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Abstract 

A simple connected graph is highly irregular if  each of  its vertices is adjacent only to vertices 
with distinct degrees. In this paper we find: (1) the greatest number of  edges of  a highly irregular 
graph with n vertices, where n is an odd integer (for n even this number is given in [1]), 
(2) the smallest number of edges of  a highly irregular graph of  given order. 

1. Introduction 

This paper has been inspired by Paul Erd6s's question, which was asked during 
Second Krak6w Conference of Graph Theory (1994), concerning extreme sizes of' 
highly irregular graphs of given order. The notion of a highly irregular graph is defined 
in [1] as follows: 

... For a vertex v of  a graph H we denote the set of  all vertices adjacent to v by 
N(v). We define a connected graph H to be highly irregular, if for every vertex v, 

u, w E N(v), u # w, implies that deg/q(u) ¢ deg/4(w ) . . . .  

For the sake of convenience such a graph will be called a HI-graph. 
In [1] it is proved that the size of a HI-graph of order n is at most ~n(n + 2), with 

equality possible for n even. We prove that if  n is odd, n ~> 9, then the greatest size of 
a HI-graph of order n is equal to ½(n-  1)(n+ 1 ) [ ~ ( n +  1)J. We also find the smallest 
number of edges of a HI-graph of order n, where n E N\{3,5 ,7} (for n = 3,5,7 there 
does not exist HI-graph of order n, see [1]). We show that all HI-graphs of order n, 

n E N\{6,  11, 12, 13}, with minimum number of edges are trees. For every n~> 16 we 
give a construction of HI-trees of order n with maximum degree 4. 
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2. The greatest number of edges in a HI-graph of given order 

In [2], the degree sequences o f  highly irregular graphs are described. There it is also 

showed that every degree sequence o f  a HI-graph with maximum degree m is o f  the 

form: 

a = ( m  . . . . .  m . . . . .  i . . . . .  i . . . . .  1 . . . . .  1) 

nm ni nl 

or shorter a = (m nm, . . . .  i ni . . . . .  1 n' ), where 
(1) 

m 

nm and y~ i .n i  are even positive integers, 
i = 1  

ni~nm for i = 1,2 . . . . .  m. 

In [1] a construction o f  a HI-graph H of  order n with ~n(n + 2) edges is given. 
The graph H has the order n - - -2m and realizes the sequence (m 2 . . . . .  i 2 . . . . .  22,12). 

We will prove that for n = 2m + 1 and m >i 4 there exists a HI-graph which realizes 
the sequence (m2, . . . , ( r  + 1)2,r3,(r - 1) 2 . . . .  ,12), where r = 2[½(m + 1)]. 

Proposition 1. I f  n = 2k + 1 and  k >1 4, then every HI-oraph of  order n has at most 
l k ( k +  1 ) +  [½(k+  1)J edges. 

Proof. Let G be a HI-graph of  order n with maximum degree m. Then the number of  

all edges o f  G is equal to ) ~ = 1  i.ni and m<~k. It is not difficult to notice that among 
m 

all sequences o f  the form (1) with the length n, the number Ei=I i" ni is maximal if 

m = k. Then ni = 2 for all except one i, 1 ~< i ~< k. 

Let Vj be the set of  all vertices o f  G of  degree j and let [V,[---3 for some 

i E {1,2 . . . . .  k}. We will prove that i<~k/2. Assume, a contrario, that i > k/2. Ev- 

ery vertex of/11 is joined only with a vertex o f  Vk, every vertex o f  V1 tO V2 is joined 

only with vertices o f  Vk tA Vk-1, etc. Every vertex o f  the set V1 tO - .-  to Vk-i is joined 

only with vertices o f  Vk to" .. tA V~+1. Hence, because i > k - i, every vertex o f  V~ can 

be joined only with vertices of  the set Vk to... U Vk-i+l. Note that [Vk tA.-. tA Vk-~+l[ = 

