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Abstract

In this paper, we generalize a result by Berman and Billig on weight modules over Lie algebras
with polynomial multiplication. More precisely, we show that a highest weight module with an
exp-polynomial “highest weight” over an exp-polynomial Lie algebra has finite dimensional
weight spaces. We also get a class of irreducible weight modules with finite dimensional weight
spaces over generalized Virasoro algebras which do not occur over the classical Virasoro algebra.
© 2004 Elsevier B.V. All rights reserved.

MSC: 17B10; 17B65; 17B70

0. Introduction

Representations of affine Lie algebras and the Virasoro algebra have many important
applications in mathematics and physics. One of the main ingredients of these theories
is the construction of the highest weight modules. Recently there has been substantial
activity in developing representation theories for higher rank infinite dimensional Lie
algebras, in particular toroidal Lie algebras, generalized Virasoro algebras and quantum
torus Lie algebras (see [1-4,9,11-13,15,16,18,20—23]).
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Unlike rank one algebras (affine and Virasoro), the higher rank infinite dimensional
Lie algebras do not possess the triangular decomposition (as defined in [19]). This is
explained by the fact that these algebras are graded by Z” with all graded components
being non-trivial, and there is no natural way of dividing Z”" into a positive and a
negative parts when n > 1. Because of this, the standard construction of the highest
weight modules produces uninteresting representations. Nonetheless, there have been
found several explicit realizations of nice representations, using the vertex operator
approach.

In the vertex constructions the highest weight is replaced with a loop-like module
for the subalgebra of degree zero (in general, this subalgebra is non-commutative and
infinite dimensional). Let us describe in brief these representations from the perspective
of the construction of the highest weight modules.

Let G be a Z x Z"-graded Lie algebra and let G=G~ &GV @ G* be a decomposition
of G relative to the Z-grading. The subalgebra G© is an infinite dimensional Lie alge-
bra of rank n. We take some natural module ¥ for G0 (usually V is either Z"-graded
or finite dimensional). Parallel to the construction of a highest weight module, we let
G act on V trivially, and introduce the induced module

MV)=1ndSe g V ~ UG™)&¢ V.

If V' is Z"-graded then M (V') inherits a Z x Z"-grading, and it is Z-graded when V is
finite dimensional. B

The difficulty here is that M (V) will have infinite dimensional homogeneous com-
ponents (and thus will not have a character). Nonetheless the explicit vertex opera-
tor constructions show that in some cases M (V') has quotients with finite dimensional
homogeneous components. This situation has been clarified in [1], where it was proved
that M (V') has a graded factor-module M (V') with finite dimensional components pro-
vided that G is a polynomial Lie algebra and V' is a polynomial module. The poly-
nomiality condition means that the structure constants of the Lie algebra and of the
module are given by polynomial expressions (see Section 1 for the precise definitions).
However this left out some important examples, notably quantum torus Lie algebras.
In this paper we expand the class of Lie algebras and modules for which the theorem
is applicable to quantum torus Lie algebras. We prove that M (V) has finite dimen-
sional homogeneous components when G is an exp-polynomial Lie algebra and V is
an exp-polynomial module.

We illustrate our definitions and theorems with a sequence of 24 examples.

The paper is organized as follows. In Section 1, we define exp-polynomial Lie
algebras, exp-polynomial modules and give the statement of the main results (Theorems
1.5 and 1.7). We provide numerous examples (old and new) of such Lie algebras and
modules as well as give examples of applications of the main theorems. In Section 2,
we first establish the extended Vandermonde determinant formula, and then give the
proof of Theorems 1.5 and 1.7. In Section 3, we show a similar but stronger result for
generalized Virasoro algebras to give a class of irreducible weight modules with finite
dimensional weight spaces over generalized Virasoro algebras which do not occur over
the classical Virasoro algebra. These irreducible weight modules are recently proved
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to be the only irreducible weight modules with finite dimensional weight spaces over
higher rank Virasoro algebras besides modules of intermediate series [16].

1. Exp-polynomial Lie algebras and exp-polynomial modules

Let C be the complex number field. We assume that all Lie algebras and vector
spaces are over C in this paper, although C can be replaced by any field of character-
istic 0.

Definition 1.1. The algebra of exp-polynomial functions in » variables, ni,...,n,, is
the algebra of functions f(ny,...,n.): Z" — C generated as an algebra by functions
n; and ", where ac C*=C\ {0}, j=1,...,r.

An exp-polynomial function may be written as a finite sum

T ,
f(ny,...,n.)= Z Z Chalty .. .07 ay ... al,

k€Z' ac(C*y

where ¢;, €C, k= (ki,...,k) with k; > 0, and a = (ay,...,a,).

It will be important for us that an exp-polynomial function f(ny,...,n,) has the
property that the function f(n; +my,...,n.+m,) is also exp-polynomial as a function
in 2r variables.

Definition 1.2. Let G =D, ;. G, be a Z"-graded Lie algebra and K be an index set.
Then G is said to be an exp-polynomial Lie algebra if G has a homogeneous spanning
set {gr(a)|k €K, o€ 7"} with gx(a) € G,, and there exists a family of exp-polynomial
functions {f{.(«,B)|k,7,s €K} in the 2n variables «;,3; and where for each k,r the
set {s|f; (o, B) # O} is finite, such that

[96(2), (B =D fi (o B)gs(ac+ B)  for k,r €K, o, fe 7", (1.1)

seK

This homogeneous spanning set {gx(o)|k € K, € Z"} is called a distinguished spanning
set.

