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1. Introduction

Let (E, T) be a topological vector space and P a subset of E. Then, P is called a cone whenever

(i) P is closed, non-empty and P # {0},
(ii) ax + by € P for all x, y € P and non-negative real numbers a, b,
(iii) P N (—P) = {0}.

For a given cone P C E, we can define a partial ordering < with respectto Pby x < yifandonlyify —x € P.x <y
will stand for x < y and x # y, while x < y will stand for y — x € int P, where int P denotes the interior of P. If E is a
normed space, then the cone P is called normal (with respect to this norm) whenever there is a number M > 0 such that for
allx,y € E,0 < x < yimplies ||x|| < M|y||. The least positive number satisfying this norm inequality is called the normal
constant of P [1]. Of course, there are non-normal cones [2]. Some authors use the notion of normality in their works, but
most of the fundamental results in normal cone metric spaces hold in non-normal case.

Definition 1.1 ([1]). Let (X, d) be a cone metric space, x € X and {x;},>1 a sequence in X. Then

(1) {xn}n>1 converges to x whenever for every ¢ € E with 0 < c there is a natural number N such that d(x,, x) < c for all
n > N. We denote this by lim,_, o, X, = x or x, — x.
(ii) {xn}n>1 is a Cauchy sequence whenever for every ¢ € E with 0 < c there is a natural number N such that d(x,, x,) < ¢
foralln,m > N.
(iii) (X, d) is a complete cone metric space if every Cauchy sequence is convergent.

Let (X, d) be a metric space. A self-map T : X — X is called a quasi-contraction whenever there exists A € (0, 1) such
that

d(Tx, Ty) < Amax{d(x,y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
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forallx, y € X[3]. As we know, there are some works about fixed points of quasi-contractions. Recently, Ili¢ and Rakocevi¢ [ 1]
generalized this notion to cone metric spaces. Suppose that (X, d) is a cone metric space. A self-map T : X — X such that
for some A € (0, 1) and for every x, y € X there exists

ueCT,xy) ={dx,y),dx, Ix), dQy, Ty), d(x, Ty), d(y, Tx)}
such that
d(Tx, Ty) < Au,

is called a quasi-contraction [4]. They proved the following result [4, Theorem2.1].

Theorem 1.1. Let (X, d) be a complete cone metric space and P a normal cone. Suppose that T : X — X is a quasi-contraction.
Then, T has a unique fixed point in X and for any x € X, the iterative sequence {T"x} converges to the fixed point.

Then, Kadelburg, Radenovi¢ and Rakocevi¢ generalized this result by omitting the assumption of normality and for
A € (0, 1) [5, Theorem 2.2]. We shall prove this recent result for any A € (0, 1).

As we know, Rhoades has defined the property (P) on metric spaces in his works [6-8]. Recently, Kadelburg, Radenovi¢
and Rakocevi¢ [5] generalized notion of the property (P) to cone metric spaces. Denote as usual, by F(T) the set of fixed
points of the mapping T : X — X. We say that the map T has the property (P) if F(T) = F(T") for alln > 1, that is it has no
periodic points. They proved the following results (respectively, [5, Theorems 2.3 and 3.2]).

Theorem 1.2. Let (X, d) be a complete cone metric space and T : X — X a quasi-contraction such that there exists a point x € X
having a bounded orbit with respect to T. Then, T has a unique fixed point.

We shall show that by using the assumptions, usually there exists x € X having a bounded orbit.

Theorem 1.3. Let (X, d) be acone metricspaceand T : X — X a quasi-contraction with A € (0, 1). Then, T has the property (P).

We shall prove this result for all > € (0, 1).
Let (X, d) be a cone metric space (with values of the metric in a Banach space E), T : X — X a mapping, x € X and

O(x; 00) = {x, Tx, T?x, ..., T"x, .. .}.

In fact, O(x; co) is called the orbit of x with respect to T. A vector u is a bound forasetA C X if d(x,y) < uforallx,y € A.
A space (X, d) is called T-orbitally complete whenever every sequence {T"x};~1, x € X, which is a Cauchy sequence, has a
limit point in X [9]. Also, a map f : X — Riis called lower semicontinuous at x € X if for any sequence {x,} in X such that
X, — X, we have f(x) < liminf,_ - f(x,) [9]. It is obvious that each complete cone metric space is a T-orbitally complete
space, but Pathak and Shahzad showed that the converse does not hold [9, Example 3.1]. Also, they proved the following
result [9, Theorem 3.5].

