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1. INTRODUCTION

Recall that the inequalities

(1)

a+b 1 ¢t fla)+ f(b)
f<T><b—aL Slxydx <=

which hold for all convex mappings f:[a, 6] >R are known in the
literature as Hadamard’s inequalities. We note that J. Hadamard was not
the first who discovered them. As is pointed out by D. S. Mitrinovi¢ and
I. B. Lackovi¢ [3] the inequalities (1) are due to C. Hermite who obtained
them in 1883, ten years before J. Hadamard.

In this paper, by the use of mappings (2) and (4), we shall establish some
refinements of (1). For other inequalities in connection to Hadamard’s
result see [1, 2, 5], where further references are given.

2. THE MAIN RESULTS

Now, for a given convex mapping f: [a, b] =R, let H:[0,1]> R be
defined by

H(t)——f f<tx+ 1—:)";[’)(1. 2)

The following theorem holds.
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THEOREM 1. Let [ [a, b] — R be as above. Then
(i) H is convex on [0, 17;

(i) we have

I

inf  H(t)= H(0) f<a—+—b>
re0.1] 2

J flx

(ili}) H increases monotonically on [0, 1].

sup H(t)=

1€ [0, 1] b—a

Proof. (i) Leta, f=0witha+f=1and ¢,,7,€][0,1]. Then

biafabf(“<t1x+(1_tl)a42-b>

+ﬂ<t2x+(1—12)a;b>)dx

(z1x+(1—t1)a;b>dx

ﬁ——f f(t2x+(1—t2)a+b>

=aH(t,)+ pH(1,)

H(at, + ft,) =

which shows that H is convex in [0, 1].
(i) We shall prove the following inequalities:

b 1
f(a;r )SH([)St-——af fx)dx+(1—1)- f<“+b>

a

for all tin [0, 1].
By Jensen’s integral inequality we have

H(t)>f<biar’[tx+(l—t)—;——b]dx)=f<a;b).
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Now, using the convexity of f we get

H(t)sﬁf [tf(x)+(1—t)f<a;b>:| dx

b b
t-LaLf(x)dH(l—t)-f(“; )

and the second inequality in (3) is also proven.
The last inequality is obvious because the mapping

| B a+b
= — 1—1)-
)=t [ g+ a-0-7(57)
is increases monotonically on [0, 1].
(iii) Let ¢,, t,€(0, 1) with ¢,>¢,. Then, H being convex on (0, 1),

H(t,) - H(z,)
hh—h

1 e a+b a+b
>H;(z1)=mj I (t1x+(1—t1)—2—><x— . )dx.

Since fis convex on [a, b], we deduce that

a+b a+b
f( ) >_f<t1x+(1—t1) 7 >
2t f' <t1x+(1_t1)a_;b><a;b*x)

for every x in [a, b]. Thus

1aff’+ (t,x+(1—t1)9——;—b><x—a;b)dx
1 1 b a+b a+b
>t—l[b_afaf<t1x+(1—tl) . )dx—f( 3 )]

s (3o

Consequently H(t,)— H(#,)=0 for 1>1t,>1¢, >0 which shows that H
increases monotonically on [0, 1].
The proof is finished.

o
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COROLLARY. [n the above assumptions we have

1 b 2x+a+b a+b
s ()12

2
| I b 2x+a+b
L— - .
b—a-[, Sflx)dx b—aLf< y )dx
Applications. (1) Let p>1 and 0<a<b. Then

<a;b>p<t(p+ 1;(b~a> [(a;b+’<b;a))p+l
)

bp+1_ap+1

af +b*
< <
(p+1)b—a) 2

for all ¢ in (0, 1].
(2) LetO0<a<b. Then
2 _ [(a+b)2+H(b—a)2)] _Inb—Ina
a+b tb—a) " [@+b)2—t((b—a)y2)]" b-a
for all ¢ in (0, 1].

Remark 1. In paper [4] B. Ostle and H. L. Terwilliger prove that the
logarithmic mean L(a, b) = (b — a)/(In b — In a) satisfies the inequality

a+b . Inb—1Ina 2
L(a, b) < 7 ie., 5 >a+b'

Consequently, our result from Application (2) gives a refinement of this
classic fact.

