L

View metadata, citation and similar papers at core.ac.uk brought to you byf/\i CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com _—
=o' . . Journal of
*»” ScienceDirect Differential

Equations

@%

ELSEVIER J. Differential Equations 238 (2007) 118-152 —_—
www.elsevier.com/locate/jde

Stochastic generalized porous media
and fast diffusion equations *

Jiagang Ren®, Michael Roéckner®, Feng-Yu Wang *

a School of Mathematics and Computational Science, Zhongshan University, Guangzhou, Guangdong 510275, China
b Departments of Mathematics and Statistics, Purdue University, West Lafayette, IN 47907, USA
¢ School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China

Received 8 October 2006; revised 16 March 2007
Available online 13 April 2007

Abstract

We present a generalization of Krylov—Rozovskii’s result on the existence and uniqueness of solutions
to monotone stochastic differential equations. As an application, the stochastic generalized porous media
and fast diffusion equations are studied for o-finite reference measures, where the drift term is given by a
negative definite operator acting on a time-dependent function, which belongs to a large class of functions
comparable with the so-called N-functions in the theory of Orlicz spaces.
© 2007 Published by Elsevier Inc.
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1. Introduction

The main aim of this paper is to solve stochastic partial differential equations (SPDE) of
“porous media” type, i.e.

dX; = (LW, X;) + P (t, X)) dt + B(t, X;) dW,, (1.1
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where L is a partial (or pseudo) differential operator of order (less than or equal to) two, so e.g.
L=A(orL=—(—A)*, € (0,1])on R? or an open subset thereof (see Example 3.4 below).
The maps ¥, @ : [0, T] x R — R (possibly also random) are to fulfill certain monotonicity con-
ditions (cf. (A1), (A2) in Section 3 below). B is a Hilbert—Schmidt operator-valued Lipschitz
map and W, a Brownian motion on a suitable Hilbert space of generalized functions (see below
for details). A typical example for ¥ is

m
W(s) = Z(xi sign(s)|s|", seR,
i=1

with pairwise distinct 71, ..., r, > 0 and «; € (0, 00). For r; > 1 this corresponds to the classical
porous medium equation and for r; € (0, 1) to the so-called fast diffusion equation. Their behav-
ior is quite different. E.g. in the deterministic case, when L is the Dirichlet Laplacian on an open
bounded domain in RY, it is well known that if r; > 1 the solution decays algebraically fast in 7,
and if r; € (0, 1), it decays to zero in finite time. We refer to [1,2,9] and the references therein,
also for historical remarks.

In recent years, the stochastic version of the porous medium equation has been studied
intensively, see [7] for the existence, uniqueness and long-time behavior of some stochastic gen-
eralized porous media equations with finite reference measures, [11] for the stochastic porous
media equation on R? where the reference (Lebesgue) measure is infinite and [3-6,14] for the
analysis of the corresponding Kolmogorov equations. See also [17] for large deviations for a
class of generalized porous media equations.

Our analysis of (1.1) is based on the so-called variational approach and requires monotonic-
ity assumptions on the coefficients. More precisely, we extend classical (impressive) work by
N.V. Krylov and B.L. Rozovskii [13] (see in particular Theorems I1.2.1 and 11.2.2 there and also
the pioneering work by E. Pardoux [14,15]) to make it applicable to SPDE (1.1) for very general
nonlinearities ¥ and @. The corresponding abstract result is proved in Section 2 below (cf. in
particular Theorem 2.1) where we also describe the new framework. In addition, we include a
detailed proof of the crucial Itd6 formula, proved in [13, Theorem 1.3.1], adapted to our more
general situation, in Appendix A.

One of the main points in applying the variational approach is to find a suitable Gelfand triple

VCcCHCVY

where V is a separable reflexive Banach space and V* its dual, and H is a Hilbert space. In
the case of (1.1) it turns out that the appropriate Hilbert space is just the Green space of the
operator L, i.e. the dual of the zero-order Dirichlet space determined by L (see (3.1) below and,
in particular, Proposition 3.1). For this to be well-defined we need that the semigroup gener-
ated by L is transient. If L = A on a bounded open subset A of R? with Dirichlet boundary
conditions, then H = H~'(A) (i.e. the dual space of the Sobolev space HOI’Z(A)). But also the
case L =—(—A)*, a € (0, %) N@O,1], A= R4 is included (hence the cases studied in [11] are
all covered by our results). Apart from this, the main novelty of our applications is that (unlike
in [7]) we can include the case where r; < 1. Shortly speaking, the condition on ¥ is that the
function

s> s¥(s), seR,
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is (equal to or appropriately) comparable to a Young function N, and @ should be such that we
can treat it as a kind of perturbation (see conditions (A1), (A2), respectively, in Section 3 below).
Then the appropriate choice of V is

Vi=LyNH,

where Ly is the Orlicz space determined by N (cf. e.g. [16]). All details are contained in Sec-
tion 3. We refer in particular to Theorem 3.9 there, which summarizes the main results. We stress
that this result is new even for the deterministic situation.

Finally, we mention that standardly by the variational approach one also obtains information
about the qualitative behavior of solutions. The corresponding results in our case are stated in
Proposition 2.2 below.

2. Monotone stochastic equations

We refer to [13] for the extensive literature on the subject and in particular, to the pioneering
work in the stochastic case due to Pardoux [14,15]. Let G be a real separable Hilbert space, W;
a cylindrical Brownian motion on G, i.e. for an ONB {gy, g2,...} of G, W, := (Bfgi)iEN for
a sequence of independent one-dimensional Brownian motions {B;}i>1 on a complete filtered
probability spaces (£2,.%,.%;; P). The filtration is assumed to be right continuous. Next, let
(H, (,)n) be another real separable Hilbert space. Let V be a reflexive Banach space such that
the embedding V C H is dense and continuous, i.e. V is dense in H w.r.t. || - ||z and |[v]lg <
c|lv|ly for some constant ¢ > 0 and all v € V. Let V* be the dual space of V and y+(, )y denotes
the corresponding dualization. Identifying H with its dual H* we have

VCH=H*"CV*

continuously and densely. Note that, in particular, V* is then also separable, hence so is V.
Furthermore, v+ {,)v|gxyv = (,)u. Let Zus(G; H) denote the set of all real Hilbert—Schmidt
linear operators from G to H, which is a real separable Hilbert space under the inner product

(B1, Ba) tys = ) _(B1gi, Bagi)h-
i>1

We consider the following stochastic equation on H:
dX, =A@, X;)dt 4+ B(t, X;) dW;, 2.1
where
A:[0,00) x V x 2 — V¥, B:[0,00) x V x 2 — Zus(G; H)

are progressively measurable, i.e. for any ¢ > 0, these mappings restricted to [0,7] x V x £2
are measurable w.r.t. Z([0,t]) x (V) x %#;, where A(-) is the Borel o-field for a topological
space. Below, writing A(#, v) we mean the mapping @ — A(f, v, w); analogously for B(z, v).
To solve Eq. (2.1), we need some assumptions. Let 7 > O be fixed. Let (K, || - ||x) be a real
reflexive Banach space such that LP([0,T] x £ — V;dt x P) C K C LY([0,T1 x 2 —> V:
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dr x P) densely and continuously for some p € (1, c0). By Lemma 2.4 below, its dual space is
isometric to (K*, || - || x+), the completion of L*°([0, T] x £2 — V*;df x P) w.r.t.

T
|2*] g := sup E/ velar 2y (2.2)
llzllx <1 0

So, K* is reflexive too and K*  LP/(P=D ([0, T x £ — V*; dt x P) continuously and densely.
Furthermore, x+(Y, z)k = jp/p-» (Y, 2)rr if Y € K* and z € LP([0, T] x 2 — V;dr x P).

Generalizing the framework in [13, Chapter 2], we make the following assumptions, where
the first is for the reference spaces K and K* and the remaining ones are for A and B.

(K) There exist a continuous function R:V — [0,00) with R(x) = R(—x), x € V, and
R(0) =0, and two locally bounded real functions Wy, W5 on [0, oo) with Wy (r), Wa(r) —
00 as r — oo such that
(i) for any sequence z € K, n > 1, |z||x — Oif and only if E ;| R(z\")dr — 0;

(ii) for any z € K, W, (EfOT R(z)dt) < lzllx < Wg(IEfO R(z;)dt), where Wi (o0) :=

Wi (00) ;=00

(iii) there exists a constant C > 0 such that R(x 4+ y) < C(R(2x) + R(2y)) for all
x,yeV;

(iv) for any h € L*°([0,T] x £2;dt x P), z € K, we have hz € K and |hz|g <
IAlloollzll k-

(H1) Hemicontinuity: for any u, v,x € V, w € §£2 and any ¢ € [0, T], the mapping
RaA V*<A(t, U+, w), x)v

is continuous.
(H2) Weak monotonicity: there exists a constant ¢ € R such that

2, (AC,u) = ACv),u — ), + | BCou) — B(, u)|}ngS <cllu—v|3 forallu,veV

holds on [0, T'] x S2.
(H3) Coercivity: there exist constants ¢y, ¢ > 0 and an .%;-adapted process f € LY([0,T] x £2;
dt x P) such that

2,40, 0), + [ BE )| <clvi} — R + /i

holds on §2 for allv e V and ¢ € [0, T], where R is as in (K).
(H4) There exist ¢3 > 0 and an .%;-adapted process g € LY ([0, T] x §2; df x P) such that

vlA@ ), u), | < g 4 c3(R@)+ Rw)) ong2forallt €[0,T], u,veV,

where R is as in (K).
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Remark 2.1. (1) (H4) together with (K)(ii) implies that for all z € K the map

T

Z}_)Efv*<A(tyzt)’Z[)th’ EEK’
0

isin K* such that K > z +— ||A(-, 2) ||+ is bounded on bounded sets in K.
(2) It easily follows from (H3) and (H4) that for all v € V on £2

2
| Bt )|y Sctllvly + fi +280 +4c3R),  1€[0,T].