2i + 1, but ~vcv~ deg(v) = 3i, hence we have a contradiction. Thus, i<<.k/2. In the 

similar way as above it is possible to show that in the case i <~k/2 each vertex o f  the 

set /I1 tO.. • td V,-1 cannot be joined with a vertex o f  V/. Hence the number o f  vertices 

which may be joined with the vertices o f  Vi is equal to 2(k - i + 1). Thus, we have: 

3 i ~ < 2 ( k -  i +  1) and 

i ~ ½ ( 2 k + 2 ) .  (2) 

Then in the HI-graph G there is at most e = ½k(k + 1)+ 1. Uo edges, where io is the 

greatest even integer satisfying inequality (2), Thus, 

e ½k k+ 1)1. [] 
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Proposition 2. / f  n = 2m + 1, m/> 4, then there exists a HI-graph of order n in which 

the number of  edges is equal to ½m(m + 1 ) +  [½(m + 1)J. 

Proof.  We will construct a HI-graph G which realizes the sequence ( m  2 . . . . .  

(r  + 1 ) 2 , r 3 , ( r -  1) 2 . . . . .  12), where r = 2 .  L½(m + 1)1. We will use the graph H 

which realizes the sequence (m 2, ( m -  1 )2 . . . . .  2 z, 12 ) (it has been given in [1 ]). Namely, 

H = (V,E), where 

V = {Vl,V2 . . . . .  Vm, Ul ,U  2 . . . . .  urn} , E =  5 { ( v i ,  uj)'~ m - i + l < ~ j < ~ m } .  
i=1 

Note: (vi, uj) E E ¢=~ (vj, ui) E E, and deg(vi) = d e g ( u i )  : i for i = 1,2 . . . . .  m. Let A = 

{vr+l,Vr+2 . . . . .  Vm-r} and B = {Urq-l,Ur+2 . . . . .  Um_r}. Note that IAI = IBI = m - 2 r  and 
the graph H has no edges (x,y)  such that x E A UB, y E {Ur, Vr}. By the assumption 

concerning the number r it follows that 

m -  2r>7½r- 1. 

Let E1 be a set of  ( ½ r -  1) vertex-disjoint edges joining A and B, and let 
A' = VE, fq A, B' = Ve, N B, where liE, denotes the set of  ends of  all edges belonging 

to El. Moreover, let C be any subset of  the s e t  {Um-r+l,Um-r+2 . . . . .  urn} contain- 
ing ½r elements. Then the graph G which realizes the sequence (m 2 . . . . .  ( r  + 1)2,r 3, 

( r -  1) 2 . . . . .  12) we define as follows: 

(1) to the set V we add a new vertex v*, 
(2) from the graph H we remove: all edges of  the set E1 and all edges that join 

the vertex Vr with the vertices of  C, 
(3) we join: the vertex Vr with all vertices of  B'; the vertex v* with all vertices of  

A ' U  C; the vertices vr and Vr*. [] 

From Propositions 1 and 2, it follows immediately 

Theorem 1. I f  n is an odd integer and n >19, then the maximum number of edges of 

a HI-graph with n vertices is equal to 

~ ( n -  1 ) ( n +  1 ) +  L~o(n + 1)J. 

3. The smallest number of edges of a HI-graph with given number of vertices 

It is clear that a highly irregular graph of  order n has at least n - 1 edges. We 
show that for every n E N \ { 3 , 5 , 6 , 7 ,  11, 12, 13} there exists a tree of  order n being a 

HI-graph (a HI-tree). To prove it we use the following criterion (see [2]): 
Let a = (m . . . . .  m . . . . .  i , . . . ,  i . . . . .  1 . . . . .  1 ) be a sequence of  positive integers satisfy- 

nm ni nl 
In 

ing the conditions: the numbers nm and Y]i=l i.ni are even positive integers, and ni >~nm 
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for i = 1,2 . . . . .  m. The sequence a is the degree sequence of  some graph in which each 
component is a HI-graph if  and only if for every I,J C_{1,2 . . . . .  m} we have 

i n  

c~j>.~~i.ni+ ~ - ] j . n j -  ~ r . n r ,  (3) 
iELjEJ ic l  jEJ  r= 1 

where 

~ min{ni, nj} for i T~ j, 
c ~ J = 1 2 . ~ l . n i J  for i = j .  

