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Abstract

Convergence of cubic spline interpolation for discontinuous functions are investigated. It is shown that the complete
cubic spline interpolation of the Heaviside step function converges in the LP-norm at rate O(%'”) for quasi-uniform meshes
when 1< p<oo, and diverges in the L°°-norm when the uniform meshes are used. No matter how small the uniform
mesh size is, the complete cubic spline interpolation always oscillates near the discontinuity. Although this oscillation
decays exponentially away from the discontinuous point, the maximum overshoot is not decreasing. Especially, we obtain
the asymptotic maximum overshoot when the uniform mesh size goes to zero. The knowledge on the Heaviside function
is utilized to discuss convergence properties of cubic spline interpolation for functions with isolated discontinuous points.
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1. Introduction

Convergence of spline interpolation for smooth functions has been investigated intensively in the
literature, see, €.g., [2, 4, 6], and references therein. However, we know very little about approxi-
mation properties of spline interpolation for functions with discontinuity. It has been observed from
numerical computation that the complete cubic spline interpolation oscillates near a discontinuous
point and has an overshoot when uniform meshes are used [7, p. 122]. Since this behavior is similar
to Gibbs’ phenomenon in Fourier’s series (see, e.g., [3]), it is called Gibbs’ phenomenon of splines.
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The periodic spline with equal knots spacing that best approximates the square wave function
in the norm of L*[—1,1] was investigated in [5]. The overshoot at the discontinuity was found for
splines of degree £ <8 when the knots number goes to infinity.

Aforementioned periodic spline does not really “interpolate” the function at “knots”, rather, it
approximates the function in a “Fourier” sense. A more practically interesting problem would be a
spline that interpolates the function at knots, the complete spline interpolation. In the current work,
we shall analyze convergence of the complete cubic spline interpolation in the [7-norm (1< p<o0)
for the Heaviside step function. An optimal convergence rate of O(h'?) is established under quasi-
uniform meshes. Moreover, we provide an explanation for the Gibbs’ phenomenon under uniform
meshes. The asymptotic overshoot when the mesh size goes to zero equals (v/6 + v/3)/4 — 5(v/2 +
1)/12 =~ 4%. 1t differs from that of the periodic cubic spline obtained in [5] which is about 10%. The
results obtained for Heaviside function is used to study the behavior of cubic spline interpolation
for functions with isolated discontinuous points. Furthermore, we indicate that there is no oscillation
and overshoot in the B-spline interpolation.

2. The complete cubic spline interpolation

The construction of the complete cubic spline interpolation can be found in many standard numer-
ical analysis textbooks (cf., e.g., [7]). For the convenience of our analysis, we outline an approach
based on the Hermite interpolation.

Given interpolating points a = fy<t; < --- <t, = b, and data f; = f(t;), fo = f'(a), Bn = f'(b),
we want to construct a cubic spline s,€C?[a, b] such that on each subinterval [#;_,, ],

()= ficr PO+ i) + ) + Bin0) @)
with
_ )2 1. 2
p0= 20— a0 =" 00 ),
— Yt —t —t Y (t—t
u,-(t) — (t tl) IS; tl—l)’ U,'(t) — (t tt—lh)t2 (t tl)’

where h; =t;, —t,_;, and B, i=1,...,n — 1 are parameters to be decided. It is easy to verify that

si(t))=f; s()=Pp; j=0,1,...,n,

and hence 5,€C'[a,b]. In order that s,€C*[a,b], we enforce the continuity condition s”(¢;, — 0) =
s7(t;+0). As a consequence, we have the following system of linear equations for f;, i=1,...,n—1:

1 1,1 1 11 S fios
—D;_ 21— _— i -— P = 3 il 55 — 75— - — =5 1|, 2.2
PR (hi +hi+1>ﬂ Tl P f(h? h,al) +3<h%+1 7 ) @2)

or Ap = f with A =D + B, where D = 2 diag(1/h; + 1/h,~+1);‘=_11, and B is a symmetric tridiagonal
matrix with b; =0, b;11; = 1/h;1. Obviously, 4 is diagonally dominant. Hence, f can be uniquely
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solved. Once B is decided, the cubic spline can be constructed from (2.1). We have the following
theorem regarding the norm of 4~! which will be used later in the convergence analysis.