If the functions f} («,f) in (1.1) are in fact polynomials, we say that G is a
polynomial Lie algebra (cf. Definition 1.6 in [1]).

Example 1. Let g be a finite dimensional Lie algebra with a basis B = {g }xcx. Then
the toroidal Lie algebra G = (D[tli,...,t,,i] ® g is a polynomial Lie algebra with the
distinguished spanning set gi(o) =t*gy, o € Z", where here and elsewhere in this paper
t*=1"...t%. The Lie bracket in G is

[9x(e0), g-(F)] = [gr> 9 1ot + ).
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Example 2. Let Rn:C[tlil,...,tnil]. The Witt algebra (or Cartan type W Lie algebra)

is the Lie algebra W, = Der(R,) = Span{t*d;|w € Z7",1 < i < n}, where 0; = 1;,(3/0t;).
The bracket in W, is given by

[ld(rj\l‘, lﬁaj] = ﬁit“’”}(?j — Ole‘“-Hfa,‘.
Thus W, is a polynomial Lie algebra (see [6]).
Example 3. The following family of algebras plays an important role in the represen-

tation theory of toroidal Lie algebras (see [1]). Let Q! be the space of 1-forms on a
torus: @y =3>""_| Ryk,, where k, =1, dz,. We define a 2-parameter family of algebras

V(u,v) =W, ® Ql/dR,.
The distinguished spanning set is
{dj(o), k()€ 2", j=1,...,n},
where d;(o) =t*0;, kj(o) = t*k;. The Lie bracket in ¥ (u,v) is given by
[di(o). ki (B)] = Pikj(oc + B) + 0 Y _ aphp(ot+ B,
p=1

[di(e),d;(P)] = Pid (e + f) — oydi(o + ) + (upio; + Wxiﬁj)z B pkp(a =+ p),
p=1
[ki(o), k; ()] = 0.
Note that the distinguished spanning set for this polynomial Lie algebra is not a basis
because of the linear dependencies between the kj(o): oiky(ar) + - - - + ok, (o) = 0.

Next we will give an example of a Lie algebra which is exp-polynomial, but not
polynomial.

Example 4. Consider an associative quantum torus

C,= P cir

i€Z,0ET"
generated by the variables ti, tli, e, tni, where t4,...,t, commute and 7y does not com-
mute with #,...,1,, but satisfies the relations: ¢;f0=g;tt;, for some qi,...,q, € C*. The

Lie algebra which is obtained from the associative algebra C, is an exp-polynomial
Lie algebra with the distinguished set #j(x) = #)¢*, and the Lie bracket given by

[th(o), t(B)] = (¢/* — ¢ )ty (o + B). Here ¢* =g} ... q".

Definition 1.3. Let G=&D,_;. G, be an exp-polynomial Lie algebra. A G module V' =
D, ez Vo is called a 2"-graded exp-polynomial module if V has a basis {v;(®)};cszez»
and there exists a family of exp-polynomial functions 4 ;(«, ) for k €K, j,s €J such
that '

g (@)o(B) =Y b (et Bog(e + B,

seJ
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where {gi(o)}kex is the distinguished spanning set for G, and for each £, ; the set
{s|hy, (o B) # 0} is finite. The homogeneous components of the Z”"-grading on V =

wcom Va are given by V, = Span {v;(2)} ;.

Note that if G is a Lie algebra with polynomial multiplication and all 7 ; are
polynomial functions, then the module ¥ is actually a polynomial module defined in
Definition 1.8 of [1].

Example 5. Let 77,...,V; be finite dimensional modules for a finite dimensional Lie
algebra g. Fix ¢1,...,qx € (C*)". We define on the space V=R, ® V] ® --- ® V} the
structure of an exp-polynomial module for the toroidal Lie algebra G =R, ® g by

k
g(o)v ® --~®vk(ﬁ):Zq;”vl Q- Q(gvp) @ - - @ vp(a + ),
p=1

where v ® - @ v(f) = tPv; @ --- ® v, Tt is easy to see that in general ¥ is an
exp-polynomial module and not a polynomial module.

This module V' was studied in several papers like [8].

Example 6. A tensor module for the Witt algebra ¥, is a polynomial module. Let 7}
be a finite dimensional g/, module. Then the tensor module V' =R, ® ¥, is a module
for W, under the action

0;u(B) = Bio(o+ B) + Y ap(Epo) (o + B),

p=1

where v(f) =t @ v, and E p»; are the elementary matrices in g/,. The families {v;(f)}
with {v;} being a basis of ¥}, form a distinguished basis in ¥, for which the structure
constants are polynomials.

