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Abstract

We construct the solution of type IIB supergravity describing the integrable A-deformation of the
AdS3 x s3 supercoset. While the geometry corresponding to the deformation of the bosonic coset has
been found in the past, our background is more natural for studying superstrings, and several interesting
features distinguish our solution from its bosonic counterpart. We also report progress towards constructing
the A-deformation of the AdS5 x S? supercoset.
© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Integrability is a remarkable property, which has led to a very impressive progress in un-
derstanding of string theory over the last two decades (see [1] for review). While initially
integrability was discovered for isolated models, such as strings on AdS, x S? [2], later larger
classes of integrable backgrounds have been constructed by introducing deformations parameter-
ized by continuous variables. The first example of such family, known as beta deformation [3],
has been found long time ago [4], but recently two new powerful tools for constructing inte-
grable string theories have emerged. One of them originated from studies of the Yang—Baxter
sigma models [5—-7], and it culminated in construction of new integrable string theories, which
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became known as n-deformations [8—12]. The second approach originated from the desire to
relate two classes of solvable sigma models, the Wess—Zumino—Witten [13] and the Principal
Chiral [14] models, and it culminated in the discovery of a one-parameter family of integrable
conformal field theories, which has WZW and PCM as its endpoints [15-1 71.! This connection
becomes especially interesting when the PCM point represents a string theory on AdS, x S?
space, and the corresponding families, which became known as A-deformations, have been sub-
jects of recent investigations [19-22]. A close connection between the n and A deformations
has been demonstrated in [20]. In this article we study the A-deformation for AdS; x S3 and
AdSs x S°.

While the metrics for the A-deformation of AdS, x S have been constructed in [17,19], the
issue of the fluxes supporting these geometries has not been fully resolved. Although the metric
for the deformation can be uniquely constructed starting from the corresponding coset, there are
two distinct prescriptions for the dilaton: one is based on a bosonic coset [17], and the other
one uses its supersymmetric version [16]. In the first case the deformations for all AdS, x S?
have been constructed in a series of papers [17,19], while in the second case, which is more
natural for describing superstrings, only the result for AdS, x S? is known [22]. In this article
we construct the geometry describing the A-deformed AdS3 x S3 supercoset and report progress
towards finding the deformed AdSs x S> solution.

This paper has the following organization. In section 2 we review the procedure for con-
structing the A-deformation, which will be used in the rest of the paper. In section 3 we use this
procedure to construct the metric and the dilaton for the deformed AdS3 x S3, but unfortunately
construction of Ramond—Ramond fluxes requires a separate analysis. In section 3.3 we determine
these fluxes by solving supergravity equations, and in sections 3.4-3.5 we find some interesting
connections between the new background and solutions which exist in the literature. Section 4
reports progress towards constructing the A-deformation for super-coset describing strings on
AdSs x S3. Specifically, we determine the metric and the dilaton, but unfortunately we were not
able to compute the Ramond—Ramond fluxes. The A-deformation of AdS; x S? constructed in
[22] is reviewed in Appendix A, and its comparison with higher dimensional cases is performed
throughout the article.

2. Brief review of the A-deformation

We begin with reviewing the procedure for constructing the NS—NS fields for the A-deformed
cosets. Such deformation belongs to a general class of two-dimensional integrable systems with
equations of motion in the form

3, 1" =0,
udy — oIy + [y, 1,1 =0, 2.1

where currents /, take values in a semi-simple Lie algebra. Integrability of this system can be
demonstrated by writing it as a zero-curvature condition for a linear problem:
2

A A
D=0 Du(A)=du+ o—lut 5

[Du(N), Dy(A)]=0. 2.2)

0
€npl”,

1 See [18] for earlier work in this direction.
2 We denote that spectral parameter by A instead of the conventional A to avoid confusion with a variable governing
the deformation.
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Two well-known examples of the integrable systems described by equations (2.1) are the Princi-
pal Chiral Model (PCM) [14] and the Wess—Zumino—Witten model [13] for a group G:

2
- K - ——— - - -
Spem(@® =" / Te(3'0:85719-9). =3 9.2, 23)
k B _ ik _ _
Swow(e) =5 [Tr(e0ege0g) + o [ Tie a9 Li=g e 24
B

and the A-deformation interpolates between these systems. This deformation utilizes two im-
portant symmetries of (2.3) and (2.4): the global G; x Gg symmetry of the PCM and the
GL.cur X GR cur symmetry of the current algebra of the WZW.

A-deformation for groups. Let us review the construction introduced in [15], which allows one
to interpolate between the systems (2.3) and (2.4) while preserving integrability. To find such
A deformation, one adds the PCM and WZW models (2.3), (2.4) for the same group G and
gauges the G X Ggiag,cur Subgroup of global symmetries. This is accomplished by modifying
the derivative in the PCM as

0+8 — D1g=0+8 — Axg, (2.5)

and by gauging the resulting WZW model. Integrating out the gauge fields A, one arrives at the
final action [15]°

2

H—Z/Jf_(l—kzD);bljf, A2=H—2, 0<ir<l, (26
T K K

Dap =Tr(tag 'tpg),  J§=—iTr(t%drgg™"): J¢{=R40. X", J'=L{d_X".
Deformation (2.6) interpolates between the PCM (A = 1) and the WZW model (A = 0) while
preserving integrability [15].

To extract the gravitational background describing the deformation, one rewrites (2.6) as

1 k
S(g)=Swzw(g) + —

k2
S(g) = Swzw(g) + — /(RTM—1L>W8+X“87X”, M = (k+«*)(1 - A*D),
T

2.7)
and compares the result with the action of the sigma model
1
S:E/(G+B)MVB+X“8_X“. (2.8)
This leads to the metric and to the Kalb—Ramond field:
k k?
ds’=—L"L+ —LT(bM '+ M "1"DT)L (2.9)
2 2r
B=—1 (By+ 2o [(DT ) ' (- ,\2)—1] AL
1—24 2 '
where By is a Kalb-Ramond field of an undeformed WZW model with the field strength
1
Hy = —gfabcL“ ALY A LS. (2.10)

2

3 We follow the conventions of [20,22], and the deformation parameter A used in [15,17] is equal to A7,
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Recalling the definition of M and the relation DT D = 1, one can rewrite the metric in terms of
convenient frames:

ds?=e%", " =vk(1—r*)(D -2 LP. 2.11)

Expressions for D and L are given in (2.6).

