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A B S T R A C T

A steady two-dimensional hydromagnetic stagnation-point flow of an electrically conducting nanofluid
past a stretching surface with induced magnetic field, melting effect and heat generation/absorption has
been analyzed numerically. The model used for the nanofluid incorporates the effects of Brownian motion
and thermophoresis. The nonlinear partial differential equations are transformed into ordinary differ-
ential equations using suitable similarity transformations, before being solved numerically. Effect of pertinent
parameters on different flow fields are determined and discussed in detail through several plots and a
table. Obtained numerical results are compared and found to be in good agreement with previously pub-
lished results in a limiting sense. Further, in the absence of melting and magnetic field effect, the skin
friction co-efficient results are compared with exact solutions, which are reported earlier.

Copyright © 2015, The Authors. Production and hosting by Elsevier B.V. on behalf of Karabuk
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction

Boundary layer flow and heat transfer characteristics over stretch-
ing surfaces have been the topics of extensive research due to their
wide range of applications, such as manufacturing of food and paper,
polymer extrusion, wire drawing, glass fiber production, stretch-
ing of plastic films and many others. Sakiadis [1] was the first among
others to consider the steady boundary layer flow of a viscous in-
compressible fluid on a continuous flat surface. Crane [2] extended
this work [1] over a stretching surface. The results obtained in the
present study have similar physical agreement with the work of
Crane [2] and Hsiao [3,4] who have studied the heat and mass mixed
convection for magnetohydro-dynamic viscoelastic fluid past a
stretching sheet with Ohmic dissipation. An analysis has been made
by Liancun et al. [5] to study the solution of an unsteady flow and
heat transfer on a permeable stretching sheet with non uniform heat
source/sink. Recently, Gireesha et al. [6] reported the numerical so-
lution for boundary layer flow past a non-isothermal stretching
surface with Hall effect. On the other hand, stagnation regions exist
on all blunt bodies moving in a viscous fluid. The stagnation-point
flow is described as the fluid flow near the stagnation region of a

circular body, which exists for both the cases of a fixed or moving
body in a fluid. The study of boundary layer stagnation-point flow
of an incompressible viscous fluid on a stretching sheet has at-
tracted the attention of researchers due to its wide applications in
industry and practical applications. Some of the applications are
cooling of electronic devices by fans, cooling of nuclear reactors
during emergency shutdown, solar central receivers exposed to wind
currents, in the design of thrust bearings and radial diffusers, drag
reduction, thermal oil recovery and many hydrodynamic pro-
cesses. In view of these applications, Hiemenz [7] investigated the
two-dimensional stagnation point flow over a plate. Later on, Gorla
[8] studied the stagnation point flow of a non-Newtonian fluid in
the presence of a transverse magnetic field. Mahapatra and Gupta
[9] analyzed heat transfer characteristics in stagnation-point flow
toward stretching sheet. Representative studies dealing with the
stagnation-point flow have been reported by Nazar et al. [10], Ishak
et al. [11], Takhar et al. [12] and Ramesh et al. [13].

Nanofluid is a fluid containing nanometer sized particles, called
nanoparticles. It is well known that the nanofluids can tremen-
dously enhance the heat transfer characteristics of the base fluid.
Heat transfer is an important process in physics and engineering,
and therefore improvements in heat transfer characteristics will
improve the efficiency of many processes. Thus, nanofluids have
many applications in industry such as heat exchangers, coolants,
micro-channel heat sinks and lubricants. Based on these real world
applications, Choi [14] has introduced the concept of nanofluid in
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order to develop advanced heat transfer fluids with substantially
higher conductivities. Later on, the boundary layer flow of nanofluid
past a stretching surface under the effect of Brownian motion and
thermophoresis was investigated by Khan and Pop [15]. Kuznetsov
and Nield [16] investigated the natural convective boundary-layer
flow of a nanofluid past a vertical plate by incorporating Brown-
ian motion and thermophoresis effects. Recently, Chamkha et al. [17]
analyzed the natural convection past a sphere embedded in a porous
medium saturated by a nanofluid. Gorla et al. [18] have reported
the numerical solutions for a steady boundary layer flow of nanofluid
on a stretching circular cylinder in a stagnant free stream. Un-
steady boundary layer stagnation-point flow in a nanofluid was
examined by Bachok et al. [19]. Makinde and Aziz [20] obtained the
numerical solution for boundary layer flow and heat transfer of
nanofluid over a stretching surface with convective boundary con-
ditions. Alsaedi et al. [21] analyzed the stagnation point flow of
nanofluid near a permeable stretched surface with convective bound-
ary. A numerical study has been carried out by Gireesha et al. [22]
to study the nanoparticle effects on three-dimensional boundary
layer flow and heat transfer of an Eyring–Powell fluid over a stretch-
ing sheet. They also considered the Brownian motion and
thermophoresis effects and solved the problem using Shooting
method. Hsiao [23] investigated the heat and mass transfer mixed
convection nanofluid flow. Chaoli et al. [24] studied the MHD flow
and radiation heat transfer of nanofluids in porous media with vari-
able surface heat flux and chemical reaction. The velocity slip and
temperature jump effects on nanofluid over a stretching sheet was
carried out by Liancun et al. [25]. Recently, Gireesha et al. [26] have
studied the effect of dust particles on boundary layer flow and heat
transfer of nanofluid over a porous stretching surface.

