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Abstract

In this paper, we study the differences between algebraic and geometric solutions of hyper
equations for ideally triangulated 3-manifolds, and their relations with the variety of represent
of the fundamental group of such manifolds into PSL(2,C).

We show that the geometric solutions of compatibility equations form an open subset of th
braic ones, and we prove uniqueness of the geometric solutions of hyperbolic Dehn filling equation

In the last section we study some examples, doing explicit calculations for three interesting
folds.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

One of the most useful tools for studying the hyperbolic structures on 3-manifolds
technique of ideal triangulations, introduced by Thurston in [16] to study the hyper
structures of the complement of the figure-eight knot. An ideal triangulation of an op
manifoldM is a description ofM as a disjoint union of copies of the standard tetrahed
with vertices removed (ideal tetrahedron), glued togetherby a given set of face-pairin
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maps. Once one has an ideally triangulated manifoldM, the idea is to construct a hyper-
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bolic structure onM by defining it on each tetrahedron and then by requiring that suc
structures are compatible with a global one onM. A complete finite-volume hyperboli
structure with totally geodesic faces on an oriented ideal tetrahedron is described by
complex number, called its modulus. Then, the properties of hyperbolic structures ofM (if
any) translate to algebraic equations on the moduli. We refer the reader to [16,12,1
for more details on ideal triangulations and hyperbolicity equations.

The main question is to decide whether a solution of the hyperbolicity equation
tually defines a structure onM. The main problems arise when flat or negatively orien
tetrahedra appear. In terms of moduli a tetrahedron is flat (respectively negatively ori
if the imaginary part of its modulus is zero (negative). A solution is calledpositive(respec-
tively partially flat) if the moduli have positive (non-negative) imaginary part. In this pa
we introduce the notion ofgeometric solutionto describe those choices of moduli defini
a structure onM (see Sections 3 and 4 for definitions). The main known results on
matter are:

• (Thurston [16]) Any positive solution of the hyperbolicity equations is geometric.
• (Petronio and Weeks [14]) Any partially flat solution of compatibility and compl

ness equations satisfying an additional condition on the angles is geometric.
• (Epstein–Penner decomposition [4]) Any noncompact, complete hyperbolic 3-man

fold of finite volume admit an ideal triangulation with a geometric partially flat solu
of compatibility and completeness equations.

• (Petronio and Porti [13]) Any solution sufficiently close to the Epstein–Penner de
position is geometric.

• There exist examples of cusped manifolds admitting Dehn fillings which are hype
bolic and such that no ideal triangulations are known having a positive solution
hyperbolic Dehn filling equations. For example, the(3,1)-filling of the m007 SnapPea
manifold [17].

In this work, we study the space of algebraic solutions of the compatibility equa
showing that near nondegenerate solutions it has the local structure of a branched c
of the space of representations Hom(π1(M), Isom+(H3)). We prove that the set of geome
ric solutions of the compatibility equations is an open subset of the set of algebraic
we prove the uniqueness of geometric solutions of the hyperbolic Dehn filling equations
we give examples of non-geometric solutions of compatibilityand completeness equation
The paper is structured as follows.

In Section 2 we recall the definition ofideal triangulationandmodulus of a tetrahedron.
In Sections 3 and 4 we give the systems of thecompatibilityandhyperbolic Dehn filling

equations, and we give the definition ofgeometric solutionof such systems.
Sections 5 and 6 are devoted respectively to the study of algebraic and geometr

tions of the above systems.
In Section 7 we do explicit calculations for some interesting examples. Namely, fir

study two one-cusped manifolds admittingnon-unique algebraic solutions for the com-
patibility and completeness equations and a (unique) geometric one. Then we s
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2. Ideal triangulations with moduli

We fix here the class of manifolds we consider, namely the class of ideally triangu
cusped 3-manifolds.

Definition 1 (Cusped manifold). A cusped manifoldis an orientable 3-manifoldM diffeo-
morphic to the interior of a compact manifold�M whose boundary∂ �M consists of a union
of tori. A cuspof M is a closed regular neighborhood of a component of∂ �M.

We denote bŷM the compactification ofM obtained by adding onepoint for each cusp
of M. If M̃ is the universal covering ofM, we denote bŷ̃M the space obtained by addin
to M̃ one point for each lift of each cusp ofM.

The points added toM (or M̃) are calledideal points. To each ideal pointp of M

corresponds a torusTp of the boundary of�M . We fix a smooth product structureTp ×
[0,∞) on the cusp corresponding top. Such a structure induces a cone structure, obta
from Tp × [0,∞] by collapsingTp × {∞} to p, on a neighborhoodCp of p in M̂ . We lift
such structures to the universal covering. Ifp̃ is an ideal point ofM̃ that projects to the
ideal pointp of M, we denote byNp̃ the cone at̃p. We regardNp̃ as the quotient obtaine
from Pp̃ × [0,∞] by collapsingPp̃ × {∞} to a point, and wherePp̃ × {t} projects to the
torusTp × {t} for t < ∞.

For an ideal pointp corresponding toT , the lifts ofp to an ideal point of̂̃M correspond
to the conjugates ofπ1(T ) in π1(M) (via the correspondencẽp ↔ Stab(p̃)).

Definition 2 (Ideally triangulated manifold). Let M be a cusped manifold. An ideal tr
angulation ofM is a finite, smooth triangulation of̂M having the set of ideal points a
0-skeleton. Anideally triangulated manifoldis a cusped manifold equipped with a fin
smooth ideal triangulationτ which is compatible with the product structures of the cus
Namely, for each cuspCp we requireτ ∩ (Tp × {0}) to be a triangulation ofTp and the
restriction toCp of τ to be the product triangulation.

It is well known that any cusped manifold can be ideally triangulated. Indeed, ide
angulations can be viewed as the dual of standard spines, and any cusped manifold
a standard spine (see, for example, [1,11]).

We recall now the definition of modulus of an ideal tetrahedron. Anideal tetrahedron
in �H3 is the convex hull of four distinct points in∂H3. An orientation of an ideal tetra
hedron is an ordering of its vertices, up to even permutations. When the four poin
not lie in a 2-plane, these orientations correspond to the two orientations as a ma
Using the modelC×R+ for H3, we may apply an isometry to assume that the vertices
(0,1,∞, z), where themodulusz is the cross-ratio[v1 : v2 : v3 : v4]. The cross sections b
the horospheresC × {t} are rescalings of the triangle{0,1, z} in C, and it follows that the
hyperbolic structure of the ideal tetrahedron is determined by the similarity structure
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horospherical triangle at a vertex. Changing the ordering of the vertices by an even permu-
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by fixing a preferred edgee of the tetrahedron and arranging the vertices(v1, v2, v3, v4) so
thate joinsv1 to v3. Choosing the edge opposite toe gives the same modulus.

In the sequel we tacitly assume that an orientation and an edge for each tetrahedr
been fixed.

Definition 3. Let τ be an ideal triangulation ofM. A choice of moduliz = {zi, i ∈ I } for
τ is a choice of a complex numberzi �= 0,1 for each tetrahedron∆i of τ . We write(τ, z)
to mean an ideal triangulationτ with a choice of moduliz for τ .

3. Compatibility equations, developing maps and holonomy

In this section, we recall some standard facts about ideal triangulations with moduli, w
introduce the systemC of compatibility equations and we give the definition of geome
solution ofC. We refer the reader to [16,12,1,13,14,8] for more details. For this sec
M will be an ideally triangulated manifold with a triangulationτ and a choice of moduliz
for τ .