In particular, the function K € 7~ E fOT |B(, z:) ||f§,fHs dr is by (K)(ii) bounded on bounded sets

in K, which are also bounded in L?([0, T] x £ — H;dt x P).

(3) We observe that z € K ifand only if z € LY([0,T1x 2 — V;drx P) with]EfOT R(z;)dr <
oo. Then the necessity is trivial by (K)(ii). On the other hand, for z € L([0,T] x £ —
V;dt x P) with EfOT R(z;)dt < 0o we have

K3z :=zl{y,<n— 2z inLY([0,T]1x 2 — V;dr x P).

We claim that {z™} is a Cauchy sequence in K so that it also converges to z in K. Otherwise,
there exist € > 0 and a subsequence ny — oo such that

sup ||z(”") — zm “K >2¢e, k>1.

m>ng
Then for any k > 1
my ::inf{m > ng: ”z("") — zlm ||K > s} <00

Letting 70 = 7% — 7m0 we have ||| x > & for all k > 1, which contradicts (K)(i) since
R(0) =0 and the dominated convergence theorem imply that

T T
1imsup1EfR(z§k))dt < lim E/R(z,)l{nk<|z,|v}dz=o.
—00

k— 00
0

(4 LetY e K*, ze K and h € L°°([0, T] x £2;dt x P). Let z" € LP([0,T] x £ — V;
dr x P), n €N, such that " — z in K, hence hz™ — hz in K by (K)(iv). Assume that
hY (which a priori is only in LP/(P=D ([0, T] x £ — V*;dr x P))is in L®([0,T] x 2 —
V*,dr x P). Then

T
Y hZ E/‘/* h[Yt, Z[ th (23)
0

since
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T

- i Y _ ()
K*<Y9 hZ)K _nll)ngo K*(Y’ hZ " )K —nll)ngoE/ V*(Yt9hlzl‘ >V dt
0
T T
= tim E [ bz o =8 vz ar
0 0

since z™ — zin K, hence in L'([0, T] x 2 — V:;dr x P).
(5) For Y € K* we have

T T
K*<Y,z>K=Ef V*<Yx,zs>vds<1€/|V*<n,zs>v|ds<||Y||K*||z||1<, (e K. 24
0 0
Indeed, let & := y+(Y,z)y and for N > 1

2™ = sgn(@E) Ly <v. vy <m)z € LP ([0, T x 2 — Vidt x P),

YW .= Lijzlv<n, 1Y ly«<NyY € L"/(”_”([O, Tl x 2 — V*dt x P).

Then forall N > 1

T T
N N
]E[|§t|l{uzuv<zv,uynv*@v}(f)df:E/ ol T )y de = (v )
0 0
<Yl 2™, <Yl Nzlik

where we used (2.3) for the second equality and (K)(iv) in the last step. This implies (2.4) by
letting N — oo.

(6) By [19, Proposition 26.4], (H1) and (H2) imply that for all (¢, w) € [0, T] x §2 the map
u+— A(t,u, ) is hemicontinuous (i.e. u, — u strongly in V implies A(¢, u,, w) - A(t, u, )
weakly in V*). In particular, A is continuous if V is finite-dimensional.

We remark that the assumptions made in [13, Chapter II] imply the present ones by taking
K :=LP(0,T] x 2 — V;dt x P) for some p > 1, so that one has K* = Lp/(p_l)([O, T] x
Q> V*5dt x P),and R:= || - |}, Wy =Wy =] |/P.

Definition 2.1. A continuous adapted process {X;}e[0,77 on H is called a solution to (2.1), if
X e L_z([O, T]x 2 — H;dt x P), there exists a df x P-version X of an element in K such that
X = Xdr x P-ae., and P-a.s.

t t
Xt=X0+/A(s,)_(s)ds+/B(s,)_(s)dWX, forall t [0, T].
0 0
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Since the Bochner integral on general Banach spaces is only meaningful for pointwise (rather
than a.e.) Banach space-valued functions, in Definition 2.1 we have to choose a V-valued pro-
gressively measurable version of X such that the right-hand side of the above formula makes
sense.

Theorem 2.1. Under (K), (H1)-(H4), for any Xq € L*(2 — H, %y, P), 2.1) has a unique so-
lution and the solution satisfies ]Esupte[O’T] || X ||%1 < 00. Moreover, if A(t, -)(w) and B(t, -)(w)
are independent of t € [0, T] and w € 2, then the solution is a Markov process.

The uniqueness of the solution can be easily proved using the Itd formula for || X/, ||12L1 presented
in Theorem A.2 in Appendix A (see [13, Theorem 1.3.2] for a special case). In fact, we have an
even stronger statement formulated in the following proposition. Furthermore, in the case where
A and B are independent of t € [0, T'] and w € §2, the Markov property can be easily proved by
using the uniqueness as in [13].

Proposition 2.2. Assume (K), (H1)—~(H4). Let X and Y be two solutions of (2.1) with Xo, Yo €
L%(2 — H, %y P). Let c be the (not necessarily positive) constant such that (H2) holds. Then

ElIX, — Y;||3; <e“E|Xo — Yoll%, te€l0,T]. (2.5)

Consequently, if moreover A and B are independent of t € [0, T] and w € 2, the semigroup
(Pt)ielo0,1] of the corresponding Markov process is a Feller semigroup with

|PF(x) — P,F(y)| <e“*Lip(F)|x — yllg, te€l0,T], x,y€H,

where F is an H-Lipschitz function with Lip(F) the Lipschitz constant. In particular, if our
assumptions hold for each T > 0 with A :== —c > 0 independent of T, then (P;) has a unique
invariant probability measure p with (|| - ||%1) < 00 and (P;) converges exponentially fast to u;
more precisely, for any H -Lipschitz function F,

|P.F(x) — n(F)|* <Lip(F)e ™ u(llx —I%), xeH.

Proof. By (H2) and the It6 formula (A.3) in Appendix A applied to X; — Y¥;, we have

E|IX: — YlI3 —ElXo — Yol
t
= 2]E/ {y+(AGs. Xo) — A, Yy), Xg = Ys),, + || BGs, X;) — B, Ys)||;Hs}ds
0

t

<e [BIx. - v as
0

This implies the first result immediately by Gronwall’s lemma. The remainder of the proof is the
same as that of (3) and (4) in [7, Theorem 1.3]. O
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To prove the existence, we will construct a solution by the classical Galerkin method of finite-
dimensional approximations as made in [13] (see also [7] for a special case).

Let {ef,...,en,...} CV be an ONB of H. Let H, := span{ey,...,e;}, n > 1, and
P, :V* — H, is defined by

n
yi=Y y.edve. yeV™. (2.6)
i=1

Clearly, P, |y is just the orthogonal projection onto H, in H. Set

n
W =" (Wi gi)gi = ZB,g,
i=1

For each finite n > 1, we consider the following stochastic equation on Hy:

dx™ e}y = A X)) e5), de +(B(t, X")dW " e) . 1< j<n,  (27)

where X (()") := P, Xp. It is easily seen that we are in the situation covered by [12, Theorem 1.2]
which implies that (2.7) has a unique continuous strong solution. Let

J:=L*([0,T]x 2 — Zus(G; H); dt x P). (2.8)
To construct the solution to (2.1), we need the following lemma.

Lemma 2.3. Under the assumptions in Theorem 2.1, we have

[XP ¢+ JAG X g+ sup E|XP]5 <C
t€[0,T]

for some constant C > 0 and alln > 1.

Proof. By It6’s formula and (H3), we have

d|x" 3 =2, (A0 X7), X M), di + | P.B(2, X)) dr +dm™

| s 0
_ (n) ()12 (n)
<[—aR(X,") + | X |3 + fi]de +dm,

for a local martingale M, ,(”). This implies

~ElIXol} <Be | X[}, ~E[ X[},
t
<3 —al / R(X™)ds, tel0,T], (2.9)
0

for some constants c¢3, ¢4 > 0. Then the proof is completed by (K) and (H4). O
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Lemma 2.4. K* is isometric to the dual space K' of K.

