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Abstract

We investigate several aspects of the fractional telegraph equations, in an effort to better
understand the anomalous diffusion processes observed in blood flow experiments. In the
earlier work Eckstein et al. [Electron. J. Differential Equations Conf. 03 (1999) 39-50],
the telegraph equatio®2u + 2aDu + Au = 0 was used, wher® = d/dt, and it was
shown that, as tends to infinity,u is approximated by, where 2Dv + Av = 0; here
A= —dz/dx2 on L2(R), or A can be a more general nonnegative selfadjoint operator.

In this paper the concern is with the fractional telegraph equaifan+ 2a Eu + Au =0,
whereE = DY and O< y < 1; after solving this equation it is shown thais approximated
by v, where 2Ev + Av=0.

0 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

Of concern are suspension flows. These combine directed and random
motion and are traditionally modelled by parabolic partial differential equations.
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Sometimes they can be better modelled (in terms of fitting the data generated by
certain blood flow experiments) by hyperbolic equations such as the telegraph
equation, which have parabolic (or analytic) asymptotics. In particular, the
experimental results described in [2,3,8] seem to be better modelled by the
telegraph equation than by the heat equation. Some of the related mathematics
was discussed in [2].

In Section 6 of [2], a fractional telegraph equation

(Dy)zu—i—ZaDVu—i—Au:O Q)

was proposed as an alternative model. Héris a positive self-adjoint operator
on a Hilbert spacé{, the example we have in mind being

. 82 2 (Ton

A=—-A= ;3)6,2 on'H = L?(R"),
especially withn = 1; alsoa is a positive constant anfd” is the fractional
derivative with respect to time of order € (0,1). Wheny = 1, this becomes
the telegraph equation. For < 1 we call (1) the fractional telegraph equation.
The motivation for this model comes from experimental considerations. The
results look similar on many scales. Such self-similar behavior leads to fractional
derivatives. We offer a simple heuristic discussion to motivate the use of fractional
derivatives. LeiX1, ..., X,, ... be independent, identically distributed symmetric
random variables with the property that for eack= 1,2, ... and for suitable
positive constants,,, a, Z;:l X j has the same distribution &5, and this holds
for all n. Thus the distribution o} ";"_; X;, suitably scaled, is that of 1. This is
a kind of self-similarity, independent of the sample size. Necessarily (see [7]) the
distribution of X1 has Fourier transforra—Ié1", for & € R, for certain constants
¢ > 0andb € (0, 2]. These are precisely the symmetric stable laws, including the
normal distribution 4 = 2) and the Cauchy distributio® & 1). The infinitesimal
generator of the corresponding Feller—Markov semigroup is given by a positive
multiple of the fractional Laplacian (—d?/dx?)"/2.

Fractional differential equations have been studied extensively in the literature.
Independent of the considerations in this paper, it is worth mentioning at least
the work [11], in which the authors study a second order ODE of the form
D?u + 2aD”u + F(u) = 0, with a fractional damping term of orderdy < 2.

F is alocally Lipshitz function. An interesting and closely related work is [5].

Here is an outline of our paper. Section 2 treats fractional derivatives, fractional
ordinary differential equations, and Laplace transform methods. Section 3
deals with well-posedness for fractional telegraph equation. Section 4 treats
asymptotics.
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2. Reinventing the wheel

We briefly review Laplace transform, fractional calculus and fractional
differential equations. While this is all “well-known,” it seems worthwhile to
collect the results we need in a concise format, since there are various different
and inequivalent treatments of fractional differential equations in the literature.