In the language of(X,G)-structures, an oriented (possibly incomplete) hyperbolic m
ifold is a space equipped with an(H3, Isom+(H3))-atlas. Given(τ, z), the idea is to use th
hyperbolic structures defined byz on the tetrahedra as local charts for an(H3, Isom+(H3))-
atlas forM. In order to succeed in this construction, a necessary condition is that for
edgee of τ the product of moduli arounde is 1. Such conditions can be written as a sys
C of algebraic equations on the moduli, having the form

±
∏
i

z
αi

i (1− zi)
βi = 1

whereαi,βi ∈ Z depend on the combinatorial data. These equations are calledcompatibil-
ity equations.

For a hyperbolic manifoldN , it is well known that there exist a developing m
D : Ñ → H3 and a holonomy representationh :π1(N) → Isom+(H3) such thatD is an
h-equivariant local diffeomorphism (see, for example, [15]). A similar picture holds
ideally triangulated manifolds with a choice of moduli satisfyingC.

The following proposition is a basic fact aboutideal triangulations with moduli, see, fo
example, [16,1,12,8] for a proof and details.

Proposition 4. Let M be an ideally triangulated manifold and letz be a choice of mod
uli. Then, equationsC are satisfied if and only if there exist a mapD : ̂̃M → �H3 and a
representationh :π1(M) → Isom+(H3) such that:

• D maps each lift̃∆i of each tetrahedron∆i of τ to an hyperbolic ideal tetrahedron o
H3 with moduluszi .

• D is h-equivariant, that is, for eachx ∈ ̂̃M andα ∈ π1(M)

D(αx) = h(α)D(x)

whereπ1(M) acts onM̃ by deck transformations and onH3 via h.
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Fig. 1. Hyperbolic map.

Definition 5. A mapD : ̂̃M → �H3 and a representationh :π1(M) → Isom+(H3) satisfy-
ing the conditions of Proposition 4 are called respectively adeveloping map forz and a
holonomyof z. When we need to emphasize thatD andh depend onz, we writeD(z) and
h(z).

Remark 6. The mapsD andh are not unique. Nevertheless, the conjugacy class o
holonomy depends only onz.

Definition 7 (Hyperbolic map). Let N be a hyperbolic manifold with developing ma
DN : Ñ → H3. LetM be an ideally triangulated manifold with a choice of moduliz. A map
f :M → N is calledhyperbolic w.r.t.z if it lifts to a map f̃ : M̃ → Ñ such thatDN ◦ f̃

extends to a developing map forz. See Fig. 1.

Definition 8 (Geometric solution ofC). SupposeM is an ideally triangulated manifold
We say that a choice of moduliz is a geometric solutionof C if there exist a hyperbolic
structureS on M and a proper degree-one mapf :M → MS which is hyperbolic w.r.t.z
(whereMS meansM with the structureS).

The following facts are not hard to prove (see [8] for details).

Proposition 9. Any geometric solution ofC is also an algebraic solution of equationsC.

Proposition 10. Let N be a hyperbolic manifold with holonomyhN . Letf :M → N be a
map hyperbolic w.r.t.z and letf∗ :π1(M) → π1(N) be the induced homomorphism. Th
h(z) = hN ◦ f∗.

4. Hyperbolic Dehn filling equations

For this section,M 
 int( �M) will be a cusped manifold with an ideal triangulati
τ = ({∆i}). For each boundary torusTn we fix a basis(µn,λn) of H1(Tn,Z). We denote
by (p, q) a set{(pn, qn)} of Dehn filling parameters, where each(pn, qn) is either a pair
of coprime integers or the symbol∞. The symbolz will denote a choice of moduli forτ
satisfyingC.

In this section we introduce a system of equations on the moduli, calledhyperbolic
Dehn filling equations, which depend on a chosen set(p, q) of Dehn filling parameters
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of the hyperbolic structure defined by the moduli onM is the Dehn filling ofM described
by (p, q). The principal condition expressed by these equations is that ifm is a loop in a
boundary torus killed in homology by the filling, then the holonomy ofm is trivial.

Hyperbolic Dehn filling equations can be written down without restrictions on the imag
inary parts of the moduli, but in general there is not an obvious geometric interpretat
their solutions. For this reason, we distinguish between algebraic and geometric so
of the equations.

First of all, we recall the definition of Dehn filling of a manifold.

Definition 11 (Dehn filling). Let (p, q) be a set of Dehn filling parameters. For eachn such
that(pn, qn) �= ∞, let Ln be an oriented solid torus,mn be a meridian ofT ′

n = ∂Ln, ln be
a loop inTn such that[ln] = pnµn + qnλn andϕn :Tn → T ′

n be an orientation-reversin
homeomorphism such thatϕn(ln) = mn. The Dehn filling of M with parameters(p, q) is
the manifold

M(p,q) = int
( �M � {Ln}/{ϕn}

)
The toriLn are called filling tori.

We notice that not all the boundary tori are filled inM(p,q). Namely, a torusTn is filled
if and only if (pn, qn) �= ∞. If (pn, qn) = ∞ for all n , thenM(p,q) = M.

Consider now a complete hyperbolic manifoldN , soÑ = H3, and letγ be an oriented
geodesic inN . Sinceγ is oriented, for any liftγ̃ ⊂ H3 the endpoint of̃γ is well-defined.

Definition 12. Let N,γ be as above. Letf :M → N be a hyperbolic map w.r.tz. If
f̃ : M̃ → H3 is a lift of f , we say thatf spirals aroundγ near an ideal pointv if f̃

carries any lift ofv to the endpoint of a lift ofγ .

Let T ⊂ ∂ �M be a boundary torus. Consider the half-space modelC × R+ of H3 and
a developing mapD such that the vertex corresponding toT is lifted to a vertex mappe
to ∞ by D. Then, the grouph(π1(T )) consists of maps which fix∞. By considering
the restriction to∂H3 ≡ CP1 of the elements ofh(π1(T )), we obtain a representatio
hT :π1(T ) → Aff (C). Sinceh is well-defined up to conjugation, then the dilation com
nent ofhT is well-defined, and it is a representationρT :π1(T ) → C∗.

Sinceπ1(T ) is Abelian, its imagehT (π1(T )) consists of maps which commute wi
each other. Therefore, it is easy to see that either they are all translations, or they have
common fixed point. In the former case we haveρT ≡ 1. In the latter case, up to conjug
tion, we can suppose that the fixed point is 0. Thus we gethT = ρT , in the sense that fo
all α ∈ π1(T ) andζ ∈ C, we havehT (α)(ζ ) = ρT (α) · ζ .

Remark 13. In the following, by writingρT ≡ 1 we mean thathT (π1(T )) consists of
translations and byhT = ρT we mean thathT (π1(T )) consists of maps which fix 0.

To write the equations, we need to work with log(ρT ). In the following definition we
fix a suitable determination of the logarithm ofρT .
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Definition 14 (Logarithm of Dilation component). Let D be a developing map forz. Let
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T ⊂ M be a boundary torus of�M , pushed a little insideM, and letT̃ ⊂ M̃ one if its lifts.
Consider the modelC × R+ of H3 so that the ideal point corresponding tõT is mapped to
∞. Suppose thathT = ρT and suppose that the following condition holds:

The developed image of̃T does not intersect the line(0,∞).

Then we choose a determination of log(ρT ) as follows: letH be the universal covering o
H3 \ (0,∞) made by using the covering exp :C → C∗. Let x0 andx̃0 be base-points inT
andT̃ . Let η : [0,1] → T be a loop atx0 andη̃ be its lift starting fromx̃0. Let α̃ : [0,1] →
C∗ be the horizontal component ofD ◦ η̃. As D ◦ η̃ lifts to H , the pathα̃ lifts to a path
ᾱ : [0,1] → C. SincehT = ρT , thenα̃(1) = ρT ([η]) · α̃(0), and then̄α(1) = log(ρT ([η]))+
ᾱ(0).