Dilaton for the A-deformation. Although extraction of the metric and the Kalb—Ramond field
for the lambda deformation is rather straightforward, the procedure for calculating the dilaton is
controversial. The original proposal of [15] suggested the expression

e—2<b3 — €_2¢0kdimGdet()\._2 _ D), (212)
which can be written as

205 1
e = , (2.13)
det[(Ady — )\._2)|f]

where the determinant is taken in the algebra. In [16] it was argued that for supergroups and
supercosets an alternative expression is more appropriate:

1
20 _
¢ T Sdetf(Ady — A D[ (2.14)

Here the superdeterminant is computed in the full superalgebra f . The difference between (2.13)
and (2.14) originates from difference in the gauge fields which have been integrated out.
Recalling that an element of a superalgebra can be written as

A|B
Mz[c } 2.15)

where (A, D) are even and (B, C) are odd blocks [23,24], the expression (2.14) becomes

det[(Ads — A
 det[(Ady — A

_2 R .
)|f1€Bf3]

_2 N N *
)|f0®f2]

20

(2.16)

Here f() and fz refer to the even subspaces A and D, while fl and fg refer to the odd subspaces
B and C. In this article we will refer to (2.13) (which is equal to the denominator of (2.16)) as
the bosonic prescription, and the numerator of (2.16) would be called the fermionic contribution
to the dilaton.

A-deformation for cosets. The extension of the A-deformation to cosets G/H is presented
in [17]. Separating the generators T4 of G into T¢ corresponding to H C G and T* corre-
sponding to the coset G/ H, one finds the metric

k(1 —A4
ds?=e%e”, o =— —( )(M_l)“BLB,
224
(D —Dgp Dgg -1
Man = P , D =Tr(T T , 2.17
AB |: Dup (D —» 21)0:,3 AB (Tag Bg) ( )

LA =—iTr(g"'dgT?), Tr(TaTs)=2045.
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The expression for the dilaton is given by the generalizations of (2.13) and (2.16) [17,16,20]:
1
e*Ps = , (2.18)
det[(Adf — 1 — A2 -DP)]
det[(Ady —1— (A2 — P o f]
det[(Ady —1— (A2 — DP)l o p]

20

(2.19)

Here P, is a projector which separates the generators of H and the coset G/H, and it has the
form [16]

A
Py=P,+——[P1—AP3], P +P:3=1. 2.20
w=Pyt 1 [P 3] |+ P3 (2.20)
Here P is the projector in the bosonic sector, which can be written as
Py [Oab Oaﬁ] . 2.21)
Oup 1ocﬁ

The action of fermionic projectors P; and P3 is evaluated on a case-by-case basis, and we will
address this question in the sections 3 and 4. Notice that P, has already appeared in the matrix
M defined in (2.17):

Map=Dap—1—-(A2=D)Pr=Ad; —1—(1A"2=1)P,. (2.22)

We conclude this discussion with reviewing a very interesting observation made in [19]: fac-
torization of the A-dependence in the determinant of M 4 p. This technical simplification becomes
especially useful in the AdSs x S° case, where one has to deal with large matrices. Following
[19], we write M 4p as a product of two block-triangular matrices:

A O0][1 A-'B
=8 9][8 4] )

As demonstrated in [19], matrix P has eigenvalues A~2 4 1, so the coordinate dependence of the
bosonic dilaton (2.18) comes from det A. We find that direct evaluation of the determinant of M
is easier than construction of P, but our final results confirm that the coordinate dependence of
det M is inherited from detA.

3. Deformation of AdS3 x S3

Let us apply the procedure reviewed in the last section to AdS3 x S3. The bosonic part of the
sigma model is described by a product of two cosets

SUQR)yxSU®2) SUA,1)xSU1,1)

X , (3.1)
SU(2)diag SU(L, Ddiag
and the full string theory is described by a super-coset [25]*
PSU(1, 1]2)?
1, 112) (32)

SUL D) xSUQ) "

4 Various aspects of integrability of string on this background are further discussed in [26].
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In section 3.1 we construct the metric and the bosonic contribution to the dilaton for the cosets
(3.1), (3.2). While this will give the full answer for (3.1), the dilaton for the supercoset (3.2) also
receives a fermionic contribution, which will be evaluated in section 3.2. In section 3.3 we con-
struct the Ramond-Ramond fluxes supporting the A-deformed supercoset (3.2), and properties
of the new geometries are discussed in sections 3.4 and 3.5.

3.1. Metric and the bosonic dilaton

The metric is constructed using the bosonic coset (3.1), then S* and AdS3 decouple, and they
can be studied separately. We begin with analyzing the sphere, and deformation of AdS3 can be
found by performing an analytic continuation.

SU2)xSU(2)r

Deformation of the sphere. To describe the coset ~=; Daiae

, we use the algebraic parame-
terization introduced in [17]:

o= op+ias  aptiap _ Bo+iBs PBa+iBf (3.3)
—ay+iay ap—iaz |’ " —B2+if1 Bo—iBs |’ '

where variables oy, S are subject to the determinant constraints

d@?P=1, Y (B =1 (3.4)

Gauging of the diagonal part of SU(2); x SU(2), makes the description (3.3) redundant, and
to remove the unphysical degrees of freedom we impose a convenient gauge, which was also
used in [17]. Acting on g; as g — h_lglh, we can set ap = 3 = 0, then the remaining U (1)
transformations & = exp[ixo;] can be used to set 83 = 0:

ar=ua3=53=0. 3.5)

Following [17] we introduce a convenient coordinate y and solve the constraints (3.4) to express
all remaining components of g; and g in terms of («o, Bo, ¥):

2

_ 4 / 2 / 2 14
=——) o] =,+/1—af, = [1—-p85— . 3.6
ﬁl ,71_0[(2) 1 0 ﬁ2 130 1—0{% ( )

To simplify notation, we will drop the subscripts of g and By.
The elements of SU (2); x SU(2), can be represented as block-diagonal 4 x 4 matrices:

g 0 t
= , =1, 3.7

then the generators corresponding to the subgroup H and to the coset G/H can be written in
terms of the Pauli matrices.’

1
H = SU2)diag : Taz—[(’“ 0 ] a=1273;

210 o4
SUQ), x SUQ 1
G/H:M;Taz—["“3 0 ] «=4.5.6. (3.8)
SU(2)diag 2 0 —O0uq-3

5 Recall that construction (2.17) is based on normalized generators, and factor 1/2 in (3.8) ensures that Tr(7T4 Tg) =
SAB-
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Substitution of (3.7)—(3.8), where g;, g, are given by (3.3), (3.5), into the defining relations
(2.17)° leads to the metric [17]

5 k
S T =—
21— AHA
Aga =41+ 222 = 2B+ 22 (1 + 31, Agy =—B(1 — 1> (3.9)
App=4(1+213)? =’ G+ A1 4347, Ay =—a(l =23
Ayy=(1=21%  Agg=ap(1—2)2 +4y(1+2H%

Apdx'dx’,  A=(1—ad(1 - -y

Deformation of AdS;3;. The deformation of the AdS3 is constructed by performing an analytic
continuation of (3.9). The defining relation for g € SU(1, 1); x SU(1, 1), is

1 0 0 O

Ja 0 fe 1o -10 o
g_[o gr}’ g E4g_247 234_ 0 O l O ) (310)

0 0 0 -1

and it can be enforced by starting with an element of SU (2); x SU (2),, renaming the coordinates
as

a—>a BB y—>7. k- —k 3.11)
and changing their range from

O<a’<1, 0<p’<l1, yr2<(1—-a>(1-p8% (3.12)
to

1<a?, 1<p% #<@-DEB*-1. (3.13)
To view this transition as a proper analytic continuation, one can introduce alternative coordinates
(a,b,y) as

a>=1-a? b'=1-8% (3.14)

)

Then transition from (3.12) to (3.13) amounts to a continuation from real to imaginary (a, b).
This changes the signature from (+ + +) to (— — +), and by changing the sign of k we recover
(++-).