Proof. Since L*°([0, T] x 2 — V*;dr x P) is the dual space of L'Y([0, T] x 2 — V;dt x P),
and since the embedding K C Ll([O, T] x £ — V;dt x P) is dense and continuous, the em-
bedding

L>([0,T]1 x 2 — V*;dt x P) CK’

is continuous too, but also dense by the Hahn—Banach Theorem because K is reflexive. There-
fore, K’ = K* since K’ is complete and contains L ([0, T] x 2 — V*;dt x P). O

Proof of Theorem 2.1. We first recall that the uniqueness of the solution is included in Propo-
sition 2.2. Hence, when A and B are independent of the time ¢ and w € £2, the Markov property
follows immediately as in the proof of [13, Theorem I1.2.4]. So, we only need to prove the exis-
tence, Esup, (o, 77 | X+ ||%1 < 0o and the continuity of X; in H.

By the reflexivity of K and Lemmas 2.3, 2.4, and Remark 2.1, we have, for a subsequence
nj — 00:

(i) X" — X weakly in K and weakly in L?([0, T] x £2 — H;dr x P);
(ii) A(-, X)) - Y weakly in K* (hence weakly in L?/(P=D([0, T] x 2 — V*;dr x P));
(iii) B(-, X")) — Z weakly in J and hence [; B(s, X")dW" — [- Z,dW, weakly in
L%°([0, T]— L%(2 — H: P); dr) (equipped with the supremum norm).

Here the second part in (iii) follows since also B(-, X )y p, « — Z weakly in J, where P, is the
orthogonal projection onto span{gi, ..., g,} in G, since

[ s xeyawe = [ (s x0) v,
0 0

and since a bounded linear operator between two Banach spaces is trivially weakly continuous.
Since the approximants are progressively measurable, so are X, Y and Z.
Thus, by the definition of X" we have (since V is separable) that

t t
v*()_(z,e)v = (Xo,e)H—i—/V*(Ys,e)vds—i—/(stWs,e)H, forall e eV a.e.-dt x P.

0 0
(2.10)

Defining

t t
X = Xo—i—/sts—i—/‘ZSdWs, tel0,T], (2.11)
0

(=}
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we have X = X dr x P-a.e. We note here, that since ¥ € K* ¢ LP/?=1D([0,T] x 2 — V*;
dr x P), its integral in (2.11) always exists as a V*-valued Bochner integral and is continuous
in t. Therefore, X is a V*-valued continuous adapted process.
Hence Theorem A.2 applies to X in (2.11), so X is continuous in H and E sup, < || X; ||%, < Q.
Thus, it remains to verify that

B(-,X)=2Z, A(,X)=Y, ae-drxP. (2.12)
To this end, we first note that for any nonnegative ¢ € L°°([0, T]; dr) it follows from (i) that

r T
E/w(t)”}_(t”%-[ dr = lim E/(l/f(t)f(t,Xf”k))H dt
k—o00
0 0

1/2

T 1/2 T
< (E/¢(r)||5(,||§, dt) liminf (E/w(t)”X,("")szt) < 0.
— 00
0 0

Since X = X df x P-a.e., this implies

T T
1iminfE/w(t)||X§"k)||iIdt >1E/w(t)||x,||§,dt. (2.13)
k—o00

0 0

By (2.11) and the It6 formula (A.3) in Appendix A, using the elementary product rule we obtain
that

t
Ee™ || X: 1% — Ell Xolly = E/e—c‘v{zv*m, Xs)v + 12l — el Xl }ds. (2.14)
0

Furthermore, for any ¢ € K N L2([0, T] x 2 — H;dt x P),

Ee | x{™ |}, ~E|x5™ |

t

ZE/e_CS{2V*<A(S’ Xs(nk))7 X§nk)>v + H Py B(s. X§nk))Pnk “;HS - cHXS(”’f)Hi}ds
0

t
<E / e {2, (A (s, X)), X"P),, 4 | B(s, X)) ”f%s — || x |7} ds
0

t

E / T2y {A(s, X)) = Al 00, X" = ),

0

+ |B(s. X) = Bls. ) | — el X — s} as
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t
+E / {2, (A, 85), X)), 42, (A(s, XTW) — AGs, @), 65y
0

2
=BG, 09 s +2(B (5, X), BGs,69)) g5, — 26(X{", )y + cligsllzy s, (2.15)
Note that by (H2) the first of the two summands above is negative. Hence by letting k — oo we

conclude by (i)—(iii), Fubini’s theorem, Remark 2.1, (2.4) and (2.13) that for every nonnegative
Ve L*°([0, T]; dr)

T
E / Y@ (e N X% — 1 Xoll%) de
0

T t
gE/\w(t)</e_cs{2‘/*<A(sﬂ ¢S)7XS>V +2v*<YS _A(Sv ¢S)v ¢S>V
0 0

— [ B, 802, +2Zs, BGs, 8) g5 — 26X st + c||¢s||%,}ds> dr.

Inserting (2.14) for the left-hand side and rearranging as above we arrive at
T t
0> IE/ ¥ (o) (/ e 2, (Y, — A5, 90). Ky — ),
0 0

+ [ BGs, 80) — 24| 2 — eI X — b0l ) ds) d. (2.16)

Taking ¢ = X we obtain from (2.16) that Z = B(-, X). Finally, first applying (2.16) to
¢p=X —epefore>0and ¢ e L®(0,T] x £2;dr x P), e € V, then dividing both sides by
¢ and letting ¢ — 0, by the dominated convergence theorem, the hemicontinuity of A, (K) and
(H4), we obtain

t

T
0>]E/1p(t)(/e”q~5sv*(Ys — A(s, X, e), ds) dr.
0

0
By the arbitrariness of ¥ and ¢, we conclude that ¥ = A(-, X). This completes the proof. O
3. Stochastic generalized porous medium and fast diffusion equations
In this section we shall discuss applications. Let (E, %, m) be a o -finite measure space with
countably generated o -algebra Z. Let (L, Z(L)) be a negative definite self-adjoint operator on

L?(m) with Ker(L) = {0}. We shall use (,) and | - || to stand for the inner product and the
norm in L?(m), respectively, we also denote ( f, g) :=m(fg) := J fgdm for any two functions
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f, g such that fg € L'(m). Consider the quadratic form (&, D(&’)) on L?(m) associated with
(L,2(L)),1i.e.

D(&):=2(V-L)
and
& (u,v) ::m(\/—Lu \/—Lv), u,v e D).

Let .#, be the abstract completion of D (&) with respect to the norm

1
Il =&,

and let .% be its dual space.

In general, one has 2(&) = .%, N L*(m), so that .%, D Z(&) but is incomparable with
L?(m). Consequently, .Z is contained by the dual space of Z(E) with respect to L?(m), and is
incomparable with L?(m). For instance, letting (L, Z(L)) = (A, 2(A)) in L%(R%; dx), one has

Fe = {f e W (RY; dx): /|Vf|2dx < oo}.
R4

So, it is easy to see that the constant function 1 € .%, \ L?(R%; dx) while 15 € L>(R?; dx) \ .%,
for any bounded ball B.

Note that both (%,, &) and .#;, with the inner product induced by the Riesz isomorphism,
are Hilbert spaces. Now we define

H:= 96*7 (a)H = (,)ng*a (31)

ie. #) will be the state space of our SDE (2.1). In order to make our general results from
the previous section work, we shall use the further assumption, that (&, D(&)) is a transient
Dirichlet space in the sense of [10, Section 1.5]. (&, .%,), where & also denotes the extension of
& to F,, is called extended Dirichlet space in [10], from which we also adopt the notation. In
this case, .# is also called the corresponding Green space. Since we do not assume the reader to
be familiar with all these notions, we shall first formulate some abstract conditions on (&, D(&))
(i.e. on (L, D(L))) such that our proofs below work. Then, partly on the basis of results from
[10], we shall prove that these abstract assumptions hold if (&, D(&)) is a transient Dirichlet
space. Furthermore, we shall briefly describe whole classes of concrete examples.
From now on, we are going to assume that the following condition holds:

(L1) There exists a strictly positive g € L(m) N L*®(m) such that .%, C L! (g -m) continuously.
Our space V will be heuristically given as V := H N Ly, where N is a nice Young function
and Ly the corresponding Orlicz space. More precisely, let N € C(R) be a Young function, i.e.

a nonnegative, continuous, convex and even function such that N (s) = 0 if and only if s = 0, and

N N
im V) o, fim ) _ oo

s—>0 5 s—>00 §
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For any function f on E with m(N («f)) < oo for some « > 0, define
Iy :=inf{a > 0: m(N(f/) < 1}.
Then the space (Ly, || - Il1y), Where
Ly):={f: [ flly <oo},
is a real separable Banach space, which is called the Orlicz space induced by the Young func-
tion N (cf. [16, Proposition 1.2.4]). There is an equivalent norm defined by using the dual
function
N*(s) := sup{r|s| —N@):r> 0}, s €R,
which is once again a Young function. More precisely, letting
I fllwvy :=sup{(f, g): m(N*(g)) <1},
one has (see [16, Theorem 1.2.8(ii)])
- lley < llavy <20 Ny - (3.2)
The function N is called A;-regular, if there exists constant ¢ > 0 such that
N(2s) < c(N(s) + l{m(E)<oo}), s eR.