The pointsᾱ(0) andᾱ(1) depend only on the homotopy class ofη and on the choice o
the base-points. If we change the base-points, the determination of log(ρT ([η])) does not
change.

We are now ready to give the hyperbolic Dehn filling equations.

Definition 15 (Dehn filling equations). Let (p, q) = {(pn, qn)} be a set of Dehn filling
parameters. For eachn, let ρn(z) be the dilation component of the holonomy of thenth
boundary torusTn, whenz varies on the space of solutions of the compatibility equati
We say thatz is analgebraicsolution of the(p, q)-equations if for eachn we have:

– If (pn, qn) = ∞, thenρn(z) ≡ 1.
– If (pn, qn) �= ∞, thenhTn(z) = ρn(z), the condition of Definition 14 holds, and

pn log
(
ρn(z)[µn]

) + qn log
(
ρn(z)[λn]

) = 2πi.

We say thatz is ageometricsolution of the(p, q)-equations if, denoting byN = M(p,q)

the Dehn filling ofM with parameters{(pn, qn)}, we have:

(a) N is complete hyperbolic and the cores of the filling tori are disjoint geodesics{γn}.
(b) There exists a proper mapf :M → N \ {γn} ⊂ N of degree 1, which is hyperboli

w.r.t. z.
(c) For eachn with (pn, qn) �= ∞, if vn denotes the ideal point corresponding toTn, then

f spirals aroundγn nearvn, whereγn has the orientation induced by the Dehn filli
parameters(pn, qn).

Remark 16. When all the coefficients(pn, qn) are ∞, then the system of the(p, q)-
equations is nothing but the classical systemM of the so-calledcompleteness equation.
When the moduli have positive imaginary part, equationsM imply that the hyperbolic
structure defined by the moduli onM is complete (of finite volume).

The following fact is not hard to prove (see [8] for details).



98 S. Francaviglia / Topology and its Applications 145 (2004) 91–118

Proposition 17. For any (p, q), each geometric solution of the(p, q)-equations is also
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Remark 18. It is well known that any algebraic solution of(p, q)-equations such that eac
zn has positive imaginary part is geometric. In Section 7 we give examples of alge
solutions that are not geometric.

5. Algebraic solutions of hyperbolicity equations

In this section we study the space of algebraic solutions of compatibility equation
show that there is a one-to-finite correspondence between representations of the fun
tal group of a given ideally triangulated 3-manifold and (algebraic) solutions ofC for such
a manifold. This gives another way to see the space of generalized Dehn filling coeffi

For this section we keep the notation fixed in Section 4. Whenz is a solution ofC, h(z)
will denote its holonomy. To simplify notations, we often omit to indicate the base-p
for the fundamental groups. For any boundary torusTn, we assume that a representat
π1(Tn) < π1(M) of the conjugacy class of its fundamental group has been fixed. For
isometryγ ∈ Isom+(H3) let Fix(γ ) denote the set of the points of�H3 fixed byγ . For a
subgroupΓ < Isom+(H3) we set Fix(Γ ) = ⋂

γ∈Γ Fix(γ ).
It is easily checked that the followingfact holds (see, for example, [8]).

Lemma 19. For any Abelian subgroupΓ of Isom+(H3), Fix(Γ ) is not empty. Moreover,

(1) Fix(Γ ) ∩ ∂H3 is infinite if and only ifΓ = {Id}.
(2) Fix(Γ ) ∩ ∂H3 = ∅ if and only ifΓ is a dihedral group generated by two rotations

angleπ around orthogonal axes.
(3) Fix(Γ )∩∂H3 contains a single point if and onlyΓ contains only parabolic isometrie
(4) OtherwiseFix(Γ ) ∩ ∂H3 contains exactly two points.

For any representationρ :π1(M) → Isom+(H3), we denote byDρ the set of allρ-
equivariant maps from the ideal points of̃M to ∂H3. Because of equivariance, ifD ∈ Dρ

andq is an ideal point ofM̃, thenD(q) ∈ ρ(Stab(q)). Moreover, the elements ofDρ can
be constructed as in the proof of the next proposition.

Proposition 20. Let ρ :π1(M) → Isom+(H3) be a representation. Suppose that for a
boundary torusTn, ρ(π1(Tn)) is not dihedral. Then the setDρ is not empty. If, in addition
theρ-images of the fundamental groups of all the boundary tori are not trivial, thenDρ is
finite. Moreover,Dρ consists of one element if and only if theρ-images of the fundament
groups of all the boundary tori are parabolic.

Proof. We prove the first claim by showing how to construct an elementD of Dρ . Letq be
an ideal point ofM̃. The stabilizer Stab(q) of q in π1(M) is conjugate to the fundament
group of some boundary torus. It follows thatρ(Stab(q)) is not dihedral, so by Lemma 1
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it has at least one fixed pointx in ∂H3. DefineD(q) = x and extendD to theπ1(M)-orbit
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of q by equivariance. Do the same for the remaining ideal points.
Now, letTn be a boundary torus. By Lemma 19, ifρ(π1(Tn)) is not trivial, then it has

one or two fixed points in∂H3. Thus, in the construction ofD, when one has to choose t
image of an ideal point, one has at most two possibilities. Since the ideal points ofM are
finite in number, then iñM there is only a finite number ofπ1(M)-orbits of ideal points
Therefore, one has to make only a finite number of choices. The last claim directly fo
from point(3) of Lemma 19. �

In the sequel, let the symbol∗ denote thedegeneratemodulus, with the meaning tha
an ideal tetrahedron has modulus∗ if and only if it is a degenerate tetrahedron (it has t
or more coincident vertices).

Theorem 21 (Representations determine moduli). Suppose thatρ :π1(M) → Isom+(H3)

is a representation such that for any boundary torusTn, ρ(π1(Tn)) is not dihedral. Then
each elementD of Dρ induces a choicezD of moduli in(C \ {0,1})∪ {∗}. Moreover, ifzD

contains no∗-moduli, then it is an algebraic solution ofC with holonomyρ.

Proof. The choice of modulizD is defined simply by taking, for each∆i of τ , the modulus
of the convex hull of theD-image of the vertices of any lift̃∆i of ∆i , setting the modulu
to ∗ if D is not injective on the vertices of̃∆i . This definition is unambiguous because
the equivariance ofD. If zD contains no∗-moduli then, by induction on then-skeleta, one
can easily construct a developing map forzD that extendsD. Thus by Proposition 4,zD is
a solution ofC. The holonomy ofzD is ρ because of theρ-equivariance ofD. �
Remark 22. If ϕ ∈ Isom+(H3) andρ′ = ϕ ◦ ρ ◦ ϕ−1, then a natural correspondence b
tweenDρ andDρ′ is defined by mappingD ∈ Dρ to the elementϕ ◦ D ∈ Dρ′ . Note that
zD = zϕ◦D .

We give now a topological description of the setsDρ when ρ varies in the spac
Hom(π1(M,x0), Isom+(H3)). Let p1, . . . , pk be the ideal points ofM, and for alln =
1, . . . , k let qn be a lift of pn. Let D be the topological subspace of Hom(π1(M,x0),

Isom+(H3)) × (∂H3)k defined by

D =
⋃
ρ

{{ρ} × Fix
(
ρ
(
Stab(q1)

)) × · · · × Fix
(
ρ
(
Stab(qk)

))}
and letp be the projectionp :D → Hom(π1(M,x0), Isom+(H3)).

By Proposition 20, for any representationρ, a bijection betweenp−1(ρ) andDρ is
well-defined by mapping(ρ, x1, . . . , xk) to the elementD of Dρ such thatD(qn) = xn. In
the sequel we identifyDρ with p−1(ρ).

The spaceD is strictly related to the space of generalized Dehn filling coefficie
We briefly recall some results inthis field, referring the reader to [16,3,2] for a detailed
discussion.

