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Abstract

G-frames are generalized frames which include ordinary frames, bounded invertible linear operators,
as well as many recent generalizations of frames, e.g., bounded quasi-projectors and frames of subspaces.
G-frames are natural generalizations of frames and provide more choices on analyzing functions from frame
expansion coefficients. We give characterizations of g-frames and prove that g-frames share many useful
properties with frames. We also give a generalized version of Riesz bases and orthonormal bases. As an
application, we get atomic resolutions for bounded linear operators.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Frames were first introduced in 1952 by Duffin and Schaeffer [9], reintroduced in 1986 by
Daubechies, Grossmann, and Meyer [6], and popularized from then on. Frames have many
nice properties which make them very useful in the characterization of function spaces, sig-
nal processing and many other fields. We refer to [4,7,11,14-16,20] for an introduction to
frame theory and its applications. One of the main virtues of frames is that, given a frame,
we can get properties of a function and reconstruct it only from the frame coefficients, a se-
quence of complex numbers. For example, let {aj/ 21&@ (aj -—=bk): 1<l<r, j,keZ}bea
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multi-wavelet frame for L?*(R). Then every f € L?(R) can be reconstructed by the sequence
{(f,al*Ye(a’ - —bk)): 1 <e<r, j ke Z} which satisfies

AIFB< Y D |(faPye(al - —bk))|* < BIFI3

1<y jkeZ

for some positive constants A and B. Put

ik () = ((fra”yi (@l - =bk)), ... (f,a? >y, (@l - —bk))" €C".

Then the above inequalities turn out to be

AIFIB< Y e < BIFIB.

j.keZ

This prompts us to give the following generalization of frames.

Throughout this paper, ¢/ and V are two Hilbert spaces and {V;: j € J} is a sequence of
subspaces of V, where J is a subset of Z. L(U, V;) is the collection of all bounded linear operators
from U into V;.

Note that for any sequence {V;: j € J} of Hilbert spaces, we can always find a larger Hilbert
space V to contain all the V; by setting V = jerV
Definition 1.1. We call a sequence {A; € L(U,V;): j € ]} a generalized frame, or simply a
g-frame, for ¢/ with respect to {V;: j € J} if there are two positive constants A and B such that

AllFIP <D IA FIP < BIFIP Yfel. (1.1)
jel

We call A and B the lower and upper frame bounds, respectively.

We call {A;: j € J} atight g-frame if A = B.

We call {A;: j €]} an exact g-frame if it ceases to be a g-frame whenever any one of its
elements is removed.

We call this family a g-frame for ¢/ whenever the space sequence {V;: j € J} is clear.

We call this family a g-frame for I/ with respect to V whenever V; =V, Vj e J.

We observe that various generalizations of frames have been proposed recently. For example,
bounded quasi-projectors [12,13], frames of subspaces [2,3], pseudo-frames [17], oblique frames
[5,10], and outer frames [1]. All of these generalizations have proved to be useful in many appli-
cations. Here we point out that they can be regarded as special cases of g-frames (see examples
below) and many basic properties can be derived within this more general context.

While we were preparing this paper we learned that another generalization of frames in the
context of numerical analysis, called stable space splittings, have been studied in [18,19]. We
prove at the end of Section 3 that they are equivalent to g-frames. We point out that the approaches
are quite different from each other. In particular, the adjoint operators of A; are used in the
definition of stable space splittings. Moreover, we give a characterization of g-frames and study
g-Riesz bases and g-orthonormal bases.

Example 1.1. Let H be a separable Hilbert space and {f;: j € J} be a frame for H. Let Ay, be
the functional induced by f;, i.e.,

A f=({f. i), VfeH.
It is easy to check that {Afj: j € J} is a g-frame for H with respect to C.
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By the Riesz Representation Theorem, to every functional A € L(U, C), one can find some
@ €U such that Af = (f, ), Vf € U. Hence we have the following.

Lemma 1.1. A frame is equivalent to a g-frame whenever V; =C, j € J.

Example 1.2. Pseudo-frames (Li and Ogawa[17]), or similar, oblique frames (Christensen and
Eldar [5,10]) or outer frames (Aldroubi et al. [1]) have been studied recently in literature. Here
we point out that they are all classes of g-frames.