In this paper we assume that N and N* are Aj-regular. By [16, Proposition 1.2.11(iii) and
Theorem 1.2.13], Ly (m) and L y=(m) are dual spaces of each other with dualization given by
(f,g)=m(fg), f € Ly, g € Ln+. Hence they are reflexive. By the Aj-regularity, f € Ly (m)
if and only if m(N (f)) < oo.
Now let us give a precise definition of V. Define V := H N L (m) in the following sense:
V.= {u € Ly (m) | Jc € (0, 00) such that m(uv) < cflvll.z, Yv e F. N LN*} 3.3)
equipped with the norm

lullv = llullLy +llullz; = llullLy + lullg.

In order that V becomes a subset of H and (V, || - ||v) a Banach space, we need to assume that
Z.N Ly~ is adense subset of .%,. For later use, we even make the following stronger assumption:

(N1) %, N Ly~ is a dense subset of both .%, and L y+.

By (N1), V can be considered as a subset of H = .% by identifying u € V with the map iz : .%, N
L+ — R defined by

u(v) :=muv), ve.F NLyx.
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Then obviously, V C H continuously, and it is easy to see that V is complete with respect to
|l - lv. The density of V in H is, however, not clear. Therefore, we assume

(N2) V is adense subset of both H = .#; and Ly.
The second part of (N2) we shall only need later. As mentioned above, we shall later prove that

(L1), (N1) and (N2) always hold if (&, D(&)) is a transient Dirichlet space. Let V* be the dual
space of V, so using H = H* we have

V CHCV* continuously and densely.
Note that, since V is complete, the map
Vours (u,m@)) €Ly x %}

is an isomorphism from V to a closed subspace of Ly x .% which is reflexive. So, V itself is
reflexive.

Proposition 3.1. Assume that (&, D(&)) is a transient Dirichlet space. Then conditions (L1),
(N1) and (N2) hold.

With respect to the length of this paper we do not recall all necessary definitions and no-
tions here, but refer to [10, Section 1.5]. We shall stick exactly to the terminology and notation
introduced there.

Before we prove Proposition 3.1, we need the following fact on A;-regular Young functions.

Lemma 3.2. Let N be Aj-regular. Then

(i) there exists q € (2, 00) such that
N(@rs) <r?t(N(s)+2- lm@E)<co}), r=2,5>0; (3.4)

(i) L'(m) N L9(m) C Ly (m) continuously, where the intersection is equipped with the norm
I 1l1 4 1l llq and q is as in (D).

Proof. (i) Let n > 1 be such that r € [2",2"T1). If N is As-regular with constant C > 2, then
for p1:=logC/log2

n
N(rs) < N(2"ls) <! (N(s) +y ¢ 1{m(5)<oo}> <27 D (N(9) + 2 L) <o)
i=0

< r[’l(n—i-l)/" (N(S) +2. l{m(E)<oo})~

Thus, (3.4) holds by taking g :=2p; > 2.
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(i) We have forall A > O and f € L'(m) N L4 (m)

“‘(N@)) =“‘<1{%>2}N<'Aﬂ)> *‘“(1{%<2}N<'xﬂ>>

N(@s) 1
q A
< (171 )+oi‘§<2 ; (171)
where we used (i) in the last step. For
1 N
)i= (2m(If19) (N(1) +2))7 +2m(f]) sup 2,
0<s<2 S

the right-hand side is less than 1. Hence, the assertion follows. O
Proof of Proposition 3.1. We first note that (L1) holds by [10, Theorem 1.5.3(«) and (B8)] (see
also [10, Lemma 1.5.5]).

Now let us prove (N1). We first note that L' (m) N L>(m) is a dense subset of L y+(m). This
follows from Lemma 3.2(ii) applied to L+ and since for any f € Ly such that

m(vf)=0 forallve L'(m)N L>®(m)

it follows that f = 0. So, to show that .%, N Ly is dense in L y+, by Lemma 3.2(ii) it suffices to
show that

D(&) N LY(m) N L®m) isdense in L'(m) N LI (m), (3.5)

where ¢ is as in Lemma 3.2(ii) with N* replacing N. But (3.5) is a well-known fact about
Dirichlet spaces. To show that .%, N Ly« is dense in .%, it suffices to show that

L'm)NL>®m) N D(&) isdense in D(&) (3.6)
with respect to the norm & (-,-)!/2 := (&(-,-) + || - 12)'/2. So, let u € D(&) such that
& (v, u)=0 forallve L'(m)NL>®@m)N D).

Then for f € L'(m) N L?(m), since G| f € L'(m) N L>®(m) N D(&), where (G);.~0 is the
resolvent associated to (&, D(&)),

m(fu) =&1(G1 f,u)=0.

Hence u = 0, because L!(m) N L>°(m) is dense in L*(m).
Now let us show (N2). Let g be as in (L1) and consider the set

¢ :={h-g|heL®m)).
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Then & c L'(m) N L>®(m) C Ly (m). Since L'(m) N L (m) is dense in Ly (m), it follows
that ¢ is dense in Ly (m). Furthermore, by [10, Theorem 1.5.4] for every f € & there exists
Gf € %, such that

m(fv)=&(Gf,v) forallve .Z,.

Hence ¥ C V,so V is dense in Ly (m).
Now we show that ¢ is dense in H =.%. So, let v € .%, such that

m(fv)=0 forall fe¥.

Then

m(hvg) =0 forall h € L°(m),

and hence, since vg € L!(m), vg = 0 m-a.e. Since g is strictly positive, it follows that v = 0
m-a.e. and (N2) is proved. O

Now let us return to our general situation described at the beginning of this section, i.e. the
only conditions on L and the Aj-regular (dual) Young functions N and N* are (L1), (N1) and
(N2). The following is then standard and more a question of notation than contents. Nevertheless,
we include a short proof.

Lemma 3.3.
() The map L: F, — F; defined by
Lv:=—&®,"), ve.Z (3.7)

(i.e. the Riesz isomorphism of #, and F) multiplied by (—1)) is the unique continuous
linear extension of the map

D(L)>v+>m(Lv) € Z). (3.8)
(ii) Letve F.NLyx,uc FNLy=V.Then

(Lv, ) z: = —m(vu).

(iii) The map l_:: FeN Ly = FF C V* has a unique continuous linear extension (again de-
noted by) L: L+ — V* and this extension satisfies

V*(Zv, u)yy = —m(vu) forallve Ly, ucV. (3.9
Proof. (i) Forall ve D(L), w € D(&) we have
m(Lvw) = —& (v, w).
By the density of D(&) in its completion .%, it follows that the linear map in (3.8) really takes

values in % and that it is continuous as a map from .%, with domain D(L) with values in .%".
Since D(L) is dense in (D(&), &1), hence in .%,, the assertion follows.
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(ii) By Riesz’s representation theorem there exists Gu € %, such that i(:= m(u-)) =
&(Gu, -). Hence,

(Lv,it) 75 = —(E (v, ), £(Gu, ) &, = —E (v, Gu) = —m(vu).
(iii) Let v € #, N Ly+, u € #; N Ly = V. Then by (ii)
ve(Lv,u)y = (Lv, i) zz = —m(vu), (3.10)

hence,

vi(Lv,u)y| < cllvllLys lully < cllvllzylulv
for some positive constant ¢ independent of # and v. By (N2) it follows that

ILvllv+ <cllvllL,. forallve.Z, N Ly

Hence, by the second part of (N1), the desired extension L: Ly« — V*exists and (3.10) extends
to (3.9). O

Example 3.4. There are plenty of examples of transient Dirichlet spaces described in the lit-
erature with E being e.g. a manifold or a fractal. Here, we shall briefly refer to cases where
E := D C R? and m is the Lebesgue measure and which are presented in detail in [10] (see
Examples 1.5.1-1.5.3). For example, if L is the Friedrichs extension of a symmetric uniformly
elliptic operator of second order with Dirichlet boundary conditions on an open domain D C R?,
then all the above applies if either d > 3 or D is bounded. But there are also examples with
Neumann boundary conditions, as e.g. the Laplacian on D := half space in R?. Furthermore, for
D :=R? we can take L = (—A)* with its standard domain, if @ € (0, ‘71) N (0, 1]. For details we
refer to [10].