Let R(M) = Hom(π1(M),SL(2,C)) be the variety of representations ofπ1(M) into
SL(2,C) and letχ(M) = R(M)//SL(2,C) be its variety of characters. Forρ ∈ R(M),
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its characterχρ is its projection toχ(M) and can be viewed as the mapχρ :π1(M) → C
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defined byχρ(γ ) = trace(ρ(γ )).
For eachj = 1, . . . , k let sj be a slope inTj . If χ0 is the character of the holonomy

the complete structure ofM (if any), then (see, for example, [2]) there exists a branc
covering

p̄ :V ⊂ Ck → W ⊂ χ(M) (1)

where V and W are neighborhoods respectively of 0 andχ0 such that, if χρ =
p̄(u1, . . . , uk), then 2 cosh(uj /2) = ±trace(ρ(sj )). Thus, thep̄-fiber of a point is a finite
set with a 2-to-1 choice for eachuj �= 0.

We show now that also the projectionp :D → Hom(π1(M,x0), Isom+(H3)) has a
branched covering structure which is strictly related to the one ofp̄. We denote bypar-
abolic orderof ρ the numberP(ρ) of boundary tori whereρ is parabolic:

P(ρ) = #
{
n ∈ {1, . . . , k}: ρ

(
π1(Tn)

)
is parabolic

}
.

The parabolic order stratifies Hom(π1(M,x0), Isom+(H3)) as follows. Let

Par(l)(M) = {
ρ ∈ Hom

(
π1(M,x0), Isom+(

H3)): P(ρ) � l
};

then

Hom
(
π1(M,x0), Isom+(

H3)) =
k⋃

l=0

Par(l)(M).

Proposition 23. Letρ0 :π1(M,x0) → Isom+(H3) be a representation such thatρ0(π1(Tn))

is not dihedral nor trivial for any of theTn. Then there exists a neighborhoodU of ρ0 in
Hom(π1(M,x0), Isom+(H3)) such that the restriction ofp to p−1(U) is a branched cov
ering whose branched locus is stratified by the parabolic order. More precisely, ifU(l)

denotesU ∩ Par(l)(M), then for eachl

p :p−1(U(l) \ U(l−1)
) −→ U(l) \ U(l−1)

is a finite covering which branches atU(l+1). Moreover, if there existsD0 ∈ Dρ0 such that
zD0 contains no∗-moduli, thenU can be chosen such that for each pathα : [0,1] → U ,
with α(0) = ρ0, and each liftα̃ : [0,1] → D with α̃(0) = D0, no∗-moduli appear inzα̃(t )

for t ∈ [0,1].

Proof. Since forρ0(π1(Tn)) to be trivial or dihedral is a closed condition, we may cho
a neighborhoodU of ρ0 in which eachρ(π1(Tn)) is non-trivial and not dihedral for an
of theTn. Suppose thatρ0 ∈ U(l) \ U(l−1). It is not restrictive to assume thatρ0(π1(Tn))

is parabolic forn = 1, . . . , l. Thus, sinceρ0 ∈ U(l), ρ0(π1(Tn)) is not parabolic forn > l,
and the same holds for anyρ ∈ U(l).

By Proposition 20, forρ ∈ U(l) the setDρ consists of a finite number of points. Let no
α : [0,1] → U(l) \ U(l−1) be a continuous path withα(0) = ρ0. The sets Fix(ρ(Stab(qn)))

depend continuously onρ. Moreover, sinceα(t) ∈ U(l) \ U(l−1), the cardinality of the set
Fix(α(t)(Stab(qn))) depends continuously ont . It follows that for anyD0 ∈ Dρ0 there



S. Francaviglia / Topology and its Applications 145 (2004) 91–118 101

t

olic
is
there
y

e

er the

or

s,

t
Dehn

of
ift
Fig. 2. The spaceD.

exists a unique lift̃α : [0,1] → D with α̃(0) = D0 andp(α̃(t)) = α(t), and this proves tha
p is a finite covering ofU(l) \ U(l−1).

If ρ ∈ U(l) \ U(l−1) approaches a representationρ̄ ∈ U(l+1) \ U(l), then there is a
torus, sayTl+1, such thatρ(π1(Tl+1)), which is not parabolic, approaches a parab
group. Then the two points of Fix(ρ(π1(Tl+1))) converge to the same point, which
Fix(ρ̄(π1(Tl+1))). Thus, two fibers of the covering glue together, and this shows that
is an effective branch atU(l+1). The last claim follows sincezα̃(t ) depends continuousl
on t . �

When a cuspidal group becomes parabolic, the type of branching of the mapp :D →
Hom(π1(M), Isom+(H3)) is of the typeC � z → z2. This is exactly the branch-type of th
coveringp̄ :V ⊂ Ck → W ⊂ χ(M).

To see the analogy with the space of generalized Dehn filling coefficients, consid
character-mapχ : Hom(π1(M,x0), Isom+(H3)) → χ(M)

χ :ρ �→ χρ.

Suppose thatρ0 is the holonomy of the complete hyperbolic structure ofM (if any). Let
U be a neighborhood as in Proposition 23 and letV,W be as in(1). It is not restrictive to
assumeW = χ(U). Then, using the fact that the coveringsp andp̄ have the same behavi
at the branch locus, one can see that the mapχ lifts to a map

χ̃ :p−1(U) ⊂D → V ⊂ Ck

such thatχ ◦ p = p̄ ◦ χ̃ .
Fig. 2 resumes the correspondences betweenD, the space of algebraic solution

Hom(π1(M,x0), Isom+(H3)) andχ(M).

6. Geometric solutions of hyperbolicity equations

In this section we study the space of geometric solutions of compatibility and hyperbolic
Dehn filling equations. We show that the set of geometric solutions ofC is an open subse
of the set of algebraic ones. We also show that the geometric solutions of hyperbolic
filling equations are unique.

For this section we keep the notation fixed at the beginning of Section 5.
We show now that the set of geometric solutions ofC is an open subset of the set

algebraic ones. We recall that, for each cuspCn, we fixed a product structure on the l



102 S. Francaviglia / Topology and its Applications 145 (2004) 91–118

a

e

s are

lution

,

nd

r,
Fig. 3. The hyperbolic mapf .

Nn
∼= Pn × [0,∞] of Cn, wherePn covers the torusTn andPn × {∞} ∼ qn (see Defini-

tion 1).

Lemma 24. Let h0 be the holonomy of a geometric solution ofC. Then there exists
neighborhoodU of h0 in Hom(π1(M,x0), Isom+(H3)) such thatp|p−1(U) is a branched

covering and, for eachρ ∈ U andD ∈ Dρ , there exists a local diffeomorphismDρ : M̃ →
H3 such that:

(1) Dρ is a developing map for a(possibly incomplete) hyperbolic structureSρ on M

with holonomyρ.
(2) The mapDρ “extends” D. More precisely, in eachNn, Dρ maps all the sets of th

form {x} × [0,∞] to geodesic rays ending atD(qn).
(3) The mapsDρ can be chosen continuously inD w.r.t. the compactC1-topology of maps

M̃ → H3.

Proof. This is nothing but Lemma 1.7.2 of [3] or Lemma B.1.10 of [2]. These lemma
stated and proved starting from the holonomy of a complete hyperbolic structure ofM, but
it is not hard to see that they hold if one starts from the holonomy of a geometric so
of C, the proofs remaining substantially the same.�
Theorem 25 (Geometric solutions are an open set). The set of geometric solutions ofC is
open in the set of algebraic solutions ofC.

Proof. Let z0 be a geometric solution ofC and leth0 be its holonomy. By Definition 8
there exists a hyperbolic structureS0 on M with holonomyh0, a developing mapD0 for
S0 and a mapf :M → M such that, iff̃ is a lift of f , D0 ◦ f̃ is a developing map forz0
(Fig. 3).

