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Based on the von Karman plate theory, the mechanics of a shaft-loaded blister test for thin film/substrate
systems is studied by considering elastic substrate deformations and residual stresses in these films. In
testing, films are attached to a substrate provided with a circular hole, through which loading is applied
to the film by a flat-ended shaft of circular cross-section. The effect of substrate deformation on the
deflection of the loaded film is taken into account by using a line spring model. For small deflections,
an analytical solution is derived, while for large deflections a numerical solution is obtained using the
shooting method. The resulting load-shaft displacement relation, which is essential in blister tests, com-
pares favorably with finite element analysis.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

The basis of microelectromechanical systems (MEMS) is thin
film manufacturing. The mechanical properties of thin films deter-
mine, to a large extent, the reliability of MEMS. Material parame-
ters, such as Young's modulus, residual stress and interfacial
fracture toughness are essential and necessary input information
to enable detailed design and analysis of MEMS devices to be
developed. Due to their small dimensions, however, their mechan-
ical properties are difficult to measure by conventional techniques.
Various experimental methods were developed to measure these
mechanical properties (Volinsky et al., 2002), such as the bulge/
blister test (Dannenberg, 1961; Williams, 1969), the indentation
test (Marshall and Evens, 1984; Pharr and Oliver, 1992; Li and
Chou, 1997; Antunes et al., 2007), the scratch test (Randall et al.,
2001), the microcantilever-beam test (Weihs et al., 1988), the
microbridge test (Zhang et al., 2000a), and many others.

Among the available methods, the bulge/blister test has been
widely used in measuring Young’s modulus and interfacial fracture
toughness between film and its associated substrate (Dannenberg,
1961; Williams, 1969). In earlier tests, deflections and debondings
were caused by applying hydrostatic pressure. One disadvantage,
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however, is that the strain energy release rate increases as blister
radius increases and debondings become unstable (Lai and Dillard,
1994). Moreover, pressurized blister tests require sophisticated
experimental equipment to monitor the simultaneous change in
blister dimension and dissolved gases may invalidate such tests
(Wan, 1999). Shaft-loaded blister tests offer an alternative to pres-
sured blister tests because a universal test machine can drive the
shaft that induces displacements. Two models of shaft-loading
blister testing exist; one based on Foppl-Hencky equations, the
other on von Kirman plate theory. Féppl (1907) and Hencky
(1915) developed the central point-loaded Féppl-Hencky equa-
tions under the assumptions that the strains are sufficiently small
so that linear stress-strain relations are approximately valid and
that rotations are sufficiently restricted. Recently, Jin and Wang
(2008) derived exact solutions for the nonlinear regime of large
deflections of a thin circular membrane loaded by a central point
force with two types of boundary conditions (i.e., loosely and rig-
idly clamped edges) and with or without residual stress. Consider-
ing both bending and nonlinear stretching effects using the von
Karman plate theory, which we employ below, Wan (1999) re-
ported strain energy release rates for a pointed loaded plate.
Wan and Liao (1999) used a rigid spherically-capped shaft for a
clamped circular plate in their blister tests. In considering the ef-
fect of residual stress within the film, Wan et al. (2003) and Xu
et al. (2003) obtained approximate analytical solutions for a
clamped circular plate. Jin (2008) presented a theoretical study of
shaft-load blister testing to determine the energy release rate
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and bending to stretching behavior of thin polymer films and coat-
ings on rigid substrates. Kozlova et al. (2008) used the shaft-load
blister method to study copper/alumina joints brazed with a CuAg-
Ti alloy. Very recently, Xiao et al. (2009) developed a novel blister
test theory model based on the bending theory of beams to assess
the interface strength between nickel film and low carbon steel
substrate under loads applied with a flat-end shaft.