Melting heat transfer in steady laminar flow over a stationary
flat plate has been studied by Epstein and Cho [27]. Then after,
Kazmierczak et al. [28] studied the steady convection flow over a
flat plate embedded in a porous medium with melting heat trans-
fer effect. Gorla et al. [29] have studied the melting heat transfer
in mixed convection flow over vertical plate. Recently, an analysis
has been carried out by Bachok et al. [30] to analyze a steady
two-dimensional stagnation point flow and heat transfer over a
melting stretching sheet. On the other hand, the effect of an induced
magnetic field in an electrically conducting fluid has wide range
of applications in real world problems. Such studies are pertinent
in astronautical re-entry, thermo-magneto-aerodynamics, nuclear
reactors, MHD energy generator systems and magnetohydrody-
namic boundary layer control technologies [31]. To date, very little
attention has been shown to consider the effect of induced mag-
netic field on boundary layer flow and heat transfer over surfaces.
Kumari et al. [32] considered the boundary layer flow and heat
transfer on stretching surface with induced magnetic field. An
unsteady laminar boundary layer flow of an electrically conduct-
ing fluid past a semi-infinite flat plate with an aligned magnetic
field has been studied by Takhar et al. [33]. Beg et al. [34] studied
the hydromagnetic convection flow of a Newtonian, electrically-
conducting liquid metal past a translating, non-conducting plate
with aligned magnetic field. Ghosh et al. [35] presented an exact
solution for hydromagnetic natural convection boundary layer flow
past an infinite vertical flat plate under the influence of a trans-
verse magnetic field with magnetic induction effects. Liancun et al.
[36] have addressed the MHD effects on the flow and heat trans-
fer over a porous shrinking surface with velocity slip and temperature
jump. Recently, Ali et al. [37,38] investigated the influence of an
induced magnetic field on boundary layer stagnation-point flow
over a stretching surface.

Motivated by the aforementioned works, the aim of the present
study is to investigate the influence of magnetohydrodynamic effects
on melting heat transfer in boundary layer stagnation-point flow
of an electrically conducting nanofluid toward a stretching surface

with heat source/sink and induced magnetic field. The novelty of
this study is to analyze the effect of an induced magnetic field on
melting heat transfer in electrically conducting nanofluids. After ap-
plying similarity transformations, the resulting governing equations
have been solved numerically using standard method called Runge–
Kutta–Fehlberg fourth-fifth order scheme for velocity, temperature
and concentration profiles.

2. Problem formulation

The physical configuration of the present problem is as
shown in Fig. 1. We have considered a steady two-dimensional hy-
dromagnetic boundary layer flow of an electrically conducting
nanofluid near a stagnation point toward a stretching surface in its
own plane with velocity proportional to the distance from stagna-
tion point. The influence of an induced magnetic field is taken into
account.

It is assumed that the velocity of an external flow is U x axe ( ) =
and the velocity of stretching sheet is U x cxω ( ) = , where a and c are
positive constants. The temperature of melting surface is Tm, while
ambient values of temperature and nanoparticle volume fraction
are T∞ and C∞ respectively, where T∞ > Tm and Cw is the value of
nanoparticle volume fraction at the surface.

