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ABSTRACT

A characterization is given for linear transformations on n X n matrices which
map the classes of w and T-matrices into themselves, under certain nonsingularity
assumptions on the mapping. These results are also used in obtaining the characteriza-
tion of those linear transformations which map the above classes onto themselves.

1. INTRODUCTION

The question of characterizing the linear transformations which preserve
certain properties of square matrices has been studied in several recent
papers. In particular, it has been of interest to characterize those linear
transformations which map certain classes of matrices into or onto themselves.
The “into” case is, in general, harder than the “onto” case, and it is usually
solved under some additional hypothesis, such as nonsingularity of the
transformation or a somewhat weaker condition.

The discussion here is devoted to the classes of - and 7-matrices,
introduced by Engel and Schneider [3]. These classes, defined by eigenvalue
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monotonicity, contain the important classes of Hermitian matrices, totally
nonnegative matrices, Z- and M-matrices, and triangular matrices with real
diagonal elements, and hence studying their properties has been the theme of
many papers, e.g. [5] and the references there. There are some interesting
open problems concerning these matrices, especially the localization of their
spectra; see [3] and [7].

In this paper we characterize the linear transformations which map the
class @,y [7(,] of all n X n w-matrices [7-matrices] into or onto itself. Our
results and the methods used in our proofs seem to help in understanding the
properties of these matrices better, and they may provide useful tools in
solving the other open problems.

The main results are introduced in Section 3 and proved in Section 4. In
the same spirit as in [1] and [4], we show that a linear transformation which
preserves w .,y Or 7.,y is a composition of obvious types of mappings, namely
transposition, diagonal similarity, permutation similarity, multiplication by a
positive scalar, and addition of a scalar matrix.

Among other results we show that a linear transformation L satisfies
L(w,y) = @,y if and only if L(w,,) C w,, and L is nonsingular, and that
L(7(ny) € T(ny implies L(w,,) € @, The theorems for w,, and 7, are
very similar. However, our assertions hold also when we restrict ourselves to
real T-matrices, but not for real w-matrices.

As in [4], our “into” results are proven under the assumption that the
restriction of the transformation to the set of all matrices with zero diagonal
elements is nonsingular. In part of our proof we follow the lines of the proofs
given in [4], and some of our first propositions are similar to those in [4].

We remark that the problem of characterizing transformations which are
not necessarily linear and preserve properties of matrices is also of interest. A
result in this direction concerning w,, and 7,y is found in [6].

2. DEFINITIONS AND NOTATION

Notation 2.1. We denote:

|«| = the cardinality of a set a.
R =the field of real numbers.
C =the field of complex numbers.

Noration 2.2. For a field F and a positive integer n we denote:

{n)=the set {1,2,...,n}.
F™ " =the set of all n X n matrices over F.
E,. =the matrix in F™" all of whose entries are zero except for the one in
the (i, j) position, whose value is 1.
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Noration 2.3. For A€ F™" and a C (n) we denote:

Al «] = the principal submatrix of A whose rows and columns are indexed
by a.
o( A) =the spectrum of A.

DerFiniTION 2.4. For A € C™" we define the number I(A) by

min{e(A)NR}, o(A)NR +2,
00, : o(A)NR =2.

i)~ |
For A € C>3 we also define the number h(A) by
h(A)=min{1(A[{1,2}]). 1(A[{1,3}]), l(A[{2,3}])}.
DerFiNITION 2.5. A matrix A € C™" is said to be an w-matrix if
I(Ala])<oo  forall aC(n), a#g,
and if
I(Ala])<I(A[B]) forall «,BC(n), ¢#*BCa.
An w-matrix is said to be a 7-matrix if further I[(A)> 0. We denote by w,,,,
[7(n,] the set of all n X n w-matrices [r-matrices], and by wny [740y] the set

of all n X n complex matrices whose principal submatrices of order less than
or equal to k are all w-matrices [ -matrices].

DEFINITION 2.6. A matrix A € C™" is said to be a P%matrix if
det A[a]>0  forall aC(n), a#0.

The set of all n X n P%matrices is denoted by P),,.

NotaTion 2.7. For a linear transformation L on F™" and for i, j € (n)
we denote:

N(L) = the null space (kernel) of L.
Sij =the set {Elnl: l, me <n>’ L(Eij)lm # O}'
SS =theset {E, ;: E,, € Sij}'

ml*
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L =the n® X n® matrix which represents L in the basis
(Eppevo Enpy Evg Egy, Evg,. E, 1) of F™" We partition L

by
. |L
L= |:~11 lzjl,
L2l 22

where L,, is an n X n matrix.
DeriniTioN 2.8. A (directed) graph G =(V, E) is a pair of finite sets
with EC V X V. An element of V is called a vertex of GG, and an element of
E is called an arc of G. An arc of the type (i, i) where i € V is called a loop.