Let Hy be a closed subspace of H. Let {f;: j € J} C H be a Bessel sequence in H and
{fj: J €J} C 'H be a Bessel sequence in ‘H. Recall that { f;: j € J} is said to be a pseudo-frame
for Ho with respect to { fj j € J} [17, Definition 1] if

f=>_Af iV fj. YfeHo.
jel

Since both {f;: j € J} and {fj: j € J} are Bessel sequences in Hy, it is easy to check from the
above equation that we can find some constants A, B > 0 such that A|| f||> < Z/ej I{f, fj>|2 <

Bl flI2, Vf € Ho. Let Ay; be the functional induced by f;, j € J. Then we have
AlFIP <Y 1A fP<BIfIP. VfeHo.
jel

In other words, {Ay;: j € J} is a g-frame for Ho with respect to C.
Example 1.3. Bounded quasi-projectors (Fornasier [12,13]).

It was shown in [12, Lemma 1] that if a system of bounded quasi-projectors {P;: j € J} is
self-adjoint and compatible with the canonical projections (see [12,13] for details), then for any

feH,
AlFIZ <Y IR FIF < BIFIP

jel

In this case, {P;: j € J} is a g-frame for H with respect to 7.
Example 1.4. Frames of subspaces (Casazza and Kutyniok [3] and Asgari and Khosravi [2]).

Let {W;: j € J} be a sequence of subspaces of H and Py; be the orthogonal projection on W;.
{W;: j €J}is called a frame of subspaces if there exist positive constants A and B such that

AlFIP <Y 1P, fIP < BIFI?, VfeH.
jel

Obviously, a frame of subspaces is a g-frame for H with respect to {W;: j € J}.

Example 1.5. Time-frequency localization operators (Dorfler et al. [8]).
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For f, g € L>(R?), define the windowed Fourier transform of f with respect to g by

(ng)(t»w)Iff(x)me—i2nxwdx.
R4

Let So(R9) := {ge L2(RY): Veg € L' (R2?)} be the Feichtinger algebra. Take some ¢ € So(RY)
with [l¢|l2 = 1. Let o be a bounded function on R2“ with compact support and o (x) > 0. Define
the time-frequency localization operator H, corresponding to o and ¢ by Hy f = VoV, f. If

o € So(R*) and
C < Z o(x —k) <y,
kez?d

for some constants C1, C» > 0, then it is shown in [8] that one can find some constants A, B > 0
such that

AIFIZ< Y I Hoo FIZ< BIFIZ,  VfeL*(RY).
keZ2d

Hence {Hy(.—x): k € Z*} is a g-frame for L*(RY) with respect to L2(R?). We refer to [8] for
details.

Example 1.6. Every bounded invertible linear operator itself forms a g-frame.

We see from the above examples that g-frames are natural generalizations of frames and pro-
vide more choices on analyzing functions from frame expansion coefficients. In the following
sections we first study g-frame operators and get the dual g-frames, then give definitions of
g-Riesz bases and g-orthonormal bases and present characterizations of generalized frames and
bases. As an application of g-frames, we get atomic resolutions of bounded linear operators.

2. G-frame operators and dual g-frames

Let {A;: j € ]} be a g-frame for I/ withrespect to {V;: j € J}. Define the g-frame operator §
as follows:

Sf=)_A%A;f. Yfel, @.1)
jel
where A;‘. is the adjoint operator of A ;. First of all, § is well defined on /. To see this, letny < ny
be integers. Then we have

nz

np np
> AjAjf‘ = sup <Z A§Ajf,h> = sup | Y (A;f. Ajh)
j=m held, ||h||=1 j=ni lAlI=1 j=n
ns 1/2 ny 1/2
< sup (Z IIAjf||2> -<Z ||A,~h||2)
WA=\ j=n, j=ni

J=ni

ny 172
< 31/2< > ||A,-f||2) :
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Now we see from (1.1) that the series in (2.1) are convergent. Therefore, Sf is well defined for
any fel.
On the other hand, it is easy to check that for any fi, f> € U,