The basic equations for the steady flow of an electrically con-
ducting nanofluid by neglecting the effect of Hall current, viscous
dissipation and Ohmic heating can be written as follows ([34] and
[35]);

Continuity equation for velocity:

∇⋅ =V 0, (2.1a)

Continuity equation for induced magnetic field:

∇⋅ =H 0, (2.1b)

Conservation of momentum equation:

ρ μ μf
e PV V⋅∇( ) − ⋅∇( ) = −∇ + ∇V H H

4
2

π
, (2.2)

Conservation of induced magnetic field equation:

∇ × ×( ) + ∇ =V H Hη0
2 0, (2.3)

Fig. 1. Physical model and geometry of the problem.

314 B.J. Gireesha et al./Engineering Science and Technology, an International Journal 19 (2016) 313–321



Conservation of energy equation:

ρ ρc T k T c D C T
D
T
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⎞
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⋅⎛
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⎞
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∞
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0 −−( )∞T , (2.4)

Conservation of nanoparticle volume equation:

V ⋅( ) = + ⎛
⎝⎜

⎞
⎠⎟∞

∇ ∇ ∇C D C
D
T

TB
T2 2 , (2.5)

where V = (u,v) – nanofluid velocity vector, H = ( )H H1 2, – induced

magnetic field vector, the MHD pressure is P p
He= +

μ
π

2

8
, p –

nanofluid pressure, T – nanofluid temperature, C – nanoparticle
volume fraction, ρf and ρp are respectively density of base fluid and
nanoparticles, μ – dynamic viscosity of the nanofluid, μe – mag-

netic permeability, σ – electric conductivity, η
π0

1
4

=
σμe

– magnetic

diffusivity, ρcp f( ) and ρcp p( ) are heat capacities of nanofluid and
nanoparticles respectively, k – the thermal conductivity, DB – Brown-
ian diffusion coefficient, DT – thermophoretic diffusion coefficient
and Q0 – heat generation/absorption co-efficient. It is worth to
mention that Q0 > 0 corresponds to internal heat generation and
Q0 < 0 corresponds to internal heat absorption.

Under the boundary layer approximations, the governing
equations (2.1)–(2.5) take the following forms (see [34] and [35]);
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where (u,v) and (H1,H2) are the velocity and magnetic field com-
ponents along the x and y directions, respectively, whereas U x axe ( ) =
and H x xHe ( ) = 0 are the x-velocity and x-magnetic field at the edge
of the boundary layer and H0 is the uniform vertical magnetic field
value at the infinity upstream.

The relevant boundary conditions applicable to the present
problem are [30]

u U x
H
y

H T T yw= ( ) ∂
∂

= = = =∞, , ,1
20 0 0at

u U x H H T T ye e m= ( ) = = = → ∞, , ,1 0 as (2.11)

and *k
T
y

f c T T v x
y

s m
∂
∂

⎛
⎝⎜

⎞
⎠⎟

= + −( )[ ] ( )
=0

0 0ρ λ , ,

where λ* is latent heat transfer of the fluid and cs is heat capacity
of solid surface. Melting boundary condition states that the heat con-
ducted to the melting surface is equal to the heat of melting plus
the sensible heat required to raise the solid temperature T0 to its
melting temperature Tm [30].

In order to obtain similarity solutions, consider a set of suit-
able similarity transformations as follows;

u cxf v c f
T T
T T

U
x

y
w

w= ′( ) = − ( ) ( ) = −
−

=∞

∞
η ν η θ η η

ν
, , , , (2.12)

H H xg H c g
C C

C Cw
1 0 2= ′( ) = − ( ) ( ) = −

−
∞

∞
η ν η φ η, , ,

Equation (2.6) is identically satisfied on using equation (2.12).
Further, equations (2.6) to (2.10) will recast to the following set of
ordinary differential equations;

′′′ ( ) + ′′ ( ) ( ) − ′( ) + ⎛
⎝⎜

⎞
⎠⎟ + ′( ) − ′′ ( ) ( ) −( )f f f f

a
c

g g gη η η η β η η η2
2

2 1 == 0

(2.13)