[~

Derinrtion 2.9.  Let G be a graph. A cycle in G of length k is a set of k
arcs of G

{(i,d5),0 s (oo i) (i 1) )

where i,,..., 1, are distinct.

DerintTioN 2.10.  Let A be an n X n matrix. A cyclic product of length

k of A is a product a,;a,; ---a; ;a,;, where {(i},iy),...,

(ig_1.1x),(ig, 1)} is a cycle in the graph whose vertex set is {(n) and whose
arc set is (n) X{n).

3. RESULTS

Our first two theorems characterize the linear transformations which map
@,y tnto itself, under some nonsingularity assumption.

THEOREM 3.1. Let L be a linear transformationon C™", n > 3, satisfy-
ing

N(L)Nn{AeC"":a,=0,1<i<n}={0}.

Then L(w,y) S @, if and only if L is a composition of one or more of the
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following types of transformations:

(i) A — aDAD™!, in which a is a positive scalar and D is nonsingular
diagonal matrix (a combination of multiplication by a positive scalar and
diagonal similarity);

(i) A — AT (transposition);

(iii) A — PAPT, in which P is a permutation matrix (permutation similar-
ity); and

(iv) A = A + al, in which a is a real linear combination of the diagonal
entries of A.

Moreover, the same is true if w,, is replaced by w’<‘">, k>3

TuEOREM 3.2. Let L be a linear transformation on C%2 satisfying
N(L)N{A€C>*:a,,=a, =0} = {0}.
Then L(wy) C wegy if and only if L is a composition of one or more
transformation of types (i) and (ii) as listed in Theorem 3.1, and

a; Qg ki +koag ao
) -

g Qg aq ta + a4
and t, are real.

, in which k|, k,, t,,

The following theorem characterizes the linear transformations which map
W¢ny ONto itself.

TureoreM 3.3. Let L be a linear transformation on C™". Then L(wny)
= W,y if and only if L(w,,) C @,y and L is nonsingular.

In the following theorems we discuss linear transformations which map
the class 7, into or onto itself. Our results are given over the field F, which
can be either R or C. In fact, since the reality of the images under L is not
used in the proofs, our theorems hold also for transformations L satisfying
L('r<n> NR™™C Teny-

TueoreMm 3.4. Let L be a linear transformation on F™", n > 3, satisfy-
ing

N(LYn{A€eF™":a,=0,1<i<n}={0}.

13

Then L(7;,,, N F™")C 7.,y N F™" if and only if L is a composition of one or
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more transformations of types (i), (ii), and (iii) as listed in Theorem 3.1,
and

(vi) A— A+ al, in which a is a nonnegative linear combination of the
diagonal entries of A.

Moreover, the same is true if 7., is replaced by ~r<"n v k>3

THEOREM 3.5. Let L be a linear transformation on F2? satisfying
N(L)N{A€F>*?:a;,=a, =0} = {0}.

Then L(7, N F*%)C 7,5, N F?2 if and only if L is a composition of one or
more transformations of types (i) and (ii) as listed in Theorem 3.1, and

a;; a4 kia, + kyaq, ayg . ,
— , in which

vii
(vii) [‘121 Qo9 ag ta, + tay,
ki, kg, t,,t; = 0 satisfy either

kito+ kot >1
or

1—2(kt, + kot )+ (kyty — kot,)* < 0.

TueoreMm 3.6. Let L be a linear transformation on F™", n > 3. Then
Lt ,NF"")=1, OF™" if and only if L is a composition of one or more
transformations of types (i), (ii) and (iii), as listed in Theorem 3.1.

Tueorem 3.7.  Let L be a linear transformation on F*% Then L(7,4, N
F2?%)= Teay M F22 if and only if L is a composition of one or more transfor-
mations of types (i) and (ii) as listed in Theorem 3.1, and

. |G Qg kiay, +kqag g
(viii) |, a. |
21 22 agq tay +tay

, in which either
k,=t,=0, ko, t,>0, kot,=1

or

ky=t,=0, k. t,>0, kit,=1.
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4. PROOFS

Proof of Theorems 3.1 and 3.4. The proofs of these two theorems are
almost identical, and hence they are united. For convenience our proof is split
into several propositions.

It is easy to verify that each of the given transformations in Theorem 3.1
[3.4] maps the class w,,, [7,, N F™"] into itself. Thus it suffices to prove the
reverse direction, namely that every transformation which maps «,,y [7/,y N
F™"] into itself is a composition of transformations of the types specified in
Theorem 3.1 [3.4].