Theorem 1.4. Let (X, d) be a cone metric space, P a regular cone with normal constant K and T : X — X a self-map. Suppose
that (X, d) is T-orbitally complete and there exists x € X and A € [0, 1) such that

d(Ty, T?y) < p(n)d(y, Ty)
forally € O(x; co), where ¢ : O(x; 00) — [0, 1) is a function such that

sup o) <A <1
Y€O(x;00)

Then, the following statements hold.

(i) limp_ o0 T"X = X exists,
(ii) T(x) = x if the mappingon X > z + ||d(z, Tz)|| is lower semicontinuous at X,
(iii) X is a unique fixed point of T if (e, T"(X) is a singleton set, where T"(X) = T(T" (X)) foralln > 1and T°(X) := X.

We shall generalize this result.

2. Main results

Now, we are ready to state and prove our main results. First, we give the following result which improves Theorems 1.1
and 1.2.

Theorem 2.1. Let (X, d) be a complete cone metric space and T : X — X a quasi-contraction and x € X. Then, the following
statements hold.

(i) The orbit O(x; 00) is bounded,
(ii) limy_ oo T"x = X exists and T (x) = X,
(iii) x is a unique fixed point of T.
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Proof. (i) Put 8;(x) = d(x, Tx). Since d(x, T?x) < d(x, Tx) + d(Tx, T?x) and T is quasi-contraction, we have two cases:
d(Tx, T?x) < Ad(x, Tx) or d(Tx, T*x) < rd(x, T?x).

Ifd(Tx, T?>x) < Ad(x, Tx), thend(x, T?x) < (14+X)d(x, Tx).In this case, put 8, (x) = (1+1)d(x, Tx).Ifd(Tx, T?x) < Ad(x, T?x),

then d(x, T?x) < 1lx d(x, Tx). In this case, put §,(x) = ﬁd(x, Tx). Note that, in both cases we have §;(x) < §,(x) and

d(x, T?2x) < &,(x). Suppose that 8,_;(x) has been chosen. Now by induction, we show that for each n > 2 there exists
1 < m < nsuch that

d(T™x, T" %) < A" 'd(x, T™x). (%)

Ifn = 2, then d(Tx, T?x) < Au, where u € {d(x, Tx), d(Tx, T?x), d(x, T?x)}. Thus, (x) holds for n = 2. Suppose that (x) holds
for each k < n. We show that () holds for k = n. In this case we have d(T"x, T"~'x) < Au, where

u e {d(T" x, T" 2x), d(T"x, T"'x), d(T"x, T"2x)}.

It is trivial that (x) holds if u = d(T"~'x, T"2x) or u = d(T"x, T"~'x). Now suppose that u = d(T"x, T"2x). In this case we
have d(T"x, T"%x) < Auq, where

up € {d(T" %, T"3x), d(T" x, T"2x), d(T"x, T"3x), d(T"2x, T"3x), d(T"x, T""'x)}.

Again, it is trivial that () holds ifu; = d(T™x, T"~1x) oru; = d(T"2x, T"3x).Ifu; = d(T" 'x, T"2x), thend(T"x, T" " 'x) <
A2d(T™1x, T"2x). By assumption of the induction, there exists 1 < m < n — 1 such that d(T"'x, T"2x) < A"2d(x, T™x).
Hence, d(T"x, T™ 'x) < A"d(x, T™x) < A" ld(x, T™x). If u; = d(T™ 'x, T"3x), then d(T™x, T" " x) < A2d(T"3x, T" " 'x).If
u; = d(T™x, T"3x), then d(T"x, T"'x) < A2d(T"x, T"3x). Therefore, by continuing this process, we see that () holds for
each n > 2. Now, we have

d(x, T"x) < d(x, T"7'x) +d(T"'x, T"x) < d(x, T""'x) + A"~ 'd(x, T"x)
forsome 1 <m < n.Ifn > m, then

dx, T"%) < d(x, T" %) + A" Hd(x, T™) < (1 + A" H8,_1(%).
In this case, put §,(x) = (1 4+ A" 1)8,_1(x). If n = m, then

d(x T”x)<¥d(x T %) < _ 8a_1(%)
B ISPV R = \1—an1) 0

In this case, put §,(x) = H%S,H (x). Note that, in both cases we have
Sno1(®) < 8p() and  d(x, T"X) < 8, (%).
Thus, {6,(x)}n>1 is an increasing sequence and 4, (x) is a bound for the set

{x, Tx, T?x, ..., T"x)

for all n > 1. Note that, for each m > 2 there exists a subset I of {1, 2, ..., m — 1} such that
[1(1+25
kel
Sm(x) = 31(%).