2.1. Laplacetransform

The Laplace transform of is

o0

L)W =U() :/e—“u(t)dz,
0

defined for complex with sufficiently large real part. When we writ&u) or U,
we always assume it exists.
Recall that

L(Du)(2) =rUR) —u(0), &)

whereDu = u' = du/dt.
Next we solve the Cauchy problem for the constant coefficient ODE

D?u + 2aDu + bu = h(t), u(0) = f1, Du(0) = fo, (3)
by Laplace transforms. Using (2) we obtain

(A2 +2ar+b)UR) — AfL— fo—2afr = H(}),
whereH = L(h), thus

HM)+ (A +2a) f1+ f2
A2+ 2ar+b ’

Next, we facton? + 2ax +b = (A — A4) (A — A_), where

A =—a++va?2—b. (5)

We assumé.,. # A_ (i.e.,b # a?). Then, since

U = 4)

1
L)) =——,
()0 =5
the solution: of (3) is obtained by inverting (4)
u(t)=e*' g1+ e g2 + k(1)

where
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Wa?—b+a)fi+ f2 gzz(vaz—b—a)fl—fz

l= 9

& 2Va? —b 2Va? —b
H)

L)) = ——"TF—,

) A2 4+2ar+b

so thatk = 0 whenh = 0.

Note also that for suitable choices of function spake¥, £ can be viewed as
a continuous map fror¥ to Y. The same applies 61, thus£ can be thought of
as alinear homeomorphismin certain specific contexts. This bicontinuity property
allows one to conclude that initial value problems solved by Laplace transform
depend continuously on the initial datf, f2) and the inhomogeneous tefrtr)
in a certain precise sense as in [9,10].

2.2. Fractional derivatives and integrals

For O0< o < 1 define

f
I'(a) J (x —y)l—«

D™ f(x)=
Here we assum¢ € C ([0, o0)) for simplicity. Ase — 1,
D™ f(x)—> D f(x) = / fdy,
0

and

DD lf(x)=f(x), DIDf(x)=f(x)— f(0)

(where in the latter equality we assunfes C1[0, 00)). It is easy to check that
D~*D~F = D=+ for positivea, g with « + 8 < 1. Define, for 0< y < 1,

DY f =D""Df

(which is not the same a8 D? 1 f). To be more precise, we defif® f in this
way for f € C1[0,00). Then D” will be a closable operator in the setting of
certain function spaces ai@” f will be defined for more genergl by closure.
ForO<a,y <1,

B AG)
HPTN® = F(a)//(r—sﬂa a“

F(a // dtf(s)ds
0 s
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([

dr)e M f(s)ds

=" “E(f)(/\),
also
L(DY Y =L(D 7)) =2 THLHO)
=7 L(fH() — A 7Lf(0), (6)
by (2).

2.3. Fractional differential equations

Let u satisfy

D" (D"2u) 4 2aD"3u + bu = h(1), (7
where O< y1, y2, y3 < 1. This equation becomes (3) when egghs 1. Note that,
by (2),

L(D(D"2u)) () = AL(DY2u) () — 21~ H(D72u) (0)

=22y (1) — A2y 0) — anm(Dr2u)(0).

Using this calculation, the Laplace transform of (7) becomes

AF2U (L) + 2a073U (1) + bU () — 271727 1(0) — 27171 (D724 (0)

— 240 Y (0) = H(V).

Consequently

H () + 27727 u(0) 4 2717 H(DY2u)(0) + 2027 1u(0).
U= Avity2 ®
+2aAV3 +b

For the special case whea = y» = y3 = y, this reduces to

HO) + A% ~140) + 271D u)(0) + 2ar¥ 1u(0) ©)
A2 4+ 2a)\Y +b

This formulais exactly (4) fop = 1. More generally, (8) (or (9)) gives the unique

solution of (7) with the initial conditions(0) and D"2u(0) specified. Notice

that U (and hence:) depends on the ordered péjr, y2) as well asys. Thus
Eq. (7) differs from both

DV1TY2y 4 2aDY3y + bu=h

U=

and
D2 (D”lu) +2aDVu+bu=h,
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which differ from one another (fopy # y»2). In particular, (7) requiresvo initial
conditions for uniqueness, even though the order of the equation ig/max-,
y3}, which can be any number in the intery@l 2), including 1 (as well as 0.83).