Analytic continuation (3.11) along with the replacement k — —k gives the metric for the
A-deformed AdS3

k X ~ ~
A= —— _Apdx’dx’, A=@2 - D@ -1) -7
21 =A™ ( B -1 -y
Asg = —4(1+302+ BB +3D1+32D), Az =F — 22 a15)
Rpp= 44222+ &G+ +327), Ay, =a(1 -3
App=—(=1%  Ags=—af(1 -2 =471 +22)%

6 Recall the ranges of indices in (2.17): a ={1,2,3}, ={3,5,6}, B={1, ..., 6}.



692 Y. Chervonyi, O. Lunin / Nuclear Physics B 910 (2016) 685-711

Dilaton and RR fields for the bosonic coset. The deformation of AdS; x S constructed in
[17] is described by the metric {(3.9), (3.15)} and the dilaton corresponding to the bosonic pre-
scription (2.18):

205 _ 200 — D214 1%) 2A(1 = A2)2(1 4 1%) _

% 5 e 2P0AA. (3.16)
This article also listed the corresponding Ramond-Ramond fields:
4kr T = ~ ~ ~
C=1—7 [ﬁﬁd& Ada +2fadi AdB — Bda Ady +aadB AdB — ady /\d,B] .
(3.17)

However, as argued in [16,20,22], the dilaton (2.19) for the supercoset is more natural for de-
scribing superstrings, and in the next subsection we will find the appropriate expression and
construct the corresponding Ramond—Ramond fluxes.

3.2. Fermionic contribution to the dilaton

In this subsection we will construct the dilaton for the supercoset (3.2) using the prescrip-
tion (2.19). Before focusing on (3.2), we will outline the procedure for applying (2.19) to a super-
matrix (2.15) constructed from extending an algebra of the bosonic coset (G1/Hy) X (G2/H>).

A supersymmetric extension of av algebra g; x g has the form

rog

and to find the supercoset, we should fix the gauge corresponding to subalgebras h, h> and
evaluate the relevant projectors P, . This can be done in five steps:

M=[‘g1 f”}, glegn, gem (3.18)

1. Find an automorphism Jj of algebra g; which leaves invariant only the elements of h;. In
other words, g € g satisfies the condition

Jleh=¢ (3.19)

if and only if g € ;. Automorphism J> in g is defined in a similar way.
2. Construct an automorphism of the super-algebra as

|40
P = [ 0 5 :| , (3.20)

and project out the elements M which are left invariant under such automorphism’:
PIMP =M. (3.21)

For bosonic generators this reduces to (3.19) and its counterpart for g,, while the projections
for the fermionic matrices are

I fiad = fi2, Iy fardi = for. (3.22)

7 Sometimes this condition requires a modification: as we will see in section 4, in the case of AdSs x S3 it must be
replaced by P~I MP = mT.
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3. Construct the projector P, acting on bosonic generators by requiring that [1 — P»] kills the
same elements as (3.19) and its counterpart with J,. Such P, projects on the bosonic part of
the supercoset.

4. Construct projector P3 acting on fermionic generators by requiring that P3 keeps the same
elements as (3.22). The fermionic projector complementary to P3is P; =1 — P3.

5. Construct the projector P, using the definition (2.20). Substitution of this expression into
(2.19) or (2.18) and evaluation of the resulting determinant gives the dilaton for the (super)
coset.

To apply this procedure to the AdS; x S3 coset (3.2), we observe that g represents the algebra
of (3.7),

0

gem: g= (% . ) g1 €5u(2), g € 5u(2), (3.23)
r

while the elements of fj; = 5u(2)g;4¢ have the form

g O
|:0 g} , g €su(2). (3.24)
This leads to two options for the automorphism Ji:

0 12><21|

3.25
Ioxo O (3-25)

J]::I:[

Expression for J, is constructed in a similar way, and putting these results together, we find two
options for the automorphism P:

0 I2x2 0 0 0 1oxo 0 0
I2x2 0 0 0 | Lax2 0 0 0
P=10 0 0 bLe| P70 0 0 -bhe
0 0 Ioxo O 0 0  —lxx2 0
(3.26)
The fermionic generators of PSU (1, 1|12) x PSU(1, 1|2) appearing in (3.18) obey the relation
fro=—iZ4(fo) (3.27)

with ¥4 given in (3.10), and projection (3.21) leads to further constraints. It is convenient to
decouple f1> and f>; by working with holomorphic and anti-holomorphic coordinates. Relations
(3.22) isolate 4 4+ 4 components of fi; and f1 killed by Py, while P3 kills the complementary
444 c:omponents.8 Extraction of (P, P», P3), construction of P; via (2.20), and evaluation of
superdeterminant (2.19) gives the same dilaton for both choices (3.26):

e® =0e%, %8 = :

\/[(1 —a?)(1— B2 — 2@ — DB —1) — 7]

LA +AYH A+ 6r% 4+ 1 A2
Q=(1—X2)4[V+J/_m(0ﬁ+aﬂ)+w(aﬂ+“ﬂ)] - (328)

8 Recall that even though f12 and f> are represented by 4 x 4 matrices, each of these objects has only 8 nonzero
components. The details are discussed in the Appendix B, here we just refer to the explicit form of the psu(1, 1]2) x
psu(l1, 1|2) matrix (B.9), which clearly exhibits the non-vanishing elements.
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We conclude this section by analyzing the symmetries of the metric {(3.9), (3.15)} and the
dilaton (3.28), which will be used for constructing the Ramond-Ramond fluxes. First, it is clear
that neither the metric nor the dilaton has continuous symmetries, but all NS-NS fluxes are
invariant under several discrete transformations:

S1: o< B, @< B;
S a<wa, BB, yoB, ko(—k. (3.29)

These symmetries will be used in the next section to select a natural solution for the RR field C».
3.3. Ramond—Ramond fluxes

Although the Ramond-Ramond fluxes for the lambda-deformed backgrounds can be extracted
from the fermionic part of the sigma model, such problem is notoriously complicated [22]. When
similar deformation were analyzed in the past, the RR fluxes were obtained by solving supergrav-
ity equations [9,10,22], and in this section we will follow the same route. We will demonstrate
that under very weak assumptions, supergravity gives the unique expression for all fluxes.