It might be helpful to remark that even for L being the Laplace operator on a bounded domain
with e.g. Dirichlet boundary conditions, the solution we are going to deduce from Theorem
2.1 is normally not regular enough to satisfy the same boundary condition. Indeed, the state
space H of the solution does not merely consists of functions, so that it even does not make
sense to say whether the solution satisfies the boundary condition (it is only known that for
Lebesgue a.e. times the solution lies in the function space V a.s.). Note that the operator L in
the right-hand side of (3.15) is an extended one due to Lemma 3.3, which is determined by the
original operator (e.g. the Dirichlet Laplace on a domain) but acts on a larger class of functions
not necessarily satisfying the boundary condition. Even for very regular ¥, but with ¥ having
vanishing derivative at zero, the solutions will not be in a Sobolev space with zero boundary
conditions in general. However, some regularity properties of our solutions can be shown under
stronger assumptions on the noise. This is contained in one of our forthcoming papers.

For simplicity, we write L instead of L and u instead of &z € V below, hence, consider V as a
subset of H =.Z, hence of V* in particular.

To define the nonlinear operators A and B in (2.1), let

U, d:[0,00) x Rx 2 =R (3.11
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be progressively measurable, i.e. for any ¢ > 0, restricted to [0, ] x R x §2 they are measurable
w.r.t. ([0, t]) x B(R) x .%#,. We assume that for fixed (z, w) € [0, 00) x £2, ¥ (¢, -)(w) and
@(t, -)(w) are continuous.

Finally, let

B:[0,T] x V x 2 — Zus(G; H) be progressively measurable satisfying
(H2) with A=0 (i.e., B is Lipschitz with respect to H-norm, uniformly
in (t,w) €[0, T] x £2), and || B(-, 0) ”sz e L*([0,T] x £2;dt x P). (3.12)

We distinguish two sets of conditions on ¥ and @:

(A1) &(t,s) =hys, t €[0,T], s € R, for some .%;-adapted h € L*°([0, T] x £2;dt x P) and
there exist Ap-regular dual Young functions N and N*, a nonnegative .%;-adapted process
f e Ll([O, T] x £2;dt x P) and a constant ¢ > 1, such that for all s,s;,50 € R on
[0,T] x §2
(V1) (s2 =sD)W(,52) —¥(,51) 20
(W2) s¥(-,5) 2 N(s) — lim)<oco) - [
(W3) W (. 5) < e(N(S) + Lm(g)<oo) - £
(W4) N*(¥(-,0)lm(E)<oco) € LY([0, T] x £2;dr x P).

If @ is not just the identity times & as above, we need to restrict to the Young function considered
in Example 3.5(), i.e.

m
N(s) ::Zsi|s|r’+l, s eR, (3.13)
i=1

for some pairwise distinct 1, ..., 7, > 0 and ¢y, ..., &, > 0, and consider the following condi-
tion:

(A2) There exist ry, ..., r, > 0 such that for NV as in (3.13) the set L(D(L) N Ly (m)) is dense
in Lt (m) and L~ : L7t (m) — L't (m), 1 <i < m, is bounded. Furthermore, there
exist a nonnegative .%-adapted process f € L'([0, T] x £2;dt x P) and constants ¢ > 0,
81, ...,0;, > 0 such that for all 5, s1, s € R we have on [0, T'] x £2
(W) (52— s)W(,82) =W (,51) = D20 Silso —s1T;
(W2) N(s)— f- lim(E)<oo) <SY(,8) <c(N(s) + f - lim(E)<oo)) With N as in (3.13);
(®@1) @(-,8) =hs + Dy(-, ), s € R, for some F;-adapted h € L*°([0, T] x §2;dt x P)

such that on [0, T'] x £2 we have

m
|@0(-, 52) — Po(-,51)| < Z&' IL~! ”:?}(Lrﬁrl(m))|s2 =51l

i=1

(P2) [Po(-,5)| <YL, &ls|", where & = el L~ ||,>;(Lri+l(m))8i for some ¢ € (0, 1) (in-
dependent of s € R).
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Remark 3.1. (i) If (A1) holds for ¥, then it holds for s > —W¥(—s) with the same Young
function N.

(1) f m(E) = oo, then (V2) and (¥3) imply that ¥ (-, 0) =0.

(iii) We note that if (&, D(&)) is a Dirichlet form and for some ¢ € (0, c0)

&, u) >cfu2dm for all u € D(&),

then as is well known, (L, D(L)) has bounded inverses as in condition (A2) for all ; > 1.

Example 3.5. (i) Letrq,...,ryn >0,381,...,8, >0 and

W (s) = sign(s) Y &ls"".

i=1

Define N (s) := s¥ (s). Then (A1) is fulfilled, provided we can show that N, which is obviously a
Young function, and also N* are A,-regular. This is clear for N. To see the A,-regularity of N*,
let r :=minr; and 6 := 21/ 1. We have, for s > 0,

m m
N*(2s) :=sup {251‘ — Z(Sﬂ”'“} = sup !ZGSI - ZG”‘HSﬂ”H

t>0 i—1 >0 i=1

m
<ot sup{29_rst—23it”+l} =0"TIN*(s). (3.14)

t>0 i=1

(ii) Let ¥, N be as in (i), so that (¥2)’ trivially holds, but with ry,...,r, > 1. Then an
elementary calculation (see e.g. [19, p. 503]) shows that (¥ 1) holds.

(iii) Let ¥ (s) := sign(s)|s|? "' (og(1 + |s]))", s € R, where 6 € (1, 00), r € [1, 00). Then ¥
satisfies (A1) with N(s) :=s¥ (s) = |s|9(log(1 +1s]))", s € R. Obviously, N is a Young function
which together with its dual N* is easily checked to be A,-regular.

(iv) Time-dependent examples are easily obtained by e.g. multiplying ¥ or @ by a bounded
adapted process which is bounded below by a strictly positive constant.

To define A as in (2.1), we need one more lemma.

Lemma 3.6.

(i) Let (A1) hold. Then forall s € R
N (' 9)) KNG +[Bf+ N (7' E0)] - Tmegy <o) 0n [0, T]x £2.
(ii) Let (A2) hold and let N be as in (3.13). Then there exists ¢ € (0, 00) such that for all s € R

N*((DO(-, s)) <CN(s) on[0,T]x £2.
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Proof. (i) Let s € R. By Remark 3.1(i) we may assume that s > 0. Fix ¢t € [0, T'] and suppose
first that ¥ (¢, s) > 0, which by Remark 3.1(ii) and (W 1) is always the case if m(E) = oo. Then
by (¥3)

N*(c_lllf(t, s)) = sup[rc_lllf(t, s) — N(r)]

r=0
< s‘;P[rc‘l(W(t, $) =W ()] + f - lmE)<co)
r=0
=c ' sup [r(®t, ) =W+ f LimE)<oo)s
s=>r>0

where we used (W1) in the last step. But since N > 0 the last term due to (¥2) is dominated by

clswi,s) + 2 flimE)<oco)-

Now (i) follows by (W3), for such s > 0, respectively is completely proved if m(E) =
Ifm(E) <ooand ¥(t,s) <O, then |V (z,s)| < |¥(¢,0) by (V1). Hence,

N*(c'w(t,5)) = N*(c o @, s)|) < N*(cHw @, 0)])

and (i) also follows in this case.
(i) Fix 1 <i < m and define N; (s) := |s|""*!, s € R. Then

1

oo ritl ritl
[s| i =:cils| i

ri+1

Nf(s) = (r- 1

(as an elementary calculation shows). Hence, by (®2) and (3.14) for all s € R we have on
[0,T] x £2

N*(@0(-, 5)) = N*(|@o(-, 9)]) < (ZS|S|"><N*<Z£|SI )

(Is17) =) gieils|

/AN
2
e
™
S’.ll
—~
il
3
|_|
||M§

Hence, the assertion follows with ¢ := e maxi i <m (¢ [|L™ ! || ). O

L (L i+ (m))
Fix ¥, @ as above satisfying (A1) or (A2). We could define A: [0, T] x V x £2 — V* by
At,v,w):=LY(t,v,0)+P(t,v,w), te€]0,T],veV, wes2. (3.15)

By Lemmas 3.3(iii) and 3.6(i) the first summand is a well-defined element in V*. By
Lemma 3.6(ii) this is also true for the second summand since V C V* and Ly = (Ly)* C V*
since V is dense in Ly by (N2). But in order to show that A satisfies our assumptions (H1)—(H4),
we need estimates on @ in (3.15) and we have to compare it with LW . Therefore, we need to de-
fine the second summand in (3.15) in a more convenient way which is, however, only equivalent
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under additional assumptions. We refer to [7] for such a case and to the calculation in Remark 3.2
below. So, we define forr € [0, T],ve V,we 2

®(t, v, ) :=h;-v—m(Po(t, v, w) L") (3.16)
and
Alt,v,0) =LY (t,v,0)+ D, v, w). (3.17)

Since by assumption @ is only nonzero if (A2) holds, and then L~': Ly — Ly is continuous,
it follows by Lemma 3.6(ii) that V > u > m(®g (¢, v, a))L’lu) is a continuous linear functional
on Ly, henceon V =.%)N Ly, so belongs indeed to V*. With this definition of A we shall then
be able to verify our conditions (H1)—(H4) on the basis of our assumptions (A1) and (A2).

