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1. Introduction

In this paper we show an interesting result that the geometric property “lushness" of a Banach space is closely related
with the Bishop-Phelps-Bollobds property (BPBP for short) for operators, though they appeared to be apparently unrelated
each other.

The concept of lushness was introduced to characterize an infinite dimensional Banach space with numerical index 1
[7]. The fact that a Banach space X has numerical index 1 means that the norm of any bounded operator on X is the same
as its numerical radius. The lushness has been known to be the weakest among quite a few isometric properties in the
literature which are sufficient conditions for a Banach space to have numerical index 1.

On the other hand, some attention has been recently paid to the question if a given couple of Banach spaces satisfies
the BPBP for operators, a strong form of denseness of the set of norm-attaining operators [1-3,9].

The Bishop-Phelps theorem [4] shows that the set of norm-attaining functionals on a Banach space X is dense in its
dual space X*. This theorem has been extended to bounded linear operators between Banach spaces, and also to non-linear
mappings like multilinear mappings, polynomials and holomorphic mappings.

Afterwards Bollobés [5] sharpened the Bishop-Phelps theorem. More precisely, he obtained that for an arbitrary € > 0,
if x€ Bx and x* € Sx+ satisfy |1 — x*(x)| < %, then there are y € Sx and y* € Sx« such that y*(y) =1, ||y — x| <€
and ||y* — x*|| < €, which is now called the Bishop-Phelps-Bollobas theorem. Very recently Acosta et al. [1] extended this
theorem to bounded linear operators between Banach spaces.

The BPBP for operators is a much stronger property than the denseness of norm-attaining operators. It has been known
that the set of norm-attaining operators from ¢; to any Banach space X is dense, but the pair (¢1, X) has the BPBP for

operators only when X satisfies the so-called “approximate hyperplane series property” (AHSP for short).
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Our main result is to show that every lush space has the AHSP. Very recently it was shown that every almost-CL-space
has the AHSP [8], which is also a lush space. In general, every lush space has numerical index 1, and every Banach space
with numerical index 1 has the so-called “alternative Daugavet property” (ADP for short) [16]. There exists a Banach space
with the ADP, but not the AHSP. However, we don’t know if every Banach space with numerical index 1 has the AHSP. We
also show that there is a Banach space with both the AHSP and ADP, which is not lush.

2. Results

We begin by recalling some relevant definitions and reviewing several recent results. Given Banach spaces X, Y over K
(=R or C), by Bx we denote the closed unit ball, by Sx the unit sphere of X and by L£(X,Y) the Banach space of all
bounded linear operators from X into Y.

Definition 1. (See [1, Definition 1.1].) We say that the couple (X, Y) satisfies the BPBP, if given € > 0 there exist S(¢) > 0
and n(e) > 0 with lim_, o+ B(€) =0 such that for T € Sz(x.y), if Xo € Sx is such that ||Txg|| > 1 — n(e), then there exist a
point ug € Sx and an operator S € S (x.y) that satisfy the following conditions:

[Suoll=1,  lixo —uoll <p(e) and |IT -S| <e.

Acosta et al. introduced the AHSP, with which they characterized the Banach space Y such that the couple (¢1,Y) has
the BPBP.

Definition 2. (See [1, Remark 3.2].) A Banach space X is said to have the AHSP if for every € > 0 there exist y(¢) > 0 and
p(€) > 0 with lim,_, o+ ¥ (€) = 0 such that for every sequence (x¢);2, C Bx and for every convex series Z,ﬁ"; o satisfying

o0
>

k=1

>1—p(€)

there exist a subset A C N, a subset {z;: k € A} C Sx and x* € Sx+ such that

(1) Xkeatk >1=y(e),
(ii) |lzx — x¢|| < € for all k € A, and
(iii) x*(zx) =1 for all k € A.

The following Banach spaces were shown to have the AHSP: (a) a finite dimensional normed space, (b) a real or complex
space Lqi(u) for a o-finite measure u, (c) a real or complex space C(K) for a compact Hausdorff space K, and (d) a uni-
formly convex space.

On the other hand, the concept of lushness was introduced in [7] as a geometric property of a Banach space which
insures that the space has numerical index 1. Before the lush spaces were studied, the basic examples of Banach spaces
with numerical index 1 had been known to be almost-CL-spaces [13,14]. Clearly every almost-CL-space is lush.