In our proof we use the following four lemmas, which describe properties
of w- and T-matrices.

LemMma 4.1 (Lemma 3.3 in [3]). Every wmatrix has real principal
minors.

LEmMA 4.2 (Theorem 3.6 in [3]). We have
0
Ty & Finy-

The following lemma is essentially known. A proof is provided for the sake
of completeness.

Lemma 4.3. Let A€ C22 Then
A€ vy,
if and only if a,, and ay, are real and a ,a4, > 0.

Proof. Let A be the following eigenvalue of A:

F)
A =é[‘111 tag— \/(‘111‘ ag) +4a,a, ]

If A€ wyy, then a,, and a,, are real and I(A)=A. Hence, since l[(A)<
min{a,,,a,,}, it follows that a ,a,, = 0.

Conversely, if a,; and a,, are real and a ,a,, > 0, then A is real and
furthermore

A<min{a,,ay]}. n
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LeEmMa 4.4. Let A€ C33. Then

Ae w3,

if and only if a,;, as,, and a4, are real,
a;;a;>0, i,j€(3), i#]j,
and
det[A—h(A)I]<0.

Proof. Our claim follows from Lemma 4.3 and Proposition 2 in [5]. ]

As mentioned in the introduction and in the previous section, Theorem
3.4 holds also when we restrict ourselves to real matrices. The same does not
hold for Theorem 3.1, which is valid only when complex matrices are
considered [see transformation (ix) after the proof]. In order to prove all cases
we assume from now on (until the end of the proof of Theorem 3.1 {3.4]) that

(4.5) L(‘r<n>)§w<n>,
or
(4.6) L(7 NR™") C 1y NR™™,

Observe that the assumption (4.5) is weaker than the assumption
L(@¢ny) € @y

In fact, we shall have to distinguish between (4.5) and (4.6) only in
Propositions 4.7 and 4.9, Lemma 4.17, and Corollary 4.31.

ProposiTiON 4.7. We have
L,,=0.
Proof. Let (4.5) hold, and assume that for some i, j,k € (n), i # j, we
have

(4.8) L(E )=aE,+---, a#0.
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Since cE;; € 7, forall c€C, it follows that B(c)= L(cE;;) C w,,. But for
an appropriate value of ¢ the matrix B(c) has a nonreal diagonal element, in
contradiction to Lemma 4.1. Therefore the assumption (4.8) is false and our
claim follows.

If (4.6) holds, then since for i, j € (n), i # j, wehave + E;; € 7,,, NR™",
it follows that + L(E;;) € 7,,. By Lemma 4.2, the diagonal entries of L(E,;)
are both nonnegative and nonpositive, and therefore zero. ]

ProrosiTION 4.9. We have

$,;NSL=2, i,je(n), i#j.

Proof. Let i, j€(n), i # j, and assume that
(4.10) E,,€8,;nS], forsome I,me{n).

Then

L(E,.j)=aE,m+bEml+

where ab # 0. By Proposition 4.7 we have [ # m, and by (4.5) or (4.6) and
Lemma 4.3 we have ab > 0.

If (4.5) holds, then since cE;; € 7., for all ¢ €C, it follows that B(¢)=
L(cE,;) C w(,y- But, in view of Proposition 4.7, for an appropriate value of ¢
the {i, m} principal minor of B(c) is complex, in contradiction to Lemma
4.1.

If (4.6) holds, then since E;; € 7., NR, it follows that L(E;;)€ 7.
Observe that by Proposition 4.7 we have

det L(E;)[{l,m}] = —ab <0,

in contradiction to Lemma 4.2.
In any case our assumption (4.10) is false. [ ]

ProposrTion 4.11. We have -

$;NSL,=2, i, j,lme(n), i#j l+m, {i,j}+{l,m}.
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Proof. Let i,j,Ilme{n), i+j [#+m, {i,j}+ {[,m}, and assume
that

(4.12) E, €85,;nS, forsome p,q€(n).

Then,
L(E,)=aE,, + -
and
L(E,,)=bE_ + ---,
s
where ab # 0. Since E;; + E,,, € 7, "R™", it follows from (4.5) or (4.6)

that B= L(E;;+ E,,,) € w,, and C=L(E;; - E,,,) € w,,. By Proposition
4.9 we have

b,,=c,,=a, b,=—-c,,=b.

Pq pq qp qp

It now follows from Lemma 4.3 that the product ab is positive as well as
negative, which is impossible. Therefore, the assumption (4.12) is false. ]

ProposiTioN 4.13. If
(4.14) N(L)n{AeC™":a,;;=0,1<i<n}= {0},
then
S;;|=1 and S;;=S},  forall i,j€(n), i+j.