Remark 3.2. To avoid cgnfusion below, we denote the continuous~ extension of the inverse L ™!
in (A2)toall of Ly by L=!. Now let v e V and u € V such that L~'u € D(L) N Ly+. Then by
Lemma 3.3(iii)

—m(vL 'u) = v (LL™'u, V) 7o = (4, 0) Zx = v (v, u)y.

*
™~
h

|
<
=
Il

So, if the set of such u is dense in V, the above definitions of @ (¢, v, w) and P (¢, v, w) are
equivalent (cf. [7] for an example), since V is dense in L.

Now we define
R@):=m(N®) + [vl}, vevV, (3.18)
and

K:=Ly([0,T1x Ex 2;dt xmx P)NL*([0,T1x 2 — H;dt x P)  (3.19)

with norm
-l =1 Ny 0. 11x Ex2:dexmx Py + || - 1 22(0, 71x 2= H:de x P)- (3.20)
That the intersection in (3.19) is meaningful follows from the last inclusion in the following
lemma and the definition of V (= Ly (m) N .%#}). It also follows that K is complete (hence a

Banach space) and reflexive.

Lemma 3.7. Let N be a As-regular Young function and q € (2, 00) as in Lemma 3.2. Then the
following embeddings are dense and continuous

LI([0,T]1 x 2 — V;dt x P) C LY([0,T] x £ — Ly(m);dr x P)
CLy([0,T]1x E x 2;dt xm x P) C L'([0,T] x £2 — Ly(m); dt x P).
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Proof. The assertion with respect to the first inclusion is clear, by (the second half of) condition
(N2). To prove the assertion for the second inclusion, let g € Ly=([0,T] x E x §£2;dt x m x P)

such that
rh(N(g))(:= / N(g)drh) <1

where m :=df xm x P. Then forall f € Ly(m), since s;-sp < N(s1)+ N*(sp) forall sy, 57 € R,

m(f-g) <m(N(f))+1

[, )
<f / (V{17 D LY g 41

T

<//(Hf<r,-,w>uLN(m)+z)’1(1+2m<E>1{m<E><w})drP(dw)+1,
0

where we used (3.4) in the last step. Now by (3.2) we obtain that for some constants a,b > 0
(independent of f)

I Ny < /f | £ )], dt P(dw) +b.

Hence, || - ||Lyam) is bounded on bounded sets of L4([0, T] x §£2 — Ly(m);dr x P), so the
second embedding in the assertion is continuous. To show its density, it is enough to prove that
L) C L([0,T] x 2 — Ly(m); dr x P),
where Lgo(rh) denotes the set of all f € L°(m) such that for some Ey € £ with m(Eg) < oo,

{f#0} C[0,T] x Eg x £2. (Obviously, Lgo(rh) is dense in Ly (m).) But by Lemma 3.2(ii)
there exists ¢ € (0, 0o) such that for all f € L§(m)

//Hf(t,~,w)||ZN(m)dtP(dw)
[ U0 s+ 70 L ) 8 P00
c”f”Loc(m) (m(EO) +m(EO)q) <0

Now let us prove the assertion for the last inclusion. Let f € Ly(m) \ {0}. As above by (3.2)
we obtain that for dr x P-a.e. (t,w) €[0,T] x £2

170y <MV ) +1
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Hence,

//Hf(t, o) |y 4 P(d)
<m(N(f)+T

<m<N<——£——HfMW@y+ﬂ>>+T

Il f 12y am
< (1 F iy +2)7 (1 +2Tm(E) lm(gy<c0)) + T

where we used (3.4) in the last step. Since the last expression is bounded on bounded sets of
L (m), the third continuous embedding in the assertion is proved. Its density is then obvious
since clearly Lg°(m) C LY(0,T]1x 2 — Ly@m); dt x P). O

By definition and Lemma 3.7 it now follows that for ¢ as in Lemma 3.2
L([0,T] x 2 — Vidt x P) C K C L'([0,T] x £2 — V;dt x P)

continuously, and both embeddings are dense, since L9 is dense in L. So, it remains to check
our general conditions (K), (H1)-(H4).

Proposition 3.8. For R and K defined in (3.18), (3.19), respectively, conditions (K), (H1)-(H4)
from Section 2 hold for A defined in (3.17) and (3.16).

Proof. To prove (K)(i) it suffices to show that for any sequence z"™ e K, n €N, one has
”Z(n)”LN(ﬁ]) — 0 if and only if m(N(z™)) — 0, where as before m :=dr x m x P. So, as-

sume ||z 1 vy — 0. Then z™ — 0 in m-measure, because for all k € N there exists n; € N

such that
(ng)
a(v(55)) <1
2—k

hence by the convexity and continuity of N

N1 )) < X mn ) <o

SO Y oy |z | < oo m-a.e. Since this is true for any subsequence of z™, n € N, this really
implies that z™ — 0 in m-measure.

On the other hand, by (3.4) for N* (with possibly different ¢ > 2), for any ¢ € (0,2!77] we
have

N(es) :=sup{lsler — N*(r)} = /4D sup{|sle= /@~ Vr — N*(r)e~9/@~D}

r>0 r>0

< g2/ sup{|s|8_l/(q_1)r _ N* (8—1/(q—1)r)} + 2 Tim(E)<oo}

r>0

= 8q/(q71)N(S) +2 - lmE)<c0), S ER.



J. Ren et al. / J. Differential Equations 238 (2007) 118-152 141

This implies, for (0 #) |z || Ly @) <279,

(n)|(n) _ (n)
22 Ly iy q/(q=1) Z
N Z(”) :N<—N < Z(n) _ N ———— | +2Tm(E)  ym(E .

") Iz Ly ) S T 2011 Ly iy m(E=oel

But the right-hand side converges in L!(m), hence N (z"”) — 0 in L' (m).
Now assume that N (z") — 0 in L' (1), hence in m-measure. Then z" — 0 in m-measure.
But for A € (0, §) by (3.4) we have

)
N( x ) AN ") 42 Lm(e) <o)

and the right-hand side converges in L'(m). Hence, N (#) — 0 in L'(m), so for sufficiently
large n

”Z(n) ”LN(m) <A,

thus [z |2y @my — O since A € (0, %) was arbitrary.
Now we verify (K)(ii). By (3.4) and since N (s) is increasing in |s|, we have for z € K \ {0}

m(N () gm(N<w>>

1zl Ly o)

. z
< m([N(7> +2. 1{m(E)<oo}] (I1zll 2y iy + 2)q>
2l 2y i)

< (1+2Tm(E) Lim(g)<co}) (12l Ly iy +2)7.

This implies that for some ¢ € (0, co)

T 12
lzllx > C([ﬁl(N(z))]l/q + (]E/ [FA dt) ) —2
0

T

>C(E/

1/q
R(zl)dt) —c—2,
0

where we used the elementary estimate (a + b)l/q <a’"+bY24+1,a,b>0, g > 2. On the
other hand, since by (3.2) and because of st < N(s) + N*(¢) we have

lzlzya <m(N () +1,

it follows that

T T

T 12
lzllx <E/m(N(zt))dt+1+ <Ef llze 1% dt) gEfR(zt)dtJrz.
0

0 0
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Therefore, (K)(ii) holds for
Wi(r) :=cr'/d —c—2, Wo(r):=r+2, r=0.
Since N is convex,
R +y):=m(N(x+ )+ lIx + ¥l

(R(Zx) + R(Zy)).

N =

1
< 5m(N@x) +N@y) + 20l + 20yl =

So, (K)(iii) holds for C = % (K)(@iv) is clear, since obviously for z € Ly(m) and h €
L*®([0,T] x £2;dt x P)

Azl Lyamy < IAllLoo@dex Py Izl Ly @) -

Now we are going to prove (H1)—(H4).

(Hl):Letu,v,x € V=Lym)N.#} and 1 € R. Then by (3.14), (3.13), Lemma 3.6 and (3.8)
on [0, T] x £2 we have

yelAC u+iv), x),
= -—m(¥ (-, u +Av)x) + hy=(u + Av, x)y —m(Po(, u + Av)L ™ x).
But by Lemma 3.6 on [0, T] x £2
| W u+av) - x| SN ("W (- u+av)) + Nex)
SN@A+20) + [3f + N* (7' (-, 0))] - 1m(z)<oo) + N(cx)
and
| @0 (- + 20) || x| S N* (o (- u+ 2v)) + N(L7'x) <EN(u+v) + N(L™'x),
where for A € [—1,1]
N+ iv) = N(Ju+ rv]) < N(Jul+ |v]).

So (H1) follows by the continuity of ¥, @ in the spatial variable and Lebesgue’s dominated
convergence theorem.

