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1. INTRODUCTION 

Recall that the inequalities 

a+b 4-J 2 

which hold for all convex mappings f: [a, b] + [w are known in the 
literature as Hadamard’s inequalities. We note that J. Hadamard was not 
the first who discovered them. As is pointed out by D. S. Mitrinovic and 
I. B. LaEkoviC [3] the inequalities (1) are due to C. Hermite who obtained 
them in 1883, ten years before J. Hadamard. 

In this paper, by the use of mappings (2) and (4), we shall establish some 
refinements of (1). For other inequalities in connection to Hadamard’s 
result see [ 1, 2, 51, where further references are given. 

2. THE MAIN RESULTS 

Now, for a given convex mapping f: [a, b] -+ R, let H: [0, 1 ] + Iw be 
defined by 

(2) 

The following theorem holds. 
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THEOREM 1. Let f‘: [a, h] --f R be as ahow. Then 

(i) H is convex on [0, 11; 

(ii) we have 

a+h 
inf H(t)=H(O)=f’ 2 , 

fE co. I] ( > 
sup H(r)=H(l)& j;.,(i,,; 

16 co, 11 

(iii) H increases monotonically on [0, 11. 

Proof. (i) Let c(, fi 30 with CI + fi = 1 and t,, t, E [0, 11. Then 

H(at, + Btd = j-& a+b 
t,x+(l-t,)7 

a+b 
r,x+(l-tJ2 dx 

<a+-jbf(t,x+(l-t$$)dx 
a 

a+b 
t2x+(1-tt,)T 

which shows that H is convex in [0, 11. 

(ii) We shall prove the following inequalities: 

a+b f( > - <H(t)<2 
2 

& jbf(x)dx+(l -t,./(T) 
u 

for all t in [0, 11. 
By Jensen’s integral inequality we have 

(3) 

tx+(l-t) F]dx)=f (F). 
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Now, using the convexity off we get 

and the second inequality in (3) is also proven. 
The last inequality is obvious because the mapping 

g(t) := t .A J” J(x)dx+(l-t).f F 
( ) 

is increases monotonically on [0, 11. 
(iii) Let t,, t, E (0, 1) with t, > t,. Then, H being convex on (0, l), 

H(tJ - ff(t,) 
f2 - t1 

>H’+(t,)=& t,x+(l-t,) q(x-fg) dx. 

Since f is convex on [a, b], we deduce that 

f (F)-f (t,x+(l-t$$) 

atIf;- 
( 

t,x+(l-t,) q!)(f$Lx) 

for every x in [a, b]. Thus 

Consequently H( t2) - H( tl ) 2 0 for 1 2 t2 > t, 2 0 which shows that H 
increases monotonically on [0, 11. 

The proof is finished. 
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COROLLARY. In the above assumptions we have 

1 h 
‘b-a U 

--j” f(x)dx-& 2x+4(l+b dx. 

Applications. (1) Let p 3 1 and 0 < a d b. Then 

-s 
t(p+ l;(b-a)[(?‘t (9))“” 

b P+lLaP+l aP+bP 
‘(p+ l)(b-a)‘2 

for all t in (0, I]. 
(2) Let 0 < a < b. Then 

2 1 -. 
a’t(b-a) 

In [(a+b)/2+t((b-a)/2)]Glnb-lna 

C(a + b)P - t((b - a)/211 b-a 

for all t in (0, 11. 

Remark 1. In paper [4] B. Ostle and H. L. Terwilliger prove that the 
logarithmic mean L(a, b) = (b - a)/(ln b - In a) satisfies the inequality 

a+b 
L(a, 6) < 2, i.e., 

In b-ln a 2 

b-a ‘- a+b’ 

Consequently, our result from Application (2) gives a refinement of this 
classic fact. 