Furthermore, izz is a generalized monomial matrix, i.e. a product of a
permutation matrix and a nonsingular diagonal matrix.

Proof. Since the restriction of L to the subspace {A€C™":a,=0,
1< i< n} is nonsingular, we have

U Sim|>dimspan({ L(E,,.):I,me{n), l#m, (I,m)+(i,j)})
(l,n{;;"fi,j)
=n’-n-1.

Our claims now follow from Propositions 4.9 and 4.11. m
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We remark that for the real case in Theorem 3.4 we replace C by R in

(4.14) and in the proof of Proposition 4.13.
From now on we assume that L satisfies (4.14) too.

ProrosiTION 4.15. We have

L, =0.

Proof. Let i € (n) and assume that
(4.16)
L(E,)=aE,, +bE_;+ --+, a#0, forsome I,me{n), l#+m.

By Proposition 4.13 there exist p,q € (n), p # g, such that L(E, )= cE,,
with ¢ # 0. The matrix

a+b

A=E; - c pa

is in 7,), so by (4.5) or (4.6), B=L(A) € w,,. Observe that b,,,=a and
b,,= —a. Hence, b;,b,; <0, in contradiction to Lemma 4.3. We thus
conclude that the assumption (4.16) is false, proving that L,, = 0. [ |

Let & be the set of all directed graphs whose vertex set is {1,...,n} and
whose arc set consists of three arcs none of which is a loop. Denote by E(G)
the arc set of a directed graph G. In view of Proposition 4.13 we define a
one-to-one function f; from ¢ into itself by

E(f.(G))={(i,f):Su=(E;}, (K, 1) E(G)}, Geg.
LEmMMa 4.17. Let G € 9. If G has no cycle then f;(G) has no cycle.

Proof. Let E(G)= {(i, j),(k,1).(s,t)}. If G has no cycle, then the
matrix

A=aE;;+ bE, +cE,,

is in 7,,, for every choice of a, b, and c, and hence L(A) € 7,,,,. Assume that



90 DANIEL HERSHKOWITZ AND VOLKER MEHRMANN

f.(G) has a cycle. If (4.5) holds, then since for appropriate complex values of
a, b, and ¢ the matrix L(A) has a complex principal minor, we have a
contradiction to Lemma 4.1. If (4.6) holds, then since for appropriate real
values of a, b, and ¢ the matrix L{A) has a negative principal minor, we
have a contradiction to Lemma 4.2. [ ]

LemMma 4.18. Let G€ 9. If G has a cycle of length k (k= 2,3), then
fi{G) has a cycle of length k.

Proof. Since % is a finite set and f; is a one-to-one function, it follows
from Lemma 4.17, using counting arguments, that if G has a cycle then
f1(G) has a cycle. Our claim now followsy observing that by Proposition 4.13,
f1.(G) has a cycle of length 2 if and only if G does. ]

ProposiTion 4.19.  If S, = {Enh} and 815 = {Ei“-2 }, then either i, = i,
or ji = jo.
Proof. Let Sy3=(E, ; }, and let G €% be such that
E(G)={(1,2),(2,3),(3,1)}.

Since by Proposition 4.13 S5, = {E; ; }, we have

E(fL(c)) = {(il’ jl)’(iS’ ]'3),(]'2’ 12)}

By Lemma 4.18, f;(G) has a cycle of length 3, and hence either i, =i, or
1= Jjor n

If follows from Propositions 4.13 and 4.19 that by applying an appropriate
permutation similarity, as well as a transposition if needed, we may assume
that for all i € (n), L maps the off-diagonal elements of the ith row onto the
off-diagonal elements of the ith row, and the same holds for columns. Thus,
from now on we may assume that

(4.20) L(E;)=b,E,;, b;#0, i, je(ny, i*j.

We define the n X n matrix C by

_{b,.j, i# j

= 0, i=j}’ i,jE€(n).
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LemMa 4.21.  All cyclic products of length 2 and 3 of the matrix C are
positive.

Proaf. The positivity of the cyclic products of length 2 follows easily
using Lemma 4.2. To prove the positivity of cyclic products of length 3 we
consider, without loss of generality, the cycle {(1,2),(2,3),(3,1)}. Let A be
the direct sum of the matrix

[ 1 1 1
0 1 1
-1 0 1

and the identity matrix of order n — 3. By Proposition 4.15 and by (4.20), the
matrix L{A) is a direct sum of a matrix

a, ¢y 0
M= 0 ay;  Cyy
—¢y 0 ay

and a diagonal matrix. Since A € 7,,, N"R™7, it follows by (4.5) or (4.6) that
L(A)€ w,,, and hence the matrix M is in ;. Observe that

h=h(M)=min{a;,a,,a;},
and thus
det(M — hl )= — ¢ ye95C5;-

By Lemma 4.4, since c;; # 0 for i # j, it follows that ¢,5¢sy05, > 0. u

CoroLLARY 4.22.  Afler an appropriate diagonal similarity we have
(4.23) ¢;>0, i,je(n), i#j.