This module 7 was initially defined in [21] and later studied in several references
like [10].
We extend Definition 1.6 from [1] to give the following

Definition 1.4. Let G be a Z”"-graded exp-polynomial Lie algebra. We call this algebra
7"-extragraded if G has another Z-gradation

G=Epa? (1.2)
i€z
and the set K is a disjoint union of finite subsets K;,
K=|JK
i€z
such that the elements of the homogeneous spanning set {gi(a)|k €K,z € Z"} are
homogeneous of degree i under this new Z-gradation and span G,
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Many important infinite dimensional Lie algebras are in fact Z"-extragraded exp-
polynomial Lie algebras. Here we give some examples.

Example 8. We slightly modify Example 1 to get an extragraded algebra. Adding
an extra variable 7, we get an n + 1 toroidal Lie algebra R,.; ® g, where R, | =
C[toi,tli,...,tf]. We consider a Z"-grading on this algebra by degrees in #1,...,t,, and
a Z-grading by degree in #. The distinguished spanning set is

109k (%) = 1t gk
with i € Z, o € 7", and {g,} being a basis of g.

The previous example can be generalized in two ways:

Example 9. Let G be an exp-polynomial Lie algebra with G’ being finite dimen-
sional for all « € Z". Then G = Clty, ¢, 1® GO is an extragraded exp-polynomial Lie
algebra.

Example 10. Let g be a Z-graded Lie algebra with finited dimensional homogeneous
components. Then G =g ® R, is an extragraded exp-polynomial Lie algebra.

Remark. In the definition of an exp-polynomial Lie algebra we can relax the require-
ment that each family {g(a)} be defined for all « € Z". We may instead require that
{gr(2)} is defined for o in some sublattice L, C Z”. Of course in this case we should
have a restriction so that the expression in the right-hand side of (1.1) is well defined.

Example 11. With this relaxed definition we may consider the following as an
extragraded exp-polynomial Lie algebra:

G=g®R,1 ©DerClty, 1, ']
for a finite dimensional Lie algebra g with the distinguished spanning set {#)gx (), 00|
i€Z,0€ 7", g, € B}. Here the sublattice that corresponds to the elements té@o is L=(0).
Example 12. Introducing an extra variable 7, we can construct an extragraded version
of the Lie algebra from Example 3:

V(it,v) =DerR,1 ® Qb /ARy 1.
The Z-grading is by degree in 7, and the distinguished spanning families are #jd (o) =
t4¢*0; and thk; (o) = tyt°k;.

Example 13. The exp-polynomial Lie algebra from Example 4 is actually extragraded.
The Z-grading on it is by degree in .

Example 14. Let R, = C[¢E',¢f',..., 6], W11 = Der(R,y1) = Span {£jt*0;, tit*0y|
i€Z,0€7",1 <k <n}. The Lie bracket in W, is given by

[t 05, 6)1P 0] = 17 P (Broy — adp), 1 < ks <n,
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[ 00, 151701 = 167 P (jo, — os00), 1 <s <,

[¢6¢" 0o, tht" 001 = (j — D)ty 1" 0.

It can be easily seen that W, is a Z"-extragraded Lie algebra.

Cartan type S Lie algebras S,.; are also Z"-extragraded polynomial Lie algebras.
However we do not know whether Cartan type H or K Lie algebras are Z"-extragraded
polynomial Lie algebras.

Example 15. The Virasoro-like algebra L over C is the Lie algebra with a C-basis
{L,|x € Z*} and subject to the following commutator relations:

y
[L.,L,] = det ( ) Loy, Vx,yeZ?
X

(1) (2)

y Y y
where x = (x(0,x®), y = (1D, y@), —
X NORNG)

[7]. It can be easily seen that L is a Z'-extragraded Lie algebra.

>. For more details, see

From now on we assume that G is a Z"-extragraded Lie algebra with gradations
(1.1) and (1.2), ie., G = @iel,xel" GY is a 7" -graded Lie algebra which has a

homogeneous spanning set {g,((i)(oc)|k€Ki,(i,oc)e 7"} with g,(f)(oc)e G, and there
exists a family of exp-polynomial functions {f}, ; (2, f)} in the 2n variables o,,f,
where k €K;, m€K;, s €K;,; and where for each k,m,i,j the set {s|f}, (o, B) # 0}
is finite, such that

0@, gD BN = D fimi (e P)g @+ ), for o, pe2". (1.3)
s€Kij
Let G =@,., G, G- =@,._, G"). Then we have the decomposition
G=G aG"aG". (14)

Note that G is a Z"-graded exp-polynomial Lie algebra.

Following the construction in [1], we now introduce our Z"*'-graded module over
7"+ -graded Lie algebra G.

Assume V =@, Vy is a Z"-graded G® module with exp-polynomial action as
defined in Definition 1.3. We can define the action of G™ on ¥ by G™V =0 and then
consider the induced module

MV)=ndS, ¢ V =~ U(G™)&c V. (1.5)
It is clear that M (V) is a Z""'-graded module over G and
Myy= @ M, (1.6)
i<00€7"

where M (V)gf) is natulally defined, for example, M (V)Ef” = V,. In general, the homo-
geneous components M (V)gf) with i < 0 are infinite dimensional.
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It is easy to see that M (V) has a unique maximal proper Z"*'-graded submodule
M™4 which intersects trivially with V. Let

MV)y=MV)/M™, (1.7)
Then we have the induced Z”*'-gradation

MVy= @ M) (1.8)

i<0,0e2"

The main result of this paper is the following theorem.