(Sfi. f2) =Y _(A%A; fi, fa) =D (fi. A5 Aj fo) = (f1. Sf2)

jel jel
and therefore,

ISl = sup (Sf, f)= sup Y lIA;fI*<B.

s
I/1=1 IF1=1ep

Hence S is a bounded self-adjoint operator.
Since Al 11> < (Sf, £) <SS 11, we have

IS/ = AlfI,

which implies that § is injective and SU is closed in U. Let f> € U be such that (Sf1, f2) =0
for every f; € U. Then we have (f1, Sf2) =0, Vfi € U. This implies that Sf> = 0 and therefore
f>» =0. Hence SU = U. Consequently, S is invertible and

_ 1
s <.
For any f € U, we have

f=88T1f=571sr=) " A5A;87 f=) 5T A%A L

jel jel

Let A i=4;S ~1. Then the above equalities become

f=)_NAjf=) A%A;f. (2.2)

jel jel

We now prove that {Aj: J € I} is also a g-frame for U with respect to {V;: j € J}.
In fact, for any f € U, we have

S IA AR = A5 P = Y57 A5 ) = Yas s s )

jel jel jel jel
_ _ _ 1
=(ss7 .87 )= (RS < SIAIP
On the other hand, since

IFIP =D (A5A 1, £)=D (A £, A, f)

jel Jjel
12 ) 12
< (Z ||A,-f||2) -(Z IIAjf||2)
jel jel

1/2 T2 12
<BYIAN D 1A £1%)

jel
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we have
~ 1
DAL= SIS
jel
Hence, {/i.,': j € J} is a g-frame for U with frame bounds 1/B and 1/A. We call it the (canonical)
dual g-frame of {A;: j € J}.
Let S be the g-frame operator associated with {A j: j € J}. Then we have
g Tk T -1 -1 -1
SSf=) SATAjf=> SST'AYA; ST F=>"A%A;S7f
jel jel jel
=SS7'f=f Vfel.
Hence S = S~ ! and /]J-S‘_l = AjS_lS = A;. In other words, {A;: j € J} and {/ij: j €l}are

dual g-frames with respect to each other.

Remark. We see from the above arguments that g-frames behave very similarly to frames. For
example, we can always get a tight g-frame from any g-frame {A;: j € J}. In fact, put

Q;j=A4;5""2
It is easy to check that {Q;: j € J} is a tight g-frame with the frame bound 1.

Moreover, the canonical dual g-frames give rise to expansion coefficients with the minimal
norm.

Lemma 2.1. Let {Aj: j € J} be a g-frame for U with respect to {V;: j € J} and /ij = A,’Sil.
Then for any g; € V; satisfying f = Z/e,]] A;fgj, we have

DolgilP=D 1A 1P+ llgj — A I

jel jel jel
Proof. It is easy to check that

DTNAGFIP =D (A £ 287 f) =D (A5A; £.57 f) =D (A%g;. 57" f)

i<y jel jel jel
=S A7 )= (g5 A; f). VFel.
Jjel jel

Now the conclusion follows. O

In Example 1.1, we show that every frame {f;: j € J} for H induces a g-frame {A;: j € J}
for H with respect to C via the induced functionals A ;.

Let {fj: J € J} be the canonical dual frame of {f;: j € J}. We conclude that {Afj: jel}is

the canonical dual g-frame of {Ay;: j € J}.
In fact, it is easy to see that A?jc = cfj for any c € C, which implies that the corresponding

g-frame operator and frame operator are the same. Consequently,
A ST =(STUL )= (RS ) = (A=A f. VS e
Hence Af}- = Ay S~ In other words, {Af~j: J € J} is the dual g-frame of {Ay;: j € J}.
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3. Generalized Bessel sequences, Riesz bases and orthonormal bases

Similarly to generalized frames, we can define generalized Bessel sequences, Riesz bases, and
orthonormal bases.

Definition 3.1. Let A; € LU, V)), j € l.