Proof. After an appropriate diagonal similarity we may obtain
(4.24) ;> 0, ji=2,...,n.
By Lemma 4.21 we have

(4.25) >0,  i=2,...n.
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Let p,ge{(n), p,qg#1, p+# q. By Lemma 4.21 we have
C1pCpaCa1 > 0,

and by (4.24) and (4.25) we have

cpq>0. [ ]

In view of Corollary 4.22 we may assume from now on that (4.23) holds.

Prorosition 4.26. The image under L of the identity matrix is a real
scalar matrix.

Proof. Let D= L(I). By Proposition 4.15 the matrix D is diagonal.
Since D € w,,,, it follows that D is a real matrix. Without loss of generality
(applying an appropriate permutation similarity) we may assume that

d)<dg< - <d,,.

There are three possibilities for the relations between d ), d,,, and d 3

(4.27) dy=dy<dy,
(4.28) d) <dy<dsy,
and

(4.29) d,=dy=ds;.

If (4.27) holds, then let A€ C™" be defined by

t, i=j=1,...,n,
a;;=1, (i,j)e {(1,3),(2,1),(2,3),(3,1),(3,2)},
0 otherwise,

where t > 1. It is easy to verify that A € 7,,,, "R™" and hence L(A) € w,,.
Therefore, the matrix M =L(A)-tdI is in «,,. Observe that since
t(dy;—d)> 0, we have

h=h(M[{1,2,3}])<0.
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Furthermore, for t sufficiently large we have

(4.30) (| < min{ C13C30C2)  C13C3200) }

Ciss1  CaaC
It now follows from (4.30) that
det(M — hI)[{1,2,3}] >0,

in contradiction to Lemma 4.4. Hence, the possibility (4.27) is false.
If (4.28) holds, then let A € C™" be defined by

t, i=j=1,...,n,
a; =41 (i,j)€{(1,2),(1,3),(2,1),(2,3),(3.2)},
0 otherwise,

where t > 1. Here too A€ 7,,, NR™" and hence L(A)€E w,,. Therefore,
the matrix M = L(A)~td ;I is in w,,,. Since t(dy — d;)> 0 and #(d g —
d,;)>0, we have h=h(M[{1,2,3}])=I(M[{1,2}])<0. As before, for ¢
sufficiently large we have

\h| < C13C32Ca1

Ca3C39
and thus

det(M — hI)[{1,2,3}] >0,

in contradiction to Lemma 4.4. Therefore, the possibility (4.28) is false too,
and thus (4.29) holds. Similarly we show that

di=d; 1 i1=dii2 025 i€(n—2),

proving that D is a scalar matrix. [ ]

CoroLLARY 4.31.  If (4.5) holds then

L(w<">) C wepy-
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If (4.6) holds then
L( @y NR™™) C 6y NR™ ™,

Proof. Let A€ w¢,[w,y NR™"]. Then A +dI & 7,,\[7,y NR™"] for
d > —I(A). By (4.5) [(4.6)] we have

L(A+dl)=L(A)+dL(I) € wg, [7,, NR™"].

Since by Proposition 4.26 L(I) is a real scalar matrix, it follows that
L(A)E wpy [wiy NR™ ] ]

ProposiTion 4.32.  After applying appropriate diagonal similarity and
multiplication by a positive scalar we have

c,.j=1, i,jE€(n), i#j.

Proof. Let

(4.33) g=max{¢;c;:i,jE(n), i#j}.
By applying an appropriate permutation similarity we may assume, without
loss of generality, that

(4.34) g = €120

We prove our assertion by induction on n. For n=1 there is nothing to
prove. For n = 2 the claim follows immediately from (4.23). Assume that our
proposition holds for n <m, and let n =m. Since the restriction of L to
matrices with zero nth row and column induces a transformation on C™~1m~1!
[R™~1™~1] which preserves w,,_;y [T(m-1, NR™™1"71], it follows by the
inductive assumption that we may assume that

(4.35) ¢ij=1, i,je(m-1), i#j.