Return now to the case ¢f =y forall j. Let f1 = u(0) and f> = D" u(0) be
the initial data. The denominator in (9) factors as

(W =) 3 = o),

whereu+ = —a + va? — b, as was previously the case (see (5)). Whea a?
we have a double rogt. We omit the analysis in this case and assumngea’.
Write U = Ug + U, where

ALy H a4 arip ~ H()
Uo(h) = 5 J: S . U=
A2+ 2a)Y + b A2 4+ 2a)Y + b
Write
A Lanr +B)
Uo(M) =

W =)W —po)’
wherex = f1 andp = 2af1 + f2. A partial fraction analysis yields

wlor  alo;

Uog(L) = , 10
o) v (10)
where
o + ap— +
leL’B and sz_u.
Mt — - Mt — -

More explicitly,

TNV —b+a) fit f2) | W HWAZ—b—a)fL— fo)

Uog(A) = + )
D= T b a—vaT b 2Va b0 tat T b
(11)
Thus findinguo = £~1(Up) reduces to finding where
y—1
A) =V =
L)) =V 7 — o

for Reuo < 0. (We takea > 0, b > 0, buta? — b could be either positive or
negative.)
Define the Mittag—Leffler functiong,, g for «, > 0 by
o Zk
E ) = ——, forzeC.
a,p(2) ];F(akJrﬁ) z€
Then, (see [9, p. 21]) we have fap € C,

f(0) = 1P Eq g(pot®).
FO) = LONG) = Frps-
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Using the above formula withh = y andg = 1 we obtain
ur(t) = Q1Ey 1((—a + Va2 — b)) + Q2Ey 1((—a — Va2 —b)t?),
(12)

where

_ Wa?2—b+a)fi+ f2 0s= (Va’—b—a)fr— f2
2JaZ— b ’ NI '

Note that formula (12) yields a real valued solutiof) provided all the data are
real. In this case we are adding two complex conjugate quantities.
We then obtain the solution of our Cauchy problem

01 (13)

(D")2u+2aDu+bu=h@), w@©=f, Du@=fr (14)

to be u(r) = u1(r) + ua(t), whereus(r) = £L-1(U,) needs to be computed
separately. From a more general perspective(Cldte the operator of complex
conjugation. View each of the equations in (14)Ias= k, whereL is a linear
operator. Wheru, b, h, f1, f> are all real (or real-valued), theh commutes
with C, so thatCu = u is a solution whenever is. By uniquenessy = Cu is
real whenever all thé’s are real. This completes our explanation of how to solve
(14) uniquely and with suitable continuous dependencefenfz, i).

In the next subsection we specialize some of the previous calculations in the
special caser = 1/2, with the idea of emphasizing the differences from the
classical caser = 1. We will take advantage of the explicit formulas available
for the half-derivative, which will also give a first glimpse into the asymptotics of
solutions. The genergd will be treated in Section 4.

2.4. Secial casey =1/2
Attention will be restricted here to the initial value problem

(DY?)?u+2aDY2u +bu=0,  w©=f, DY) = fo. (15)

Note that this is a “first order” equation with leading tet®'/2)2 £ D (see the
remark below). The solution is

yu(t) = Q1E172.1(n+1"?) + Q2E1/21(n—1?),

whereu+ = —a++/a? — b andQ1, Q> are constants given in (13). As in [9], the
explicit formula forEy > 1 reads

Zk

ad 2
Ei21) =) —————=¢ (1+erf(z)).
2T (k/2+ 1)
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where erfz) is the error function, defined by

Z
2
erf(z) = ﬁ/e*tzdr.
0

Note that the formula above defines(ejffor all z € C.
For . € C andt > 0 define
V(0 = & (L4 erf(uv/r)) = Exjo(uvr).
A straightforward calculation shows that