(H2): Let u, v € V. Then as above on [0, T'] x £2

V*(A(~, u) —AQG,v),u— U)V
=-m((¥(,u) =¥, 0))u—v)) +hye(u—v,u—v)y
—m((Po(-, u) — Po(-, v)) L™ (u — v)). (3.21)
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In case (A1) holds, the latter is dominated by ||/ || ;o0 (drx p)llu — v||%1. In case (A2) holds, the
absolute value of the last summand is by (®1) dominated by

m
Z(Si ”L_l “;(Lr,-w(m))m(m —v|" L_l(u — U)|)

i=1

i(gl _vl}’,‘-‘t—l))ri/(ri"’l)m('u_v|ri+1)l/(ri+1)
=1

<m((¥(,u) =¥, ) u—v),

where we first used Holder’s inequality and then (W1)’. So, also in case (A2) holds, the right-
hand side of (3.21) is dominated by ||/ || o0 s x p) It — v||%1 on [0, T] x £2, so (H2) is proved.

(H3): Let v € V. Then as above on [0, T'] x 2,
v*(A(" v), v)v = —m(lI/(~, V)V) + heys (v, v)y — m(@0(~, v)L~! v).
By (¥2), (W2)', respectively, and ($2), this is on [0, T] x §2 dominated by
—(1 = &)m(N®)) + fm(E) lm(g)<) + I 2ll Lo arpy [0

By the definition of R (cf. (3.18)) condition (H3) now follows.
(H4): Let u, v € V. Then as above on [0, T x §2]

V*(A("U)vl'{)‘/’
m(|@ (¢, v)|lul) + 18l Lo@xpy vl allul g +m(|@oC, v)||L 7 ul).
But by Lemma 3.6 on [0, T'] x £2
N C V| lul K N* (' (¢ v) + N@w)
SN +[B3F+N* (7', 0)] - lmg)<co) + N(w).

Furthermore, by (®2), Holder’s and Young’s inequality

m(|q§0(~,v)||L* <5ZS; |U|r,+1 r’/(r‘+1)( (|u|ri+1))1/(ri+1)

m
. Ti ri+l 1 ri+l1
<8§8,<ri+1m(|v| )+ri+1m(|u| ))
<e(N@) +Nw)),

and (H4) follows. 0O

Now our general results from Section 2 apply to this case.
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Theorem 3.9. Assume that conditions (L1), (N1) and (N2) hold and let ®,¥ be as in (3.11)
satisfying (A1) or (A2) for some Young function N and let B be as in (3.12). Then for any
Xo € L(2 — H, Fo; P) the SPDE

dX, =[LW(t, X)) + D (1, X,)]dt + B(t, X;) dW,;

has a unique continuous H-valued solution (in the sense of Definition 2.1 with H being the
Green space of L and K defined by (3.19)) with initial condition X. The solution satisfies

E sup [|X;]|% < oo
t€l0,7T]

and all further assertions from Theorem 2.1 and Proposition 2.2 also hold.
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Appendix A. The It6 formula for the square of the norm

In this section we aim to prove the Itd formula for || X, ||%1 which has been used in the paper.
This formula has been established in [13] for the case where K := LP([0,T] x 2 — V;dt x P)
forsome p > 1, R:= |- |5, Wi = Wa:=| - ||'/7.

As in [13], let us first consider the piecewise-constant approximation of a process in K by
using an argument of Doob (see [8, Chapter IX, §5], or [18, p. 75]).

Lemma A.1. Assume (K) and let X :[0,T] x 2 — V* be ([0, T]) x F | B(V*)-measurable
such that X = X dt x P-a.e. for some dt x P-version X of an element in K. Then there exists
a sequence of partitions I; := {0 = t(l) < t{ << t,lq =T} such that I} C )41 and §(I)) :=
max; (tl-l — tl.l_l) — 0 as | — oo and for

k; ki—1
vi.__ vi.__
Xi=3 1 Xy o XK= n Xy 121
i=2 i=1
we have X', X! are V-valued P-a.s. and (dt x P-versions of) elements in K. Furthermore,
li X -—Xx! X-X . 1=o.
Jlim {5 - %]+ %~ %]}
In particular, X €'V forall 1 > 1,1 <i <k — 1.

Proof. For simplicity we assume that 7 = 1 and let X be extended to R x £2 by setting
X|0,17¢ = 0. Since LP([0, T] x 2 — V;dt x P) is dense in K, it is easy to see from (K) that
there exists £2’ C 2 with full probability such that fol R(X;)dt < 0o holds on £2’ and for any
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w € §2, there exists a sequence { f,,} C C(R; V) with compact support such that

/R(4fn(t)_4)zt(a)))dt<%, n>1.
R

Thus for every n > 1 it follows from (K)(iii), since R(v) — 0 as v — 0, and f,, € Co(R; V), that

limsup/ R()_(,H(a)) — )_(t(a))) dt

§—>00
R

< Clim sup/ {R(2X 11 (@) = 2fu(t +5) +2X1 () — 2 fn (1))

§—00
R

+ R(2fult +5) =2 fu(0)) } dr

5. . . 2¢?
<C hmsupf [R(4Xs41(@) —4fo(t +5)) + R(4X,(0) — 4 £, (1)) } d < —

§—>00

Note here that since by continuity R is bounded on sufficiently small balls around O and since
each f, is uniformly continuous we really have by dominated convergence that for all n > 1

lin%)/ R(2fu(s +1) = 2f,(1)) dr = 0.
R

Letting n — oo we arrive at

Slin%/ R(Xs4s(@) — Xs(0))ds =0, we 2. (A.1)
R

Now, given ¢t € R, let [¢] denote the biggest integer < ¢. Let v, (¢) :=27"[2"¢], n > 1. Shifting
the integral in (A.1) by ¢ and taking § = y,,(t) — ¢ we obtain

lim [ R(Xy,)+s — Xi+5)ds =0 on 2.

n—oo

R
Moreover, since R(0) =0 and by (K)(iii) and Remark 2.1(3)

1

/ R(X 15 — Krgs)ds < 1j_2.2)(1)C / [RQXyy0r45) + R p45)) ds
0 R

1
=2Clj_22(t) / R(2X;)ds < oo.
0
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So, by the dominated convergence theorem, we obtain that

0= lim E / dr f R(Xy,(t)4s — Xi45)ds > lim E / ds / R(Xy,(1—s)+s — X)dt. (A2)
n—o0

n—oo

Given s € [0, 1) and n > 1, let the partition [, (s) be defined by

251\ Q-1 _
15 (s) :=0, 1 (s) := (s ~ + T 1<i<2", ty () =1

Then, fort € [#]'_;(s),t/(s)) one has t —s € [27" (i — [2"5] —2),27" (i —[2"s] — 1)) and hence,

Yt —s)+s={27"(i —[2"s] =2) +s) =" (), 1<i<2"+2.
Therefore, (A.2) implies

1

limE/ S/R nsdt 0,
n—00

0

where X is the process defined as X! for the partition I,,(s) but with X /(s) Teplaced by X sy

Similarly, the same holds for X" in place of X™* by using 7, 1=y, + 27" instead of y,, where
X" is defined as X' for the partition I, (s) but with X i (s) replaced by X i (s)- Hence, there exist

a subsequence ny — oo and a ds-zero set N; € Z([0, 1]) such that
1
lim E/{R()‘(, XN+ R(X, — X/*°)}dr =0, 5[0, 1]\ Ny.

k— 00

0

Since for 1 <i < 2" the maps s > /' (s) are piecewise C'-diffeomorphisms, the image measures
of ds under these maps are absolutely continuous with respect to ds. Therefore, since X = X
ds x P-a.e., there exists a ds-zero set No € 4([0, 1]) such that

Xy =Xy as, s€[0, 1]\ Ny, 1<i<2", n>1

Since for any s € [0, 1]\ (N1 U N>) one has ER()_(z;’(s)) < 0o and by Remark 2.1(3) z € K if and
only if z € L'([0, 1] x £2;dr x P) with E [} R(z,)dr < oo, the map

[0.1]x 25 (1, 0) > 7" 1= Xy () (@) € V

is once again in K. Therefore, fixing s € [0, 1]\ (N1 U N2), the sequence of the corresponding
partitions I, (s), [ > 1, has all properties of the assertion. O

Remark A.1. As follows from the above proof all the partition points t} A>1,1<i<k—1,in
the assertion of Lemma A.1 can be chosen outside an a priori given Lebesgue zero set in [0, T'].
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Theorem A.2. Assume (K). Let Xo € L>(2 — H; %y P), Y € K*, Y progressively measurable,
and Z € J. Define the continuous V*-valued adapted process

t !
X; :=X0+/sts+/ZSdWs, tel0,T].
0 0

If there exists a dt x P-version X of an element in K such that X = X dt x P-a.e., then X, is a
continuous process on H such that Esup, < || X; ||%1 < oo and P-a.s.

t t
X113 = 1 Xoll; + /(2v*<n, Xo)v +11Zs %) ds + 2/<zs dWs, X)m, 1€[0,T].
0 0
(A.3)

Setting v+ (Ys, Xs)v = 0 for X ¢ V we may replace in the right-hand side X by X.