Theorem 2.1. For 1< p<oo,

. 11\
147, <  max (—+—_—) .
hH—l

1<isn—1 \

Proof. It is easy to verify that all rows of D~'B add up to ; except the first and the last (which are
less than %); and all columns of BD™! add up to ; except the first and the last (which are less than
1). Therefore, |D~'B||o=1 and ||BD7"||;=1. Now A=D+B=(I+BD~")D, A~'=D~'(I+BD")"},
and hence

1 I A 1
Ay <DL +BD Y <= <_ *> _
471 <UD~ +BD) <5 max (4 =) e
B 11 -
—lé?gr)l(—l h,’ hi+1 '
Similarly, we can verify that
11\
147 e < Reerl (hi - hi+1) .
Therefore, by the Riesz—Thorin interpolation theorem [1, p. 2], for 0<6<1,
A <A A < max (L)
r ! * Sacisn— \b; ki)

where 1/p=1—0, or p=1/(1 — 6). This complete the proof. O

3. I? convergence

We interpolate the step function

0, —-1<r<Q,
fy=4{3 t=0,
1, O<t<1,

by the complete cubic spline and discuss convergence in the LP-norm (1< p<oo). For simplicity,
we use f, =0 as an interpolating point and assume that the derivative is interpolated exactly at the
boundary, i.e., o =0, f,=0.

Since s, interpolates f at all nodal points, we have on (f,t,) =(—1,0):

sn(t) = f(O)=Br1w(t) + Bron(t), B <t<t, k=1,....m—1,
$u(t) = F() = 3qm(t) + Buortim(t) + Bum(t),  tm1 <E <ty
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Therefore,

0 m—1 e
/1 |s,,(t)—f(t)|1’dt:z/ |Bec1ue(t) + Beoe(1)|? ds
- k=1 Vi1

+ ) |5m(2) + Br1tm() + Buvm(?)|” dt. (3.1)

tm—1

Introduce a change of variable ¢t — t,_; = MIys, k=1,...,m, and we have
up(t) = hui(s),  ve(2) = lv(s),  ga(t) = gq(s),
where u, v, g satisfies

u@®=u()=v0)=0v(1)=0, J(1)=0v(0)=0, +(0)=1, J(1)=1,

g(0)=0, q(1)=1, ¢'0)=4'(1)=0.
It is easy to verify that

lell ot = 0l prs 1 =1(0,1).

Now, we have

m—1 g m—1 1
Yo 1Beoruw(®) + Beve(@)P de = Y B /0 |Be—1u(s) + Biv(s)|” ds
k=1 Y41 k=1

m—1
<287 Mfull® ;D7 P Be-a|” + |Bel?)- (3.2)
k=1

Here, we have applied an inequality
Jlu + ollp <277 ([lulff + llollf), 1< p<oo.

We have also,

tm 1
/ |3gm(2) + Bn—1m(t) + Butm(t)|P dt = hm/o 12g(s) + Buo1Bmta(s) + Bubmv(s)|? ds

Iyt

< B3P 1277|Igll5 s + BE(Bma1|? + |Bul Pl 511
(3.3)

In the last step, the inequality
llu+ v+ wip <377 (lully + Il + [IWllE), 1< p<oo,

is used. Combining (3.1)—(3.3), we obtain

0 —1 14 = I+p hlln+p 3)’ 4
[ b0 = S0 <3l SR B + 1807+ 75 (3) Nl
- k=1
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Similarly, we can estimate the error in (0,1). Denote 4 = maXx,¢;<, h;, and we have established:

Theorem 3.1. ||s, — f||,— 0 with rate h'P if (3,_, |mBi1|? + |mBi|?)'P is bounded uniformly
with respect to n, 1 < p<oo.

A sequence of meshes are called quasi-uniform if there exists ¢ >0 independent of », such that

max; h;
<

(3.4)

minj hj =
Theorem 3.2. Assume that the mesh is quasi-uniform. Then ||s, — f|,—0 with rate h'? for

I<p<oo.

Proof. A sufficient condition for Theorem 3.1 to hold is %||B||,<C, where C is a constant inde-
pendent of 4. We need to estimate

1Bl <A™ 11 l1A 115
We have an upper bound for ||[47!||, by Theorem 2.1. From (2.2), it is easy to verify that

3 3/(1 1 3
£=(0,...,0 *(h—2+h2—) 0,...,0)T,

’ 2h3n ’ 2 m+1 ’ 2h3n+1 ’
r 1p
31 1 1Y 1
=2l 4+ =+ +5—
£l 2 thznp (hfn hfrH—l) hiﬂ—l]
r l/p
3 1 1Y 3 1 1
<212 =+ — =2 .
2| (hi*hfmﬂ 2 (h;*hfm)

Therefore,
3 1 1\ [1 1
<32rmax (ot i) ().
WBlo <327 mex T )\ T,
Applying the quasi-uniform condition (3.4), we then have
h|Bll,<32'7a’.
The assertion is proved by applying Theorem 3.1. O
Remark 3.1. Theorem 3.1 does not include the case p = oco. In fact, the complete cubic spline

interpolation does not converge to f in the L°°-norm under the uniform mesh. See details in the
next section.