λ η η η η η′′′ ( ) + ′′ ( ) ( ) − ′( ) ( ) =g g f f g 0 (2.14)

′′ ( ) + ′( ) ( ) + ( ) + ′( ) ′ ( )( + ′( )( ) =θ η θ η θ θ η θ η φ η θ ηPr f Q Nb Nt 2 (2.15)

′′ ( ) + ′( ) + ⎛
⎝⎜

⎞
⎠⎟ ′′ ( ) =φ η φ η η θ ηLe f

N
N

t

b

( ) ,0 (2.16)

where a prime denotes differentiation with respect to η,

β μ
πρ

= ⎛
⎝⎜

⎞
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e

f

H
c4

0
2

is the magnetic parameter, λ η
ν

= 0 is reciprocal of

the magnetic Prandtl number, Pr
c

k
pf=

μ
is the Prandtl number, a

c

is the stretching parameter, Q
Q

c cp f

= ( )
0

ρ
is the heat source/sink pa-

rameter, Nb
DB w= −( )∞τ φ φ

ν
is the Brownian motion parameter,

τ
ρ
ρ

=
( )
( )

c

c
p p

p f

is the ratio between effective heat capacity of the

nanoparticle material and heat capacity of the fluid, Nt
D T T

T
B w= −( )∞

∞

τ
ν

is the thermophoresis parameter and Le
DB

= ν is the Lewis number.

Substituting equation (2.12) into the boundary conditions (2.11),
one can get;

′ ( ) = ′ ( ) = ( ) = ( ) + ′ ( ) = ( ) =
( ) = ′ ∞( )

f g g Prf M
f

0 1 0 0 0 0 0 0 0 0 0
0 1

, , , , ,
,

θ θ
φ →→ ′ ∞( ) → ∞( ) → ∞( ) →a c g, , , ,1 1 1θ φ (2.17)

where M
c T T

c T T
f w

s m

=
−( )

+ −( )
∞

λ* 0
is the melting parameter.

From the engineering point of view, the physical quantities of
interest are local skin friction coefficient Cf, local Nusselt number
Nux or melting rate at the stretching surface and local Sherwood
number Shx. The skin friction drag is defined as;

C
U

f
w

f w

= τ
ρ 2

, (2.18a)

The Nusselt number is the dimensionless heat transfer coeffi-
cient and can be defined as the ratio of convective and conductive
heat transfer rates, i.e.,

Nu
xq

k T T
x

w

m

=
−( )∞

, (2.18b)
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On the other hand, the Sherwood number is defined as the ratio
of convective and diffusive mass transfer rates along a surface and
is given by;

Sh
xj

D C C
x

w

B w

=
−( )∞

, (2.18c)

where τw, qw and jw are the surface shear stress, surface heat flux
and surface mass flux respectively, which are given by;

τ μw
y

w
y

w B
y

u
y

q k
T
y

j D
C
y

= ∂
∂

⎛
⎝⎜

⎞
⎠⎟

= − ∂
∂

⎛
⎝⎜

⎞
⎠⎟

= − ∂
∂

⎛
⎝⎜

⎞
⎠⎟= = =0 0 0

, , (2.19)

Using equation (2.19) and with the aid of similarity variables,
we obtain

Re C f Re Nu Re Shx f x x x

1
2

1
2

1
20 0 0= ′′( ) = − ′( ) = − ′( ), , ,θ φ (2.20)

where Re
U x

x
w=
ν

is the local Reynolds number.

It is worth to mention that, in the absence of melting and induced
magnetic effects, equation (2.13) with respect to boundary condi-
tions (2.17) is reduced to that of Crane [2]. Crane reported the closed
form solution as follows;

f eη η( ) = −1 .

Therefore numerical results of the present study obtained for f’’(0)
when M = β = 0 is a unique value namely –1.0000 and this is in ex-
cellent agreement with that of Crane [2].