Since the undeformed AdS; x S geometry is supported by the Ramond—Ramond three-form,
we assume that the situation will remain the same after the deformation, so the relevant part of
action for the type IIB supergravity reads

S = /d6x\/—_g [ezq’(R +4(3D)%) — 1—12anme"1’] ) (3.30)
This leads to the equations of motion

V2e72% =0, (3.31)

Vo F™ =0, (3.32)

¢ 2P (Ryn 42V, V, @) = % ( mpg Fn?? — égm,, Fipg F””’) (3.33)

and the first one is solved by metric (3.9), (3.15) and the dilaton (3.28).
To construct an expression for C, we observe that the left-hand side of the Einstein’s equation
(3.33) has the structure
P
0%’
where Q is given by (3.28), and P is a polynomial in (¢, 8, y, &, E y). This suggests a natural
ansatz for Cy:

(3.34)

1 -~
Cr = Ecuvdx“ AdxY, (3.35)
where all C’,w are polynomials of degree two’ in (e, B8, ¥, &, 8, 7). This ansatz leaves
6 x5 6 x5
x x[1+6+6+%}=420 (3.36)

9 The degree comes from counting powers in the left-hand side of the Einstein’s equations.
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undetermined coefficients. We then found the most general solution for C wv following these
steps:

1. Solving equations (3.32)—(3.33) for A = 0, when the metric and the dilaton are relatively
simple, we reduced the number of undetermined coefficients to 43.

2. Solving equations (3.32)—(3.33) in the first order in A, we reduced the number of undeter-
mined coefficients in the zeroth order to 42.

3. Eliminating the gauge freedom, we demonstrated that the solution at the zeroth order in A is
unique up to a gauge transformation.

Once uniqueness of the solution for A = 0 is demonstrated, we can choose a convenient gauge
which respects the discrete symmetries (3.29):

o k 2 a2 ~__k _ 2 ~2
Cw_a[Z—(,B +B )], Cyp= ) [2 (" +@& )], (3.37)
7—y kp ka kB ka
Cp == Cra=lg e Cwm g TG GeT g ST

This solution is odd under S; and S;. The uniqueness of the solution in the zeroth order in A
guarantees that, up to a gauge transformation, there is a unique gauge potential C5, at least in the
perturbative expansion in powers of A. Making a guess consistent with symmetries (3.29), we
arrive at the final solution

A

i . . k
Ca&=—[2+clﬁﬁ_c3(ﬁ2+ﬂ2)]’ Caﬁz_cﬂ&:_(f_y)’

0 o
C _k 3] C,;= k 2 % 2+a? Cpy = ¢ @
wp = glerp =) ,3,;——5[ +eiad - e (@ +@)| by == gl —al,
i 8 k i

Cpo= —a[ﬂ — 2], C5= E[a — ] (3.38)
5 22 AMHerz+1 ; k(14 22)

Cl1 = 4CpC3, )= 7, C3=——5—"75 > =0 5

1= 00 2T 3T T2 1—22

Notice that, unlike the solution (3.17) with the “bosonic dilaton”, the field (3.38) has a compli-
cated lambda dependence, and the situation is similar in the AdS; x S? case, which is reviewed
in the Appendix A. In particular, while the field (3.17) vanishes at the WZW point (A = 0), our
solution for the supercoset (3.38) goes to a nontrivial limit, and, as we will see in section 4 and
in the Appendix A, the same phenomenon persists for AdS; xS? and AdSs x S°.

To summarize, the A-deformed version of AdS3 x S3 is described by the metric (3.9), (3.15),
the dilaton (3.28), and the Ramond-Ramond two-form (3.38). In the next subsection we will
analyze some special cases of this geometry.

3.4. Special cases

The solution (3.9), (3.15), (3.28), (3.38) simplifies in several special cases, and we will briefly
discuss these interesting limits.
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The gauged WZW model is obtained by setting A = O:

ds? = % [4(1 — BAda® +4(1 — a?)dp® + 8ydadB + (dy — Bda — adﬂ)z] +

+ [4(,52 — 1)d@?® + 4@ — Ddp? — 87dadf + (dy — fda — &dﬁf] :

2A
A=(1-aHA-pH—y%  A=@G-DE -1 -72, (3.39)
[ Q (o) ~ ~ 2
e =———=e? Q=|y+yt+taptap|,
N | J

Cr= g [(&dﬁ — Bda) A (dy +adp + Bda) — (adf — Bda) A (dy + adp + Bda)

LG —y+af—ap)dandf —dB Ada)+2(da Adi —dﬁAdB)] .
This should be contrasted with bosonic gWZW, which has the dilaton

1
e® = (3.40)

VAA
and vanishing C, (see (3.17)). A similar contrast is encountered in the AdS, x S? and AdSs x S°
cases, which discussed in section 4 and in the Appendix A.

Note that the metric (3.39) for the SO(4)/S0O(3) gWZW model has been discussed in [27,
11], where the element of the coset was defined as

8 =281(9)g2(0)83(21)g2(60)81(¢), (3.41)
ge(@) =exp@Ti k1), (Tear )] =8kidq — Skr1.i8), k=1,2,3.

The coordinates used in (3.39) are related to the Euler angles (3.41) as

o =cos@costcost + singsint,

B =cosgcostcosf —singsint, (3.42)
_ ) 2 21 i )

y = —cos” ¢sin“t + cos” (cos” 0 sin” ¢ + sin“ ).

Another interesting limit is obtained by setting A = 1. However, this limit should be ap-
proached with a great care since denominators contain (1> — 1). We will follow the procedure
discussed in [20] adopting it to our coordinates. To arrive at a sensible limit, we rescale the
coordinates on the sphere as

1

1 1
ex—-, Bx—-, yx
€ €

2 (3.43)

and send ¢ to zero. This gives the metric of the n-deformed S3 (9], and to see this, we introduce
the standard coordinates (r, ¢, ¢) by

1 PR 1 el @=d)y
o= - ) ﬁ = - )
€ (141221 —r?2) € (141221 —r?2)
1 eHPQU+ 22— (1— 2222
Y= 21— 2521 =12 ’

e — 0. (3.44)
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Performing a similar change of variables on AdS3 along with an analytic continuation

¢_>w7 (p_>t7 r_>ip9 k_>_k7 (3.45)

and sending ¢ to zero, we arrive at the metric and the dilaton

h 1 dr?
2_ N N 25,2
ds _2(1_K2r2 [(1 rAdg +1_r2:|+rd¢

dp?
— | =1+ pHdr? 2dy?), 3.46
+1+K2p2[<+p) +1+pz}+p v?) (3.46)

2
y 2(1 — X2)S2cos(p — 1) — 4rprScos(¢p — ¥r)

52\/(1 —iH24+ 1+ 5»2)2,02\/(1 A2 —(1+ ):2)21’2’

1+ 22 (1=
S=/0+p2A-r2), k= —, h=——-"—, A=il.
(I+e 12 k(1 +32)

This geometry describes the n-deformed AdSsz x S3 [9], and similar relations between A- and
n-deformations have been explored in [20].