Theorem 1.5. Assume that G is a 7"-extragraded Lie algebra with grading (1.3),
V=8,cm Vo is a 2"-graded exp-polynomial G module as defined in Definition
1.3 with J being finite. Then the 7""'-graded G module M (V') defined in (1.7) has
finite dimensional homogeneous spaces, i.e., dimM(V)gf) <oo, forallieZ, ac?".

If GO is a polynomial Lie algebra and V' is a polynomial Z”-graded G module,
the claim of Theorem 1.5 was proved in [1], Theorem 1.12.

Example 16. Let us consider an n + 1-toroidal Lie algebra G =R, ® g as defined
in Example 8. Its component G'© is an n-toroidal Lie algebra. We consider a module
V=R, @V ® - ® W for GV which was described in Example 5. By the above
theorem, the G module M (V') has finite dimensional homogeneous components. Such
modules were studied by Chari [5] and Rao [8].

Example 17. Let us consider the Virasoro-like algebra L as defined in Example 15. Let
LD =@, c; CLiy. Fix an exp-polynomial function f(k). Then V' =@,., Cv; becomes
an exp-polynomial L® module via

Lo v, = f(k)vjik.

Then M (V') has finite dimensional homogeneous spaces.

Example 18. Consider a Witt algebra W, = Der C[tgt,t]i,...,tni], which we view
as an extragraded polynomial Lie algebra with Z-grading given by degree in #,. The
zero component with respect to this grading is W, & R,0y. Consider a tensor module
V=R,® VW for W, as discussed in Example 6. We let R,0y act upon it by shifts
%0y - tP @ v =d**? @ v for some fixed constant d € C. By Theorem 1.5 the module
M(V) is a weight module with finite dimensional weight spaces.

Example 19. Let V(p,v) be the extragraded Lie algebra from Example 12. Its zero
component with respect to the Z-grading is

Wy ® Ralo @ | Y Rukp/dR,
p=0
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Consider a tensor module V' from the previous example on which we define the action
of 1-forms of degree zero (in #;) as follows:

t“k,,otﬁ®v:0, p=1,...,n

ko -t @Qv=ct*"P @v, for some ceC.

Again by Theorem 1.5 the module M(V') is a weight module with finite dimen-
sional weight spaces. These modules and their irreducible quotients were studied in
[1,3,4,9,15].

Example 20. Let G be the quantum torus Lie algebra from Example 4. We consider a
module V = C[tli,...,tf] for GO = C[tli,...,tni] with the action defined as follows:
t*-th = f(o, p)t*+F, where f(a,p) is some fixed exp-polynomial function. By Theorem
1.5 the module M(V') has finite dimensional homogeneous components.

Example 21. Let g be a simple finite dimensional Lie algebra with the triangular de-
composition g=g_ S hPg,. We consider a finite Z-grading on g compatible with this
decomposition. As explained in Example 10 above, the algebra G=R, ® g is an extra-
graded polynomial Lie algebra. Its zero component is the abelian algebra G =R, ® .
Consider a G module V' =C[¢, ..., 5] with the action %A - tf = fi.(a, f)r*+F, where
{h} forms a basis of b and {fi(c, ﬁ)} are some fixed exp-polynomial functions. Ap-
plying again Theorem 1.5 we conclude that M (V') is a weight module with finite
dimensional weight spaces.

We would like to discuss now a finite dimensional version of the exp-polynomial
modules.

Definition 1.6. Let G = P ,.;. G, be an exp-polynomial Lie algebra as defined in
Definition 1.2. A G module V is called a finite dimensional exp-polynomial module
if V has a finite basis {v;};c;, and there exists a family of exp-polynomial functions
hj;ﬂj(oc) for k€K, j,s €J such that

ge(@)y =Y Iy (2)vs,
seJ
where {gr(2) }rek.vczn is the distinguished spanning set for G.
Let G be an extragraded exp-polynomial Lie algebra and let V' be a finite dimensional

exp-polynomial module for G'®. Just as in (1.5) and (1.7) we define a Z-graded G
module M (V') and its Z-graded factor-module M (V)= M (V)/Mrad

Theorem 1.7. Let G be a 7"-extragraded Lie algebra with grading (1.3), V be a
finite dimensional exp-polynomial G©) module. Then the Z-graded G module M(V)

has finite dimensional homogeneous spaces, i.e., dim M (V)" < oo, for all i € Z.

Let us now give some examples of the applications of this theorem.
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Example 22. Let G be an n+ 1-toroidal Lie algebra G=R,,;®g as defined in Example
8. Its component G is an n-toroidal Lie algebra. Let ¥,..., V; be finite dimensional
modules for g, and let qi,...,qx € (C*)". We define a structure of a G'©) module on
the finite dimensional space V =V} ® --- ® V; in the following way:

k

g(O‘)Ul®"'®Ukzzq;pl)]®-~-(gyp)®...®vk.
p=1

It is easy to see that V' is a finite dimensional exp-polynomial module for G, The
induced module M (V') will have infinite dimensional homogeneous components, how-
ever, by Theorem 1.7, the homogeneous components of its factor M (V') are finite
dimensional.

The next two examples are modifications of Examples 20 and 21.