(i) If the right-hand inequality of (1.1) holds, then we say that {A;: j € J} is a g-Bessel se-
quence for U with respect to {V;: j € J}.
(i) If {f: A; f =0, jel}={0}, then we say that {A;: j € J} is g-complete.
(iii) If {A;: j € J} is g-complete and there are positive constants A and B such that for any
finite subset J; C Jand g; € V;, j € l,

AN lgilP< | Avg;

jel Jj€dh

2
<B Y llgill* 3.1)

jeh

then we say that {A;: j € J} is a g-Riesz basis for I/ with respect to {V;: j € J}.
(iv) Wesay {A;: j € J}is a g-orthonormal basis for I/ with respect to {V;: j € J} if it satisfies
the following:

(Ailgj“AZgh) =8j1.2(8h>8p)s Vi, j2€d, 8 €V, 8jy €V (3.2)
STIAFIP=1fI2 Vfel. (3.3)
jel

Example 3.1. As in Example 1.1, the induced functionals of any Bessel sequence (respec-
tively Riesz basis, orthonormal basis) form a g-Bessel sequence (respectively g-Riesz basis,
g-orthonormal basis).

Example 3.2. The sequence containing only the identity mapping {l;,} is a g-Bessel sequence,
g-Riesz basis, and a g-orthonormal basis for ¢/ with respect to U.

Example 3.3. Let (X, 8, m) be a measure space and {X;: j € J} be a sequence of measurable
sets. Let A; be the orthonormal projection from L?(X) onto L2(Xj), Le, Ajf=f-xx,. Then
we have

(i) {Aj: j el}is a g-frame for L%(X) with respect to {L2(Xj): j € J} if and only if
Ujeg Xj =X and sup;j#{j"s m(X; N X ;) > 0} < +o0.

(ii) {Aj: j € J}is a g-Riesz basis for L3(X) with respect to {LZ(Xj): j € J} if and only if
Uje,]] X;j=Xandm(X;NXj) =0, j# ;' Ifitis the case, it is also a g-orthonormal basis.

3.1. Characterizations of g-frames, g-Riesz bases and g-orthonormal bases

Let A; € L(U, V). We do not have other assumptions on A; at the moment. Suppose that
{ejx: k € K;} is an orthonormal basis for V;, where K is a subset of Z, j € J. Then

S A(Ajf e
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defines a bounded linear functional on /. Consequently, we can find some u j ; € U such that

(fouji)=(Ajf.ejk), VfeU. 3.4
Hence
Ajf= Z(f,uj,k)ej,k, Vfel. (3.5)
](E]Kj

Since Yy, 1(f2ujik) W2 =1A; FI2 <A I2- 1 £ 112, {ujx: k € K;} is a Bessel sequence for U.
It follows that forany f eld and g € V;,

(ﬁA;g):(Ajfvg Z(f ujr) - (ejk &) <f Z (g, ejk) ujk>

keK; keK;
Hence
Ajg= Z (g.ejk)ujr, VYgeEV;. (3.6)
keK;
In particular,
uj,sz;k-ej,k, jel, kekK;. (3.7)

We call {ujx: j€l,keK;} the sequence induced by {A;: j € J} with respect to {ejx: j €J,
ke Kj }.

With above representations of A; and A;, we get characterizations of generalized frames,
Riesz bases, and orthonormal bases.

Theorem 3.1. Let A; € LU, V}) and uj i be defined as in (3.7). Then we have the following:

(i) {Aj: j €} is a gframe (respectively g-Bessel sequence, tight g-frame, g-Riesz basis,
g-orthonormal basis) for U if and only if {uj: j € J, k € K;} is a frame (respectively
Bessel sequence, tight frame, Riesz basis, orthonormal basis) for U.

(ii) If{A;: j €l}is a g-frame, then

> " dimV; > dim
Jjel
and the equality holds whenever {A j: j € [} is a g-Riesz basis.
(ili) Moreover, the g-frame operator for {Aj: j € I} coincides with the frame operator for
{uj,k: jE€ J, ke Kj}.
(iv) Furthermore, {Aj: j € J} and {/]j: Jj € J} are a pair of (canonical) dual g-frames if and
only if the induced sequences are a pair of (canonical) dual frames.

Proof. (i) We see from (3.5) that

DTUAFIF=Y" Y [(foujn)

jel Jj€l keK;

2, Vfel.