3.5. Alternative parameterizations

In subsections 3.1-3.3 we derived the full supergravity solutions corresponding to the
A-deformed supercoset, but the metric for this geometry has already appeared in the literature
[17,20]. We used the parameterization of [17], and in this subsection we will discuss the relation
with the coordinates used in [20] and discuss one more parameterization which becomes useful
for comparing AdS; x S and AdSs x S’ solutions.

To find the relation between our parameterization and the coordinates used in [20], we observe
that the action by H = SU (2)4iq¢ changes components of g; and g, in (3.3), but three expressions
remain invariant:

3 3 3
=) ww, =) pifi. a-f=) wifi. (3.47)
i=1 i=1 i=1

Although the gauge used in [20] was different from ours, we can find the map between two sets
of coordinates by matching the expressions (3.47) in two descriptions. The authors of [20] used
parameterization in terms of the Euler’s angles:

g""'¢ = expligos @ (—o3)]explicor & o1]expligos & o3]. (3.48)
Evaluating the invariants (3.47) for parameterizations (3.5)—(3.6) and (3.48), and comparing the
results, we arrive at the mapm

cos2¢ + cos2¢
——— o

o =cos(p +¢)cos¢, B=cos(p —P)cose, y =cos2¢ — > s2§.

(3.49)

10 Recall that to simplify notation we introduced o = ay and B = B, and all our results were written in these variables.
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Another interesting coordinate system comes from parameterizing the coset SO (4)/S0O(3)
in terms of a three-dimensional vector X and an anti-symmetric 3 x 3 matrix A [29,19]. Such
parameterization of SO(n + 1)/SO(n) will be used in the next section for studying the de-
formed AdSs x S3, so it is important to introduce similar coordinates in the present case to make
comparisons. The detailed discussion of parameterization and the gauge fixing is presented in
section 4.1, here we just write the result!!:

[ 0 b—1  bX; 550

5=l a+ma-a~ || —exi 8 —bxixi | :
0 a O 2 R

A=|—-a 0 0, X ={71,0,Y»}.

b:1+(Y)2+(Y)2’
0 0 0 1 2

The parameterizations (3.50) and (3.3), (3.7) correspond to different representations of SO (4),
so to relate them we should compare quantities which don’t depend on the representation. We
have already encountered such an object before:

Dap =Tr(Tag ' Tpg). (3.51)

To establish the map between generators, we recall that the subgroup H = SU(2)giqg corre-
sponds to

0 0 0 0
1 0 i |0 0 X X
SU@)xSUQ2) _ 1| Xa0a so4 _ b 3 2
Th 2 [ 0 x40 ] - T = V2|10 —x3 0 (3:52)
0 x2 —x 0
and the coset generators correspond to
0y » »
1 0 i — 0O 0 O
SU@xSUQ) _ 1| Ya%a so@ _ bt Vi
TC()SE[ - 2 [ O _yuo_u } ’ coset - 2 _y2 O () O (3'53)

~y; 0 0 0

Evaluating (3.51) for (3.50) and {(3.3), (3.7)}, using appropriate generators, and matching the
results, we arrive at the map

1—aY, 1+aY, YE+a?(YP—1)+73
= hrer T Umer YT asaorr G->9
Y2 =14 (Y)?+ (Y2)*
and its inverse
_ 24y - p v = o—p
a+p ’ V2 +y) —a? = g%
Y1=—\/ A0 -1 -p) =y 555
[14+aB+yI2(1+y) — (@ + )]

11 We use variables Y 1 and Y, in (3.50) to make comparison with AdSs x S3 case easier: the variable Y| is a counterpart
of X1, and Y3 is a counterpart of X5 in (4.3).
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The AdS coordinates are obtained by the replacement

Y > iY), Yo=Yy, a—a. (3.56)

In coordinates (Y1, Y3, a, Y 1 )72, a) the dilaton becomes

V1+a?yJ1+ay 8 -
¥ = e, OpYIFAIVITAX o g y2iy2 o724
16aaY1Y1
Y24+a?(Y2—1D)+Y?: Y24aYr4+1)+72
Q:(I—A2)4|:— 1+a(12 )+ 2 1+a(]+~)+ 2 (357)
(1+a?Y? (1+a?)y?
8A(1 4+ 12%) 1 —aaY>Y,
(1= VT+a>V1+ayyY
Mo+ 1-a*v; 1-av \T
+ .
(2=D* \(A+a)r?  1+a>)r?
In particular, for the gauged WZW model (A = 0) we find
~ ~ 2
_g| XXX 358
Q_ X2}~(2 . ( . )

Notice that this expression does not depend on coordinates a and a, and the same phenomenon
is encountered in the AdSsxS? case, see the last factor in (4.27).

4. Towards the deformation of AdS5 x S5

In this section we apply the procedure described in section 2 to construct the A-deformed
AdSs x §° supercoset. Our final result includes the metric and the dilaton, but since the latter
looks rather complicated, we were not able to solve the equations for the Ramond—-Ramond
fluxes.

Superstrings on AdSs x S are described by a sigma model on the supercoset [28]

PSU2,2|4)
SO, 1) x SOG5)

4.1

The corresponding superalgebra is represented by 4 x 4 matrices, and an explicit parameteriza-
tion is presented in the Appendix B. The bosonic part of the supercoset (4.1) is given by
SU2,2) SUM@) S04,2) S0O(6)
X = X ,
So4,1) SO@®B) S04, 1) SO0

4.2)

and, as in the AdS3 x S case, the two subgroups decouple in the metric (2.9) and in the bosonic
contribution to the dilaton (2.18). While these objects have been computed in [19], to evaluate
the fermionic contribution to the dilaton we will have to use a different parameterization, so we
begin with specifying our coordinates, finding the metric and the bosonic dilaton for them, and
comparing the results with [19]. The fermionic contribution to the dilaton will be evaluated in
section 4.2.
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4.1. Metric and the bosonic dilaton

To apply the procedure outlined in section 2, we need an explicit form of the coset (4.2).
The most natural way to parameterize the sphere > = SO (6)/SO(5) is to use the Euler angles,
and such description has been used in [19], but unfortunately these coordinates make the evalu-
ation of the fermionic contribution to the dilaton nearly impossible. Thus we use the alternative
coordinates introduced in [29,19], in which all expressions remain algebraic. 12