I1 (1—=25

Putu,, = ]_[l”:1 (1+A)forallm > 1.Since Inu, = Z,m:] In(1+ AY) and the series Zf’i] In(1 4+ A') converges, the sequence
{um}m>1 is bounded and increasing. Thus, Hf’:"l (1+ A') converges. Similarly, one can prove that ]_[f:o1 ﬁ converges. Now,
note that
o0 .
[T(1+4H
Sn(®) < =
[1(1 =)
i=1

forallm > 1.1f we put

81(%)

TTC1+29

s = 81,
[1(1 =2
i=1

then §(x) is a bound for the orbit O(x; co).
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(ii) For eachm > n > 1 we have
d(T"x, T™x) < d(T"x, T""'x) + d(T™ %, T™x) < A"d(x, T°x) + A"Fd(x, TPx)

for some s, p < m. Thus, d(T"x, T™x) < (A" 4+ A"™"1)§(x) forallm > n > 1. Hence, {T"x},> is a Cauchy sequence. Since
(X, d) is a complete cone metric space, there exists X € X such that lim,_, ., T"x = X. For each n > 1 there exists

up € {d(x, T"%), d(x, TX), d(T"x, T""'x), d(x, T"" 1), d(T"x, TX)}
such that

d(Tx, T" %) < Auy,.
Let 0 < c be given. Choose a natural number N such that d(T"x, X) < c for all n > N. Then, we have d(x, Tx) < %c for
all n > N. Since ¢ was arbitrary, we obtain Tx = X.
(iii) It is obvious. O

Now, we give the next result which improves Theorem 1.3.

Theorem 2.2. Let (X, d) be a cone metric space and T : X — X a quasi-contraction. Then, T has the property (P).

Proof. Itis clear that F(T) C F(T") foralln > 1. Now, letn > 1be given and u € F(T"). Then, T"u = u and so T*"u = u for
all k > 1. Hence, for every k > 1 we have

d(u, Tu) = d(T*u, T 'u) < ARd(u, TSu) < A8 (u),

where s < kn + 1 and §(u) is defined as in Theorem 2.1. If k — oo, then we obtain d(u, Tu) = 0. Therefore, Tu = u and so
T has the property (P). O

Finally, we give the following result which generalizes Theorem 1.4.

Theorem 2.3. Let (X, d) be a cone metric space and T : X — X a self-map. Suppose that (X, d) is T-orbitally complete and there
exists x € X and A1, Ay € [0, 1) such that A1 + 2X, < 1and

d(Ty, T?y) < 2d(y, Ty) + Aad(y, T?y)

forally € O(x; 00). Then, the following statements hold.

(i) lim,_ oo T"x = X exists,
(ii) T(x) = x if the mappingon X > z > ||d(z, Tz)|| is lower semicontinuous at x and P is a normal cone,
(iii) x is a unique fixed point of T if ﬂ;”;o T"(X) is a singleton set.

Proof. (i) First, note that
d(Ty, T?y) < 2d(y, Ty) + A2(d(y, Ty) + d(Ty, T?y)).
Hence, d(Ty, T?y) < %d(v, Ty).Since A1 + 24, < 1, u = % < 1. Thus,
d(T"x, T" %) < u"d(x, Tx)
for all n > 1. Hence, for each m > n > 1 we have
d(T"x, T"x) < (" + p"™ ' + -+ pMd(x, Tx).
Therefore, {T"x},>1 is a Cauchy sequence. Since (X, d) is T-orbitally complete, there exists x € X such that lim,_. ., T"x = X.
(ii) Since the mapping z — ||d(z, Tz)|| is lower semicontinuous at X, we have
ld&, TR < lim inf [|d(T"x, T"1x)| = 0.

Thus, T(x) = x.
(iii) Itis obvious. O
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