Hence {A;: j € J} is a g-frame (respectively g-Bessel sequence, tight g-frame) for I/ if and only
if {ujr: jel, keK;}isaframe (respectively Bessel sequence, tight frame) for I/.
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Next we assume that {A;: j € J} is a g-Riesz basis for /. Since {e; ;: k € K;} is an ortho-
normal basis for V;, every g; € V; has an expansion of the form g; = ZkeKj Cjkejk, Where

{cjx: ke K;} e 2(K;). It follows that

2
A lgiIP< | D] Asei| <BY lgjl?

jeh Jjed Jjeh

is equivalent to

A el <
jel keK;
On the other hand, we see from A; f = Zke]Kj(fv ujrlejr that {f: A;f =0, jel}={f:
(fiujx) =0, jel, keK;}. Hence {A;: j € J} is g-complete if and only if {u;i: j e J,
k € K;} is complete. Therefore, {A;: j € J}is a g-Riesz basisifand only if {u; x: j € J, k € K;}
is a Riesz basis.
Now we assume that {A;: j € J} is a g-orthonormal basis. It follows from (3.2) and (3.4) that

2
<BY Y leul

jel keK;

DD ikl

jel keK;

) ) — (A, ) — (A% . ) — (A A* 0. )
(Wi ks Ujp ko) = (A jjikys €oky) = (Ajzejz,kz’ l"]l‘k1> = (A]l A% ek e]lykl)
j— * . * . F— . . 7 7, . .
=A% ek Afepho) =8 pdk ke, Vit 2 €T, ki €Kjp, k2 €K,
Hence {ux: j €J, k € K;} is an orthonormal sequence. Moreover, observe that

AR =04, 12 =3 S [P Vr el

jel Jjel keK;

We have {u x: j €J, k € K;}is an orthonormal basis.
For the converse, we need only to show that (3.2) holds. In fact, we see from (3.6) that for any
J1#2€l,gj €Vjandg), €V,

* *
(Ajlg./'lvAjzgj2>:< Z (81~ €jik )t jy kys Z (gjzﬂejz,kz)”jz,k2>zo
kleKj] szKj2

and for g1, g2 €V},

(Af,k'gl,/\fgz>=< D e e uja Y (gz,ej,kz)uj,k2>= (g1, 82)-
k]E]K_/ szKj

Now the conclusion follows.

(ii) Since the cardinity of a frame is no less than that of a basis, we have #{u;: j € J,
k € K;} > dimi{. Hence » jel dimV; > dimU. Moreover, we see from (i) that the equality
holds whenever {A;: j € J} is a g-Riesz basis.

(iii) We see from (3.5) and (3.6) that

ZAﬁAjf = Z Z (Ajf.eji)ujk

jel jel keK;

=) Z< > <f»“f,k/>ej,k/»ej,k>uj,k

jel keK; 'k eK;

ZZ Z (frujruje, Vfel.

]E,]] kEKj
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Hence the g-frame operator for {A;: j € J} coincides with the frame operator for {u;s: j € J,
k e K}.
(iv) This is a consequence of (i) and (iii). This completes the proof. O

The following are immediate consequences. We leave the proofs to interested readers.

Corollary 3.2. {A;: j €]} is a g-Bessel sequence with an upper bound B if and only if for any
finite subset J1 C J,

D A

Jjeh

2
<BY llgil*. gjeV;.
jeh

Corollary 3.3. A g-Riesz basis {Aj: j € ]} is an exact g-frame. Moreover, it is g-biorthonormal
with respect to its dual {/ij: j €} in the following sense:

(A% g A% gp)=8j1.1(8j1-81n)s Vit 2 €T, gjy €Vjy, g1 €V

Corollary 3.4. A sequence {Aj: j € I} is a g-Riesz basis for U with respect to {V;: j € J} if
and only if there is a g-orthonormal basis {Q j: j € I} for U and a bounded invertible linear
operator T on U such that A; = Q;T, j .