In existing models, however, the circular film was clamped
along the boundary. The substrate was treated as rigid or non-
deformable but, as is well known, an elastic substrate will deform
when a film is deflected. The compliance of a substrate has a signif-
icant influence on film deformation and debonding behavior of the
film from its substrate, which has been studied intensively and
extensively in the buckling and cracking of thin films (Cotterell
and Chen, 2000), in microbridge tests (Zhang et al., 2000a), in
microcantilever bending tests (Zhang et al., 2000b), and in analyses
of straight-sided delamination buckling (Yu and Hutchinson, 2002;
Zhao et al., 2007a).

Motivated by the above background, we report here on the
mechanics of shaft-loaded blister tests focusing particularly on
substrate deformation and residual stress. Following this introduc-
tion, the governing equation will be given in Section 2. In Section 3,
a coupled line spring is described that models the compliance of
the substrate and the boundary conditions along the edge of the
deflected part of the film. In Section 4, the normalized governing
equations and the boundary conditions are presented. An analyti-
cal solution for small deflections is derived in Section 5, and a
numerical solution for large deflections is presented in Section 6.
Section 7 concludes the paper with some final remarks.

2. Governing equations

A thin film of thickness h is attached to its substrate with a cir-
cular hole of radius a. The shaft-loaded blister test set-up is sche-
matically shown in Fig. 1a. A circular flat-ended shaft of radius
b<a is used to apply a downward force denoted by P,. Because
of axial symmetry, the cylindrical coordinate system orz is used
as illustrated in Fig. 1a. The deformation of the loaded film is
shown schematically in Fig. 1b. If the thin film has rigidity against
bending and the loading is sufficiently large, the contact area is
annular due to the elastic deformation of the thin film (Wan and
Liao, 1999). Based on the von Karman plate theory, the basic gov-
erning equations of the loaded film are given by

1d( df1d/ dw 1d dw\ _ Poé(r—b)
Dm{%[m(%)”‘m(“%)—Wv @

2
2dNr+3r

r dr? ar 2

dr

2
dN, @h(dw) o @

where w(r) is the vertical deflection, D is the flexural rigidity given
by D — Egh®

12 (1—\?)
Poisson ratio of the film, with subscript “f’ referring to the film. ¢ is
the Dirac delta function, and N; is the radial force per unit width in
the film expressed as

, Erand vrare, respectively, Young's modulus and the

Nr:N0+ANr, NO :GO}L (3)
where gy is the residual stress uniformly distributed in the film, and
AN, is the change in radial force due to the deflection of the film by
the applied force Py.

Integrating Eq. (1) yields
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Fig. 1. (a) Shaft-loaded blister test of a circular thin film/substrate system. (b)
Deformation of the loaded thin film. (c) Delamination of the loaded thin film.

where C is a constant to be determined, and H(r — b) is the Heavi-
side function,

0, r<b,
1, r>b

Hr-b) = { (5)

In the von Karman plate theory, the shear force is expressed as

o= og 124

Substituting Eq. (6) into Eq. (4) leads to

—Q—-N,—

dw _PyH(r—b) C
rdr - 2mr 1

Considering the conditions in the center of the film,

dw
4 =0 Q=0 8)

one obtains
Cc=0. 9)

Finally, Eq. (4) is rewritten as
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&
¢ do B PorH(r — b)
D(T ?-&-rd— ?(No + AN;)¢p = —on (10)
where ¢ =2 is the rotation.

When the applied load is sufficiently large, the film separates
from the substrate as depicted in Fig. 1c and as observed in the test
method by Xiao et al. (2009). The radius of the newly formed blis-
ter is ay=a+ Aa.