DY2eH?t — /Le“z’ erf(uvt), D21 erf(uvt) = Mt (16)
Thusy = ¢, satisfies

DYy (1) =uy (), ¥ =1,
i.e., ¥, is eigenfunction forD/? corresponding to the eigenvalye This is
equivalent also to the fact that the Laplace transférm= L£(v) is given by
)\‘71/2
Az
which agrees with Section 2.3. Thus we can rewrite the solution of the initial value
problem (15) as
u(t) = 01y + Q2yr—,

whereDY 2y, = s, Y (0) = 1.
It is convenient to record, for later use, the following asymptotic expansion (as
z tends to+o00):

v =

2 1 1 1
e (1+erf(—z)) = ﬁ — % + 0(Z—5>,

which implies, foru < 0, ¢t — +00,

1 1
Vut) = NI + NCTEEE + 0(@)'
This expansion holds true even for complex numhersvith Rex < 0 (see
Section 4).
We conclude this part with a remark that the formulas (16) imply that

(Dl/Z)Zeuzt = 2ot (Dl/z)zeuzt erf(uv/i) = 2ot erf(u/1).

Clearly (DY?)2 £ D.
For comparison purposes, if one considers, instead of (15), the initial value
problem for the fractional differential equation

Du + 2aDY?%u + bu = 0,
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then one notices that onlyne initial datum,«(0) = f1, determines the solution
completely, namely(¢) = f1(C1+ +Cavr-), whereCy = (1+u.) /(4 — pn—)
andCz=—(1+ pu-)/(ly — p-).

3. Thefractional telegraph equation

Let A be a positive (i.e., nonnegative and injective) self-adjoint operator on
a Hilbert spaceH. (More generally, we can treat equations involving several
commuting normal operators, but we will stick to this simple but useful case.)
By the spectral theorem (cf., e.g., [4]), there is AR-space L%(2, X, )
and a unitary operatdif : H — L2($2) such thatl/AlU{~1 is the operator of
multiplication by m: 2 — (0,00). More precisely, there is &-measurable
functionm : 2 — R, unique (modulo changes on setspimeasure zero) and
positive (x a.e.) such that

UAUTLF = mf, 17)
for
feDUAU™Y) =]{feL¥ 2,2, w): mf e L¥(2, 3, 10)}.

We identify m with the operatorM,, of multiplication bym on L2(£2, X, u).
Then for any Borel functiorG: (0, c0) — C we can defineG(A) by G(A) =
U*lMG(m)u. From the point of view of differential equations, this effectively
allows us to treati as a fixed positive real number.

We want to solve the Cauchy problem

(DY)2u(t) +2aD” u(t) + Au(t) = h(t), (18)
u(0) = f1, D"u(0) = f2, (19)

for a functionu : [0, co) — H. More generally, consider the initial value problem
in a Banach spack

E2u(t) + 2aEu(t) + Au(t) =0,
u(0) = f1, Eu(0) = fo. (IVP, f1, f2)

HereE:D(E) C Y — Y is alinear operator it = C([0, c0), X), A is a closed
densely defined operator axi. In our contextX = H, a > 0, E = DY, with
0 < y < 1. Inparticular, fory =1, E = D =d/dt is the usual time-derivative.

A strong solution of (IVP, f1, f») is a functionu € Y such thatEu, E%u
are inY, u(t) € D(A) for eacht € (0,00) and (IVP, f1, f2) holds.u € Y is
a mild solution of (IVP, f1, f2) if there exist strong solutions, of a sequence
of problems (IVP,f1.,, f2.») such that, aga — oo, f1, — f1, fon — f2 and
u, (t) = u(t), uniformly for ¢ in compact intervals iR, .



154 R.C. Cascaval et al. / J. Math. Anal. Appl. 276 (2002) 145-159

Similar definitions apply t&Eu(¢) + Au(t) =0, u(0) = f. In this casey =1
and strong solutions correspond foc D(A) and mild solutions correspond to
feX (=D(A)).

For (IVP, f1, f2) with y =1 andA = A* > 0, strong solutions correspond to
(f1. f2) € (D(A), D(AY2)), while mild solutions correspond tof1, f2) in the
energy spacéD(AY2), X).

For general O< y < 1 we do not specify whergy and f> are, but merely
require that the expressions we construct make sense. In fact we are constructing
mild solutions which turn out to be strong solution$ i, f2) € (D(A), D(AY?2))
as above. It seems plausible that in order to guarantee strong solutions, it is enough
to have the initial data in some interpolation space.