Example 23. Let G be the quantum torus Lie algebra from Example 4. We con-
sider a one-dimensional module C for G = C[tli,...,t,,i] with the action defined
as follows: t* - 1 = f(a)l, where f(a) is some fixed exp-polynomial function (high-
est weight). By Theorem 1.7 the module M(C) has finite dimensional homogeneous
components.

Example 24. Let g be a simple finite dimensional Lie algebra with the triangular de-
composition g=g_ dhDg,. As explained in Example 21 above, the algebra G=R,®g
is an extragraded polynomial Lie algebra. Its zero component is the abelian alge-
bra G® =R, ® b. Let {hy,...,h;} be a basis of h. Fix exp-polynomial functions
fi(a),..., fr(a) (highest weight) and consider a one-dimensional G'®> module C with
the action t*h; - 1 = f;(a)1l. Applying again Theorem 1.7 we conclude that M(C) is a
Z-graded module with finite dimensional homogeneous components.

2. Proof of the main theorems

In this section we shall prove Theorems 1.5 and 1.7. The key step in the proof
of Theorem 1.12 in [1] was the Vandermonde determinant argument. Here we would
need a generalization of the Vandermonde determinant formula for the exp-polynomial
functions.

Lemma 2.1. Let ay,...,a, be elements of a field, s\,s3,...,5, €N with s; + -+ +
sm=s. Consider the following sequence of s exp-polynomial functions in one integer
variable: fi(n) =d{, f>(n)=nd|,..., f;,(n) = nsl’la'l’, Sari(n) =d, ..., fo+0(n) =
n”’lag,...,fs(n) =n""la". Let V = (vpk) be the square s x s matrix where vy =
filp—=1), pk=1,....s. Then

det ()= [[ (5= D1ay ™" I (@ —a)™. @1
j=1

1<i<j<m
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Here we use the notation m!! =m! x (m — 1)! x --- x 2! x 1! with the convention
on=1.

Proof. This elementary lemma may be proved by induction on s using elementary
row and column transformations of the matrix. We will give here just an outline of
the proof. The basis of induction case s =1 is trivial. To establish the inductive step,
one begins by applying elementary row operations to the matrix, the same as in the
proof of the ordinary Vandermonde determinant formula: subtract from the last row
the preceding row number s — 1 multiplied by a;, then subtract from row s — 1 the
preceding row s — 2 multiplied by a;, and so on. This will produce a matrix that has
1 as the top entry of the first column, and the rest of the entries in the first column
being zeros.

Next we expand this determinant along the first column, which will yield an (s —
1) x (s — 1) matrix with the same determinant. Finally, applying elementary column
operations, it is possible to bring this (s — 1) x (s — 1) matrix to the form corresponding

to the sequence of functions a;d, 2aina}, 3ain*d’,...,(sy — Dain* ~2al, (ay — a))ds,
—1 w—1
(ar —ay)nas,...,(ay —a)n™~ a3, (a3 —ay)as,...,(am — ap)n' )a;'n.
Pulling out the factors ay,2ay,3ay,...,(s; — 1)a; from the first s; — 1 columns, and

(a; — a;) from the remaining columns, we bring the matrix to the extended Vander-
monde form of rank s — 1. To establish the inductive step, we only need to multiply
the expression for the extended Vandermonde determinant of rank s — 1 given by the
induction assumption by the factors we pulled out of the columns. [

Corollary 2.2. In the notation of the previous lemma, let ay,...,a, be distinct non-
zero elements of a field of characteristic greater or equal to the maximum of sy, ..., Sy,
or of characteristic 0. Then the set of exp-polynomial functions fi(n)=d\,..., fs(n)=
nn=Ya is linearly independent.

Proof. From the determinant formula (2.1) we see that the vectors of values of the
functions (f;(0), f;(1),..., fi(s = 1)), j=1,...,s, are linearly independent. [

Corollary 2.3. Let the exp-polynomial functions fi(n),..., fs(n) satisfy the conditions
of Lemma 2.1 and Corollary 2.2. Let {c;} be a sequence with only finitely many
non-zero terms. The sequence {ci} satisfies an infinite system of linear
equations

S difin) | =0 forall nez (2.2)

o\ =1
if and only if it satisfies a finite system

> dijek =0 forall j=1,...s. (2.3)
k
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Proof. Since

S dgsion | e =3 103 dyer,
© \j=1 =1 k

we see that (2.3) implies (2.2).
Suppose now that (2.2) holds. Evaluating (2.2) at n=0,...,s — 1, we get that

S MY dijek =0 for n=0,....s— 1. (2.4)
j=1 k

Now s equations of (2.4) are linear combinations of s equations of (2.3). The change of
basis matrix from (2.3) to (2.4) is an extended Vandermonde matrix and is invertible,
since by Lemma 2.1 it has a non-zero determinant. Hence, the equations of (2.3) are
linear combinations of equations of (2.4) and thus (2.3) holds. [

The last corollary also admits a straightforward multi-variable generalization.