Specifically, we write the element of SO (6) as

1 0 [b-1 bX/ 2
= ~ . b= 43
& [0 hm":||:—le- ag—bxiX/] 1+ X"X,, “-3)

where X' is a five-dimensional vector and £,," is an element of SO (5). The defining condition
for SO(5), hTh = I, can be solved by writing / in terms of an anti-symmetric matrix A as

h" =1+ A1 - A)7",". 4.4
The SO (5) rotations act on A and X as
A— AAAT, X — AX. 4.5)

To fix this gauge freedom, we follow the procedure discussed in [29]: first we rotate A to a block

form!3:

0 a 0 00
—a 0 0 0 0

A=l 0 0o 0o » o, (4.6)
0 0 —b 0 0
0 0 0 00

and then we use the remaining [SO(2)]2 rotations to set X, = X4 =0.
The so(6) algebra has 15 generators, first ten of them form so(5), while the last five corre-
spond to the coset. Specifically, in our parameterization, the coset generators are'*

i
Ty)mn = _% [6m15n(a79) - (Snlam(a79)] a=11,...15. 4.7

Application of the procedure (2.17) leads to the bosonic contribution to the dilaton (2.18)
20y _ 1024a%b*(a® — b*)?X71X5 (1 — 223 (1 +22)2
¢! _|_a2)3(1 +b2)3X2 A10

where we defined

, 4.8)

2 _ 2 2 2
X?=1+Xx?4+ X3+ X2

12 1 appears that the authors of [ 19] used the same coordinates while computing the metric and rewrote the final answers
in terms of the Euler’s angles. We find the algebraic coordinates more convenient.

13 Notice that there is a slight difference in gauge fixing between SO (n)/SO(n — 1) for odd and even n: matrix A has
[(n — 1)/2] independent components, and there are [n/2] independent X .

14 Recall that throughout this article we use hermitian generator, so the element of a group is constructed as g =
expliTx].
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Note that the lambda dependence factorizes in (4.8), and this is a general feature of the bosonic

dilaton, as discussed in the end of section 2. Specifically, in the present case, matrix P defined
in (2.23) has the form

W@ 0 0 | -
P=| 0 W®) 0], where W) =(+x>"! . (4.9)
0 0 1 —x -1

This matrix has eigenvalues =2 & 1 and

(1 _ )\2)3(1 +)‘42)2

detP = 10 (4.10)
The metric for A-deformation is constructed using (2.17), and the result reads
2 2 NETS
dsty = (€} ey = 7 P pel, (4.11)
o
where e’(so) refer to the frames describing the gauged WZW model (A = 0):
oo a?(1+ b)) X3 + (a® — b?) X2 . (1+a®)bX;
O™ a1l +a?)@®-b2)X, (a® — b2)(1 + b?)
1
+ 3 [—(X2 — X2)dX, + X X3d X3 + X1X5dX5] ,
da db
7 9
- , - : 4.12
OT XA+ O X+ 12
Xsda Xsdb 1
o 23025 —[XXdX XXdX—Xz—XZdX]
0= "2l 1 a?) b(1+b2)+X2 1X5d X1 + X3X5d X3 — ( 5)dXs |,
8 a(l+b)Xsda  (1+aHb?X] — (a* — b)) X3

e = — —
O (1 +a)@ - b(1+b%)(a? - b?) X3
1
+ [X1X3dX1 — (X% = XD)dX; + X3X5dX5] .
The AdSs counterparts of the metric and the dilaton are obtained by an analytic continuation

X1 —iXy, X3—>iX3, k— —k, 4.13)

and the corresponding frames are denoted by e%o),. .. ,e(SO).
4.2. Fermionic dilaton: general discussion

Although the SO(6)/SO(5) representation (4.3) of the five-dimensional sphere is very in-
tuitive, the construction of the supercoset (4.1) requires embedding of SO (6) into SU (4) and
identifying the fermionic degrees of freedom corresponding to the supercoset. We begin with
finding the SU (4) matrices in parameterization (4.3).

The SU (4) matrices g describe a representation of SO (6), which acts on anti-symmetric 4 x 4
matrices A as

A— gAgT. (4.14)
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Specifically, starting with the fundamental representation of SO (6) acting on six-dimensional
vectors (x1, X2, X3, Y1, Y2, ¥3), One can construct matrix A as

0 X3 —iy3 —x2+iy2 xp+iy;
—x3 +1iy3 0 X1 —iyr x2+iy
A= . . . . 4.15
X2 —iy2  —x1+iy; 0 x3+iy3 (4.15)
—Xx1 —Iiy1 —Xx2—iy; —x3—1iy3 0

The generators of SU (4) are hermitian 4 x 4 matrices, and to proceed with the coset construction,
we need to identify the elements #, corresponding to the generators (4.7). Comparing the action
T, on (x1, x2, X3, Y1, ¥2, ¥3) and the action of g € su(4) on (4.15), we find

13 ci4+icip cis+icy 0
1| cqa—ic —c 0 —c15 —ic
T, — — | €14 icn 013 15 —icn (4.16)
2| c15—ic12 —C13 claticn
0 icip—c15 ci4—icyy c13

All generators of SU (4), including (4.16), are hermitian, while generators of SU(2,2) satisfy
the modified hermiticity relation

t_ {0 o3
(Ty)' =XT4 %, E_[03 0 } (4.17)
For example, the counterparts of the coset generators (4.16) are obtained by an analytic continu-
ation

c11 — iC11, cip—>iC1p, c13 —>iC13, Cl14—iCl4, C€15—> Ci5. (4.18)

To proceed we need to construct an automorphism J; which satisfies (3.19) for all generators
g € su(4) with the exception of (4.16). While it is easy to find this J; for 6 x 6 matrices and
coset generators (4.7) (specifically, J; = diag(—1, 1, 1, 1, 1)), such matrix does not exist in the
four-dimensional representation of s0(6), and the closest analog of (3.19) is

0 0 o0 1
1 T 10 0 10
J o gh=¢g, Ni= 0 -1 0 0 (4.19)
-1 0 0 O
This means that condition (3.21) will be modified as
P IMP=MT, (4.20)

and such grading is a familiar feature of PSU(2,2|4) (see, for example, [23] for a detailed
discussion). In our parameterization,

[an o
P—[O h}’ 421

and the detailed discussion of fermions projected out by (4.21) and relation to other conven-
tions used in the literature is presented in the Appendix B. Here we only mention that if 8 x 8
supercoset matrix is written as
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A B | b1 b
m=[e ] o=l k)
bloy blo
CE[“ CQ}:-;‘[ 39371 3}, (4.22)

€3 4 bios bo

then projector P3 entering P, (2.20) selects the components satisfying an additional relation
(B.14):

C— |:—[01b401]T [01b201]T] '

[o1b3o1]T  [o1b101]T (4.23)

The last ingredient for constructing the fermionic contribution to the dilaton is the explicit
expression for the element of SU(4)/SO(5) in the gauge (4.3), (4.6):

1 b ab a 1—iX3 X1 —iXs 0

1|l =b 1 a -—ab X1  1+iX3 0 iXs

8= Al ab —a 1 —b —iXs 0 1+iXs X,
—a —ab b 1 0 iXs -X,  1—-iX;

(4.24)

As=v14a2V1+b2/1+ (X2 + (X3)? + (X5)2.