Let/ be asin (17). Then(r) = U~ 1(ii(z, -)) whereii(z, -) € L%(2, X, u) and
u satisfies

(DY)?i(t, ) + 2a D (1, ) + m(@)i(t, 0) = h(t, ), (20)
i(0,0) = filw),  DVi(0,w)= fa(w), (21)

for all w € £2. This problem is, for fixed, exactly the problem considered in the
previous section. Taking= 0 and suppressing thevariable the unique solution
is

— L
u(t) = a m+a)fl+f2Ey,1((—a+\/az—m)t”)

24/a? —m
i oz
+( ? 2%1 szV,l((—a—\/az—m)tV) (22)

and the corresponding unique solution of (18), (19) is
u(t)y =ULi(r).
Using the regularity theory of Laplace transforms one can give a precise sense in
which this solution for (18) (withh = 0) depends continuously ary1, f2), but
we omit doing so. (A useful reference in this regard is [1].)

4, Asymptotics

Let
2
u(t) =ZQjE},,1((—a+(—l)j+1\/a2—b)ty) (23)
j=1

be the unique solution for

(D")’u+2aD"u+bu=0, u©=fi, D'u®=f. (24)
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Here Q; are given by (13). According to [9, p. 34] we note the asymptotic
behavior

N 1 1 1
E”“”:_§:<Fa—kw>?**0<mN“> (@3)

k=1
for all N e N as|z|] — oo with v < |argz| < &, v is an arbitrary number in
(my/2,y). Forb < a? the coefficient of” in (23) is negative, while fob > a?
it has nonpositive real part. In all cases of interest for us, (25) applies.

Note that in the casg is rational, the summation in (25) has repeated vanishing
terms, namely those correspondingktsuch that - ky is nonpositive integer.
This is due to the fact that the Gamma function has poles atlp—2, .... For
example, whery = 1/2, the summation contains only odt (see Section 2.4).
Also, fory =1, all the terms in the summation are zero.

Now takeN =1 in (25). Thus the solution of (24) satisfies

2
u®)=Y_ QiEya((-a+ (-1 Va2 —b))
j=1

_ 1 ( N )i+0<i>
Fl-=y)\a—+va2=b a++va2—b)1" 2

_ 1 2afi1+ f2\ 1 1

_Fa—w( b )W+OG§>

ast — o0o.
Let us return to (24) witly = 1. The unique solution is (see Section 2)

u(t) = gle(chw/asz)t + gze(fafx/asz)t'
Forb < a? andgi # 0,
M(t) — gle(—a+\/ az—b)t + w,

where w is an error term which is (relatively) negligible for large Using
V1—x=~1-x/2for0<x « 1 by the Taylor series approximation, we have

b ~
—a=(A=b/a )t o0 |y — o= ml gy 4 7,

u(t)=e
wherew is similar tow. This principal termv(z) = e_£’g1 solves
2aDv + bv =0,
which can be obtained from the ODE
D?v+2aDv+bv=0

by dropping the highest order term. In [2] it was shown (for a positive self-adjoint
operatorA) that the solution of

D?u + 2aDu + Au =0, u(0) = f1, Du(0) = f2,
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asymptotically equals a solution of
2aDv + Av =0,

which (viewingA = — A) explains the term asymptotic analyticity.
Now return to the fractional telegraph equation wjith: 1.

(DV)Zu +2aDVu + bu=0.
If we drop the term(DY )2, we are left with the equation

2aD”v +bv=0. (26)
The Laplace transform satisfies

A0 o

V() = - ,
W= 16— te

whereQ = %2 ands = 2. Consequently,

0 1 1 1
V) = QEya (=8 = é—)mv - 0(7)

. v(0) 1 ) 1
S brd—y)tr t2r )
In order to match the first term in the asymptotic expansions forandv(z),
it is enough to choose, for the initial value problem (26), the initial data
v(0) =2af1+ fo.

In short,

1
u(t) — v(t) = 0(7?)'