Remark 3.2. The convergence rate O(4'/?) is optimal. Indeed, in the case of uniform mesh, we will
establish a lower bound for the approximation error in the next section.
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4. Gibbs’ phenomenon
In this section, we shall study the Gibbs’ phenomenon of the complete cubic spline interpolation

for the step function f when the equidistance nodes are used.
Set n=2m in (2.2), then 4= 1/m, ¢, = 0. Note that §; values are symmetric with respect to f,,

i.6., Bmsk = Bm—i> k =1,...,m. Therefore, we only need to consider half of them by examining the
following system of equations:
4B, + B, =0, 4.1
Bk—l +4ﬁk+ﬂk+1:O, k=2,"-,m_2a (4'2)
3
m— 4B, m — F7.° 4.
Bn—2+4Bn_1+ B 7 (4.3)
3
ﬂm-l + 4ﬁm + ﬂm—l = Z (.Bm+1 = ﬂm—l)- (44)
Theorem 4.1. f,’s have the following properties:
(a) Alternating sign:
Bui(—1) <0, k=1,....m—1. (4.5)
(b) Exponential decay:
Bl <|B) <@ = V3)Binl, k=2,....m—2. (4.6)
(c) Upper and Lower bounds:
3-V3 33.
5 </)’,,,h<5—2, 4.7)
3 3
3 < Bu_th<V3 — 5 | (4.8)
(d) Asymptotical behavior:
lim B,.h= 3 _2\/§, lim Bu_1h =3 — %, lm z’”_z =3 -2. (4.9)
m-—o00 m-—00 m—oo [,

Proof. We first show that §; #0. Suppose f; =0, then f, =0 from (4.1), and consequently f; =
0,...,8m_1 =0 from (4.2). Therefore, B, = 3/2h by (4.3), and B, = 3/4h by (4.4). This is a
contradiction. :

It is easy to see that §,7#0 yields B8, <0 and |f,| = 4|f:| from (4.1). We then deduce from
ﬁ] + 4ﬁ2 + ﬂ‘_:, =0 that Bzﬂ:; <0, and

<|Bs| + @2 —V3)|Bals

'4132[ = | - B~ /31| = |/33| + lﬁll = |/33| + %|52| {
>lﬂ3|,
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which yields

JBI <1< @~ VDB

1
i
By mathematical induction, we can deduce for £ =1,...,m — 2 that 8,8, <0, and
<|Ben| + @2 = V3)|Bil,
> |Bk+1 |7

|4Bk| = |Brs1| + | Bi—1] {

which yields (4.6).
Now we estimate f8,_, and f,. Solving (4.3) and (4.4) yields
ﬂm—lh = 13_4 - %ﬂm—2ha (410)

Recall Bn_zBm_1 <0 and |B,_11/4<|Bn_2| <2 — V3)|Bn_i1], we see from (4.10) that B,_,>0,
Bm_><0, and furthermore,

>ﬁm_1 - %(2 - \/g)ﬁm—l = #ﬁm—l:
<ﬁm—1 - %%ﬂm—l - %ﬂm—ls

which yields (4.8). Using (4.4) and (4.8), we have

3 Vi |3 _3-\V3
lfm_lh{>z*7+z—T’

3 2 2
m = ﬂm—l + 7ﬁm—2 - ﬁm—l - 7|ﬁm—2‘ { (412)

3
Pk =3 =73

This proves (4.7). (4.5) is a direct consequence of ,>0, ,_1>0 and f; 8, <0, k=2,...,m—1.
For the asymptotic limits (4.9c), we observe that v/3 — 2 is the root with modular less than 1 of
the difference equation

Bi—1 + 4P + Bry1 =0.