The element of SU (2,2)/S0 (4, 1) is obtained by making the analytic continuation (4.13) in the
last expression. Notice that the symmetry

X1 < X3, a<b, 4.25)

which was obvious in the SO (6) parameterization (4.3), (4.6), is less explicit in (4.24).
Evaluation of the fermionic contribution to the dilaton involves a straightforward but tedious
calculation of the determinant

det[(Ady — 1 — ("% — DPOIf ez (4.26)

and the results are rather complicated. We collect them and discuss some of their features in the
next two subsections.

4.3. Dilaton for the gauged WZW model

Geometry with A = 0 describes the gauged WZW model, and the solution in this case is given
by the frames (4.12), along with their AdSs5 counterpart and the dilaton

e

~ ~ ~n =~ ~ 8
2p2¢,2 2\2y2y2 ~272.~2 2\2y2y?2
e _ 0 @@ - PPXIXT a%h2(@ — b’ XiX] x2x2 @27
(1+a2)3(1 + b2)3X2 (1 +a2)3(1+5b2)3X2 | X2+ X2 — x2X2
X2=1+X24+X3+Xx2, X’=1-X}-X3+X2.
The bosonic contribution to the dilaton is obtained by dropping the expression in the brackets, and
the bosonic coset does not require any Ramond—Ramond fluxes. The situation for the supercoset
is different, as we have already seen in the AdS3 x S3 case: the Ramond-Ramond fluxes are
turned on even at A = 0. In the present case we were not able to construct the fluxes explicitly,

but we verified that the solution (4.12)—(4.27) can be supported by Fs5.
Recall that the stress—energy tensor for the self-dual five-form,

1
Tun = 9_6Fmabchnade (428)
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satisfies the Rainich conditions [30]'7:

T,"=TrT =0, TrT3=0, TrT°=0, TrT’'=0, TrT’=0, (4.29)

and for geometry supported only by the dilaton and the metric the 7;,, can be expressed as'®

Tyn = Ronn 4 2V Vyy ®. (4.30)

The right-hand side vanishes for the “bosonic” dilaton, while for the full solution (4.27) it gives
a nontrivial result which satisfies the constraints (4.29). It would be very interesting to find the
corresponding flux Fis.

4.4. Special cases for > #0

Although the dilaton for arbitrary values of A can be computed by evaluating the appropriate
determinants, unfortunately the results are not very illuminating. In this subsection we will col-
lect the answers for some special cases which give manageable expressions. Since the general
expression for the bosonic dilaton is already given by (4.8), we will focus only on the fermionic
contribution to (2.16):

P =det[(Ady — 1 — (172 — DP oz (4.31)
First we observe that at A = 0 the expression for e>®# depends only on X} and X. While this

property does not hold for general values of A, setting a = @ = b = b we still find an interesting
result:

4.32)

|0 =pxX)?— (1 - X1 - X?) ’ 2
B X2X?2 ' K=vrT

In the opposite case, where all X are switched off, the expression is much more complicated, for
example at A = 1 it has the form

2
20F _ Flz[SF—2+(FP_1 2?2 2Py — 1)2+2P2] , (4.33)

Xp=Xn=0,A=1
F=(@+ D+ D@+ H? + 1),
P = (@ + DF + B2+ DF + @2+ DF + B2+ D,

In particular, we observe that the last expression is fully symmetric under interchanging the
elements of the list (a, b, @, b). This property persists for all values of A, as long as X,, = X,, =0,
but the general expression is not very illuminating, so we will not write it here.

The last two interesting cases correspond to looking only at the sphere or only at the AdS
space:

15 For a recent discussion of the original Rainich conditions for electromagnetism and their generalizations to higher
dimensions see, for example, [31,10].
16 n this paper we are working in the string frame.
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6‘2<I>F

[(AB — uX)? + p2[(AbX3)* + (aBX)? — a?b? x| ]°
s A2B2X2 ’

eZCDF

TR N2 2 AR 4 (A RYAZ 4 s272 %28
_[(AB uX)? — p2[(AbXa) + @BXy) +abxl} , (4.34)

Ads A2B2x?

A=V1+d2, B=v1+4+b2, A=+1+4+a> B=1+02.

The complexity of our results beyond X = 0 suggests that the full solution for the A-deformation
of AdSs x S5 cannot be constructed unless one finds better coordinates, and we leave this problem
for future investigation.

5. Discussion

In this article we have constructed the supergravity background describing the A-deformation
of AdS3 x S? supercoset and reported some progress towards the analogous result for AdSs x S°.
Our main result is summarized by equations (3.15), (3.9), (3.28), (3.38). In the AdS5 x S case we
have constructed the metric and the dilaton describing the supercoset, and while the results pre-
sented in section 4 are rather complicated, there are striking similarities with lower-dimensional
cases. For example, at the WZW point, where the expression (4.27) for the ten-dimensional dila-
ton is rather simple, one finds a very close analogy with the six-dimensional case (3.58), and we
hope that a further exploration of such analogies will lead to construction of full gravity solution
for the deformed AdSs x S°.
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Appendix A. A-deformation for AdS; x S2

For comparison with the results obtained in this article, we review the geometry of A-deformed
AdS, x S? constructed in [22]. We also extend the solution of [22] by one free parameter which
makes the fluxes symmetric between the sphere and AdS space. Applying the procedure reviewed
in section 2 to a coset SU (2)/ U (1), the authors of [22] constructed the metric and the supercoset
version of the dilaton (2.19)!7:

_ —dx? + dy? dp*+dq?

Tl —kx2 4k y2 1 —kp? —k1g?

. kK —x24+y>—p?—g?>+2V1 —k2xp A
V=0 =x?+ Ty /1T —kp? =k~ 1g?

ds?

C1-a2

== A2
1+ A2 (A-2)

17 The solution corresponding to the bosonic dilaton (2.18) had been constructed earlier in [17].
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This background is supported by the Ramond—Ramond flux

c C
A= lydx — (= V1=2p)dyl+ lgdp — (p = V1= «0)dq), A-3)
X242 p2 g2 42V —«2
KX Hy —p -9+ P =4t

U=kl ) (I —kp2 =k 1g?)
which solves the supergravity equations

29
e » 1 kI
Ryp + 2V, V,, @ = ) (FmpFn _ngan[F ),

O (/—gF™)=0, V% 2®=0, (A.4)

and article [22] presented the answer (A.3) for ¢, = 0.