Now, we shall define the second mapping in connection with
Hadamard’s inequalities. Let f: [a, 5] —» R be a convex function on [a, b].
Put

F: 0,1 R ! [
1[0, 1] >R, F(z):mja f fix+(1=1)p)dxdy.  (4)

The following theorem holds.

THEOREM 2. Let f: [a, b] = R be as above. Then:

(i) F(z+1/2)=F1/2—7) for all T in [0, 1/2];
(i) Fis convex on {0, 17;
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(ili) we have

1
sup F(1)=F0)=F(1)=
te[O?l] b—a

, 1 1 bpb [x+y ,
0= (3) =g [ [ (557 e

(iv) The following inequality is valid:

a+b 1
<F(3)s
(557)<(3)
(v) F decreases monotonically on [0, 1/2] and increases monotoni-
cally on [1/2,1];
(vi) We have the inequality

H(t)<F(t) forall te]0,1].

[ 1oy a,

Proof. (i) Let 1[0, 1/2]. We have

S (B

(ii) The argument is similar to that in the proof of Theorem 1(i) and
we omit it.

(iti) For all x, y in [a, 5] and ¢ in (0, 1] we have
Slix+ (=0 y)<f(x)+(1—1) f(y)

Integrating this inequality in [a, b] x [a, b] we get

jbjbf(txﬂl—z)y)dxdy

a a

<[ 0+ =0 1)1 dx dy

—(b-a)| fixdx

which shows that F(¢) < F(0)= F(1) for all 7 in [0, 1].
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Since fis convex on [a, b], for all 1€ [0, 1] and x, y in [a, b], we have
| X X+ y
SU =0+ S+ (=001 >/ (52
Integrating this inequality in [a, 6] x [a, b] we deduce
b ab
f f f(x;V> dx dy

1 +b pb
SEJ f [f(tx+ (1= 1) p)+ f(ty + (1= 1)x)] dx dy

=Lbfbf(tx+(1—z)y)dxdy

which implies that F(1/2)< F(¢) for all ¢ in [0, 1] and the statement is
proven.

(iv) Using Jensen’s inequality for double integrals, we have

1 boeb [x+y
_ d.
ook () e
1 brofx+y
2fl———= dy ).
Nz L[ (57 )
Since a simple computation shows that
1 brbfx+y a+b
R dx dy=
(b;a)ZLL( 2 ) THETZ

the proof is finished.
(v) Since F is convex on (0, 1) we have for 1,>1,, t,, 1, €(1/2, 1),

F(1,)—F(1,)
t,—t,

> P )= g [ [ futix e (=) ) p) ded

(b

By the convexity of fon [a, b] we deduce

1(52) st -y
(x= 001 -20)

2f(tix+(—1)y) 5
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for all x, y in [a, b] and ;€ (1/2, 1), which is equivalent to

(x— y)f tnx+(1—1)y)
[f(IX+(1—t)y) f(”y)]

1x [a, b] we obtain

2[1—1

=

=

3

Integrating on [
o e o I

F', (r)> 2 ((t)— (;))20 t,e(1/2,1)

which shows that F increases monotonically on [1/2, 1].
The fact that F increases monotonically on [0, 1/2] follows from the

above conclusion using statement (i).
(vi) A simple computation shows that

1
H(t)= j (j [tx+(1—1)y] dx)
Using Jensen’s integral inequality we derive
1 b [ b
H(t)=mfuf<fa [ix+(1—1)y] dy) dx

for all ¢ in 0, 1 and the proof is finished.

Applications. (1) Let p>1 and 0<a<b. Then

a+b\*? 4 a+hb\7+?
< bp+2_2 p+2
( 2 ) (,,+1)(,,+2)[ ( 2 ) th ]

1
ST -1
X [67*2 — (1 = )a+ th)P+2 — (1 — )b+ ta)?* + bP+2]
bP+i_grtl gy b
s(p*-l)(b—a)\ 2

for all ¢ in (0, 1).
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(2) Let 0<a<b. Then

2 b b
—a—+—b<4[blnb-2<a—;—>ln (a; >+alnaJ

[blnb—((1—1t)a+th)In((1 - t)a+ th)

<
Hl1—1)
—((1—t)b+ta)In((1l — )b+ ta)+alnaj
Inb—Ina
b—a ’
for all ¢ in (0, 1).

Remark 2. The above inequality gives another refinement of the
Ostle-Terwilliger inequality in the form

Inb-~Ina S 2
b—a a+b
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