Definition 3. A Banach space X is said to be lush if for every x, y € Sx and for every € > 0 there is a slice
S=5(Bx.x*,€)={xeBx: Rex*(x) > 1—€}, x"e&Sx

such that x € S and dist(y, aconv(S)) < €.

The following Banach spaces were shown to be lush in [6]: (a) the preduals of any Lq(w), (b) any Banach space which
nicely embeds into C,(§2), where £2 is a completely regular Hausdorff topological space, hence the disc algebra and H*°(D)
(see [19]), (¢) C-rich subspaces of C(K). It was also shown in [6] that every separable Banach space containing an isomorphic
copy of cg can be equivalently renormed to be lush.

We are now ready to prove our main result. We first state the following propositions and lemma.

Proposition 4. (See [11, Corollary 4.5], [12, Proposition 2.1].) For a separable lush space X, there exists a norming set C C Sx+ such
that Bx = conv(TF (x*)) for all x* € C, where F (x*) = {x € Bx: x*(x) = 1} is the face generated by x* and T is the set of modulus-one
scalars.

Proposition 5. (See [6, Theorem 4.2].) A Banach space X is lush if and only if for every separable subspace Y of X there exists a
separable lush subspace Z of X containing Y.
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Lemma 6. (See [1, Lemma 3.3].) Let {cp} be a sequence of complex numbers with |c,| < 1 for every n, and let n > 0 be such that for a
convex series Y o1 o, Re Y 02 1 otncy > 1 — 1. Then for every 0 <1 < 1, the set A= {i € N: Rec; > r} satisfies the estimate

n
z:Oliél_l—r

icA

Theorem 7. Every lush space X has the AHSP. In particular, (¢£1, X) has the BPBP for every lush space X.

Proof. Let € > 0 be given. Choose 0 < § < € so that +/28 + 2§ + 82
Given a sequence (x;)72; C Bx and a convex series ZI 1%, assume that

0
D exi
i=1

By Proposition 5, the sequence (x;) lies in a separable lush subspace of X, call it Z. It follows from Proposition 4 that
there exists a norming set C C Sz« such that By = conv(TF(z*)) for all z* € C.
Choose z* € C such that

z*(Zam) >1-— 5
i=1

3

8
>1——.
2

Let

82
A= {ieN: Rez*(x) > 1 — 5}.

It follows from Lemma 6 that

ZO{i>1—8.

ieA

Since Bz = conv(TF(z*)) for every i € A, we can find y; = ZZI’ )\kGIZuk such that ||x; — yi|l < % Z,T;l )L;'c =1, u;'< € F(z%),

0< AL <1and 6 eT for every k=1,...,m;.
We can get
m;
> A Ref>1-6
k=1

for every i € A, because Rez*(y;) > 1 — 82 for every i € A.
For every i € A let

Bi={ke{1,2,....,m;}: Reg > 1 -5},
U, = ZkeB,- AL, and Bf ={1,...,m;}\ B;. Apply Lemma 6 again and we get ugp, > 1—§, and |9,i — 1| < +/26 for all k € B;.

Mo . . .
Define zj = 3 5, M—";u;{ for every i € A. Let x* € Sy« be any Hahn-Banach extension of z*. For every i € A we have
x*(zi)=1 and

l . 82
Ixi — zill < ||y1—zz||+—— Zxkekuk > Eul+ =
icp MBi 2
keBj
3 o= |+ | A 1)k + | X el
keB; keB; Bi keBS
<Y MV28 +Zxk<——l>+(l—us)+
P B
€B; keB;

52 52
< V28 +2(1 —us,-)+3 <\/25+25+3 <€. O

It follows from the proof of Theorem 7 that given € > 0 we can find the same 7n(e) and y(¢) in the definition of the
AHSP for all lush spaces. It was shown in [1, Theorem 4.1] that X has the AHSP if and only if the couple (£1, X) has the
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BPBP. It follows from its proof that given € > 0 we can find the same 7n(¢) and B(¢) in the definition of the BPBP of the
couple (¢1, X) for all lush spaces X.

The converse of Theorem 7 is not true. Indeed, every finite dimensional Banach space has the AHSP [1, Proposition 3.5],
but there is no Hilbert lush space with dimension n > 1.

Let us now replace ¢1 with a more general space Li-space.