It is interesting that the flux (A.3) has a free parameter which interpolates between the com-
ponents on the sphere and on AdS, while the AdS3 x S solution (3.38) has no freedom. This
difference can already be seen for the undeformed AdS,, x S”, and it can be traced to the differ-
ent structure of “electric-magnetic” duality groups in four and six dimensions (U (1) in 4d vs Z»
in 6d).

Since in this article we use parameterization of cosets in terms of X, A coordinates introduced
in (4.3), we will conclude this appendix by writing the relations between coordinate systems used
in [17,22] and a three-dimensional version of (4.3)—(4.6) describing SO(3)/S0O (2):

b—1 bX 0

1 0
gm:[ ) _1] X 1—bX? —bX |, (A5)
0 (1+A)1—4) XA

0 a 2
O e

To compare this with the parameterization in terms of the Euler’s angles used in [17,20],

g""'¢ =expli(¢1 — ¢2)03/2lexp(iwor) expli(¢1 + ¢2)03/21, (A.6)

we follow the procedure outlined in section 3.5. Specifically, computing the matrix D (3.51) and
comparing the result with a general parameterization (4.3) applied to SO (3), we find

4(cos® wsin2¢ + sin” w sin 2¢)

Xi=— :
! 4+ cos[2(w — ¢1)] + cos[2(w + ¢1)] + 2cos 2¢1 + 4 cos 2 sin’ @
X 4sin2w sin(¢; — ¢2)
2= 9
4+ cos[2(w — ¢1)] + cos[2(w + ¢1)] + 2cos 2¢; + 4 cos 2¢ sin® w
CoS ¢ tan
q =292 a0 (A7)
cos ¢

A U(1) gauge transformation relates this to (A.5) with

4\/ sin®(2¢1) + sin?(¢1 — ¢») sin® 2w)

4 + cos[2(w — ¢1)] + cos[2(w + )] + 2 cos2¢p; + 4cos 2y sin® @

cos ¢ tan w
a=——"2 7% (A.8)
cos ¢
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The authors of [17] fixed the gauge by setting ¢, = 0, while the authors of [22] chose ¢» = ¢
and changed coordinates as

K
w = arccos \/ kp? + k~1q2, ¢ = arccos L (A.9)
/sz +I{_lq2

to arrive at (A.1).
Appendix B. Parametrization of psu(1, 1|2) and psu(2, 2|4)

In this appendix we briefly summarize the parameterization of psu(l, 1|2), psu(2, 2|4), and
their cosets used in sections 3 and 4. We will mostly follow the notation of [23,24], although our
parameterization of fermions differs from the one in [23], and we will comment on the difference.

The Lie superalgebras psu(n, n|2n) can be defined in terms of (4n) x (4n) supermatrices

A B
/\/l=|:c Di|, (B.1)

with even (2n) x (2n) blocks A, D and odd (2n) x (2n) blocks B, C. The graded Lie bracket is
defined as

(B.2)

M M) | AA'+BC'—A'A+B'C AB'+BD'—A'B—B'D
V= CA 4+ DC' —C'A-D'C CB +DD +C'B—D'D |’

Matrix M is subject to the hermiticity condition

A B ARl —ixcT
|:C D]_[—iBTE‘ DY } (B-3)
where X is a hermitian matrix of signature (2, n). Convention for su(n, n) represented by A fixes

the matrix X and the parameterization of fermions B, C.
For psu(1, 1|12) we choose ¥ = diag(1, —1). This leads to the relation

o
C——iB [O _1}, (B.4)

or more explicitly

Lt gt
B_ b1 bz . C= —ibyy iby . (B.5)
b b iy i)

To construct the algebra for the coset

PSU(1,1|12); x PSU(1, 1|2),

, (B.6)
SuU(l, l)diag X SU(2)diag
we take two copies of psu(l, 1]2),
/_ M[ 0
M = |: 0 M|’ (B.7)

and project to the subgroup H by imposing the relation (3.21)

PIMP=M, (B.8)
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as discussed in section 3.2. Notice that AdS3 and S3 blocks are mixed in the matrix (B.7), and
to make the separation more explicit we rearrange the components of the matrix M’ using the
parameterization (B.1) for M| and M. Specifically we define

Alo‘Blo

| 0 A 0 B
M= c; O Dy 0 (B.9)
0 C2 0 D,

The top left block of this matrix describes AdS space, the bottom right block describes the sphere,
and the matrix P corresponding to this supercoset is given by (3.26):

0 12 O 0

laxa 0 0 0
P=| % 0 0 1 (B.10)
0 0 1o O

In particular, this matrix does not mix the B; and C; components, so in section 3.2 we com-
puted the fermionic contribution to the dilaton by treating the holomorphic and anti-holomorphic
components (b;; and b;fj) as independent variables.

Let us now discuss the psu(2, 2|4) superalgebra, which emerges in the description of strings
on AdSs x S5 [28]. In this case equation (B.3) involves 4 x 4 blocks, and we choose the matrix
¥ involved in the hermiticity condition (B.3) to be

_ [0 o3
Y= I i| (B.11)

This choice leads to a relation between 2 x 2 blocks of B and C in (B.1):

[ blos blo

B— by bz]’ CE|:C1 C2:|:_i 13 13 . (B.12)
[ b3 bs 3 C4 bios byos

A choice of holomorphic and anti-holomorphic fermions is no longer convenient since the coset

projection mixes them. As discussed in section 4.2, for the psu(2, 2|4) supercoset, the condition
(3.21) is replaced by (4.20)

PImMP=MT, (B.13)

with P given by (4.21). An explicit calculation shows that projection (B.13) chooses the elements
which satisfy

by by —[o1bs011"  [o1b201]1T
B = , C= B.14
|:b3 b4] |: lo1b301]"  [o1b101]" @19

in addition to (B.12). The coset corresponds to the generators included in (B.12), but not
in (B.14). In other words, generators satisfying both (B.14) and (B.12) survive under projec-
tion P3, and P; is defined as P =1 — Pj.

We conclude this appendix by relating our conventions with notation used in [23]. We chose
a different embedding of the coset into SU(4) x SU (2, 2), and this led to a following relation
between our generators and the ones used by Arutyunov and Frolov (AF) [23]:
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i 000
_ 000 i
Tuw =RTR™', R={, | 16 , (B.15)
0100
1 0 —-10
5 -1 s _1]o 1 o0 1
Tou@2) = RT{G R R=711 0 1 o (B.16)
0 -1 0 1

While our generators are convenient for evaluating the A-deformation, the generators of Aru-
tyunov and Frolov are better suited for imposing kappa symmetry. Specifically, elimination of
this freedom in the notation of [23] gives

0 b 0 ¢
AF _ 2 AF __ 2
B _[b3 Oi|, C _|:C3 0] (B.17)
while in our notation
R B
o3b b o
B=[ b1 bz } c=| 7 B (B.18)
o3b103  —03b303 —ia3b§ ib§a3

The expressions for kappa symmetry are not used in this paper.
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