Let p,q € (m — 1), p # q, and define the n X n matrix A by

i=j=1,...,n,

0,
a; =41, (i,j)€{(p.q9).(qa.p).(p.n),(q,n).(n,q)},
0  otherwise.
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Observe that A € w,,, "R™" and hence by Corollary 4.31
(4.36) B=L(A)€ w,-

The matrix M = B[{p,q,n}] is

0 1 ¢,
1 0 ¢4
0 ¢ 0

up to permutation similarity. In view of (4.33), (4.34), and (4.35) we have
h=h(M)=I(M[{1,2}])= — L. Thus,

det(M —hl)=c,(c,, — ¢;n)
and by (4.36) and Lemma 4.4 we have
Cag(Cpn = Cgn) <0

Since by (4.23) c,, > 0, we derive that

(4.37) c

an = Cpn-

Changing the roles of p and g, we similarly show that

Con > Can>
and by (4.37) we obtain
Cpn = Cgn-

In a similar way one can prove that

Cpp = Cng-

Thus, after applying an appropriate diagonal similarity (where we change
only the nth row and column) we have

(438) cln=c2n='..=cn—l,n=cnl=cn2=”'=c =a>0‘

n,n—1
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Now let A=R™" be defined by

a,..={1’ (i, 7)€ {(1,2),(1,n),(2,n),(n,1),(n,2)}

0  otherwise.
Observe that A € w,,y "NR™" and hence by Corollary 4.31 we have
B=L(A) € w,-

The matrix M = B[{1,2,n}] is

We have

h=h(M)= —a,
and so
(4.39) det(M — hl)=a(a — a®).

By Lemma 4.4 it follows from (4.39) that
a=1,
and by (4.33), (4.34), (4.35), and (4.38) we obtain

a=1. [ |
ProposiTioN 4.40. We have
(L(Eii))jj = (L(Eii))kk
for all distinct i, j, k € (n).
Proof. Let i, j, and k be distinct elements of (n), and let

alz(L(Eii))ii’ a2=(L(Eii))jj’ a3=(L(Eii))kk'
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Let A€R™" be defined by

. ={1, (p.q) € {(i,1),(i. j). (i, k), (j, k). (k. i), (k. §)

0 otherwise.

It is easy to verify that A € 0 ,,, "R™", and hence it follows from Corollary
4.31 that

B=L(A)E w.

By Proposition 4.32, the matrix M = B[{i, j, k}] is

a 1
0 a,
1 1 a4

up to permutation similarity. Let £ be a real number such that h(M —¢I)=0,
and let G = M — tI. Since h(G) =0, it follows that g;,, g4, 843 > 0 and that

(4.41) detG[{1,3}] =0
and /or
(4.42) det G[{2,3}] =0.

Assume that

(4.43) 833~ 822

Since det G[{2,3}] > 0, it follows from (4.43) that

(4.44) g > 1.

If (4.41) holds, then it follows from (4.44) that g,, <1, but then
detG=1-g,,>0,

in contradiction to Lemma 4.4.
If (4.42) holds, then it follows from (4.44) that gy, <1 and

detG=1—gy>0,
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which is again a contradiction to Lemma 4.4. Thus our assumption (4.43) is
false and hence

833 < 8o2-

Similarly (changing the roles of j and k) we show that

892 < 8335
and therefore
892 = 8a3-
Since
gi,=a;—t, i=1,2,3,
our claim follows. [ ]

LEmMA 4.45. The matrix

a b b
A={0 0 11, b>0, areal,
1 1 0

isin wg, ifand onlyifa>b—1.
Proof. Let h=h(A). By Lemma 4.4, A € w, if and only if
(4.46) det(A —hI)<O.

Observe that for a < b — 1 we have

Va?+4b —a
(4.47) R
2
We now have
1(A[{2,3}])= -1, azb-1,
h= a—va2+4b
afpa) =" <1 a<nen,

2
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and hence

0, a>b-1,
(4.48) det(A - hI)= a’>+4b +a

-, <b-1.
D) a

But since for a < b — 1 it follows from (4.47) that

Va®+4b +a b/ Va?+4b —a
h 2

< b
2
it now follows from (4.48) that (4.46) holds if and only if a > b — 1. [ ]
In view of Proposition 4.40 we have
(4.49) L(E,;)=bE,;+d,]I, i€(n).

Observe that if (4.6) holds, then d; > 0.

In order to complete the proof of Theorem 3.1 [3.4] we have to show that
b,=1,ie(n).

Let i, j, and k be distinct elements of (n), and let A€R™" be defined
by

2, (p.q)e((i,j).(i,k)},
a,e=1\1, (p,q)€{(i,i),(j,k),(k,i),(k,j)},
0

otherwise.
Observe that A € w,, and hence by Corollary 4.31 we have
(4.50) B=L(A)€w<,,>.
By (4.49) and Proposition 4.32, the matrix B[{i, j, k}] is
b, 2 2
0 o 1|+dl
1 1 0O
up to permutation similarity. By Lemma 4.45 it follows from (4.50) that

(4.51) b>1.

t
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Consider now the matrix A € R™" defined by

(p.q)e {(i.j).(i,k)},
0o ="z P=a=i
7 . A(p.a)e {(j.k).(k,i),(k, )},

1
0 otherwise.

