
n∈N

En. There existsn ∈ N, such thatx ∈ En. HenceS(x) is a
closed subset ofEn. Thus,S(x) is a closed subset of(D,T2(D)). On the other hand, it i
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easily seen that any closed subset of(D,T2(D)) is closed under specialization, since each

s and

,

oll.

)

z. Lincei

967) 95–
closed subset ofEn has this property. Therefore,T2(D) is compatible with the ordering�
onD.

(2) Let (Ui , i ∈ I) be a collection of open subsets of(D,T2(D)) such thatD = ⋃
i∈I Ui .

Ui has the formUi = Ui
ni

∪ (D\Eni ), and Ui
ni

is an open subset of(Eni ,Tni ). Let
p = min{ni : i ∈ I }. Of course,Ep = ⋃

i∈I (Ui ∩Ep) andUi ∩Ep is an open subset ofEp .
Thus, there exists a finite subsetsJ of I , such thatEp = ⋃

i∈J (Ui ∩ Ep). The equality
D = Ep ∪ (D\Ep) implies thatD = ⋃

i∈J Ui , proving that(D,T2(D)) is quasi-compact.
(3) Any nonempty irreducible closed subset of(D,T2(D)) distinct fromD is necessarily

of the formF = Fn, wheren ∈ N, andFn is an irreducible closed subset of(En,Tn).
Therefore,F has a generic point.�

Acknowledgement

The authors gratefully acknowledge the many helpful corrections, comment
suggestions of the anonymous referee.

References

[1] K. Belaid, B. Cherif, O. Echi, On spectral binary relation, in: Lecture NotesPure. Appl. Math., vol. 185
Dekker, New York, 1997, pp. 79–88.

[2] E. Bouacida, O. Echi, E. Salhi, Topologies associées àune relation binaire et relation binaire spectrale, B
Un. Mat. Ital. B 10 (7) (1996) 417–439.

[3] N. Bourbaki, Algèbre Commutaive, Chapitre 1 à 4, Masson, Paris, 1985.
[4] D.E. Dobbs, M. Fontana, I.J. Papick, On certain distinguished spectral sets, Ann. Mat. Pura Appl. 128 (1981

227–240.
[5] M. Fontana, Quelques nouveaux résultats sur une classe d’espaces spectraux, Rend. Acad. Na

Ser. 67 (8) (1979) 157–161.
[6] M. Hochster, Prime ideal structure in commutative rings, Trans. Amer. Math. Soc. 142 (1969) 43–60.
[7] I. Kaplansky, Commutative Rings, revised ed., The University of Chicago Press, 1974.
[8] D. Lazard, Disconnexité des spectres d’anneaux et des préshémas, Bull. Soc. Math. France 95 (1

108.
[9] W.J. Lewis, The spectrum of a ring as a partially ordered set, J. Algebra 25 (1973) 419–433.

[10] W.J. Lewis, J. Ohm, The ordering of specR, Canad. J. Math. 28 (1976) 820–835.