Corollary 2.4. Let fi(ny,...,n),..., fs(ny,...,n.) be a set of distinct exp-polynomial
Sunctions of the form fi(ny,...,n.) =nt" .. .nf"b}" .. b, such that exponents p;’s

r oo

are less than the characteristic of the field, if the field has finite characteristic. Let
{cp}pean be a set with only finitely many non-zero terms. The set {cp} satisfies an
infinite system of linear equations:

S dpfin..on) | eg=0 " forall (n,....n,)e7" (2.5)

pezm \ j=1
if and only if it satisfies a finite system

Zdﬂjc,;:o forall j=1,...,s. (2.6)
pezr

Now we are ready to give a proof of Theorem 1.5.

Proof of Theorem 1.5. For the Z”-graded G module V = @D, ;. Vy as defined
in Definition 1.3, we have used g;(o) to denote ggo)(oc). We stress here that both
{k|g,(€i)(oc) # 0} for any fixed (i,«) € Z"*! and J in Definition 1.3 are finite sets. The
proof of the theorem will amount to proving two claims.

Claim 1. Let us fix iy,ip,...,is €N, ki,ky, ..., ks, with k,€K_;,, k€J and o€ 7".
There exist exp-polynomial functions fi(f),..., f4(p) in ns variables B such that a
linear combination:

Z b/} gg;il)(ﬁl )ggm(/b) o g/(cjil)(ﬁs)vk(“ - ﬁl - ﬁb) (27)
p=(Pr...s)€L™
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belongs to M™ if and only if the set {bg}pczn (with finitely many non-zero elements)
satisfies a finite system of linear equations:

> bpfp(B)=0, for p=1,....d.

/j e 7ns

Proof of Claim 1. Denote the sum in (2.7) by x. We have that x € ™4 if and only if

g .. g x =0

for all ji,...,j, € N with ji+---+j, =i+ - -+, m EKjl,...,m, EKj’_, VisenosPpr €L,
From the Poincaré—Birkhoff-Witt argument and the fact that the Lie algebra G and
the module V' are exp-polynomial, it follows that

g5 ) g5 =Y bpd he(Byor(o ).

pezr  re

The functions h, are exp-polynomial in = (B,...,fs) and y = (y1,...,7,), and

depend on ji,...,j,;;mi,...,m,. We get that x € M™ if and only if {bs} satisfies the
system of equations:

> bg> h(By)=0 (2.8)

pezrs  reJ

forall ye 2™, /€J, ji,....Jr €N with ji+- -4 j. =i+ -+is, m; €K ,...,m, €K} .

Since ji,...,j, € N are bounded by the condition j+- - -+ j,.=i;+- - -+is and my,...,m,

belong to finite sets, we conclude that only finitely many functions /4/(f5,7) appear in

system (2.8). Nonetheless system (2.8) has infinitely many equations because y has an

infinite range. Our goal is to reduce (2.8) to a system with finitely many equations.
A exp-polynomial function %,(f5,7) could be expanded in y:

he(B) = fo(B)ay®,
p

where a, € C", 6, € Z" and the summation in p is finite. By Corollary 2.4, system
(2.8) is equivalent to a finite system of linear equations:

> befp(B)=0

/fezns

with a finite number (say, d) of exp-polynomial functions f,(f). This establishes
Claim 1.

Claim 2. In the notation of Claim 1, the set

{70 B) g B — B = = B}

ﬁeznt

spans a subspace of dimension less or equal to d in Mé_il_'”_’})(V).
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Proof of Claim 2. To prove this claim we need to show that any d + 1 vectors in this
set are linearly dependent. Let B be a subset in Z™ of size d + 1. The homogeneous
system of d linear equations

D bpfr(B)=0

peB

in d + 1 variables {bg}scp has a non-trivial solution. By Claim 1, the set
{9 "B g (Bdve(e — 1 — -+ = B} pes

is linearly dependent modulo M™ Claim 2 is now proved. '
Theorem 1.5 now follows immediately from Claim 2 since the space MY s
spanned by the elements

{947 B gl Bovn(e— fr — -+ — o)}
with i1+ - -+i;=i; i1,...,ig € N. Thus there are finitely many possibilities for (i1,..., ),
and the indices ki,...,k; and k run over finite sets K_;,...,K_; and J. [

Proof of Theorem 1.7. The proof of Theorem 1.7 may be derived from the proof of
Theorem 1.5 by forgetting the Z"-grading on the module /' and replacing expressions
vp(e — By — -+ — By) etc., simply with v,. O

3. Weight modules over generalized Virasoro algebras

The Virasoro algebra Vir := Vir[Z] over C is the Lie algebra with the C-basis
{¢,d;|i € Z} and subject to the following commutator relations:

[e,di]=0,
P —i
[di,dj]:(j_i)di+j+5i’_ch for l,]GZ

The structure and representation theory for the Virasoro algebra has been well de-
veloped. For details, we refer the readers to [16], the book [14], and the references
therein.

