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Abstract

We phenomenologically decompose the Weisskopf-Wigner approximation, as applied to the neutral fIavoure(Mi’ﬁ)eson (
complexes, into three pieces and propose tests for these pieces. Our tests hold for general decay amplitifeds ntxing
parameters. We concentrate on C-0d81° states and stress the importance of such tests in view of the variety of physics
extracted from measurements on such complexes. Studying the feasibility of the tests confines orjeorEmestem at
present. In particular, we show that the time dependence of the correlatedfdecd® K © — 2(zx 7 ™) is determined solely

by the WWA and provides thus a clean test of it.
0 2001 Elsevier Science B.\@pen access under CC BY license.

PACS: 03.65.-w; 11.30.Er; 13.20.-v; 13.25.-k

The complex formed by a neutral flavoured me-
son M° (i.e., kO DO B9, BY) and its antiparti-
cle M is an important environment for investigating
(i) discrete symmetries CP, T and CPT, (ii) quantum-
mechanical correlations and also (iii) new physics.
The present phenomenology of this complex is com-
monly based on the Weisskopf-Wigner approximation
(WWA) [1]. Since tiny effects are searched for in the
(MO, M% complex, it is desirable to devise experi-
mental tests of the WWA itself, independently of the
physics searched for. One component of the WWA
is the exponential decay law (for theoretical studies

been observed in a quantum-mechanical system [4].
Ever since the development of the WWA formalism
for the (K9, K9 complex [5,6], many studies have
been performed to search for possible deviations from
the WWA; these would be important in the evalua-
tion of experimental data on th@/®, M°) complex

(for recent references see, e.g., [7]). In the present
letter we study the evolution of the correlated C-odd
MOM O state for testing the WWA. We will phenom-
enologically split the WWA into three basic compo-

nents and investigate separately their consequences.

We want to derive consequences of the WWA alone,

see, e.g., Ref. [2] and papers cited therein), which hasindependently of CP, T and CPT invariances (of mix-
been tested [3] in nuclear physics, and no deviations ing or of decay amplitudes) and theQ = AF rule,

have been found, nor in particle physics. Recently,

where F means flavour (i.e.F may be eithers, C

however, strong non-exponential decay features haveor B).

E-mail address: grimus@thp.univie.ac.at (W. Grimus).
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We first attempt a phenomenological anatomy of the
WWA. If we denote the general probability amplitudes


https://core.ac.uk/display/82062288?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/npe
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/

268

for the transitions|M% — |M9%), M%) — M9,
(M%) — MO and |M% — |MO), respectively, as
a(t), b(1), b(r) anda(r), wherer is the proper time, the
WWA provides a model for these amplitudes. We shall

propose tests for the pieces of that model. In order to
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wheres2 denotes the time-development operator. Us-
ing Eq. (1), this means

(5 8)-1(6 )

0 @ (5)

define these pieces, we recall that the WWA introduces Comparing the diagonal elements, one obtains

two independently propagating states
IMp)\ _+ (O 0 |MH)
(|ML>) 7 ( 0 @Lm) ( |ML>>
(€]

with ©y(0) = 6.0 = 1.
The stated |[My, 1) are suitable Ii_near combinations
of the two flavour states¥®) and|M %):

lpal?+lgul> =1,
IpLl?+lqL?=1,
)

wherepy 1 andgy, 1 are complex constants. Because
of the relevant approximation, tHe| M%), |M %)) <
(IMpy), |Mr))] system is closed, the effect of the
(=)
physical channels (liker*7~) of M° decay being
taken into account by the details of the propagation
functions®y 1. (r). Of course, the transformation (2)
is invertible:

\Mp) = puIM®) +qu|MO),
ML) = prIM®) — g1 |1M°),

<|M°>> _A_1(|MH>)
MO ) |ML)
with A= (PH 1H ) 3)
pPL  —qL

The “decoupled” propagation diVy 1) in Eq. (1)

restricts the otherwise general coefficieatsb, b,

a. Using (i) the closed nature di|M%), |M°) «

(IMpg), |Mr))], (i) Egs. (2) and (3) and (iii) the
definitions for the coefficients, b, b, a, one gets

2 (1) =24 (in ) =12 (j7a)
) (i) |

b
a)\|MO
a b _ M
_ a2 o) p-1(Mn)
b a ML)
1 In the case of the neutral kaons, the long-lived vari&ty
corresponds to the heavier staléy, and the short-livedKg

corresponds to the lighter staté; .

|MO)
| M ©)

(4)

1 _ 1 _
@Hzi(a+a)+y and (~)L=§(a+a)—%

(6)
with
1 _
Yy = E(a —a)(pHqL —qHPL)
+bpuprL +bguqr }/D
and D= pyqr+ pLqH. (7)