3. Numerical method and validation

The systems of nonlinear differential equations (2.13)–(2.16) along
with the boundary condition (2.17) are solved numerically using
fourth-fifth order Runge–Kutta–Fehlberg method. The absolute con-
vergence criteria were taken as 10 6− in this method. It is most
important to choose the appropriate finite values of η∞. The as-
ymptotic boundary conditions at η∞ were replaced by η10 in
accordance with standard practice in the boundary layer analysis.
The choice of η∞ = 10 ensures that all numerical solutions ap-
proach the asymptotic values correctly. The present results of
dimensionless skin friction co-efficient for different values of a/c in
the absence of melting and induced magnetic field effects are com-
pared with those reported by Mahapatra and Gupta [9], Ishak et al.
[11], Nazar et al. [10] and Ali et al. [37] in Table 1. It is observed
that the comparison shows good agreement for each value consid-
ered. Therefore, we are confident that the present results are correct
and accurate.

4. Results and discussion

The boundary layer flow and melting heat transfer of nanofluid
over a stretching sheet in the presence of heat source/sink and
induced magnetic field has been investigated numerically. Our main
attention is to examine the influence of nanoparticles with an
induced magnetic field on the fluid flow near a stagnation-point over
a stretching surface. The numerical solutions are presented through
graphs 2–19 for the physical interpretation of the proposed study.
These figures describe the effect of the magnetic field (β), recipro-
cal of the magnetic Prandtl number (λ), stretching parameter
(a/c), heat source/sink parameter (Q), Brownian motion parame-
ter (Nb), thermophoresis parameter (Nt), Lewis number (Le) and
melting parameter (M) on the dimensionless velocity, induced mag-
netic field, temperature and nanoparticle volume fraction profiles.
Further, numerical results of the skin-friction coefficient, Nusselt
number, and the Sherwood number are presented in Table 2.

Figs. 2–5 are plotted to show the variations of velocity, induced
magnetic field, temperature and nanoparticle fraction profiles within
the boundary layer for different values of β, respectively. It is evident
from these figures that, all curves approach the far field boundary
conditions asymptotically. Further, the velocity, induced magnetic
field and temperature profiles increase as β increases for the case
a/c = 0.5, whereas it shows the reverse effect for the nanoparticle
volume fraction profiles for a/c = 0.5. However, the whole trend is
opposite for the case a/c = 1.4.

The effect of melting parameter on velocity, induced magnetic
field, temperature and nanoparticle volume fraction profiles for
a/c = 0.5 and 1.5 are plotted in Figs. 6–9 respectively. It is found from
the plots 6 and 7 that, for a/c = 0.5, the velocity and induced mag-
netic field profile increases by increasing M, while it shows the
reverse effect for a/c = 1.5. It is revealed from Figs. 8 and 9 that the
thermal boundary layer becomes steeper for higher value of melting
parameter in both a/c = 0.5 and a/c = 1.5 cases. This result makes sense
physically, if it is realized that the melting phenomenon acts as a
blowing boundary condition at the stretching surface. Consequent-
ly, more intense melting leads to retardation in the thermal boundary
layer thickness. These results are consistent with the results ob-
tained by Bachok et al. [24]. However, this effect is reverse for
nanoparticle volume fraction profiles as can be seen in Figs. 8 and
9.

Table 1
Comparison of results for skin friction co-efficient f’’(0) in the case of M = β = 0 for
different value of a/c.

a/c Mahapatra
and Gupta [9]

Ishak
et al. [11]

Nazar
et al. [10]

Ali
et al. [37]

Present
study

0.1 −0.9694 −0.9694 −0.9694 −0.9694 −0.96938
0.2 −0.9181 −0.9181 −0.9181 −0.9181 −0.91810
0.5 −0.6673 −0.6673 −0.6673 −0.6673 −0.66723
0.5 – – – – 0.90852
2.0 2.0175 2.0175 2.0176 2.0175 2.01750
3.0 4.7293 4.7294 4.7296 4.7293 4.72928
4.0 – – – – 8.00043

Table 2
Numerical values of ′′ ) − ′ ( )f 0 0, θ and −ϕ’(0) for different values of β λ, , , , ,M Nt Le Q
and a/c.