Theorem 8. (See [9, Theorem 2.2].) Suppose that X has the Radon-Nikodym property and (2, X, 1) is a o -finite measure space,
where X is an infinite o -algebra. Then the couple (L1(u), X) has the BPBP if and only if X has the AHSP.

Corollary 9. Suppose that X is a lush space having the Radon-Nikodym property, and that (2, X, ) is a o -finite measure space,
where X' is an infinite o -algebra. Then the couple (L1(w), X) has the BPBP.

Schachermayer [18] showed that the norm-attaining operators in £(L1[0, 1], C[0, 1]) are not dense. From this we can see
that the lushness is not a sufficient condition on X for the couple (L1(u), X) to have the BPBP.

The notion of the numerical index of a Banach space was first introduced by G. Lumer in 1968 (see [10]), and it is
the greatest constant of equivalence between the numerical radius and the usual norm in the Banach algebra £(X) of all
bounded linear operators on X.

We denote the set

I(X) ={(x.x*): x € Sx, x* € Sx», and x*(x) = 1}.

For T € L£(X), the numerical range of T is the set of scalars
V(T) = {x*(T(x): (x.x*) € 1(X)},

and the numerical radius of T is v(f) = sup{|x*(f (x))|: (x,x*) € [1(X)}. We define
n(X) =inf{v(T): T € L(X; X), |IT|| =1}

and call it the numerical index of X.
A Banach space X is said to have the ADP if the norm identity

max || Id +wT|| =1+ ||T||

lw|=1
holds for every rank-one operator T € L(X). Since every Banach space with numerical index 1 has the ADP, every lush space
has the ADP. Moreover, for the Banach space with the Radon-Nikodym property the lushness and the ADP are equivalent
(see [6, Remark 2.2] and [15, Remark 6]). We are now interested in the question that every Banach space with the ADP has

the AHSP. Indeed, there is a Banach space with the ADP, but not the AHSP. However, we don’t know if every Banach space
with numerical index 1 has the AHSP.

Proposition 10. (See [16, Theorem 3.4].) Let X be a Banach space, K a compact Hausdorff space and 1 a positive measure. Then

(a) C(K, X) has the ADP if and only if K is perfect or X has the ADP.
(b) Ly(u, X) has the ADP if and only if ju is atomless or X has the ADP.

Theorem 11. If C(K, X) has the AHSP, then X has the AHSP.

Proof. Given € > 0, let p(€) and y (¢€) be the positive numbers which appear in the definition of AHSP of C(K, X).
Given a sequence (x¢)p2; C Bx and a convex series Zk°°:1 o, assume that

00
Z QX

k=1

>1—p(e).

For every k € N define f, € Bck,x) by fi(t) =x, for all t € K.
We can get

oo
> i
k=1

By the assumption there exist a subset A C N and a subset {gy: k € A} C Sck,x) and ¢ € Sck,xy such that (i) Y ., otk >
1—y(e), (ii) ||gk — fkll <€ for all k € A, and (iii) ¢(gx) =1 for all k € A.

>1—p(e).
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From these it follows that || D"y 4 @k8kll = D _rea @k Choose to € K so that

Z agi(to) | = Z k.

keA keA

Choose also x* € Sx so that x*(D ;4 ok8k(to)) = D pea k- Put zp = gi(to) for every k € A. Clearly |Ixx — z|l < € and
Xx*(zx) =1 for every k € A, hence X has the AHSP. O

Example 12. Let X be a strictly convex Banach space isomorphic to £1. Then X cannot have the AHSP by [1, Proposition 3.9],
because it is not uniformly convex. It follows from Proposition 10 that C([0, 1], X) has the ADP, but it cannot have the AHSP
by Theorem 11.

We finally wonder if every Banach space with both the ADP and the AHSP is lush. In fact, it is not true. We don’t know
if every Banach space with both numerical index 1 and the AHSP is lush.

Lemma 13. Let X be an uniformly convex Banach space. Given 0 < € < 1, there exists 0 < n(€) with lim._, o+ n(€) = 0 such that if
Rex*(x) > 1 —n(e) for x* € Sx= and x € By, then there exists y € Sx satisfying x*(y) =1and ||y — x| <€.