Proof. Let {e;;: k € K;} be an orthonormal basis for V;, j € J. First, we assume that
{Aj: j el} is a g-Riesz basis for 4. By Theorem 3.1, we can find some Riesz basis
{ujr: jel, keK;} for U such that

Ajf= Z (frujr)ej-
kEKj

Take an orthonormal basis {u;’.’ o J €J, k€ K;} for U and define the operator T on U/ by

T*u;yk =uj.
Obviously, T is a bounded invertible operator. Let Q; € L(U,V;) be such that Q; f =
ZkeK,- (f, u; «)€jk- By Theorem 3.1, {Q;: j € J} is a g-orthonormal basis. Moreover, for any
felu,

Q;Tf =) (TruSpleju= D (f.T*uuleju= Y (foujudejn=4;f.

kEKj kE]Kj kE]Kj

Hence Aj = QjT, Vje J.

Next we assume that {Q;: j € J} is a g-orthonormal basis and A; = Q;T for some bounded
invertible operator T. Then {A;: j € J} is g-complete in ¢/ and we can find some orthonor-
mal basis {u§,: j €J, k € K;} for U such that Q; f = ZkeKj(f, u§ i)ej k. Hence A f =
ZkeKj (Tf, “;’-,k)ej,k = ZkeKj {f, T*u;’k)ej,k. Now we see from Theorem 3.1 that {A;: j € J}
is a g-Riesz basis. O

3.2. Excess of g-frames

By Theorem 3.1, g-frames, g-Riesz bases and g-orthonormal bases have properties similar to
those of frames, Riesz bases and orthonormal bases, respectively. However, not all the properties
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are similar. For example, Riesz bases are equivalent to exact frames. But it is not the case for
g-Riesz bases and exact g-frames. In fact, we see from Theorem 3.1 that a g-Riesz basis is also
an exact g-frame while the converse is not true, which is not surprising since one element of a
g-frame might correspond to several elements of the induced frame.

Example 3.4. Let {¢;: j € J} be a Riesz basis for some Hilbert space #. Define A : H — C?
as follows:

Aif=((f 9,0

Then {A;: j € J} is an exact g-frame. By Theorem 3.1, it is not a g-Riesz basis for H with
respect to C2. However, it is a g-Riesz basis for H with respect to C x {0}.

The above example shows that an exact g-frame may be a g-Riesz basis when we change the
reference. Does this hold in general? The answer is negative.

Example 3.5. Let {¢;: j € Z} a Riesz basis for some Hilbert space H. Define A;: H C3 as
follows:

Ajf = o2j=1). (f. 02)), (S €02,/+1))T.

Then {Aj: j € Z} is an exact g-frame. However, {A;: j € Z} is not a g-Riesz basis for H with
respect to any {V;: j € J}, thanks to Theorem 3.1.

On the other hand, it is well known (e.g., see [20]) that a frame either remains a frame or is
incomplete whenever any one of its elements is removed. This fails for g-frames. The following
is a counterexample.

Example 3.6. Let g(x) = ¢=**/2 be the Gaussian and {oty.n: m, n € Z} be an orthonormal basis
for £2(Z?). Define

Ajf =Y (f00), e glx —2n— Plamn, j=1,2,

m,nez

Asf= ) (), e gx —n+1/D)amn, feL*R).
m,nez

We see from Theorem 3.1 and the frame theory (e.g., see [7, pp. 84-86]) that {A1, A2, Az} isa
g-frame for L?(R) with respect to £%(Z?). However, {A1, A>} is not a g-frame but g-complete.

A natural problem arises: given a subsequence of a g-frame for which only one element is
removed, when is it a g-frame? To this problem, we have the following.

Theorem 3.5. Let {A;: j € I} be a g-frame for U with respect to {V;: j € I} and {/ij: jel}
be the canonical dual g-frame. Suppose that jy € J.

(i) If there is some go € Vj, \ {0} such that /]jOAjogo = go, then {Aj: j el, j# jo} is not
g-complete in U. B

(ii) If there is some fy € U \ {0} such that A;OAjOfo = fo, then {Aj: j €, j# jo} is not
g-complete in U.
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(i) If I — Ajolijo or I — /ijoA;‘-O is bounded invertible on Vj,, then {Aj: j € l, j # jo} is
a g-frame for U.