Proposition 3. For n = 6, 11, 12, 13 a HI-tree of  order n does not exist. 

Proof.  For n --= 6, 11, 12, 13, only (32,25, 14), (32,26, 14), (32,27, 14) are n-element 

sequences of  the form (1) for which the sum of  all members is equal to 2(n - 1). 
For these sequences condition (3) is not satisfied (it is sufficient to put I = J  
= {2,3}). [] 

For n = 6, 12, 13 there exist unicyclic HI-graphs (see Fig. 1). 

Proposition 4. A unicyclic HI-graph of order 11 does not exist. 

Proof.  It is sufficient to note that (32,27, 12) is the only sequence satisfying (1) for 
which the sum of  members is equal to 22. For this sequence condition (3) does not 
hold (it is sufficient to put I = J  = {2,3}). [] 

In Fig. 1 a 2-cyclic HI-graph Gll, with 11 vertices is given. 

Proposition 5. For each n E N\{3 ,5 ,6 ,7 ,  11, 12, 13} there exists a HI-tree of  order n. 

Proof.  In Fig. 2 HI-trees of  order at most 17 are presented. [] 

For n~> 18 we give a construction of  a HI-tree of  order n. This construction is based 

on the tree G18 presented in Fig. 3. 
To shorten the description of  the steps of  the construction we accept the following 

definitions: 
Let G and H be graphs such that V(G)C? V(H) = !~ and let y E V(G), x E V(H). 

By G(yidx)H the graph obtained from G and H by identification of  the vertices y 
and x will be denoted. 

= [ : ~ : 

[ : : 

Fig. 1. 
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TT II: GI: • G2: ~ G,: . . . .  Gs: . . . . . .  Gg:. • 

Gxo:=::!l:::  G ~ , : : : ! ! o : l ! ~  
G ~ : : : ! I : : I I : . .  G~6: . . . . .  I I : : I I : : -  

G~,: : : : ! I T { : : 

t t -  
Fig. 2. 

Gxs." 

V 4 

T " 2 t v l  

Fig. 3. 

I , • F :  K2: x l  

I f H  is a subgraph of a graph G, then a vertex y of G will be called (G-H)-pendant 
if: (1) y f[ V(H), (2) y is a pendant vertex in G, and (3) y is joined in G with a 
vertex of degree 2. 

Let T be the subgraph of G18 marked out in Fig. 3 by the dotted rectangle and let 

F and K2 be remaining graphs in this figure. 

Step 0 : G I 9  = Gl8(yidx)K2, where y is (G]8 - T)-pendant 

Gl9(Vj idx)K2 for j = 1,2,3,4, 
G]9+j = G]9(yidx)F, where y is ( G I 9 -  T)-pendant for j =-5. 

Step k: G19+6k = Gl9+6k-l(yidx)g2, where y is (G19+6k-I -- T)-pendant 

I G19+6k(~)j idx)K2 for j =  1,2,3,4, 
G19+6k+j = G19+6k(Y idx)F, where y is (G19+6k-- T)-pendant for j = 5. 

It is easy to check that the graphs Gn obtained by above construction, are HI-trees. 

Note that each of the graphs Gn, n~> 18, has exactly two vertices of  degree 
4 and maximum degree of them is 4, too. In a similar way as above we can 
construct a sequence of HI-trees of order n, n / > 2  m, with given maximum degree 
m > 4 .  

From Propositions 3, 4 and 5 we obtain 



242 Z. Majcher, J. Michael~Discrete Mathematics 164 (1997) 237-242 

Theorem 2. I f  n is a positive integer different from 3, 5, 7, then the minimal number 
of  edges o f  a HI-graph with given order n is equal to: 

(i) n - l  forn¢6,11,12,13,  
(ii) n for n = 6, 12, 13, 

(iii) n + l f o r n =  11. 
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