Thus we can say that(+) approximates “asymptoticallyii(z). To be more
precise, in what follows we estimate the relative error

u(®) — ()]
s(t)—iv(t) .
From (24) withN = 2 we obtain
___ 1t (L 21 1t (01 Q)1
"= F(l—y)(u++u—>t” F(l—zy)(ui+u2)r2V

0 1
+ l‘3_y )

or,
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u(t) = 2af1+ f2 ( 1 2a 1 > f1 1

b TA—ytr b T Q=202 ) " b I'(A-2y)n2

0 1
+ t3V
and

2afi+ /o 1 a1 1
=" <F<1—y)ﬂ br<1—2y)r2V)+0<r3V>'

The relative error in approximatingby v is, in this case,
ra- 1 1
o) = — d=v 1, — ). 27)
2afi+ f2 I'(1—2y) tv ey
Wheny = 1/2 one can obtain a slightly better estimate (see also Section 2.4).
Using (24) withN = 3,

__ 1 (01 02\ 1 1 (01 0Q2)1 1
o= 2w (i ) olm)

or, using the formulas (13) fap1 andQ2,

2afi+fo 1 (afit+ f)(@4a®=2b)+ fob 1
b Jmtl/? b3 2/mt3/2

1
+0( 53

261f1+f2

(=
ofs)
(=

u(t) =

1 dafr1+f2 1
N 2ft3/2> 2 2y

On the other hand,
20f1 + f2

1 1
V() = \/_[1/2 b2 2\/—[3/2) + 0<m)

Thus,
da 1 1
cy=ehtl 1l (1) (28)
4afi+ 2f> bt 12
We can now state the main result, which generalizes Theorem 5.1 in [2].

Theorem. Let A = A* be a positive self-adjoint operator on a Hilbert space H
and let a be a positive constant. Let f1 and f> be arbitrary and let u = u(¢) be
the unique solution of the initial value problem

(D")u+2aD’u+ Au=0, u@=fi, D'u@=f.  (29)
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Then there exists v = v(r), a solution of

2aD"v+ Av=0, (30)
which has the same asymptotic behavior as u, in the sense that
u(t)=v(@) + o(v(t)) ast — +oo.

Here the convergenceisin a weak sense which is explained in the proof.

Proof. Recall from Section 3 that we can regard the terim the fractional tele-
graph equation as being constant. Thén =/~ 1(ii(z, -)) whereii(z, -) € L2(£2,
X', u) andu satisfies

(DY)?ii(t, w) + 2a DV ii(t, ) + m(@)i(t, w) =0, (31)
i0,0) = filw),  DYi(0,w) = fa(w), (32)

for all w € 2. Here 2 is the transform space, which comes from the spectral
theorem applied to the operatér The convergence referred to in the last sentence
of the theorem is pointwise for eaghin the transform space.

Fix w € £2. Using the estimates above with= m(w), we conclude that there
existsv = v(¢, w), a solution of

2a DY (t, w) + m(w)v(t, w) =0,
such that
it 0) = (t, ©) +3(t, w),

wheres(r, w) = 0(1/ (%)) ast — oo.In the cases = 1/2 the approximation is
even better, in the sense tat 0 (1/(t3/2)).

Note that the rate of decay af(r, w) — v(¢, w), ast — oo, is estimated for
eachw and it may, in principle, depend an(w) (see (28)). Therefore, when
returning to thex-space byl{~1, one cannot guarantee a uniform decay rate.

In the case whemt has a bounded inversé—! (which does not hold for the
Laplacian appearing in the Kac model [6]), this issue is resolved by the fact that
m(w) > mo > 0 for all w. For the general case of a positive self-adjoint operator

A this asymptotic analyticity should be understood in the sense given in the proof
of the theorem, that is pointwise convergence in the Fourier space. The asymptotic
behavior and the limited ability to perform inverse operations may be crucial to
modeling particle motions in suspension flows, which appear to involve abrupt,
erratic changes in physical space, but would be expected to be well described by
the states of an energy space.
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