Proof. (i) Since Ajo go € U, we have

Ajpgo=D_ A74; 47, 80.

jel
Hence, 0=3_ 5 ;. A7Aj A% 8o Putvjy j =38y, j80. We have
jogo ZA i Vjoj
jel

It follows from Lemma 2.1 that

D lio 12 = D[ A5 0” + D1 445,80~ vios

jel jel jel
Consequently,
2 2 e 2
lgoll® = llgoll> +2 > [ A; A% o]~
J#Jo

Hence, /TjAjogo = 0. Therefore, Aj/ijfogo = Aijl Ajogo = AjAfogo =0, j # jo. But
(4% 20, 4% g0) = {4, 4% g0, 80) = llgoll* > 0,

which implies that 1170 g0 #0. Hence {A;: j€l, j# jo}isnot g-complete in .
(ii) Since A}folijofo = fo # 0, we have /Ijo fo # 0 and AJ(,AjO/IjOfO = /Ijofo. Now the con-
clusion f0110w§ from (i).
(iii) Since A; = A;S~!, where S is the g-frame operator for {A: j € J}, we have
- . -
I— AjOAij =1—-A;S Ajfo =1- AjOAij.

Let A and B be the lower and upper frame bounds for {A;: j € J}, respectively. For any f € U,
we have

f=> AAf.
jel
Hence
AjonZAjo/i?Aj.ﬁ
jel
Therefore,
(1= A A5) Ajof =) AjAsA;f. (3.8)
J#Jo
Note that
~ y 2
%y s |5 ,d7,5.0)
J#io 8€Vio-lgI=114 2 jy
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2

Z(A ey A]Og)

J#Jo

<A 1P sup D[ A;4% ]

j#io 181=1 jeg

1 2 2
<1457 Y14 fI2.

J#Jo

= sup
ligll=1

We see from (3.8) that

e — 1
1A, £ < | (1 — 4, A%) 1”2Z”Af°”2 DA fIP.

J#jo
Hence
DTIAFIP<C Y N4 fI%
jel J#Jjo
Therefore,

A
SIFIP< Y NAFIP<BIFIP, VS el.
J#Jo

This completes the proof. O

Corollary 3.6. Let {A;: j € I} be a g-frame for U with respect to {V;: j € I}. If dimV; < +o0,
JE€l, then{A;: jel, j+# jo} is either g-incomplete in U or a g-frame for U for any jo € J.

Proof. If there is some go € Vj; \ {0} such that A jOA;‘.O 80 = 8o, then Theorem 3.5(i) shows that
{Aj: jel, j# jo}is not g-complete in U/. Otherwise, I — A jOA* is injective. Consequently,
- Ajo/{jo)vjo is dense in Vj,. Since dim V;; < +o00, we have (I — A A* »)Vjo = Vj,- There-

fore, I — A ijj’o is bounded invertible. Now the conclusion follows from Theorem 3.5(ii). O
3.3. Equivalence between stable space splittings and g-frames

Stable space splittings are generalizations of frames which lead to a better understanding
of iterative solvers (multigrid/multilevel respectively domain decomposition methods) for large-
scale discretization of elliptic operator equations (see [19] and references therein). Here we prove
that stable space splittings are equivalent to g-frames.

Let V and V;, j €, be Hilbert spaces. Let b; be a bilinear form on V; x V; satisfying

bj(u,u) > Cillul® and  b;(u,v)=b;(,u) < Cjllull - vl Yu,veV;. (3.9)

Suppose that R; € L(V}, V). Recall that a system {({V}, b;}, R;): j € J} is called a stable space
splitting of V if there are some positive constants C, C’ such that

ClulP< _inf 3 bjuj,up) <C'lul?, Vue,

Jjel jtj EJ
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where u; € V;. It was shown in [19, Theorem 4] (see also [18, pp. 73-75]) that a stable space
splitting {({V},b;}, Rj): j € J} satisfies A < Zjej RJ-R;? < B for some constants A, B > 0,
which is equivalent to