Proof. Given 0 < € < 1, let §(¢) be the modulus of convexity of X and put n(e) = min{28(§), %}. Suppose that Rex*(x) >
1—n(e) for x* € Sx» and x € Bx. Clearly ||x|| >1—n(e) >1— % hence ||x — ﬁll < % Choose xg € Sx so that x*(xg) =1. If
X0 — g1l = §. then

X0 + T
s € <1— NIl ’
2 2
hence
X X €
Rex*<x0+—>< Xo+—‘<2—28<—>.
lIxIl lIxIl 2

An easy computation shows that
%k £ 3 X €
Rex™(x) <Rex I <1-28 3 <1—n(e),

which is a contradiction. Therefore, [xo — 7371l < £, and we obtain [xg — x| <€. O
Theorem 14. Let (£2, X, 1) be a o -finite measure space. For a uniformly convex Banach space X, L1(u, X) has the AHSP.

Proof. Given € > 0, let n(¢€) the same positive number as in Lemma 13. We set

2 ) © 4+e(s(e)—1)
—) re=—7F—",
Va+€? 4

Note that 0 <s(e) <r(€) <1, and p(€) > 0.

It is enough only to check the conditions of AHSP for a finite convex combination (instead of an infinite convex series)
in order to prove that Lq(u, X) has the AHSP. Given a finite sequence (fk);z=1 C St,(u,x) and a finite convex series ZZ:1 o,
assume that

s(e):max(l —n(e), and p(e) =€(1—r(€)).

Zakfk >1—p(€).
k=1

For each 1 <k <n there is a simple function gy € S, (4, x) such that || fy — gkll <€ and

n
D g > 1-ple).
k=1

We can find ¢ € Sy, (., x)+ such that

n
Re¢(2akgl<> >1—p(e).

k=1
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Note that Ly (i, X)* = Loo (4, X*). We may assume that

N
/
&k = § XFXA,-
i=1

and

N
= ZXTXA,-,
i=1

where N € N, xkeX X € Bxx, Aje X and AjNA; =0 if i # j. Then Z,N1||x l(A;) =1 for every 1 <k <n. We may
also assume all x{ € Sx+. Indeed, if 0 < X <1 for some 1< i< N, then we verify the value Rex} ke 1ozkxk) If it is

nonnegative, then we replace x;° by For the other cases, we can similarly replace x;" by an element in Sxx.

IIX*II
Define
A={k:1<k<n, ¢(g) >r(€)}.
By Lemma 6
Zozpl—ﬂ:l—e.
1—r(e)
keA

For every k € A define
Ex={i:1<i<N, Rex}(x¥) > s(e) ||}

For every k € A we have

r(€) <Reg(g) = > Rex}(x)iw(A) + ) Rex}(x¥) (A

icEy icEy,
<Y Rexf () w(A) + Y se)]| x| (A
icEy icE},
=) Rexi(x] ;L(A)—i—s(e)(l—ZH (x5) || (A ))
icEy i€Ey

1 —s(e) Z Rex M(A ) +s(€),

i€Ey

which implies that

> Rext(x) (A > w.

lEEk _S(G)

Hence,
S [l =1 = 2 [ ecan < 1 3 Rexs () ucan <1~ =D
icEy, i€k icEy —s(€)

Since X is uniformly convex, it follows from Lemma 13 that for every i € Ex we can find y{.‘ € X such that x,’g(yf.‘) =
ly5l = [IxE] and [|y¥ — xK|| < €%k For every k € A let
r (6) s(€)
—s(€)

bl

Be=Y_|y¥|can >

i€Ey
and define gx € Sy 4 x) by
k
~ y XA,'
8k = Z 1,3—
i€Ek k

For every k € A we have ¢(g;) =1 and
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k
18— gl < 3| 2 — | ean + 30 % ncan
icE, Pr i€k}
k k
k
< = an + 30| 2 -y an + 3 [ fncan
iy i, I Pk icE¢
<Y elx | man+2a0 - o
keEp
<€+2<1_w):§ ,
1—s(e) 2

hence (g — fil < 3€. O

Example 15. It follows from Proposition 10 and Theorem 14 that L{([0, 1], £2) has both the AHSP and the ADP. But, [17,
Theorem 8] shows that the numerical index of Lq([0, 1], ;) is the same as that of ¢, which is smaller than 1. Hence,
L1([0, 1], £3) is not a lush space.
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