Computing the off-diagonal elements (12 and 21
elements) of Eq. (5), similarly gives

A2={(a — @) puqn — bp% +561?1}/D,
A1 ={(a—a)pLqL +bps —bg?}/D. 8

The vanishing of the off-diagonal elememg, and
A1 is the lack of “vacuum regeneration” (viz. the
absence of|Mp 1) — |Mp g) transitions) in the
WWA. This directly gives the first piece of the WWA:

WWAL:  a(r) —a(t) =Bb(t), b@)=ab(), (9)

where

a=PHPL gng p=PL _PH (10)
qHqL gL  4H

Of course, Eqg. (9) holds for alland any®y 1. (r). The
second piece of the WWA arises from the diagonal
elements of Eq. (5). Using Eq. (6), one obtains the
t-dependence of the coefficientsh, b, a as

WWA2: a+a=0py+06y, (11a)

b=quqL(®y —OL)/D, (11b)

whereiny has been simplified with the help of Eq. (9).
While Eq. (11b) is expressed in terms bf one
could have equivalently writted — a or b in terms

of ®y — ©r, because of Eq. (9). Thus all the four
coefficientsa, b, b, a are given in terms of the
functions®y 1, which are so far not specified. One
may note that Eq. (11a) is expected because it is
merely the invariance of the trace under the similarity
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transformation expressed by Eq. (5). The third piece one detects the decay channgélat time ¢, and the
of the WWA is the specification ofy ;. in terms of channelg at timet,, the decay rate dfy.) is
the exponential law:

Ré(fv te; gvtl”)
WWA3: Op 1(t) =exp(—ithy,L)
i
2
where, as usuakli gy ; are the real masses aig; 1. 1 - -
the real decay widths oMy ;. With all the pieces X E(Ang tAfAg)
of the WWA put in, one eventually arrives at (for a + (aga, — byb, — e(@ear — beb,))
convenient summary, see, e.g., [8,9])

1 - . S
= > (a¢by +€bpar)ArAg + (bear +eagh)ArAg

with Ay 1 = — - _
H.L=MH.L + (aic_lr + beb, +€e(agar + b(br))

Iy, (12)

2

1 - -
a(t) = g+(r) = g—(1), X S(ArAg = AfAg)l (18)
b(t) = % V1-62g (1), In this expression the transition amplitudes are defined
_ as
a(t) =g+(t) +0g-(1),
biy=L2V1—624_ (), 13)  SITIMO=A;  (fITIM®) =4y,
q — _
(@ITIMO) = Ay, (ITIMO) = A, (19)
where
1 and
g+ (1) = Z{exp(—ithy) £ exp(—itir)}, (14)
2 (=) (=) (=) (=)
aeEa(t£)5 arE a(tr)»
9 _ [qn4L g 44/PH —qL/PL (15) O O O O
p pupL’ qu/pH +qL/pL’ be=bt), br=b). (20)
(D 2 _oP 0 16 The form of Eq. (18) assumes only that aspect of
“=\q) p= g J1_02 (16) the WWA which was mentioned immediately af-

ter Eq. (2). We shall consider the consequences of

Note thaty, but notg/p, IS rep_hasmg-lnvarlant. Thus WWA1, WWA2, WWA3, successively, for the coef-
both the real and the imaginary parts ®fare in =

. ficien a. The aim i mparison with ex-
principle measurable, and aldq/p|, but not the cientsa, b, b, a €aim Is a comparison with &

) - periment.
phase Of.l/p [.8'10]' A non _zer.oe _5|gn|f|es CPT and For the following we concentrate on the decay of
CP non-invariance in mixing; similarly, a non-zero

lg/p| — 1 signifies T and CP non-invariance. In the [¥-), 1.e., the C-odd case. Use of WWAL gives

usual explicit calculations based on the WWA, the full (fite: 8.1
. . . . - ’ ’ s 'r
model of Eq. (13) is used. Our interest, in contrast, is ’

in the three ingredients (WWA1, WWA2, WWA3) and = } (acby — beay)
testing them; the tests of WWA2 (without WWAZ3) are 2 o 1 _ }
bound to be only qualitative because they can merely x (chng —ApAg+ ﬁE(Ang - Ang)>
examine the differences between the unkno®p
and®y. . + (Zaear — 2abeby + Blachy + b(iar))
We now consider decays of the correlated ° 1 . 2
states X E(Ang —ApAg)| . (21)
1 - j— -
|We) = — [|M°(k)) ® |M°(—k ) This is the general form of the decay rate where Eq. (9)
+ EWO(,;)) ® |M°(—E))], (17) has been used.