β λ M Nb Nt Le Q a/c f’’(0) −θ’(0) −ϕ’(0)
0.1 10 1.0 0.5 0.5 1.0 −0.02 0.5 −0.5074 −0.3415 0.5083
0.5 −0.1911 −0.3807 0.5347
1.0 0.1107 −0.4099 0.5560
0.1 100 −0.5473 −0.3359 0.5044

1000 −0.5523 −0.3351 0.5039
5000 −0.5527 −0.3351 0.5039

0.1 10 0.0 −0.6297 −0.5088 0.9358
2.0 −0.4488 −0.2646 0.3284
4.0 −0.3867 −0.1880 0.1688

0.1 10 1.0 0.1 −0.4947 −0.3806 0.9124
1.0 −0.5233 −0.2939 0.4880
1.5 −0.5387 −0.2486 0.5034

0.1 10 1.0 0.5 0.1 −0.5157 −0.3164 0.4614
1.0 −0.4964 −0.3754 0.6016
2.0 −0.4723 −0.4515 0.9263

0.1 10 1.0 0.5 0.5 0.1 −0.5036 −0.3533 0.3907
0.6 −0.5064 −0.3446 0.4753
1.2 −0.4925 −0.3876 0.6803

0.1 10 1.0 0.5 0.5 1.0 −0.1 −0.5164 −0.3143 0.6487
0.0 −0.4848 −0.4118 0.6502

+0.1 −0.4427 −0.5497 0.6315
0.1 10 1.0 0.5 0.5 1.0 0.02 0.5 −0.5074 −0.3415 0.5083

3.0 3.8695 −0.5905 0.1094
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Fig. 10(a) and (b) presents the influence of λ on both ′ ( )f η and
′ ( )g η profiles against span-wise coordinate η with a/c = 0.5 respec-

tively. Fig. 10(a) explores that an increase in λ brings a decrease
in the momentum boundary layer thickness due to increase in skin
friction coefficient f’’(0). It is observed from plot 10(b) that ′ ( )g η
profile decreases near the boundary and increases far away with
increase in λ. The dimensionless θ(η) and ϕ(η) profiles for a/c = 0.5
and various values of λ can be displayed in Fig. 11. It shows that
an increase in λ causes decrease in the fluid temperature θ(η) within
the boundary layer, and consequently the thermal boundary layer
thickness decreases. But this trend is opposite for ϕ(η) profiles.

The effect of stretching parameter a/c on ′ ( )f η and g’(η), and
φ η( ) and θ(η) distributions are respectively demonstrated in
Figs. 12 and 13. The velocity f’(η) profile is found to increase with
increase in a/c. The central reason for this effect is, for a fixed value
of a/c corresponding to the stretching of the surface, the increase
in a in relation to c implies an increase in the straining motion near
the stagnation region that can increase the acceleration of the

external stream. Therefore, an increase in a/c has the effect of thick-
ening the boundary layer. Nevertheless, inverted boundary layer
structure occurs for the flow when a/c < 1, where the stretching ve-
locity cx of the surface exceeds the velocity ax of the external stream.
From Fig. 12, it can also be noted that the magnetic field profile

′ ( )g η decreases as a/c increases. From Fig. 13, it is seen that the tem-
perature profile θ(η) significantly increases with increasing a/c.
Further observation shows that as a/c increases, nanoparticle volume
fraction profile ϕ(η) retards rapidly; however, the opposite trend
occurs after a certain point.

The effect of Nb on ′ ( )f η and g’(η) is presented in Fig. 14. It
reveals that both velocity and induced magnetic field profile rapidly
decrease throughout the boundary layer region for increasing values
of Nb. The influence of Nb notably increases φ η( ) profile and de-
creases the θ(η) profile, which is as shown in Fig. 15.

Fig. 16 has been plotted to display the effect of Nt on ′ ( )g η and
θ(η) distributions by fixing all other parameters. It elucidates that

Fig. 2. Effect of β on ′ ( )f η profiles in both a/c = 0.5 and a/c = 1.4 with
λ = = = = = = =5 1 0 5 1 0 1, , . , , .Le M Nb Nt Pr Q .

Fig. 3. Effect of β on ′ ( )g η profiles in both a/c = 0.5 and a/c = 1.4 with
λ = = = = = = =5 1 0 5 1 0 1, , . , , .Le M Nb Nt Pr Q .

Fig. 4. Effect of β on θ η( ) and ϕ(η) profiles for a/c = 1.4 with λ = = =5 1, ,Le M
= = = =0 5 1 0 1. , , .Nb Nt Pr Q .