3. The coupled line spring model and the boundary conditions
3.1. The coupled line spring model of the substrate deformation

The substrate deforms when the film is deflected by the shaft.
The coupling between the substrate deformation and the deflected
circular film can be modeled by coupled line springs (Zhang et al.,
2000a; Zhao et al., 2007a). If the thin plate is detached from the
system along the edge of the join between substrate and film, as
shown in Fig. 2, the coupling of the remaining film/substrate sys-
tem with the detached portion of the thin film can be modeled
as coupled line springs and the constitutive equations are given
by Zhang et al. (2000a,b)

U Sw Sng Swm N;
Ws| = |Sav Saa Sam || Qs |: (11)
bs Swun Smo  Smm | | Ms

where the subscript “s” refers to the substrate. Qs, M; and N; denote,
respectively, the shear force, bending moment and the radial force,
while us, wg and ¢, represent, respectively, the radial displacement,
the transversal displacement and the rotation angle. The S;; with dif-
fering subscripts N, Q and M are the generalized compliances that
depend on the properties and geometric parameters of both film
and substrate, including Young’s moduli and the Poisson ratios of
the film and substrate, Ej, E, vy and v, and the ratio a/h. According
to dimensional analysis, the compliance coefficients are normalized
by Zhao et al. (2007b)

Cw Cng  Con Cwv _ Cun
S =N s =Me_Con_g S
NN — Ef 3 NQ Ef Ef QN NM — Ef h Ef h MN
Coo Cmg _ Com Cum
Seo =2 5,,=C —s _ G, 12
©TE Eh  Eh % M TER (12

In Appendix, we give expressions for the normalized compli-
ance coefficients C; with differing subscripts N, Q and M as func-
tions of a/h and the Dundurs parameters defined as
_ Ef - ES
B Ef + ES ’

g 1 Er(1—vp)(1—2v5) —
2 E(1-v)(1-2v) +

E(1-2vp)(1 — )
Es(1-2vp)(1 =)’

(13)

ﬂ:b; o,,w, /j
Film N, u, |
M9,

Fig. 2. Coupled line springs modeling substrate deformation.

where

= _ E = E;

k= 1-v E=1—% (14)
The parameter o defines the stiffness of a film relative to its sub-
strate. Eq. (13) indicates that o= —1 is to be interpreted as a film
on arigid substrate, while a positive value of « signifies that the film
is harder than the associated substrate. The influence of parameter
B is negligible compared with o (Yu and Hutchinson, 2002; Zhao
et al., 2007a), and therefore we set g = 0 throughout this paper.

The positive definiteness of energy requires that

Cng = Con. (15)

CMQ = CQM7 CMN = CNM 3

3.2. The boundary conditions

The bending moment and shear force in the film are expressed
in terms of the deflection or rotation

szD{z—qb+ﬁ(p} (16)
_ d¢ ¢
Q= Ddr [dr+ } (17
The constitutive equation gives the radial displacement
r [ dAN,
_Ef—h {r7+(1 —vf)ANr}. (18)
Along the edge of the circular film, we have conditions
U=—-Us, ¢=—¢;, W=—Ws, (19a)
AN, =N;, M=-M;, Q=Q,, atr=a, (19b)
Q=52 (190)
Substituting Eqs. (16)-(19) into Eq. (11) yields
_ Po do vy
—u = Sy\wAN; — SNQ2 +SNMD|:d ?Qb}
_ Po dd) Vf _
7W—5QNANr75QQﬁ+SQMD|:E+?¢ , atr=a, (20)
_ Py do vy
— ¢ = SunAN; — SMQ%+SMMD|:E+?¢:|~
At the center of the film, one has the boundary conditions
dAN,
¢ =0, ar =0, atr=0, (21)

with a finite w imposed as a supplementary condition.