Proof. Since M, := f(; Z; dW; is already a continuous martingale on H and since Y € K* C

L”/(”_l)([O, T] x 2 — V*;dr x P) is progressively measurable, fé Y, ds is a continuous
adapted process on V*. Thus, X is a continuous adapted process on V*, hence is ([0, T]) x
F | B(V*)-measurable. Then, due to Lemma A.1 and Remark 2.1(5), the remainder of the proof
is similar to that of [13, Theorem 1.3.1]. We include a complete proof below for the readers’
convenience.

(a) Note that by [13, Lemma 1.4.2],

t
X113 = 11X 1% +2f velYe, Xo)y dr +2(Xs, M; — M)
s

+ 1My = Ml — 1X; — X5 = My + M| (Ad)
holds for all # > s such that X,, X; € V. Indeed, this follows immediately by noting that

My — Mg |13 — 11X, — X5 — My + My||3, 4+ 2(Xs, M; — M)y
=2(X;, M, — M) — | X, — X513

t
— 22X, Xi — Xy) 1 — 2/ VeV Xy dr — 1 X0y — X5 1% + 20X, Xoh
N

t

=X % — I1Xsl1% — 2/ ve (Y, X;)y dr.

s

(b) As in [13, Lemma 4.3], we have

E sup [|X/]% < oo. (A.5)
te[0,T]
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Indeed, by (A.4), for any ¢t = tl.l € I} \ {0, T} given in Lemma A.1,

i—1

2 2 2 2
1X00% = 1 Xol3 =3 (00 I = 11X, 17)

j=0

I
' i

t
=2/ V*(YS,X§>Vds+2/(X§,zSdWS)H+2<Xo,/zsdws>
0 H

0 0

i—1
_ 2 o _ 2
JFZ(:)(||1\4,§+1 Myl =Xy =X =My + M, 1%).  (A6)

By Remark 2.1(5), Lemma A.1 and (K)(ii),
/T
0

for some constant ¢; > 0 independent of /. Moreover, by the Burkholder—Davis inequality,

v+(Ye, Xy | ds < || X, < (A7)

t

E sup /(X Z,dWy),, 3E(/||Xl||H )
t<T
0
1
<ZE sup X, +9E(M)r, (A8)
4 ki—1>j2>0 J

where (M), is the increasing process part of ||M,||%1. Finally, for all [ > 1

ki—1
2
hmsupEZHle My Iy <E(M)r. (A.9)

l
—00 =0

Combining (A.6)—(A.9), we obtain

E sup [X/% <c2
tel\{T}

for some constant ¢, > 0 independent of /. Therefore, letting / 1 co and setting [ := U,>1 I\
{T}, with I; as in Lemma A.1, we obtain

2
Esup [| XI5 < oo.
tel

Since for all r € [0, T']

N
S vXrep)) 11Xl as N 4 oo,
j=1



J. Ren et al. / J. Differential Equations 238 (2007) 118-152 149

where as usual for x € V*\ H we set ||x||z := oo, it follows that # > || X;||y is lower semi-
continuous P-a.s. Since / is dense in [0, T'], we arrive at sup, < ¢ ||X,||%1 = Sup;¢; ||X,||%1. Thus,
(A.5) holds.

(c) Next, since sup, o 7 [ Xt |z < 00, the proof of [13, Lemma 4.5] implies

t
li X, — X\, Z,aw
zf&f‘é‘% /( s — X, Zo dWy)

=0 in probability. (A.10)

We repeat the proof here for completeness. We first note that because of (b) and its continuity
in V* the process X is weakly continuous in H, and therefore, since Z(H) is generated by H*,
progressively measurable as an H -valued process. Hence, for any n > 1 the process P, X, where
P, is as defined in (2.6), is continuous in H so that

hm/”P ||H (M)s =0.

Therefore, it suffices to show that for any ¢ > 0,

t

lim supP(sup /((I—P)Xl ZdW) ):O,
n—=>001>1 1<T
0
t
lim P| sup /((I—PH)XS,ZSdWS)H >e|=0. (A.11)
n—oo t<T ;

For any § € (0, 1) and N > 1 by the Burkholder—Davis inequality

T
o) < Zwn( [ 1925 d0 - now, -5)
0

35 N?
=4 P(sup Xy > N) + —E{(1 - PM),.
& t<T

t

P(sup /((I—P)X’ Z,dWy),,
t<T 0

By letting first n — 0o, then N — oo and finally § — 0, we prove the first equality in (A.11).
Similarly, the second equality also holds.

(d) As in [13, Lemma 1.4.6], we first prove (A.3) for t € I. So, fix t € I. We may assume
that 7 # 0. In this case for each sufficiently large / > 1 there exists a unique 0 < i < k; such that
t= tl We have X i € V as. forall j. By Lemma A.1, Remark 2.1(5) and (A.10) the sum of the
first three terms in the right-hand side of (A.6) converges in probability to 2 fo ve(Ys, X;)y ds +

Zfo (X, Zg dW,) . Then

t

I1X 1% — 1 Xol% =2[ v (Ys, Xy ds +2/<xs, Zy AWy i + (M), — g0,
0 0
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where

2
g0 = lim Z 1X,r | =X =My + Myl

j+1 <t
exists. So, to prove (A.3) for ¢ as above, it suffices to show that ¢y = 0. Since for any ¢ € V,

I
Tit

(X, =Xy =My + M. )n = f v+ (Ys, @)v ds,

l
1

letting M' and M' be defined as X' and X/, respectively, for M replacing X, we obtain for every
n>l1

/ v YMXI _Pn(Mi—MA{»vds
0
I I
—(X(r)) — X ) — M(1;) + M(0), P,M(0) — X(0)),,
-3 (x% = Xg =M+ My (= P (M = M,;))H).
By the weak continuity of X in H the second term converges to zero as [ — co. Lemma A.1 and

Remark 2.1(5) imply that fé v (Y, X é -X é)v ds — 0 in probability. Moreover, since P, M is
a continuous process in V, f(; v (Y, Py(M! — MY))y ds — 0 as I — oo. Thus,

172
. 2
o im (X0 1y =y -y g1y
/+1\
,\ 12
> la- ooy ~mpl)
;+1<’

=e/2 (01— PyM), 2,

which goes to zero as n — oo since M; is a square-integrable martingale in H. Therefore, ¢g = 0.

(e) Now, take 2" € .% with full probability such that the limit in (A.10) is a pointwise limit in
§2' for some subsequence (denoted again by I — 00) and (A.3) holds for all 7 € I on £2’. If t¢l,
for any / > 1 there exists a unique j (/) < k; such that ¢ € (tj‘(l)’ t§(1)+1] Letting 7() := tj(l), we
have (1) 4 ¢ as [ 1 0o. By (A.3) for t € I, for any [ > m we have, on £2’ (since the above applies
to X — X;(m) replacing X)
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0)
1X:y — Xemy 177 =2 / e (Yo, Xs — Xy(my)v ds
t(m)
t(l)
+2 / (X5 — Ximy» Zs AW) g + (M) 1y — (M) m)

t(m)

T
= 2/ Lt gmy, e (01(8) V*<Ys, X5 — )_ffl)V ds
0

T
+ 2/ om0 )X — X2, Zy dWs)y + (M) — (M) 1(m).-
0
(A.12)

Thus, by the continuity of (M), and (A.10) (holding pointwise on §2”), we have that

lim sup {2

m—>ool>m

T
/ Liemy.can )Xy = X0, Zg dW) | + (M) — <M>t(m)‘} =0 (A.13)
0

holds on £2’. Furthermore, by Lemma A.1 and by Remark 2.1(5), selecting another subsequence
if necessary we have for some 2”7 € % with full probability and £2” C §2, that on 2"

m—00

T
lim /|V*(Ys,)_(s—)_(§”)v|ds:0.
0

Since for all r ¢ 1

t() T
sup [ [ yofte X = K2 s < [ ] yuftes Ko = K2 [,
0

I>m
t(m)

we have that
t()

lim sup/v*<Ys,)?s—X;'1)vds=O

m—>00;_ .
t(m)

holds on £2”.
Combining this with (A.12) and (A.13), we conclude that

li X — Xeom I3 =0
mgnoolsgg 1 X7 1oy 1
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holds on £2”. Thus, (X;())en converges in H on §2”. Since we know that X,y — X, in V*, it
converges to X; strongly in H on £2”. Therefore, by the formula for #(I) and letting [ — oo, we
obtain (A.3) on £2” also forall z ¢ I.

Finally, since the right-hand side of (A.3) is on §£2” continuous in ¢ € [0, T'], so must be its
left-hand side, i.e. t — || X¢|| g is continuous on [0, T']. Therefore, the weak continuity of X; in
H implies its strong continuity in H. O
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