B8O [—

Here too A € w,,y and hence B = L(A) € w,,,,. The matrix M = B{{i, j, k }]
is now

_bi

%
0 —ad,1
1

H

— QO e
[ ST
|

up to permutation similarity. Since M € w3, it follows from Lemma 4.45
that

—3b;> — 3,
or
b1
Together with (4.51) we have
b,=1
The proof of Theorem 3.1 [3.4] is now completed. |

Since, in all the propositions and lemmas, only principal submatrices of
order no more than 3 were needed, it follows that Theorem 3.1 [3.4] holds
also for the classes 7f,, [w{,,], k>3. However, the “only if” part of
Theorem 3.1 [3.4] does not hold for the class ¢<2,,> [w?n>], as demonstrated by
the transformation

L:A->M-A,
where M is an n X n matrix all of whose entries are positive and further

m,>1, i€ {n),

it
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and

mym; =1, i,jelny, i#j.
Here M o A denotes the Hadamard product of M and A, i.e. the matrix B
whose entries are b;; = mya;, i, j€ {n). Using Lemmas 4.2 and 4.3 it is
. 2 . s

easy to verify that L preserves 'r<2n> [@7ny ], although L is not a composition of
transformations of the types specified in Theorem 3.1 [3.4].

The “only if” part of Theorem 3.1 does not hold if we restrict ourselves to
real w-matrices. Observe that transformations of the type

(ix) A— A+ al, in which a is a real linear combination of the (not
necessarily diagonal) entries of A,

QuEesTiON 4.52. Let L be a linear transformation on R™", n >3,
satisfying

NL)N{AeR™":a,,=0,1<i<n} = {0}.

Is it true that L(wg,y, "R™™) Cw,, NR™™ if and only if L is a composition
of transformations of types (i), (ii), (iii), and (ix)?

We remark that in the case n =2 there is at least one more type of
transformation,

) [Z“ le]a[ “u Kita tRata| L Chieh Ky ko

21 22 Lay +ta,, ago
and ¢, are nonnegative. It is easy to verify, using Lemma 4.3, that such a
transformation maps the class w,, NR22 into itself.

We remark that Theorems 3.1, 3.2, 3.4, and 3.5 do not hold in general
when the nonsingularity assumption (4.14) (where C is replaced by R if
needed) is omitted, as demonstrated by Example 5 in [4].

Before proving Theorems 3.2 and 3.5, we note that Lemmas 4.1, 4.2, and
4.3 and Propositions 4.7, 4.9, 4.11, 4.13, and 4.15 hold also in the case n = 2.

Proof of Theorem 3.2. By Lemma 4.3, transformations of types (i), (ii),
and (V) map w,,, into itself. Conversely, if L satisties (4.5) and (4.14) (n = 2),
then it follows from Proposition 4.13 that after applying a transposition if
needed we have

L(Em):aEm, L(E2l)=bE21'
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Furthermore, it easily follows from Lemma 4.3 that ab > 0. Hence, by
applying an appropriate diagonal similarity and multiplying by a positive
scalar we obtain

(4-53) L(E12)=E12’ L(E21)=E21-

It now follows that L is of type (v). The reality of k,, k,, t,, and ¢, follows
from Lemma 4.1. [ |

Proof of Theorem 3.5. Clearly, transformations of types (i) and (ii) map
the class 7,5, N F2? into itself. Let L be a transformation of type (vii), and
let A€, NF*% By Lemma 4.3 we have

(4.54) a4, > 0.

Since, by Lemma 4.2, A € P<°2>, it follows from Proposition 11 in [4] (and the
remark after the proof there concerning the fact that the arguments used in
the proof are equivalences) that L(A) & P<°2>. Observe that L does not affect
a,, and a,,, and therefore it follows from (4.54) and Lemmas 4.2 and 4.3 that

L(A)e Teay N F22
Conversely, assume that

(4.55) L(, NF22)C 15 N F22,
and that
N(L)N{A€F*%:a,,=a, =0} = {0}.

As in the proof of Theorem 3.2, we may assume that (4.53) holds. We now
prove that

(4.56) L(P%, NF2?)C Py NF3?2,

Let A€ P, NF>2 If ajyay >0, then it follows from Lemmas 4.2 and 4.3
that

Ae Teay N F22
and hence by (4.55) we have

L(A) €1y NF>2C PG, NF>2



LINEAR TRANSFORMATIONS 103

If a,a,, <O, then, since by (4.55) and Proposition 4.15 the matrix

a 0
L([ I })
0 ay
is a nonnegative diagonal matrix, it follows that L(A)€ P, N F>2 There-

fore, (4.56) holds and by Proposition 11 of [4] the transformation L is of type
(vii). u

In order to prove our “onto” theorems we need the following immediate
lemma.