Alul® <3| Rsu)* < Blul?, Vuev.
jel

Hence {Rj: J € J} is a g-frame for V with respect to {V;: j € J}.
For the converse, we need b (u, u) to be uniformly bounded, i.e., we assume that

Cillull® <bj(u,u) < Callul®, VueV. (3.10)

Suppose that {A;: j € J} is a g-frame for V with respect to {V;: j € J}. Let A and B be the
frame bounds and {A j: J € J} be the canonical dual g-frame. Put R; = Ajf. We see from (3.10)
and Lemma 2.1 that '

Ci
Zb%%> ZQWN—ZQMMI — llull®

_ZJG.H it 7 16.]] 7 7 jel

Similarly we can prove that

> bjujuj) < —M

_Zje.]] J ]jEJ

Hence {({V},b;}, R;): j € J} is a stable space splitting.
4. Applications of g-frames
4.1. Atomic resolution of bounded linear operators

Here we give an application of g-frames. y
Let {A;: j € J} be a g-frame for I/ with respect to {V;: j € J}. Suppose that {A;: j € [} is
the canonical dual g-frame. Then for any f € U/, we have

f=) ANA =) A5A;f. fel.
jel jel
It follows that
Ly=) A5A; =) A%A;, CHY
jel jel

where the convergence is in weak* sense. Let 7 be a bounded linear operator on /. We see
from (4.1) that

_ * A A% A * Ao A% A
T=) TAAj=) TAA; =) AAT=> AA;T. (4.2)
jel jel jel jel

We call (4.2) atomic resolutions of an operator 7.
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4.2. Construction of frames via g-frames

Let {A;: j € J} be a g-frame for ¢/ with respect to {V;: j € J}. We see from Theorem 3.1
that {ur: jel, keK;} = {A;‘.ej,k: j€l, keK;}is aframe for U, where {e;: k € K;} is
an orthonormal basis for VV;. However, it might be difficult to find an orthonormal basis for V;
in practice. Fortunately, the orthonormality is not necessary to get a frame. In fact, we have the
following.

Theorem 4.1. Let {Aj: j € I} and {/ij: j € J} be a pair of dual g-frames for U with respect to
(Vi: jelland {gji: k€K;}and (g r: k € K;} be a pair of dual frames for V;, respectively.
Then {A;fgj,k: jel, keK;} and {/Ijgj,k: Jj €, ke K;} are a pair of dual frames for U
provided the frame bounds for {g; x: k € K;} satisfying C; < Aj < B; < C3 for some constants
Ci1,Cy > 0.

Moreover, suppose that {A;: j € I} and {Aj: j € J} are canonical dual g-frames,
{gjk: k e K;} and {gji: k € K;} are canonical dual frames, and that {g;: k € K;} is a
tight g-frame with frame bounds A; = B; = A, Vj € J. Then {A;‘-gj,k: jel, keK;} and

{/ijfgj,k: Jj €1, k €K} are canonical dual frames.

Proof. Note that
(f. Ajfgj,k> =(A;f gjk)-

It is easy to see that both {Aj.gj‘k: jel, keK;}and {/T’;gijk: j€l, ke K;} are frames for 4.
On the other hand, For any f € U, we have

SO Ak )ATg =Y A5 D (A f. g8k =Y ATA;f = T.
Jjel keK; jel keK; jel
Similarly we can get that
DO A Agia)ALg k= .
jEJ kEKj
Hence {A7gj: j €, k€K;}and {/ij‘.gj,k: Jj €, ke K;} are dual frames for I/.
Next we assume that {A;: j € J} and {A;: j € J} are canonical dual g-frames and
{gjk: k € K;} is a tight frame with frame bounds A; = B; = A, jeJ. Then g = %gj,k. Let

Sa and Sy, be the frame operators associated with {A;: j € I} and {A%g;: j €, k € K;},
respectively. Then we have

Sagf =YD (f- A5gia)Aigju=Y AT Y (Ajf. g8k

Jjel keK; jel keK;
=AY ASA;f=ASaf. Vfel.
jel

Hence
1 -
-1 -1 ~ .
SA,gA}k'gﬁk = ZSA A}k'gj,k = Ajgj,k, jel, kekK;.

This completes the proof. O
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