Generalized Virasoro algebras Vir[M] in characteristic 0 were introduced by Pat-
era and Zassenhaus in [20], which are Lie algebras obtained from the above Virasoro
algebra definition by replacing the index group Z with an arbitrary non-zero subgroup
M of the base field C, which are also the one-dimensional universal central exten-
sions of the generalized Witt algebras [6]. When M ~ 7" and n > 1, the algebras
Vir[M] are called higher rank Virasoro algebras. Representations for Generalized Vi-
rasoro algebras Vir[M] have been studied in several references. In [23], all weight
modules over any generalized Virasoro algebra with weight multiplicity 1 were deter-
mined, which are so-called intermediate series modules. In [18], it was proved that all
irreducible weight modules with finite dimensional weight spaces over the generalized



Y. Billig, K. Zhao!Journal of Pure and Applied Algebra 191 (2004) 2342 37

Virasoro algebra Vir[QQ] over C are intermediate series modules (where @ is the ra-
tional number field). In [13], the irreducibility of Verma modules over the generalized
Virasoro algebra Vir[M] over any characteristic 0 field was completely determined.
In [22], irreducible weight modules over higher rank Virasoro algebras with finite di-
mensional weight spaces were divided into two subclasses. One of these subclasses is
called finitely dense modules, and from Definition 2.10 in [22], these finitely dense
modules seem to have very complicated structure, and [22] lacks any classification of
such modules (actually in this section you will see that those modules have very nice
structures). Fortunately, this classification problem, i.e., the classification of irreducible
weight modules with finite dimensional weight spaces over higher rank Virasoro al-
gebras has been completely solved in [16] by using the following construction of
such modules. The classification of irreducible weight modules with finite dimensional
weight spaces over the classical Virasoro algebra was solved by Mathieu in [17] by
using an entirely different method.

In this section we assume that M = Z & My C C where M, is a non-zero subgroup
of C. We simply denote L = Vir[M]/Cc, and for any i € Z we denote

L= @ CdH—aa

acM,
L, = @L,-, L_= @L,-.
i€z i<0

Then Ly ~ Vir[M,]/Cc.
For any o, f € C, we have the Ly module V(a, ,My) = @aEMO Cuv, subject to the
actions

davb:(b+o(+aﬁ)va+b for a,b € M,. (3~1)

We extend the Ly module structure on V (o, 5, My) to an L, + Ly module structure by
defining

LoV (e, My) = 0. (3.2)
Then we obtain the induced L module

V=V(oB.My)=1Ind} ,; V(e.p.My)=U(L) ) V(xp.M),
U(Ls+Lo)

where U(L) is the universal enveloping algebra of the Lie algebra L. It is clear that,
as vector spaces, V~U (L-)®c V(a, p). The module V has a unique maximal proper
submodule J trivially intersecting with V' (a, 5, My). Then we obtain the quotient module

V=V (o, p.My)=V/J. (3.3)

It is clear that ¥ is uniquely determined by the constants «, 8, and V=@p, ez, V—ivarmy
where

—ito+My = @ V*1+7+a: 771+1+a = {U € V‘dOU = (_i +o+ a)”}- (34)

acM
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We can similarly define IN/HHMO and IN/_,-H_M. It is easy to see that
dim 17_,-H+a =00, forieN, aeM,.

It will be different for V _;,\q.

Note that if My ~ 7", then L is a Z"-extragraded Lie algebra, V(o §,My) is a L
module with polynomial action, and V (e, B, Mo)=M (V (o, B, My)) as defined in Section
2. In this case, from Theorem 1.5, we know that V (o, 8, My) has finite dimensional
weight spaces, i.e., dim ¥V _; 4, < co for all i€ N, a € My. More generally (without
the restriction My ~ Z"), we have

Theorem 3.1. The module V(a, , M) defined in (3.3) over Vir[M] has finite dimen-

sional weight spaces, more precisely, dmV _; 1y, <1-3-----(2i+ 1) for all i e N,

aeM,.

Proof. Since L_ is generated by L_;, and L, is generated by L;, we deduce that
LAV _ivoirty =V —ict4aimy, Tor i€z,

and, if v €V _;,44a, Where i € N, satisfies L;v =0 then v=0. We also know that, for
any n€ N, a € M,,

V—n+oz+a = Span{d—1+and—l+an_1 o d—1+a1 Vg, |ai € MO:

with ag + a1 + -+ + a, = a}.
Claim 1. For any n€ 7., and b; € C, o; € My, (only finitely many b; are not zero):

(a) if

> obi=0, for 0<k<2n+2, (3.5)
i€z

then
Z bid71+wd71+an o 'dflJralvaofcc, =0 (36)
icz

() if

> b =0, for 0<k<2n+1, (3.5)
i€z

then
> bidyd 1ia,d1iaVay—z =0 (3.7)
i€z

for all ay,ay,...,a, € My, where all the sums are finite.