Further, we can show that f,4 is a monotonically decreasing sequence with a lower bound, and
Bn_1h is a monotonically increasing sequence with an upper bound. Hence, they both have limits,
and so does B,_,h. We denote these limits as B, i=m —2, m — 1, m. Taking limit in (4.10) and
(4.11), using the relation

%
ﬁ;n(—Z — \/§ . 2,
m—1
we then have
Bi_i =& —2(V3-2)8_,, (4.13)
Br=3%+3(/3-285,. (4.14)

Solving (4.13) and (4.14) yields (4.9a) and (4.9b). I
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For the complete cubic spline interpolation with uniform mesh
u(s)=s(1 —s), ov(s)=—5*(1—s5), gq(s)=53—2s).
Since signs of f,’s alternate, we have for each k =1,2,...,m — 1,

Bi—
L max sn(t) = ()| = ,nax |Be—1e(t) + Brve(t)| = | Bel Jmax (—ﬁu(s) - ”(S)) .

4.15)
From (4.6), we see that

4G <R <@ - VI, g - P<2 oA,
k

fork=1,...,m—1. Let
g(s) = 1s(1 — s)* +5%(1 — 3), G(s)= (2 — V3)s(1 — 5)* + s*(1 — 5),

then a simple calculation shows that

(5) = VI3 +2) (1)_3
ooy I8I=9{ 7 9I\2)" 3>

(3—\/§+\/5)=\/§+1_\/6+\/§
- :

max G(s)=G

01

6 18
Hence, for k=1,...,m—1,

5 Be—1 \/§+1_\/E+\/_3_
6 18 )

The estimate of |fyh| comes from (4.6) and (4.8):
47mHHE S < B < (2~ V3T RWVE - 2). (4.17)
Substituting (4.16) and (4.17) into (4.15), we have for k=1,...,m — 1,

R e ([

_ 2 Byik <\/€+ﬂ 5(V2+ 1))

(4.16)

4 12

< (2 - V3)"17%0.0395, (4.18)
max  |s,(¢) — f(t)| > 473 5 5 4-mlHeQ 036, (4.19)

B SISk 1332
Setting k=m — 1 in (4.18) and (4.19), we have
0.036< max s,(¢) — f(¢)] <0.0395. (4.20)

X
R £
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Furthermore, we know asymptotically,

. . 3
lim g 2=v3-2, lim Bph=+V3— 5 (4.21)
m—oo [ 4 m— 00
Therefore,

lim max |s,() — f()]=lim ~max l|s.(1) ~ f()|

m—oo ~1<t<ty

= lim B,_h [max (—gm_zu(s)—u(s)>

m—o0 0<s<1 m—1
1
_ V6 : V3 _ 5(\?; ) ~0.0304628199. . . (4.22)

We see that asymptotically, the maximum overshoot is about 4%.
In case of uniform meshes, we have a more accurate error estimate in the LP-norm. First, it is
easy to verify that

39(5) + Br1hu(s) + Buht(s) = (5 — $)5* + Br-1hs(1 —57) — Buhs’(1 — 5)

LI+ (1= )01 — B + B sl — 57 S0
=53 = 5)(1 — Bn m— -
2 : >s2/2.
Hence,
<h27P,
sa(t t pdt—h/ 8) + Bm_1hu(s) + Bnhv(s)|? ds 423
/,m_'() @) |24(5) + B shu(s) + Brhols)| {>th<2+1)— (4.23)
On the other hand, from (4.18), we have
m-—1 e m—1
T / I5.() — FOIPdt<h S (2 — V3)m1-RP0,03957 <27 (4.24)
k=1 i k=1
Adding up (4.23) and (4.24) yields,
o< [ o - ropa<i,
2P(2p + 1) "
or
hl/p hi/p
m<nsn = Slls <51=5- (4.25)

Setting p — oo in (4.25), we will have
llsn = flloo = 35

which is precisely the error in the maximum norm (it appears in the subinterval (¢, 1,%n)).
Summing up, we have proved the following theorem.
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Theorem 4.2. When uniform meshes are used, the complete cubic spline interpolation converges
to the step function f in the LP-norm (1< p<oo) with an optimal rate O(h'P); it diverges in
the L°°-norm and oscillates near the discontinuous point with a maximum overshoot estimated
by (4.20). In the limit h— 0, this overshoot is given by (4.22). Moreover, the oscillation decays
exponentially away from the discontinuity in a pattern estimated by (4.18) and (4.19).

Remark 4.1. The discussion for the cubic spline gives us some insights for other polynomial splines.
Indeed, the numerical tests indicates that the complete quintic spline interpolation for the step
function f behaves very much like the cubic spline.

Remark 4.2. The Gibbs’ phenomenon occurs for many other complete spline interpolation such as
classical exponential splines. But every different spline may have a different overshoot value.