The case that
wheree denotes the charge conjugation valeie; +1

for the C-even cases = —1 for the C-odd case. If AfA, — AfA, =0 (22)
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deserves particular attention, because then the time
dependence is “factored out”:

R—(.fvtf;g5tr)

1 2
=3 |agby — beay|

x |aA Ay — ArA, + BAfA,|%. (23)
This relation is a powerful test of the property of lack
of vacuum regeneration in the WWA: for all decay
channels satisfying Eq. (22), thig < t,)-symmetric
time dependence must be the same for a given choice
of MO, For Eq. (22) to hold, the decay amplitudes for
the channelsf and ¢ must be completely specified,
using not only the particle content gf and g, but
also their configurations of spins and momenta. One is,
therefore, led to consider spinless decay products with
a situation wherein there is no variable Lorentz scalar.
Thus spinless two-body channels (eg*x~) and
effective two-body channels seem interesting. (One
possibility is the & mode where one pion, say,
moves back-to-back with the remaining two, with
no relative momentum betweerp and w3; another
possibility arises whemr is created at rest) With
this in mind one may writef = g in Eq. (23).

For considering WWA2, Egs. (11a) and (11b), we
use also the first relation of Eq. (9) to obtain, apart
from an overall constant,

aeb, — byay
— (Ou +OL)(Oy — OL),
—(Ou —OL) (O + OL),
=2(OL(t))On (1) — On(1)OL(ty)).

Due to WWA2, therefore, the unknown time depen-
dence of Eq. (23) is now determined by the character-
istics®@y 1 (1) of the WWA. The greater the difference
between®y (1) and®y (¢), the more pronounced this
time dependence would be becadgg — ©®; occurs
linearly in Eq. (24). Unfortunately, this “test” of the
WWA cannot be quantified because thg ; are yet
unknown.

(24)
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If one introduces the exponential law, viz. WWAS3,
the above feature comes to the surface:

2
|agby — beay|

— e I+ {cosh(3ATI1_) —cogamt)},  (25)

where we have used the definitiofis= (I'y +17)/2,
Al' =Ty — I, Am=my —my andty =1, - 1,.

It is worth remarking that the time dependences (23),
(24) and (25) forR_(f,t¢; f,t-) do not depend on

any assumptions about the decay amplitu(dn)e_,s -
in particular, their behaviour under CP, T and CPT
transformations and th&Q = AF rule; similarly,
the constantpy, 1., gu. 1. have been kept general; CP,
T and CPT non-invariance®8 (= 0, |«| # 1) have
been allowed throughout. The time dependence (25)
of R_(f,t; f,t) is, therefore, the test of the full
WWA, it is a specific version of the gener@ <> t,)-
symmetric form in Eq. (23). Note that so far the WWA
has been used in its general form, the exact values
of the constants and 8 appearing in Eq. (10) have
not been exploited. A side remark: the vanishing of
Egs. (23), (24) and (25) for, = ¢, is merely the
quantum-mechanical expectation thAt (f,¢; f,t)
vanishes (see, e.g., Ref. [13]). This feature is already
presentin Eq. (18) withf = g, t, =1, ande = —1; it
does not require WWA1, WWA2 and WWA3.

Another test of the general WWA framework of
Eq. (18) arises by choosirg= —1 andz, =1, for any
f # g. Now, in complete contrast to Eq. (22), only the
amplitude combination A, — A s A, contributes to
the rate. Once again, one has a factorization of the time
dependence:

R_(f.te;8,t0)

1 _ .
= Slav - bebe|*|AfAg — A A%,

(26)

leading to channel independence of the time depen-
dence ofR_. If one now uses WWAL WWA2, along
with the values ofr andg from Eq. (10), the time de-
pendence becomes

R_(f.te;8,t0)

3 This result can be shown to be contained in the explicit

2 These configurations have non-zero amplitudes in the standard
theory of K — 3r7; see, e.g., Ref. [11]. We thank H. Neufeld for
discussions on this point.

calculation of Ref. [12], wherein the relevant result, Eq. (4), was
obtained by making the assumption of CPT invariance, §iz 0.
Our derivation is based on simpler and more general considerations.
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— |@H(tg)@L(tg)|2 for the decay amplitudes to the two isospin states
1 ) I =0, 2 oftherrr systemyp;, B, oy are (supposedly
:1_6[(|@H(tl)| + 1O (t0)]) small) real parameters expressing CP and T non-

292 invariance, CP and CPT non-invariance, T and CPT
—(1Or @) = 10Lt])]". (27)

non-invariance, respectively; the are real; thé; are
Here, the difference betweedy and®; makes only thex 7 scattering phase shifts at the c.m. energy which
an additive contribution; its role is therefore not as equals the kaon mass. The isospin valuappears
important as in Eq. (24). With WWAZ3, one géts as subscript on various quantities. Then, with obvious

meaning of the subscripts— and 00, one obtains
R_(f,ty; 8, 1) — e 2t (28)