LemMa 4.57.  If the range of L contains the class 7,,, "R™", then L is
nonsingular.

Proof. Our claim follows observing that 7.,y "R™" contains the basis
{Eipsoo s Eq Egg, Eg ) Eys,...  E, _}of F™7 ]

Proof of Theorem 3.3. If L(w(,y) = w¢yy, then clearly L{wny) € @inys
and L is nonsingular by Lemma 4.57. Conversely, assume that

(4.58) L(wny) C @nys

and that L is nonsingular. Then L satisfies the nonsingularity conditions of
Theorems 3.1 and 3.2. We distinguish between two cases:

_ (1) n=2. By Theorem 3.2, L(w,)C @, if and only if L, is real,
L,,=0, Ly;=0 and L,, is a nonnegative generalized monomial. Observe
that in that case L~! has the same form. Thus, it follows from (4.58) that
L™ Y(w3,) S w2, and hence L(wg,)= W9y

(2) n>=3. Inview of Theorem 3.1, since clearly transformations of types
(i), (ii), and (iii) map the class W,y Onto itself, it is enough to show that a
nonsingular transformation of type (iv) maps the class Weny ONto itself.
Observe that L is such a transformation if and only if

Li;=0, Ly =0, Ly=1I, and Ly=1+e,
\yhere e is an n X 1 matrix all of whose entries are 1, v is an n X 1 matrix, and
L,, is nonsingular. Observe that in that case v’e # — 1 (otherwise L,, would

have zero row sums) and that

Lit=1+ez",
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where
-1
=— 0
1+ o'e

Therefore, L ! has the same form as L. Thus, it follows from (4.58) that
L"l(w<n>)§ Wny and hence L(w,y) = w0,y |

Proof of Theorem 3.6. Since clearly transformations of types (i), (ii), or
(iif) map the class 7,,, N F™" onto itself, it follows that if L is a composition
of such transformations, then

(4.59) L(r, NF*")=1, NF™"

Conversely, we assume that (4.59) helds. By Lemma 4.57 L is nonsingular,
and by Theorem 3.4 L is the direct sum of L, and L, where L, is a
nonnegative matrix whose diagonal entries are greater than or
equal to 1. Furthermore, we have L™( Teny NVF™") S 7,y NF™", and hence
Lll too is a nonnegative matrix with diagonal entries greater than or equal to
1. As is well known (e.g. [2, p. 84]), a nonnegative matrix which has a
nonnegative inverse is a generalized monomial. Thus, the matrix L,, is a
generalized monomial. Since both L;, and L[;! have diagonal entries greater
than or equal to 1, it follows that L, = I. Therefore, L is a composition of
transformations of types (i), (ii), and (iii) only. |

Proof of Theorem 3.7. Assume that
(4.60) L( 79y N F22) =15, N F22,
By Lemma 4.57 L is nonsingular, and by Theorem 3.5 L is a composition of
transformations of types (i), (ii), and (vii). Since clearly transformations of
types (i) or (ii) map the class T2 N F22 onto itself, we may assume that L is

of type (vii). Observe that L is such a transformation if and only if L,,=0,
Ly =0, Lo,=1, and

is a nonnegative matrix, where either

(4.61) kg + kot 21
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or
(4.62) 1—2(k,ty + kot )+ (kyts — kot )* <O.
By (4.60) we have

L™ Y11y N F22) C 19y N F22,

and hence the matrix L~ has the same form as L. Since L,; and L}, are
nonnegative, it follows that L,, is a generalized monomial and so either

4.63 k,=t,=0, ki,t,>0,
2 1 1> %2
or
4.64 k,=t,=0, k,,t,>0.
1 2 221

If (4.63) holds, then it follows from (4.61) and (4.62) that kt, > 1. Similarly,
considering L~!, we deduce that 1/kt, > 1, and therefore k,f,=1. Using
the same arguments, we show that if (4.64) holds, then we have k,t,=1.
Therefore, the transformation L is of type (viii).

Conversely, it is enough to show that a transformation L of type (viii)
maps the class 75, NF 22 onto itself. Observe that I is a nonsingular
transformation of type (vii) and thus, by Theorem 3.5,

(4.65) L7y NF22)C 15 N F22

Also, the transformation L™ is of type (viii) and hence

(4.66) L™ Y7 NF22)C 15 N F22,
The inclusions (4.65) and (4.66) imply (4.60). [ ]
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