We plot the complete cubic spline interpolation for the step function f with uniform meshes
when n=10,20,40,80 in Fig. 1. It clearly indicates a 4% overshoot.

5. Convergence for functions with isolated discontinuities

In this section, we discuss spline interpolation for functions with isolated discontinuous points.
Let F be such a function, then it can be expressed as

F(t)=g(t)+zcif(t—t'i), (5.1)

where geCla,b] and f is the step function defined in Section 3. Clearly, ¢; is the jump at the
discontinuous point 7;. Here, we take the liberty to define the function value at the discontinuity as
the average of the limits from two sides. For simplicity, we consider only one discontinuous point
which is located at the center of the interval: F(¢)=g(¢)+cf(¢). Again, the interpolating interval is
assumed to be [—1,1], since an arbitrary interval [a,b] can be transfered to it by a linear mapping.

Recall the construction of the complete cubic spline interpolation, parameters f;, 1 <i<n—1, can
be solved uniquely from fo, B., and f;, 0<i<n. Therefore, the spline interpolation (2.1) can be
written symbolically as

su(t) = Boto(t) + Batu(t) + Y fidhi(t),
=0

where Yo, 5, and ¢; are some piecewise cubic polynomials. Denote by s/, the cubic spline inter-
polation of f, we then have sp = s, + cs; where

5q(2) = Boto(2) + But(t) + Z gid:(2), sp(t) = Z fidi(2).
i=0 i=0

Recall the interpolation property of the complete cubic spline (cf. [2, p. 61, Problem 7(d)]):

19 = Sglloo < 3019 lloos
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-0 1 1 | i 1 I 1 1 |
R 0.8 -0.6 0.4 0.2 o 0.2 04 0.6 0.8 1
Yip
Fig. 1.

for geC'[—1,1]. We then have
IF = selloo <311 llo0 + €l f = 57ll-

The analysis of the last term on the right-hand side was discussed in previous sections. Hence,
we conclude: For a function with isolated discontinuity, its complete cubic spline interpolation
oscillates near the discontinuous points with a maximum overshoot about 4% in the limit h— 0;
in the region away from the discontinuity, the oscillation decays exponentially and the standard
interpolation error estimate applies.

It is interesting to know that the B-spline interpolation does not oscillate when the function
“jumps”. We provide a brief explanation in the following. For simplicity, we again consider F has
one ‘jump” only. We make the discontinuous point as a nodal point # and assume that the nodes
are equally spaced. We denote by N;, the normalized B-spline that centered at the node #;, and by
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Br, the B-spline interpolation of F. Notice that Zj.N,- =1, then
F(t)— Br(t) =Y _ [9(t) — g@)IN,@) + ¢ > [ f(t — 1) — f(t; — t)IN;(2).
J J

By the standard theory (cf., [4, p. 159]),
lg(t) — By(1)| = |)_ [g(t) — g(t)IN;(t)| <Ca(g; 1),
J

where w(g; k) is the modulus of continuity of g, and C is a constant independent of g and A. We
need to examine the B-spline interpolation for the step function. To fix the idea, we use the cubic

B-spline as a model in which case N;(¢) has a support (#;_,,%,,). Note that f has only three different
values, therefore,

S - B(t)= Z[f(t — ) — [ — 6)IN; ()

=[f(t—t) = fltm1 — ) WNer () + [ — 1) — f (5 — t)INK(2)
@ = %) — f(t1 — 8Nk (2)
= f(t — N1 () + [f (2 — ) = 3IN(®) + [ f (2 — 1) — 1IN ()
=Ni(t)/2 — N1 (1), ta <t <y,
=N () + N(2))2, <t <tyys,

0, otherwise.

Note that
Ni(t)=3, Ni(ti-)=Ntim) =5 Ni(t)=0 if [i—j|>1,
we then have

Jim [f() = B($)] = Nea (6) + Ne(t)/2 = 3,
Jim [F @) — B ()] = —Ne(te) = Newr()/2 = -1,

f(t1) = B(tes1) = Neci(tesn) + Ne(tei1)/2 = 5,

S(te1) = Br(t1) = —=Ne(t1)/2 — Neya (fem1) = — 35,

We see that there is no oscillation and overshoot. Br(t) equals f(¢) on most part of the domain
except on a small subinterval of length 44 that centered at the discontinuous point #. In this small
subinterval, B,(t) approximates f(¢) smoothly, its value increases monotonically from 0 to 1, and
the graph passes through (%_1, 13), (%, 3), and (f1,1 — 5).

B-splines of order other than three can be analyzed similarly.
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