Now, we shall define the second mapping in connection with 
Hadamard’s inequalities. Let f: [a, b] + R’ be a convex function on [a, b]. 
Put 

F: [O, l]-+R, 1 b b 

F(f)=(b-a)Z ~ f.i f(tx+(l -t)y)dxdy. (4) 

The following theorem holds. 

THEOREM 2. Let f: [a, b] + 1w be as above. Then: 

(i) F(7 + l/2) = F( l/2 - 7) for all z in [0, l/2]; 
(ii) F is convex on [0, 11; 
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(iii) we have 

sup F(l)=F(o)=F(I)=~JIpf(x)dx, 
IE C%ll 

(iv) The following inequality is valid: 

f (F)<F(;); 

(v) F decreases monotonically on [0, l/2] and increases monotoni- 
cally on [l/2, 11; 

(vi) We have the inequality 

H(t) Q F(r) for all t E [IO, 11. 

Proof. (i) Let ZE [0, l/2]. We have 

(ii) The argument is similar to that in the proof of Theorem l(i) and 
we omit it. 

(iii) For all x, y in [a, b] and t in (0, l] we have 

f(tx+(l-t)Y)~tS(x)+(l-tt)f(Y). 

Integrating this inequality in [a, 61 x [a, b] we get 

f(tx+(l-t)y)dxdy 

d II ab ,b Ctf(x)+(l-t)f(Y)ldxdy 

=(h-a)Jbf(x)dx 
a 

which shows that F(t) < F(0) = F( 1) for all t in [0, 11. 
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Sincef is convex on [a, h], for all f E [IO, l] and X, y in [a, h], we have 

Integrating this inequality in [a, h] x [a, 61 we deduce 

1 b b 

<- 1s 2, L1 
Cf(tx+(l-t)Y)+f(tY+(l-t)x)ldxdy 

= SI :’ bf(tx+(I-t)y)dxdy 
u 

which implies that F( l/2) d F(;(t) for all t in [0, 11 and the statement is 
proven. 

(iv) Using Jensen’s inequality for double integrals, we have 

Since a simple computation shows that 

the proof is finished. 
(v) Since F is convex on (0, 1) we have for t, > t,, t,, t, E (l/2, l), 

F(b) - F(t,) 
t2--tl 

1 b h 

W(~I)=(~-~)~ n ss f’+(tlx+(l-t,)y)(x-y)dxdy. cI 

By the convexity of S on [a, 61 we deduce 

f( ) 
+f -f(t,x+(l--t,)y) 

>,f’,(t,x+(l -f1)Y) (x-.YNl-2t,) 
2 
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for all x, y in [a, b] and t, E (i/2, l), which is equivalent to 

&[f(t1x+(‘-“)‘)-f x+ I ( >I 
Integrating on [a, b] x [a, b] we obtain 

which shows that F increases monotonically on [l/2, 11. 
The fact that F increases monotonically on [0, l/2] follows from the 

above conclusion using statement (i). 
(vi) A simple computation shows that 

H(f)=& J (1 bf b [tx+(l-t)y]dx dx. 
(1 a > 

Using Jensen’s integral inequality we derive 

[tx+(l-t)~]dy dx. 

for all t in 0, 1 and the proof is finished. 

Applications. (1) Let p > 1 and 0 6 a < b. Then 

%P+l)(P+2) 
4 [bP+2+!!~+2+bP+2] 

1 
Yp+l)(p+2)t(l-2) 

bP+l-aP+f aP+bP 

‘(p+ l)(b-a)‘?- 

for all t in (0, 1). 
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(2) Let O<a<b. Then 

d &[blnb-((l-r)u+rb)ln((l-i)o+ih) 

-((l-t)b+ta)ln((l-t)b+ta)+alna] 

In b - In a 
6 

b-u ’ 

for all t in (0, 1). 

Remark 2. The above inequality gives another refinement of the 
Ostle-Terwilliger inequality in the form 

lnb-lnu 2 
b-u ‘u+b’ 
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