4. The normalized governing equations and the boundary
conditions

Introducing the dimensionless parameters,

ol b _a, _a*Py - N
“a T ?7R® YTz "TVpo
Ny > 0, (22a)
_w(n) __AN.@? _ N,a? _h
W(X)7T7 AN*T, N= D’ t7_7
X1 = NXo, (22b)
the governing Eqs. (2) and (10) are normalized as
2
2P 34D (AN £ No)p = XPH(X — xo), (23a)

de®  dx
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d’AN . _dAN
2 2\ 2 —
X v +3xd—+6< fvf)(p =0
while the normalized boundary conditions in Egs. (20) and (21) are
given by

(23b)

AN' + C1AN — GoP + C3[¢ + vrop] =

W + C4AN — CsP+ Cs[@' + vsp] =0, atx=1 (24a)
@ + C7AN — CsP + Co[@p' + vrp] =0

@ =0, dﬁ—rN:O, atx =0, (24b)
where

G=1-v+Cw(1-W})t, C=Cu(1-1})8,

G =Cw(1-})t,

(-G o-Sge. o -Sye -
C; = %‘H Cs = ClQZM 2, Co= C1’V’2Mt

It can be seen that Eqs. (23a) and (23b) are nonlinear with re-
spect to the radial force and rotation (or equivalently, deflection).

5. The analytical solution for the case of small deflection
5.1. The governing equations and the boundary conditions

For small deflections, the radial force is unchanged, i.e.,
AN, =N; =0 (26)

and the governing equation simplifies to

d<p do

24,2 _

d2+xdx (1+nx)p=0, 0<x<Xo, (27a)

L (1+m22)p =xP, xo<x<1 (27b)

d 2 dX 3 0 X x 1.

The boundary conditions are given by
W — CsP + Cg[' + vep] =0

sP ol + vy atx—1, (28a)

¢ =GP+ Colg' +vp @] =
®=0, atx=0. (28b)
5.2. Solutions

The general solution to Eq. (27) can be expressed as
@ = c1l1(nx) + ;K1 (nx), 0 < x < X, (29a)
@ = c3li(nx) + caKq (nx) — %, X <x<1, (29b)

where I,(-) and K;(-) are, respectively, the modified Bessel functions
of the first and second kind of order n. The coefficients c;, c,, c3 and
c4 are constants to be determined by the boundary conditions.

Substituting the general solution (29) into the boundary condi-
tions (28), one can obtain

=0, (30)

c _P[X]Io(X])+211(X])+X112(X1)} (31)
4= nxq k] ’

& = koca + a.p (32)

n2(ailo(n) + ax11(n) + a1x(n) + azls (n))’
C4Kq1(X1)nx, — P

1 =C¢C
1 3 TlX]I](X])

(33)

where

ki = Ki(x1)(x1lo(x1) + 2veli (x1) + X112 (%1)) + To(x1) (X1 Ko (%1)
—2viKi (x1) + x1K3(x1)),

[¢5} Ko(n) — a,K4 (n) +a Kz(n) — (13K3(n)

ky = 34
2 allg(n) +(1211(n) +a112(n) +0313(n) ( )

Integrating Eq. (29) gives the deflection

W M 0cxcm), (35

Wc -1 +;o(nx) s Koslnx) B Plrcl)zgx e (w<x<1). (35b)

Substituting Eq. (35) into the first equation in Eq. (28) determines
the constants

Cg =C3 |:<—%+ G7)Io(n) + agll (n) + a712(n) + (1913(71) + %:|

1 P
+ C4 |:<E — (17)1(0(1'1) + agl<] (n) — (171(2 (n) + agK3(n):| — ﬁa]o,
(36)
- [1 — Io(Xl)} B B C4K()(X]) B PlOgXO
Cs = T (c1—c3) T 2 + Cs, (37)
where
, 1

1 1 1 1
aq :ﬁntZCMQ 7ﬁntCMM7 a; = (EH 7ﬁ> tZCMQfﬁtVfCMM — 1,

1

4811 *Cuq, a4_ﬁ(
1 1 1

as = <16 2 >f2CMq+]2tVfCMNl+1,

as = 1 —vf)tCMM—l,

1
ﬁ(] 7Vf)tCMM7 a; :ﬂ

1, 1 1 1
ag = <En —ﬁ>t3CQQ_ﬁVft2CMQ7 g = 4o’ Caq,

as=1-— nt3CQQ721—4nt2CMQ,

1 1 1 1
[«IT) :ﬁ(] — Vf)IZCMQ, a1 = <E n’+ 12) t3CQQ += 12 VftZCMQ.
(38)
5.3. Special cases for b=0
When b = 0, the applied ring load becomes a concentrated load.