Ay Ay AL AL AL Ay
as the channel-independent time dependence for a .
given choice of¥1?, which tests the full WWA. =1:[1-2v20¢ — 40 +40 20 +ic0)]

We now consider the feasibility of our WWA tests. [1- V2wt —20 4+ 20 (0 + iao)], (30a)
For the tests in Eqgs. (23), (24), (25), one needs
spinless two-body (or, effectively two-body) channels. .
For M° = BY _, the relevant branching ratios are very ~ =1 [1+4v2w¢ — 40 + 40 (20 +iao)]

small. ForMO = DO, the relevanty_) states have not [1+2vV20¢ — 20 + 20 (0 +ia0)], (30b)
yet been well-studied. This leads 1% = K. The
obvious choice would then be to comparés — with

AooAoo: AooAoo: AooAoo

where we have used the notation

070 for f = g as a test of the channel independence , — 92,i(2—50) o = Bo+igo,
of the correlated decay rate as a functiorcdnds, . ao
) ¢ =i(p2—¢o0) + (B2 — Bo) +i(a2 — o). (31)

In this case, the decay amplitudds,; are reasonably
well studied. However, even without the WWA1, viz. Here,  is small because of the\/ = 1/2 rule;
already in Eq. (18), the time dependence is expected We have retained small quantities up to only second
to be very nearly the same for these final states, as will order. Note that the only differences in the ratios in
be shown in the next paragraph. One is, therefore, led Egs. (30a) and (30b) are due to the terms which
to compare the two choicesr and special cases of ~are of thes’ type: they are proportional ta; and to
naw for f =g and M° = K©. For further choices, @ combination ofp;, 8; and ;. Usually, one takes
one has to wait for future data. Br =a; = 0; thenw¢ is directly seen to be/2¢’. In

We now give the detailed reason why the choices the ratios in Egs. (30a) and (30b), quantities of first
ntr~ and %0 for f = ¢ and M° = K© are not (viz. o) and zeroth (viz. 1) order of smallness are also
practically useful for testing the channel independence Present, apart from other quantities of second order
of the time dependence of the rate (23). Considering (Viz. 6, oao). Thus the ratios (30a) and (30b) are the
the rate (18), where WWAL hawmt yet been used, —same to a very good approximation. The observability
we observe that the ratiod fAs : AfAs: AfAy of a difference in the time distributions for the— and
for f = g determine its time dependence. We will 00 channels would require, therefore, very accurate

show that these ratios are the same foe= 7 tn~ data, in general, even without the WWA1.
and f = 7-[07-[0 except for quant|t|es of second order Let us consider the feaS|b|I|ty of the test of WWA3
of smallness, i.e., of the order of the CP-violating With M° = K° and f = g = ="z, for which the
quantity &’ which denotes CP violation in the decay correspondingrate is being measured atiME [15].
amplitudes [8]. In detail, let us write [14] To get an estimate of the magnitude of the rate (23),
. we neglect the CPT-violation parametgrand the
A= (1|T|K°) =ared(1+ ipr + Br +iay), (29a) parametet’. Also, we retain small quantities to only
A =(TIK® =ase® (1— i — B1 +iay), (29b) the lowest contributing order. In this way we obtain
R—(.fv tf; ‘fv tl”)

. —\\2 _
4 Here, footnote 3 applies as well. ~ (F(Kg >t )) |r}+,|2e Tty
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X {cosh%AFt_ — COSAmt_ } (32)
wheren,_ denotes the ratio of the decay amplitudes
of K; andKy into w7 ~. DA®NE will produce an
adequate number ot °k © pairs so as to overcome
the CP suppression in the rate (32) [15]; ftme
dependence is a clear consequence of the full WWA,
irrespective of any T, CP and CPT violations or the
validity of the AS = AQ rule, as noted immediately
following Eqg. (25).

Now we come to the feasibility of the tests (26),
(27), (28). The relevant time variable is onky
because_ = t; — t, vanishes now. But the variable
t4 is difficult to measure at the present asymmetric B
factories [16] (see, e.g., also Ref. [17]). One is thus led
to the choiceM® = K© again. Since now # g, one
can consider many possible choices foandg.

In summary, we have defined/derived the three
pieces of the WWA from the point of view of phenom-

enological applications. We have then proposed tests

for these pieces in a general way, without making any
) ©)
assumptions about the decay amplitudes, of M°
decay and about the constapig 1, g 1 Of Eq. (2).
Our overall framework of Eq. (18) assumes the WWA
property of the closed nature of tHeg%M© system;

our purpose was to see the successive consequences

of the three pieces of the WWA. The tests (23), (24),

(10]
[11]
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