Let U be a neighborhood ofh0 such that the conclusions of Proposition 23 a
Lemma 24 hold forU . Then for any algebraic solutionz of C such thath(z) ∈ U there exists
a hyperbolic structureSz onM and a developing mapDz for Sz such that, ifgz = Dz ◦ f̃

(see Fig. 4), then

zgz = z

where we used the symbolgz also for the restriction ofgz to the ideal points. Moreove
sinceh(z) depends continuously onz, Dz depends continuously onz. To show thatz
is a geometric solution ofC, we construct a hyperbolic mapfz from M to (M,Sz) by
perturbing the initial hyperbolic mapf .
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Let ϕz : ̂̃M → H3 be a developing map forz which coincides withgz on the ideal points
and depends continuously onz (Fig. 4). Moreover, we requireϕz0 = D0 ◦ f̃ .

Such aϕz can be easily constructed by straighteninggz. Moreover, using convex com
binations along geodesics inH3, anh(z)-equivariant homotopyHz : M̃ × [0,1] → H3 can
be constructed such that

Hz(x,0) = gz(x), Hz(x,1) = ϕz(x).

More precisely, for anyx ∈ M̃, the map[0,1] � t �→ Hz(x, t) parametrizes the geodes
segment fromgz(x) andϕz(x) (the parameter being a multiple of the arc-length depen
of the distance betweengz(x) andϕz(x)). The fact thatϕz is a developing map does n
imply in general thatz is geometric. The problem is thatϕz should be the lift of a map
M → M, and this may not happen if, for example, looking at the restriction ofϕz to a
cusp, one sees that its image intersects the axis of the holonomy of the cusp.

With Fig. 4 in mind, the idea to rule out pathologies is to try to lift the homotopyHz to
a homotopy off̃ , that is, to a mapFz : M̃ × [0,1] → M̃ such that

Fz(x,0) = f̃ (x) and Hz(x, t) = Dz ◦ Fz(x, t).

At the 0-level, clearly we setFz(x,0) = f̃ (x). SinceDz is a local diffeomorphism,Hz can
be locally lifted a little near the 0-level. SincẽM is not compact, it is not clear a priori ho
longHz lifts, and how this depends on the pointx.

For anyx, z define

εx,z = sup
{
s ∈ [0,1]: Hz continuously lifts if restricted to{x} × [0, s]}.

Sinceϕz0 = D0◦ f̃ , the homotopyHz0 is constant int , that isHz0(x, t) = ϕz0(x). Therefore
εx,z0 = 1.

Lemma 26. For every compact setE ⊂ M̃ there exists a neighborhoodB of z0 such that
for all z in B andx ∈ E, we haveεx,z = 1.

Proof. We only sketch the proof, which can be found with all details in [8].
Since the local diffeomorphismsDz converge toD0 whenz goes toz0, for anyy ∈ M̃

there exists a neighborhoodA(y) of y in M̃ and a neighborhoodBy of z0 such that for any
z ∈ By the mapDz is a diffeomorphism with the image when restricted toA(y). Moreover,
the neighborhoodsBy ’s can be chosen in such a way that they are intersection of the s
of solutions ofC with balls of Ck centered atz0, and one can prove (see [8]) that t
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neighborhoodsA(y)’s andBy ’s can be chosen in such a way that radii of the ballsBy are
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lower semicontinuous iny. Define now

R(x) = sup
{
s ∈ R: |z − z0| < s �⇒ εx,z = 1

}
.

Since Dz → D0 as z → z0, and sinceϕz0 = D0 ◦ f̃ = gz0, the mapsϕz and gz be-
come closer and closer asz → z0. It follows that for everyx ∈ M̃ if |z − z0| is small
enough, then the whole geodesic segment joiningϕz(x) to gz(x) is completely contained
in Dz(A(f̃ (x))). It follows that for allx ∈ M̃ , R(x) > 0, and it turns out (see [8]) that the
is no converging sequence(xn) ⊂ M̃ such that

lim R(xn) = 0.

Then, the function

R(x) = sup
{
ξ : M̃ → R lower semicontinuous s.t.ξ(x) � R(x)

}
is lower semicontinuous and strictly positive.

For any compact setE, by lower semicontinuity, the functionR has a minimum inE,
which is strictly positive. It follows that there exists a neighborhoodB of z0 such that for
all z ∈ B andx ∈ E we haveεx,z = 1. �

In particular, we chooseE as follows. LetM0 be the closure ofM minus the cusps (s
M0 
 �M), let M̃0 be its lift and letE be a fundamental domain of̃M0 for the action of
π1(M).

Thus, forz ∈ B, the homotopyHz lifts to Fz on the points ofE, andFz extends to the
wholeM̃0 by equivariance. For anyx ∈ M̃0 we set

f̃z(x) = Fz(x,1).

Clearly,ϕz = Dz ◦ f̃z on M̃0, and we will show in Lemma 27 that̃fz extends to the wholễM , keeping the property that

ϕz = Dz ◦ f̃z.

By equivariance,f̃z projects to a mapfz :M → M which is hyperbolic w.r.t.z because
ϕz is a developing map forz. Moreover the degree offz continuously depends onz, so it
is constant 1. Then eachz ∈ B is a geometric solution ofC. This completes the proof o
Theorem 25. �
Lemma 27. The mapf̃z extends to the wholễM , keeping the property that

ϕz = Dz ◦ f̃z.

Proof. For eachn = 1, . . . , k, the mapf̃z is defined onPn × {0} (Nn
∼= Pn × [0,∞] is the

product structure on thenth cups, see Definition 1). Moreover, sinceϕz is a developing
map forz, it is not restrictive to suppose that it maps sets of the form{x} × [0,∞] ⊂ Nn to
geodesic rays ending atgz(qn). By Property 2 of Lemma 24, such rays lift tõM . It follows
thatϕz lifts on the cusps to a map extending̃fz. �

We prove now the uniqueness of the geometric solutions of hyperbolic Dehn filling
equations.
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Proposition 28. Suppose that the Dehn fillingN = M(p,q) is hyperbolic. LetS1 andS2
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be two finite-volume, complete hyperbolic structures onN such that the coresγn of the
filling tori are geodesics for bothS1 andS2. Then there exists an orientation-preservi
isometryα : (N,S1) → (N,S2) such thatα(γn) = γn for all n.

Proof. By rigidity, the identity Id :(N,S1) → (N,S2) is homotopic to an isometryα.
Thus for eachn the loopγn is freely homotopic toα(γn). By hypothesisγn is geodesic
for both S1 andS2. Sinceα is an isometry it follows thatα(γn) is a geodesic forS2.
Henceγn andα(γn) are geodesics forS2 and they are freely homotopic, so they m
coincide. �
Lemma 29. If the Dehn filling coefficients(p, q) are such that there exists a geomet
solution of the(p, q)-equations, thenM(p,q) has finite volume.

Proof. Let z be a geometric solution of the(p, q)-equations. By definition,M(p,q) is com-
plete hyperbolic. Let vol(zi) be the volume of a hyperbolic ideal tetrahedron of modu
zi , with vol(zi) < 0 if �(zi) < 0. Since by definition of geometric solution there exist
proper degree-one mapf :M → M(p,q) \ {γn} which is hyperbolic w.r.t.z, then

vol(M(p,q)) = vol
(
Im(f )

)
�

∑∣∣vol(zi)
∣∣ < ∞. �

Lemma 30. Let (p, q) be a set of Dehn filling coefficients and letz andw be two geometric
solutions of the(p, q)-equations. Then there existsψ ∈ Isom+(H3) such thath(w) = ψ ◦
h(z) ◦ ψ−1.