The governing equation, which is similar to Eq. (27), can be written
as

dco  do
a9 4P 2,2\ _
X 0P 7 X0y (1+n°x")p = xP. (39)
Thus, the rotation for a deformable substrate is simplified to
P
¢ = cali (1) + cskiy (nX) — o (40)
where
P

cg = o (41a)

_ ;—) [a1 Ko(n) — K, (n) + a1K2(n) — G3K3(n) + %4} (41b)

7 (111()(11) +C1211(n) +Cl112(n) +0313(n)

The deflection is deduced to be

W ) Kol POEX, o vy >0).  (2)

where the constant cg is given by
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Co =Cy Ki % + a7>10(n) + agli(n) + az1y(n) + agls(n) + H

1 P
+cg Kﬁ - a7>1(o(n) + agKq(n) — a; Ky (n) + a9K3(n)} — Fam‘

(43)

Furthermore, the above solution is reduced to that given in Wan
et al. (2003) when all the compliance coefficients vanish. In this
case, the boundary conditions correspond to the clamped bound-
ary conditions, i.e., the substrate is rigid. The deflection at x =0 is
given by

Wl o= % {%’((r:)(”) 1 Io(n)] + Ko(n) + 0.577216 + logg},
(No > 0), (44)

which is consistent with that obtained in Wan et al. (2003).

Finite element analysis (FEA) was performed so as to compare
results with the derived analytical solutions. The element mesh
is shown in Fig. 3. Axisymmetric, PLANE82 elements in ANSYS
were adopted to model the film/substrate systems. The substrate
size is 100 times larger than that of the blister. The film thickness
is 0.5 mm for this analysis. A Young’s modulus of 110 GPa and Pois-
son ratio of 0.33 were used to simulate the silicon substrate. Thus,
Young’s modulus of the film is determined by a given value of
parameter «. Fig. 4 plots the dimensionless deflection at the center
point under the normalized concentrated load for a/h=15. It
shows that the analytical solutions compare favorably with FEM.

In the regime of small deflections, the deflection-load relation is
linear as shown in Fig. 4. The dimensionless compliance coefficient
k=W]/P is 0.207, 0.140, 0.132 and 0.125, respectively, for o = 0.99,
0.50, —0.50 and —1.0. The results demonstrate that the elastic sub-
strate deformation has a significant effect on the solution if the
substrate is softer than the film. It should be pointed out that the
dimensionless load P is normalized in Eq. (22a), which is not only
related to the load Py, but also Young's modulus and film
dimension.

1
ELEMENTS

I
L

FEA, o= -1
Analytical solution, o = -1

° FEA,a=0

Analytical solution, oo = 0
FEA, o= 0.99

Analytical solution, oo = 0.99 —

w
L
>

N
L

a/h=15, n=0 "

Nondimensional deflection, W
A
\
\

o

o
N
FA

6 8 10 12 14
Nondimensional load, P

Fig. 4. Comparison between the analytical solution and finite element analysis for
small deflection.

6. Numerical solution for the case of large deflection

If the applied load is sufficiently large, the governing equations
are nonlinear and, thus, result in a nonlinear deflection-load rela-
tion. For large deflections, the shooting method is used to numer-
ically solve the associated nonlinear problem. The initial conditions
at the film center are assumed to be

dAN do

=0, —=0, AN=y, W=pn L=
@ © Tk ) e 1, ax ~©

The solution to Eq. (23) subject to the boundary conditions in
Eq. (45) can be expressed by

AN = AN(x, 1, 11,0), W =W(x,x,#,0),

atx=0. (45)

®= QD(X, X$’77C)1 (46>
which must satisfy the boundary conditions given in Eq. (24), i.e.,
fi(n,0) = [AN'+ C1AN — GoP + G3(@' + vy )], _, =0,

f(x.n.0) = W+ C4AN - CsP + Co (@' + V)], =0, (47)
fs(:1m,0) = [@ + GAN — CsP + Co (" + Vs 9)],_, =0.