Fig. 5. Effect of β on θ η( ) and ϕ(η) profile for a/c = 0.5 with λ = = =5 1, ,Le M
= = = =0 5 1 0 1. , , .Nb Nt Pr Q .
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the temperature and induced magnetic field profile shows the same
behavior against the value of Nt. The temperature profile as well
as the induced magnetic field profile increases with an increase in
Nt. Finally, Fig. 17 illustrates the effect of Q on temperature profile
and the effect of Le on nanoparticle volume fraction profile versus
η. It is seen that increasing values of Q result in increase of tem-
perature profiles along with the thermal boundary layer thickness.
It is also observed that ϕ(η) profile at some point is found to de-
crease initially with increasing Le, but for large values of η it increases
notably with Le. It is quite obvious becauseLe is inversely propor-
tional to diffusion co-efficient. Thus, increasing Le results in decrease
on diffusion which finally yields into a decrease of nanoparticle
volume faction.

Table 2 was made in order to see the variation of skin-friction
coefficient, Nusselt number and volume fraction Sherwood number
for different values β λ, , , ,M Nb Nt , Le,Q and a/c. It is found that the
skin-friction coefficient increases with an increase in β, , , ,M Nt Le Q
and a/c and found to be decreasing for increasing values of λ and

Nb. It is observed that the Nusselt number profile enhances for
increasing values of λ, M, Nb, and retards with increase in
β, , , ,Nt Le Q a c . In addition, increasing values of λ, M, Nb, cause en-
hancement in volume fraction Sherwood number profile and an
opposite trend is observed with increase in λ, , , ,M Nb Q a c .

5. Concluding remarks

Using Runge–Kutta–Fehlberg method, the governing equations
of the flow have been solved numerically. Our results with limit-
ing cases are compared with previously published results and an
excellent agreement is found. The inclusions of nanoparticles into
the base fluid of this problem change the flow pattern. It is found
that the induced magnetic field and temperature distributions are
enhanced with strengthening of the hydromagnetic field. The melting
effect is more suited for cooling processes, since the melting effect
reduces the temperature of the fluid. It is also found that sus-
pended nanoparticles in a fluid are capable of increasing the heat

Fig. 6. Effect of M on ′ ( )f η profile in both a/c = 0.5 and a/c = 1.5 with
β λ= = = = = = = −0 1 5 1 0 5 0 72 0 1. , , , . , . , .Le Nb Nt Pr Q .

Fig. 7. Effect of M on ′ ( )g η profile in both a/c = 0.5 and a/c = 1.5 with
β λ= = = = = = = −0 1 5 1 0 5 0 72 0 1. , , , . , . , .Le Nb Nt Pr Q .

Fig. 8. Effect of M on θ η( ) and ϕ(η) profiles for a/c = 1.5 with β λ= = =0 1 5 1. , , ,Le
= = = = −0 5 0 72 0 1. , . , .Nb Nt Pr Q .

Fig. 9. Effect of M on θ η( ) and ϕ(η) profiles for a/c = 0.5 with β λ= = =0 1 5 1. , , ,Le
= = = = −0 5 0 72 0 1. , . , .Nb Nt Pr Q .
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transfer capability of the base fluid. Therefore, the nanofluids are
preferable in scientific processes that take place at high tempera-
tures, i.e., cooling of a metal or glass sheet. Besides, it is found that
the induced magnetic field profiles are affected by nanofluid key
parameters such as thermophoresis and Brownian motion param-
eter. Additionally, the influence of thermophoresis and stretching
ratio is to increase the heat transfer rate at the surface. Moreover,
the surface heat transfer can be considerably enhanced using a higher
melting effect and Brownian motion of nanoparticles. The skin fric-
tion drag is lower for ε < 1 when compared with that for ε > 1. Further,
under certain conditions, heat addition or absorption is possible.
This would be suitable in many engineering and scientific appli-
cations. Finally, we can conclude that, the results of the present study
are useful in many industrial applications such as heat exchang-
ers, coolants, micro-channel heat sinks and lubricants.
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Nomenclature

a, c Constants
a/c Stretching ratio parameter
cs Heat capacity of the solid surface
C Nanoparticle volume fraction (kg/m3)
Cw Concentration at the wall (kg/m3)
C∞ Ambient nanofluid volume fraction (kg/m3)
Cf Local skin-friction co-efficient
cp f( ) Specific heat coefficient of fluid (J/kg K)
cp p( ) Specific heat coefficient of nanoparticles (J/kg K)