Proof. Let N = M(p,q) be the(p, q)-Dehn filling ofM endowed with its hyperbolic struc
ture, and let ı :M → N be one of the inclusionsM → M(p,q). Then, both representation
h(z) andh(w) split along ı∗ :π1(M) → π1(N) giving representations ofπ1(N) of maxi-
mal volume. By Lemma 29, the rigidity theorem for representations of fundamental g
of finite-volume hyperbolic manifolds (see [7, Theorem 1.4]) applies, andh(z) andh(w)

are conjugate. �
Theorem 31. For any Dehn filling coefficient(p, q) there exists at most one geomet
solution of the(p, q)-equations.

Proof. Let z be a geometric solution of the(p, q)-equations. By Proposition 17,z is also
an algebraic solution of the(p, q)-equations. In particular,h(z)(π1(Tn)) is not dihedral for
any boundary torusTn. If Dz is the restriction of a developing map forz to the ideal points
thenDz ∈ Dh(z) andz = zDz . By Proposition 20, if for alln we have(pn, qn) = ∞, thenDz
is the unique element ofDh(z). Otherwise,Dz is the unique element ofDh(z) that satisfies
condition (c) of Definition 15. Ifw is another geometric solution of the(p, q)-equations,
then by Lemma 30 there existsψ ∈ Isom+(H3) such thath(w) = ψ ◦ h(z) ◦ ψ−1. As
above, and byProposition 28,Dw is completely determined as an element ofDh(w), and
Dw = ψ ◦ Dz ∈ Dψ◦h(z)◦ψ−1 =Dh(w). Finally, by Remark 22

z = zDz = zψ◦Dz = zDw = w. �
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Remark 32. Theorem 31 in particular implies the uniqueness of geometric solutions ofC+
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M, whereM is the system of completeness equations recalled in Remark 16. We
that Lemma 30 can be proved using a version of Mostow’s rigidity for cusped man
(see, for example, [8]) instead of the rigidity of representations.

7. Examples

In this section we explicitly compute the solutions of the compatibility and comp
ness equations for some particular one cusped 3-manifolds.

• We study two bundles overS1, calledLR3 andL2R3, with fiber a punctured torus
These manifolds admit non-unique algebraic solutions and a (unique) geometric

• We study a manifold with non-trivial JSJ decomposition, obtained by gluing a Seife
manifold to the complement of the figure-eight knot. This manifold is not hyperb
but it admits a partially flat solution of the compatibility and completeness equat

The manifoldsLR3 andL2R3 are interesting because on one hand they show that the
braic solutions are not unique, and on the other hand they provides examples of alg
solutions which are not geometric (Proposition33). We notice that these “bad” solutio
do not involve flat tetrahedra, and have a good behavior on the boundary. Name
boundary torus inherits an intrinsic Euclidean structure (up to scaling). This fact is su
ing because the geometry of a finite-volume hyperbolic 3-manifold is strictly related to th
geometry of its boundary. In fact, the equations on the moduli have an interpretat
conditions on the geometry of the boundary. More precisely, any ideal triangulationM

induces a triangulation of the boundary tori, by considering the manifold with boun
obtained by chopping off an open regular neighborhood of the ideal vertices. A mo
for the hyperbolic structure of an ideal tetrahedron determines a modulus for the sim
structure of the triangles obtained as horospherical sections near the vertices. So a
triangulation with moduli ofM induces a triangulation with moduli of the boundary to
The compatibility equations express the fact that the moduli for the triangles lead to sim
larity structures on the tori. The completeness equations express the fact that the str
of the boundary tori are Euclidean. Moreover, when the imaginary part of the moduli
negative, the control of the geometry of the boundary implies a control of the one
wholeM. For example, in order to have a complete finite-volume hyperbolic structu
M, it suffices to check that the boundary tori have Euclidean structures.

In [6] it is shown that any algebraic solution of the compatibility and complete
equations for the similarity structure of a triangulated torus leads to a Euclidean stru
even if there are negative triangles, provided that the algebraic sum of the areas of
angles is not zero. So the example ofLR3 shows that the Euclidean situation in dimens
2 and the hyperbolic one in dimension 3 become quite different when we allow the m
to have negative imaginary part.

The manifold with non-trivial JSJ decomposition that we study in the last example
a manifold that admits an ideal triangulation with a positive, partially flat solution o
compatibility and completeness equations. Such a solution cannot be geometric as the m
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is no contradiction because in our example the conditions on the angles are not satisfi
(see below for details). This example shows that such conditions play a central rol
solution to be geometric.

7.1. Notation

To begin with, we fix some notation. LetL andR be the following matrices of SL(2,Z):

L =
(

1 1
0 1

)
, R =

(
1 0
1 1

)
.

Each elementA of SL(2,Z) is conjugate to a productA = ±∏n
i=1 A

ni

i , with Ai ∈ {L,R}
andni ∈ N.

Let S be the punctured torus(R2 \ Z2)/Z2. Then each elementA ∈ SL(2,Z) induces
a homeomorphismϕA of S. GivenA = ∏

A
ni

i , we call
∏

A
ni

i the manifold obtained from
S×[0,1] by gluing(x,0) to (ϕA(x),1). For such a manifold, using the algorithm describ
in [5], one easily obtains an ideal triangulation with

∑
ni tetrahedra.

We notice that the complement of the figure-eight knot is the manifoldLR, and its
standard ideal triangulation with two tetrahedra is the one obtained according to [5].

We use the following notation for labeling simplices. For each vertexv of a tetrahedron
X, we writeXv for the triangle obtained by chopping off the vertexv from X, andXv for
the face ofX opposite tov. Given a tetrahedronX and two verticesv,w of X, by abuse of
notation, we use the labelw also for the edge of the triangleXv corresponding to the fac
Xw . A modulus for a tetrahedronX is namedzX and we will specify the edge to which
is referred.

7.2. The manifoldLR3

Let M be the manifoldLR3, i.e., the manifold obtained as described above by using
element

LR3 =
(

4 1
3 1

)
=

(
1 1
0 1

)(
1 0
1 1

)(
1 0
1 1

)(
1 0
1 1

)
of SL(2,Z). Using the algorithm described in [5], we get the ideal triangulationτ of M

with four tetrahedra, labeledA, B, C, D and pictured in Fig. 5.
We label the vertices of the tetrahedra as in Fig. 5 (we use such labels because they

natural using the algorithm of [5]). The moduli are referred to the edge0 1
1 (note that this

edge is common to all the tetrahedra).
The face-pairing rules ofτ are, according to the arrows in the picture:

A
0
1 ←→ B

2
1 , B

1
0 ←→ C

3
2 , C

2
1 ←→ D

4
3 , D

3
2 ←→ A

1
1 ,

A
1
0 ←→ B0, B

1
1 ←→ C0, C

1
1 ←→ D0, D

1
1 ←→ A0.

The induced triangulation on the boundary torus is described in Fig. 6.
We can now write down the compatibility and completeness equations. It is ea

check thatC +M is equivalent to the system (2).
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C



C1. zA

(
1− 1

zA

)2
z2
Dz2

Cz2
B

1
1−zB

= 1,

C2.
( 1

1−zA

)2 1
1−zD

(
1− 1

zB

)2 1
1−zC

= 1,

C3.
(
1− 1

zD

)2 1
1−zC

zA = 1,

C4.
(
1− 1

zC

)2 1
1−zD

1
1−zB

= 1

(2)

M. zDzCzB(1− zA) = 1.

Moreover, the product of the four equationsC is exactly the square of the product of
the moduli, and so it is 1. So if three equations are satisfied, then the remaining on
be. It follows that we can discard one of theC ’s.

We discardC2. UsingM in C1 and thenC1 in C4 andM we obtain the following system
of equations, equivalent toC +M:

M. zDzC(1− zA)2 = −zA,

C1. zA(1− zB) = 1,

C3.
(

zD−1
zD

)2 zA

1−zC
= 1,

C4.
(

zC−1
zC

)2 zA

1−zD
= 1.