Fig. 3. A typical element mesh.
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The values of y, # and { are determined using the following
Newton-Raphson iterative approach:

r X(kﬂ) X(k) 5X(k+1)

’1(}(+1) — n(k) + (Sn(k+]) (48&)
L g(kﬂ) C(k) 6c(k+1)

% % ‘(’% Syl f1(k+1>

AR A A i | (48b)

whereby the solution is found when a preset accuracy criterion is
satisfied, i.e.,
+ Lf;’”

del = [f{"| + |5

where A4 is a small positive quantity. In the present paper, we take
A=107%. The functions f;().n,0), f> (x.1,¢) and fs(),n,{) cannot be
expressed in explicit forms, so all calculations are numerical.

Fig. 5 shows the deflections at the contact ring x = X, obtained
by numerical methods and the finite element results for a/h = 20,
=0, Xo=0.2 and ng=0. The analytical linear solution for small
deflections is also plotted. It can be seen that the numerical results
compare favorably with FEM. For P < 7, the analytical solution for
small deflection has sufficient accuracy with the relative error
being less than 5%. However, when P > 7, the large deflection solu-
tion must be used in considering nonlinearity. The relative error
between the analytical solution and FEM is about 5.3%. In FEM, axi-
symmetric PLANES2 elements in ANSYS were used, while the non-
linear analytical solution is based on the plate theory. This may be
a source of the discrepancy between the two results.

Fig. 6 plots the normalized deflection W versus the normalized
load P for different residual stress for a/h =10 and « = 0.5. The re-
sults demonstrate that the residual stress in the film greatly affects
the deflection-load relation where larger residual stresses corre-
spond to smaller deflections.

The effect of substrate properties on the deflection is shown in
Fig. 7 for differing Dundurs parameter o. Here, the softer the sub-
strate is, the larger the deflection is. This shows that the substrate
deformation cannot be ignored especially for soft substrates. The
influence of the shaft radius on the deflection-load relation is dem-
onstrated in Fig. 8. Larger indenter radii lead to smaller deflection.

The effect of parameter a/h is depicted in Fig. 9. We see similarly
that, for a given normalized load P, a larger ratio a/h yields a smal-
ler deflection W. When the radius-thickness ratio is large enough,

<A, (49)

< 34 Analytical linear solution
o — — — Nonlinear solution
kS) . FEA result
Q
8 5] ah=200=0x%=02n=0
©
c
§e] -
5 y
£
©
c
o
=z
0 - T T

o
(é)]

10 15 20 25
Nondimensional load, P

30

Fig. 5. Deflection at the contact ring x = xo versus load by numerical method and the

finite element analysis.
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Fig. 6. Influence of residual stress on the deflection-load curve at center point for a/
h=10,x=0.5 and b=0.
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Fig. 7. Influence of elastic mismatch between film and substrate on deflection-load
curve at center point for a/h=10,n=1 and b=0.
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Fig. 8. Deflection-load curves at x, for a/h =15, «=0.5 and n=0.

i.e., a/h > 500, the influence can be ignored. The normalized load
P is given in Eq. (22a), and is related to the load Py, Young’s mod-
ulus and film dimension. Fig. 10 displays the variation in the dis-
crepancy of the deflections for a=-1, 0.5 and 0.99 with a/h
while the normalized load is set at P=6 and 18. The elastic defor-
mation greatly affects the deflection for small a/h. However, the
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Fig. 10. Variation of the discrepancy of deflections for « = —1, 0.5 and 0.99 versus a/
h with the given normalized load P=6 and 18.

discrepancy decreases with increasing a/h and all curves converge
to that for a rigid substrate at the given load.