DB Brownian diffusion coefficient
DT Thermophoretic diffusion coefficient

(a) (b)

Fig. 10. (a) Effect of λ on ′ ( )f η profile for a/c = 0.5 with β λ= = = = = = = = −0 1 5 1 0 5 0 72 0 1. , , , . , . , .Le M Nb Nt Pr Q . (b) Effect of λ on ′ ( )g η profile for a/c = 0.5 with
β λ= = = = = = = = −0 1 5 1 0 5 0 72 0 1. , , , . , . , .Le M Nb Nt Pr Q .

Fig. 11. Effect of λ on θ η( ) and ϕ(η) profiles for a/c = 0.5 with β λ= = = =0 1 5 1. , , ,Le M
= = = = −0 5 0 72 0 1. , . , .Nb Nt Pr Q .

Fig. 12. Effect of a/c on ′ ( )f η and g’(η), profiles respectively with
β λ= = = = = = = = −0 1 5 1 0 5 0 72 0 1. , , , . , . , .Le M Nb Nt Pr Q .
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f, g Dimensionless Velocity and magnetic fields
H Induced magnetic field vector
He(x) Magnetic field at the boundary layer edge
H1, H2 Magnetic components along x and y directions
H0 Uniform vertical magnetic field value at the infinity stream
jw Nanoparticles mass flux
k Thermal conductivity (W/m K)
Le Lewis number
M Melting parameter
Nb Brownian motion parameter
Nt Thermophoresis parameter
Nux Local Nusselt number
O Origin
p Nanofluid Pressure
P MHD Pressure
Pr Prandtl number
Q Heat source/sink parameter
Q0 Volumetric rate of heat generation or Absorption
qw Surface heat flux
Rex Local Reynolds number

Shx Sherwood number
T Fluid temperature (K)
Tm Melting surface temperature (K)
T0 Solid surface temperature (K)
T∞ Ambient Surface temperature (K)
V Velocity field ( m s−1)
Ue(x) Velocity of the external flow ( m s−1)
Uw(x) Velocity of the stretching sheet ( m s−1)
u, v, Velocity components along x and y directions ( m s−1)
x, y Coordinates (m)

Greek symbols
θ Dimensionless temperature
ϕ Dimensionless nanoparticle volume fraction
ν Kinematic viscosity of the fluid ( m s2 1− )
αm Thermal diffusivity
β Magnetic parameter
μ Dynamic viscosity ( kg m s− −1 1)
μe Magnetic permeability ( kg m s− −1 1)
σ Electric conductivity of the nanofluid

Fig. 13. Effect of a/c on θ η( ) and ϕ(η) profiles respectively with
β λ= = = = = = = = −0 1 5 1 0 5 0 72 0 1. , , , . , . , .Le M Nb Nt Pr Q .

Fig. 14. Effect of Nb on ′ ( )f η and g’(η) profiles for a/c = 0.5 with β = 0 1. ,
λ = = = = = = = −1 0 5 0 72 0 1, . , . , .Le M Nb Nt Pr Q .

Fig. 15. Effect of Nb on θ η( ) and ϕ(η) profiles for a/c = 0.5 with β = 0 1. ,
λ = = = = = = = −1 0 5 0 72 0 1, . , . , .Le M Nb Nt Pr Q .

Fig. 16. Effect of Nt on ′ ( )g η and θ(η) profiles for a/c = 0.5 with β = 0 1. ,
λ = = = = = = = −1 0 1 0 5 0 72 0 1, . . , . , .Le M Nb Nt Pr Q .

320 B.J. Gireesha et al./Engineering Science and Technology, an International Journal 19 (2016) 313–321



λ* Latent heat transfer of the fluid
λ Reciprocal of magnetic Prandtl number
η Similarity variable
η0 Magnetic diffusivity
τ Ratio of the effective heat capacity of the nanoparticle to

that of an ordinary fluid
τw Surface shear stress
ρf Density of the base fluid (kg/m3)
ρp Density of the nanoparticles (kg/m3)

Superscript
’ Differentiation with respect to η
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