(3)

Solving the system, one finds four non-degenerate solutions; one completely po
giving the hyperbolic structure ofM, and one with two negative tetrahedra, and their c
jugates (i.e., the same situations but with inverted orientations). Table 1 contains num
approximations of the solutions. Note that even if the moduluszB is different from the
moduluszA, equationC1 implies that the geometric versions ofA andB are isometric.
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Fig. 6. The triangulation of the boundary torus.

Table 1

Solution 1 Volumes Solution 2 Volumes

zA 0.4275047+ i1.5755666 0.9158907 1.0724942+ i0.5921114 0.8144270
zB 0.8395957+ i0.5911691 0.9158907 0.2854042+ i0.3945194 0.8144270
zC 0.7271548+ i0.2284421 0.5786694 −1.7271548− i0.6779619 −0.2398640
zD 0.7271548+ i0.2284421 0.5786694 −1.7271548− i0.6779619 −0.2398640
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Fig. 7. The trianglesD0, C0, B0, A0 with the moduli of Solution 2.

Fig. 8. Geometric triangulation of the boundary torus, Solution 2.

In Figs. 7 and 8, we describe what the triangulation of the boundary torus ofM looks
like when we choose the moduli of Solution 2. There are two types of triangles, the po
ones, relative to the tetrahedraA andB and the negative ones, relative toC andD. In Fig. 7
the four triangles of the top quarter of the triangulation of Fig. 6 are pictured.

The two parts of Fig. 8 are the top and bottom part of the triangulation of Fig. 6.
Now we look at the algebraic expression of the solutions. A simple calculation s

that the moduli can be expressed by Eq. (4):
zC = zD = w,

zA = w2

1−w
,

zB = 1− 1
zA

= w2+w−1
w2 ,

w4 + 2w3 − w2 − 3w + 2 = 0.

(4)

The four solutions correspond to the four rootsw1, w̄1,w2, w̄2 of the polynomial
P(w) = w4 + 2w3 − w2 − 3w + 2. Note that looking at the reduction (mod 2) ofP ,
one can see thatP is irreducible overZ, and then also overQ.

The holonomy representation can be explicitly calculated as a function ofw. Let us fix
a fundamental domainF for M obtained by taking one copy of each tetrahedron and
performing the gluings:

A
1
0 ←→ B0, B

1
1 ←→ C0, C

1
1 ←→ D0.
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Consider now the geometric version ofF , i.e., a developed image ofF . The holonomy is
er
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generated by the isometries corresponding to the remaining face-pairing rules. We consid
the upper half-space model ofH3 with coordinates in which the points 0,1,∞ of ∂H3 are
the vertices ofD labeled respectively32,0, 4

3. Calculations show that in this model th
holonomy is generated by the elements of PSL(2,C) represented by the matrices:(

1 w2

w2+w−1
0 1

)
,

(
0 −w
1
w

−w − 1

)
,

(
1 −w2

−1 w2 + w − 1

)
that respectively correspond to the face-pairing rules

A0 −→ D
1
1 , C

2
1 −→ D

4
3 , B

2
1 −→ A

0
1 .

What is important is that the entries of such matrices are numbers belonging toQ(w)

(and this can be proved even without the explicit calculations).

Proposition 33. The Solution2 is not geometric.

Proof. This obviously follows from the uniqueness of geometric solutions, but we
give an alternative proof. Letw1 (respectivelyw2) be the root ofP relative to So-
lution 1 (respectively 2) ofC + M. So w1 gives the hyperbolic structure ofM. Let
hj :π1(M) → PSL(2,C) be the holonomy representation relative towj for j = 1,2. Since
P is irreducible and the entries of the holonomy matrices are inQ(w), it follows that
a relation between elements holds forh1 if and only if it holds forh2. Sinceh1 is the
holonomy of the complete hyperbolic structure ofM, it is faithful, and it follows that also
h2 is faithful.

The image ofh2 cannot be discrete because otherwiseH3/h2 would be a hyper
bolic manifold M ′ with too small a volume. We notice that by the rigidity of rep
sentations (see [7]) it follows that to obtain a contradiction, it is sufficient to show
vol(h2) �= vol(h1). By Proposition 10 the holonomy of any geometric solution is discrete
so Solution 2 cannot be geometric.�

From the fact thath2 is not discrete and Proposition 10 it follows that there is no map
which is hyperbolic w.r.t. Solution 2, fromLR3 to any hyperbolic manifold. Finally, w
show that the image ofh2 is dense in PSL(2,C). We need the following standard fact abo
PSL(2,C) (see, for example, [10] or [9]).

Lemma 34. Let G be a non-elementary subgroup ofPSL(2,C) and suppose that G is no
discrete. Then the closure of G is eitherPSL(2,C) or it is conjugate toPSL(2,R) or to a
Z2-extension ofPSL(2,R).

Proposition 35. The image of the holonomy relative to Solution2 is dense inPSL(2,C).

Proof. It is easy to check that the image ofh2 is a non-elementary subgroup of PSL(2,C).
Suppose that its closure is conjugate to PSL(2,R) or to a Z2-extension of PSL(2,R).
Then there exist a line inC ∪ {∞} = ∂H3 which ish2-invariant. Looking at the paraboli
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elements ofh2, it is easy to see that such a line does not exist. The conclusion follows by

t shows
that

ally,
he
fines
usp of
e

ry
Lemma 34. �
The example discussed so far is interesting for several reasons. On one hand i

that an algebraic solution ofC +M can be non-geometric. On the other hand it shows
there is no uniqueness of the algebraic solutions.

Moreover this example does not involve flat tetrahedra, so it is quite “regular”. Fin
the bad solution ofC + M of LR3 has the property that “everything works OK at t
boundary”, namely, the triangulation with moduli induced on the boundary torus de
on it a Euclidean structure (up to scaling). Roughly speaking, this means that the c
LR3 would like to have a complete hyperbolic structure of finite volume according to th
bad solution ofC +M, but the rest of the manifold does not agree.

7.3. The manifoldL2R3

In this section we do calculations for the manifoldL2R3.

L2R3 =
(

1 1
0 1

)(
1 1
0 1

)(
1 0
1 1

)(
1 0
1 1

)(
1 0
1 1

)
=

(
7 2
3 1

)
.

Using the algorithm described in [5], we get the ideal triangulationτ of M with five tetra-
hedra, labeledA, B, C, D, E and pictured in Fig. 9.

We label the vertices of the tetrahedra as in Fig. 9. The modulizA andzB are referred to

the edge0 1
0 while zC, zD, zE to the edge0 2

1. The induced triangulation on the bounda
torus is that of Fig. 10.

Fig. 9. Ideal triangulation ofM .
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Fig. 10. Triangulation of the boundary torus.

It is easy to see that the system of compatibility and completeness equationsC +M is
equivalent to the following one:

zAzB = zCzDzE,

zC(1− zA) = 1,

(1− zD)2z2
E = (1− zE)2z2

D,

(zA − 1)2 = z2
A(1− zB)2,(

1− 1
zE

)2 1
1−zD

(
1− 1

zA

) = 1.

Solving this system, we have found eight solutions. Tables 2–5 contain numerical a
imations of the solutions. Note that even if the moduluszA is different from the modulu
zC , the second equation implies that the geometric versions ofA andC are isometric.