7. Concluding remarks

Solutions describing the mechanics of the shaft-loaded blister
test method have been obtained, in which the effects and influences
of elastic substrate deformation, residual stress, shaft radius, film
dimension and elastic properties of thin film have been taken into
consideration. The solutions compare favorably with finite element
analysis. For small deflections, the solution has been derived in ana-
lytical form, and the obtained load-deflection relation is very useful
in extracting values for Young’s modulus and residual stress of thin
films from experimental data. The solution for large deflections has
been obtained by a numerical method. The solution is essential in
obtaining values for the interfacial fracture toughness of film/sub-
strate systems such as in the blister method given by Xiao et al.
(2009). This is because the deflection of the loaded film is usually
in the large deflection regime when debonding between the film
and the substrate occurs as schematically shown in Fig. 1c. In this
type of testing method, we can use the solution of the present paper
to calculate the bending moment M and the radial force N at the
delamination edge by taking the dimension ay = a + Aa of the newly
formed blister. Thereby, the interfacial fracture toughness can be
determined by using formulae given by Zhao et al. (2007b).
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Appendix: The empirical expression for the dimensionless
compliance coefficients

Using the approach in Zhao et al. (2007b), the dimensionless
compliance coefficients in Eq. (12) can be obtained and expressed
as:

Cow = 1 1 o (cui]h/a * CmTh/a)’ A
Cnv = Cun = Cczz;fg;;] C52243 fé};;l’ (A2)
Crq = Cov =~ 2000 (A3)
Com = Cug = cs1+a/h (A5)

Csy +Cs3(a/h)’

where the coefficient ¢, depends on parameter « as given in Tables
1-5. The compliance Cyy is almost independent of a/h and its val-
ues are listed in Table 6.

Table 1
Coefficients ¢y in Eq. (A1).
o C11 C12 C13 Ci4
-0.5 2.3717 1.0412 0.0299 0.0286
0.0 1.4307 0.5576 0.0555 0.0271
0.5 0.6584 0.2629 0.0627 0.0214
0.9 0.1066 0.0633 0.0364 0.0108
0.95 0.0456 0.0359 0.0258 0.0076
0.99 0.0044 0.0017 0.0099 0.0066
Table 2
Coefficients ¢y in Eq. (A2).
o C21 C22 C23 C24
-0.5 0.8151 0.5067 0.7612 0.5067
0.0 0.8234 0.8221 0.8643 0.8221
0.5 0.9319 1.6341 0.9718 1.6340
0.9 1.1986 6.1133 1.2313 6.1133
0.95 1.2158 9.9553 1.4065 9.9553
0.99 1.1579 25.1142 1.6475 25.1144
Table 3
Coefficients cs in Eq. (A3).
o C3q C32
-0.5 0.5227 0.6197
0.0 1.1482 1.2582
0.5 2.5824 2.9987
0.9 11.1879 15.3955
0.95 20.5048 29.8270
0.99 98.5638 161.3140
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Table 4
Coefficients cy in Eq. (A4).
o C41 Cqn Cq3
-0.5 3.2296 2.6377 0.4341
0.0 2.4020 0.8990 0.1618
0.5 1.8610 0.3154 0.0582
0.9 1.3680 0.0583 0.0101
0.95 1.0770 0.0291 0.0051
0.99 0.2358 0.0058 0.0011
Table 5
Coefficients cs in Eq. (A5).
o Cs1 Cso Cs3
-0.5 —1.3510 1.3690 —1.1520
0.0 —1.2606 0.5318 —0.5062
0.5 —1.0730 0.1736 —-0.2233
0.9 —1.0355 0.0357 —0.0596
0.95 -1.1698 0.0243 —0.0362
0.99 -1.3219 0.0047 —-0.0118
Table 6
Compliances Cy.
o -0.5 0.0 0.5 0.9 0.95 0.99
Cum 5.15 7.0 9.9 18.7 24.0 41.7
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