Now we first consider n = 0. Suppose (3.5") holds for n = 0. We have
> bidy ey, = Y _bi(ao — o + o+ oy )vg, = 0,

icZ icZ



Y. Billig, K. Zhao!Journal of Pure and Applied Algebra 191 (2004) 2342 39

which is (3.7) for n=0. Now suppose (3.5) holds for n=0. For any y € My, we deduce

digy (Z bidl+a,va0a,> = Zbi(_z + 0 = Pyt o Vag—a

ieZ ieZ
= " bi(=2+ o — y)ao — % + %+ B + %))ay iy =0,
iez
to yield Z bid _1+4,V49—y; = 0, which is (3.6) for n =0.
Suppolseezour claim holds for any n < m for a fixed m€ Z,. Now we consider the

claim for n=m+ 1. To get (3.7) for n=m + 1, we assume (3.5") for n=m + 1. For
any 7 € My, we compute

diyy (E bidyd _\4q,,, "'d—l-s—al”ao—u.-)

ieZ

= bi(—1 =+ 0)d v iy10d 11, A1 v Ve,

i€z
+ E bidocfdl+*/d—l+am+| o 'd—1+a| Vag—a;- (3~8)
ie?
Since diyd _14ap., A —14aVag—n; € (L—1)"Vg9—o, can be expressed as a combination

of elements of the form d*1+a,’n+. eood _144;Vg) o, With the coeflicients which are degree
at most one polynomials in o;, by the inductive hypothesis and (3.5"), we see that the
second term on the right hand side of (3.8) is 0. So

d1+y <Z bid“id—l‘f’amﬂ e d—1+a1 Uao—x,-)

i€z
= Zb[(_l -7t ai)dlﬂ”ﬁ“id*l%mﬂ e d*1+al Vag—o;
i€z
= Zbl(_l -7+ OCl‘)(_z — 7= %+ Amt1 )d}’+1,-+a,,,+1d71+am to d71+a1 Vag—oy
i€z

+"'+d—1+am+| "'d—1+a2

bei(—l — v+ ) (=2 =7 — o + a1yt 10, Vag—o- (3.9)
icz

From the inductive hypothesis and (3.5"), we know that each sum on the right-hand
side of (3.9) is 0. Thus, for all y € M),

dis, (Z bidyd 11y, - ~d1+alvw,.> =0,

i€z
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which gives
Z bidyd 114, * A 114 Va2, = 0.
i€z

So (3.7) holds for n =m + 1.

To verify (3.6) for n=m + 1, we suppose (3.5) holds for n=m + 1. By using (3.7)
for n=m+ 1, for any y € My we deduce that

d1+y E bid—1+md—l+um+1 "'d—1+a10a0—«i
i€z

:Z bl[(_z +oi — V)d7'+°‘id—1+arn+l e d—1+alvao—%‘ +-
i€z
+(ao — o + o+ B(y+ D) _140.d —14ap - =140 Vitytrag—a ] = 0,

which implies (3.6) for n=m+ 1. Thus Claim 1 holds for n=m + 1. By the inductive
principle, Claim 1 follows.

Fix pe My \ {0}. Let P; = {kp|0 < k < 2i} for any i€ N. For any n€ N, a e M,
oy,...,0, € Zp with o; € P;, let

W(a,al,OQ,...,OCn)
=span {d 115, d 115, " d 140 Va0~ =1 |01 € Prs1 .

Claim 2. For any f§ € My, we have
d—1+/fd—l+a,, cod 1y Vg—gy—-—a, = € W(a,o, 0, ,0).
It is clear that we can find nontrivial b, ,, € C for o, € P,y (consider the following
as a linear system of 2n 4+ 3 unknowns with 2n 4 3 equations) such that

Bt Y kb, =0, for0<k<2n+2,

o1 €EPy1

which are equalities of the form (3.5), where * = 1. Then applying (3.6), we see that
Claim 2 follows.
From Claim 2 we know that

dim an+ac+a
={d_110,d 144, , A 110 Va—sy—ay——s, 0 € {kp|0 < k < 2i}}
<1-3-----2n+1), forneZ,acM.
Note that dim V., = 1 for all a € M,. Thus our theorem follows. [
It is clear that V(a, B, My) is an irreducible Vir[M] module if and only if V (o, 8, My)
defined by (3.4) is an irreducible Vir[M,] module. Thus, if we start with the irreducible

Vir[My] module V'(a, 5, My) (which is the irreducible subquotient of V'(a, 8, My) and
which may not be an exp-polynomial module), instead of V(a, f§,My), we get an
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irreducible Vir[M] module 7/(oc, f,My), which can be also realized by taking the irre-
ducible subquotient of ¥ (o, B, My) for all o, € C.

The module V(a, f8,My) contains highest weight Vir[Z] (the classical Virasoro al-
gebra) modules U(Vir[Z])v, for any a € My. Thus not all weight multiplicities of
V(a, B, My) are 1, which indicates the modules ¥ (a, f§,My) are not modules of inter-
mediate series.

It is natural to ask the following questions: Are the Vir[Z] submodules U(Vir[Z])v,
irreducible? Is it true that U(Vir[Z])v = Dz, Vita?

It is important to calculate the character formula for the modules ¥ (a, B,M;). We
know the following about dim V _;,,,, for i€ Z, a € M.

Corollary 3.2. For any i€ 7, aj,as € My, if (—i+ ay)(—i+ az) # 0, we have
dlm 7—i+oc+a1 - dlm V—i+a+a2~ (310)

Proof. Suppose a; # a,. Let a=a; —ay, G:Vir[Za]:QB[GZ Cd,,. Then G is isomor-
phic to the classical centerless Virasoro algebra. Consider the G module
W= @xEZa V _its+ar+x- From Theorem 3.1, we know that W is a uniformly bounded
G module. By using Theorem 4.6 in [23], we see that all the dimensions of V' _;\ 14,1«
are equal except for V. The corollary follows. [
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