Solutions 1 and 2 contain degenerate tetrahedra. We notice that the non-degenera
uli of such solutions are exactly those that give the hyperbolic structure on the ma
obtained by removing the tetrahedraD andE and adding the gluing rules:
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Table 2

s of
Solution 1 Volume Solution 2 Volume

zA 0.75+ i0.6614378 0.9626730 0.75− i0.6614378 −0.9626730
zB 1.25+ i0.6614378 0.7413987 1.25− i0.6614378 −0.7413987
zC 0.5+ i1.3228756 0.9626730 0.5− i1.3228756 −0.9626730
zD 1 ∗ 1 ∗
zE 1 ∗ 1 ∗

Table 3

Solution 3 Volume Solution 4 Volume

zA 1.588633261 0 1.127804076 0
zB 1.370528159 0 1.113321168 0
zC −1.69885025 0 −7.824476637 0
zD 0.3783840018 0 0.2518509745 0
zE −3.387066549 0 −0.6371698130 0

Table 4

Solution 5 Volume Solution 6 Volume

zA 0.4950484+ i0.3298695 0.7399514 0.4950484− i0.3298695 −0.7399514
zB 0.6011109+ i0.9321327 1.0089809 0.6011109− i0.9321327 −1.0089809
zC 1.3880304+ i0.9067580 0.7399514 1.3880304− i0.9067580 −0.7399514
zD 0.5022247+ i0.2691269 0.6433681 0.5022247− i0.2691269 −0.6433681
zE 0.6077815+ i0.3441339 0.7596486 0.6077815− i0.3441339 −0.7596486

Table 5

Solution 7 Volume Solution 8 Volume

zA 0.1467328+ i1.2472524 0.9386051 0.1467328− i1.2472524 −0.9386051
zB 1.9069644+ i0.7908171 0.4782906 1.9069644− i0.7908171 −0.4782906
zC 0.3736330+ i0.5461534 0.9386051 0.3736330− i0.5461534 −0.9386051
zD 1.1826577− i2.5849142 −0.7155138 1.1826577+ i2.5849142 0.7155138
zE −0.5956636+ i1.2429350 0.7019645 −0.5956636− i1.2429350 −0.7019645

C
1
0 ↔ A

1
1 via

(
0, 3

1, 2
1

) ↔ (
0, 1

0, 0
1

)
,

C
2
1 ↔ A0 via

(
0, 1

0, 3
1

) ↔ (0
1, 1

0, 1
1

)
.

Now we look at the algebraic expression of Solutions 3–8. LetP(x) = x6+4x5+3x4+
3x3 − 4x2 + 2. A simple calculation shows that the moduli can be expressed in term
roots ofP by the following expressions:
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(
5w5 + 19w4 + 9w3 + 6w2 − 8w + 17

)
,
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where


zB = 1
44

(
10w5 + 49w4 + 62w3 + 34w2 − 16w + 34

)
,

zC = 1
11

(−12w5 − 39w4 − 4w3 − 10w2 + 72w − 32
)
,

zD = 1
22

(−4w5 − 13w4 + 6w3 + 15w2 + 2w + 4
)
,

zE = w,

P(w) = 0.

Solutions 3,4,7,8 are not geometric because of uniqueness of geometric solutions. More
over, as in the case ofLR3, the polynomialP is irreducible, and the argument of Propo
tion 33 works in the present case.

7.4. A manifold with non-trivial JSJ decomposition

The manifold we consider in this section is obtained by gluing to the boundary tor
the complement of the figure-eight knot a Seifert manifold. The resulting manifold, which
we call M, clearly is not hyperbolic because it contains an incompressible torus (the o
boundary torus).

This example is interesting because the manifoldM admits an ideal triangulation wit
four tetrahedra such that there exists a positive, partially flat solution ofC+M. Obviously
such a solution cannot be geometric, asM is not hyperbolic. We remark that in the prese
example the moduli do not satisfy the equations on the angles. Namely, when a mod
positive, the tetrahedron has well-defined dihedral angles at its edges, in such a way that
sum of angles of any horospherical triangle is always 2π . Then in addiction to equationsC
one can require that the sum of the angles around any edge is exactly 2π . Such equation
are calledC∗. In [14] is proved that every partially flat solution ofC∗ + M is geometric.
Here we produce a non-geometric, partially flat solution ofC+M that does not satisfyC∗.
This shows that the equationsC∗ play a fundamental role in order to have hyperbolicity

We describe now our manifoldM. We use the techniques of standard spines to cons
an ideal triangulation ofM, referring to [11] for details on the theory of spines. LetA be
the following subset ofC:

A = {
z ∈ C: |z| � 4, |z − 2| > 1, |z + 2| > 1

}
.

A is a disc with two holes. LetI ⊂ A be the set of points with zero real part. LetS be the
space obtained fromA × [0,1] by gluing (z,0) to (−z,1) and letL be the Möbius strip
coming fromI . The manifoldS is the Seifert manifold we want to glue to complemen
the figure-eight knot. We will refer to the external and internal components of∂S asCe

andCi . Note that∂L ⊂ Ce.
We glueCe to the boundary torus of the complement of the figure-height knot. T

this, we specify where we glue the boundary of the Möbius strip. We use the cla
triangulation of the complement of the figure-eight knot. If one imagines looking from
cusp inside the complement of the figure-eight knot, one gets the picture showed in F

There, the eight equilateral triangles of the boundary are pictured. The dashe
represent the standard spine dual of the ideal triangulation, and the marked line is
we glue∂L.
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Fig. 11. The boundary of the complement of the figure-eight knot.

Fig. 12. The ideal triangulation ofM .

SinceS retracts toCe ∪ L, a spine ofM is obtained simply by gluing a Möbius str
to the spine of the complement of the figure-eight knot as in Fig. 11. Such a spin
a vertex more than the old one, but is not standard. Performing alune move (see [11])
along the Möbius strip we obtain a standard spine ofM with five vertices. As the new
spine is standard, its dual is an ideal triangulation with five tetrahedra. Such a triangu
can be simplified with anMP-move (this is theT -move of [11]), replacing the three ne
tetrahedra with an equivalent pair of tetrahedra. At the end, we get the triangulationM

sketched in Fig. 12.
The tetrahedra labeledA andB are the old ones (those of the complement of the fig

eight knot). The gluing rules are the following:

A
0
1 ↔ B

2
1 : (

0, 1
0, 1

1

) ↔ (
0, 1

0, 1
1

)
, A

1
0 ↔ B0: (

0, 0
1, 1

1

) ↔ (1
0, 1

1, 2
1

)
,

A
1
1 ↔ B

1
0 : (

0, 0
1, 1

0

) ↔ (
0, 1

1, 2
1

)
, A0 ↔ Fγ : ( 0

1, 1
1, 1

0

) ↔ (t, α,β),

B
1
1 ↔ Gγ : (

0, 1
0, 2

1

) ↔ (b,β,α), F t ↔ Gb: (α,β, γ ) ↔ (α,β, γ ),

Fα ↔ Gβ : (β, γ, t) ↔ (γ,α, b), Fβ ↔ Gα: (α, t, γ ) ↔ (γ, b,β).
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Fig. 13. Triangulation with moduli of the boundary torus.

The modulizA andzB are referred to the edge01
1 andzF , zG to αβ. The triangulation of

the boundary torus is that of Fig. 13. It is readily checked that the system of compatibility
and completeness equations is equivalent to:{

1
1−zA

· 1
zB

· zF

zG
= 1,

zGzF = 1,

{
(1−zA)2

zA
· z2

B

1−zB
= 1,

zB(1− zA) = 1.

From this, we easily getzG = zF andz2
F = 1. Since we are looking for non-degener

solutions, we havezF = zG = −1. Using this we getzA = zB and z2
A − zA + 1 = 0.

Therefore,zA = zB = (1 ± i
√

3)/2. That is, the ideal tetrahedraF and G are flat but
not degenerate, whileA andB are regular, exactly as in the complement of the figure-e
knot. We notice that the space obtained by gluing together the geometric versions
tetrahedraA,B,F,G is not a manifold.
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