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1. Introduction

In the last years, many authors have been studied several questions about the following Schrddinger elliptic equation
{ —e?Au+VEu=f(x,u) ins2,
ueH (2)

with Neumann or Dirichlet boundary conditions, where £2 is a domain in RN. Motivated by Floer and Weinstein [12],
Rabinowitz in [16] uses a mountain-pass type argument to find ground-state solutions to (1.1) for € > 0 sufficiently small,
when N >3, 2 =RN, f is a subcritical and superlinear nonlinearity function and the potential V is nonnegative and
assumed to satisfy the condition

0 < Vo= inf V(x) <liminfV (x). (1.2)

xeRN |X|—>o00

In [20], Wang proves that the mountain-pass solutions found in [16] concentrate around a global minimum of V as € — 0.
In [2,3], Alves and Figueiredo consider the problem (1.1) for the p-Laplace operator obtaining existence, multiplicity and
concentration of positive solutions. In the celebrated paper [10], del Pino and Felmer obtained existence and concentration
of solutions for the problem (1.1), where N > 3, f is a subcritical and superlinear nonlinearity function and the potential V
is nonnegative and it is assumed to satisfy the following condition

(11)

inf V(x) < inf V
(/0= BV,

where A is a bounded domain compactly contained in §2. They developed a penalization-type method in order to over-
come the lack of compactness and used the Mountain Pass Theorem to get existence and concentration of solutions. These
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arguments have inspired many authors in the last years, among them we could cite [4] and [11], where the authors have
obtained multiplicity and concentration of nodal and positive solutions, respectively, to an equation related to (1.1). In [8],
Alves and Soares obtain existence and concentration of nodal solutions of (1.1) for the case where N =2 and the function
f has critical exponential growth.

Although there are many works dealing with problem (1.1) and with related p-Laplacian ones, just a few works can be
found dealing with biharmonic or even polyharmonic Schrédinger equations. Among them we could cite [5] and [6], where
the authors have obtained nontrivial solutions to semilinear biharmonic problems with critical nonlinearities and also [18],
where the authors obtained infinitely many solutions for a polyharmonic Schrédinger equation with non-homogeneous
boundary data on unbounded domains.

Motivated by the results just described, a natural question is whether the same phenomenon of concentration occurs for
the following class of fourth order elliptic equations

4,2 _ in RN
{e Au4+V@u=fu) inRN, (1.3)

ue HA(RN),

where AZ is the biharmonic operator, € > 0 and N > 5. The functions f :R — R and V : RN — R satisfy the following
assumptions:

(V1) V e CORNY N L2 (RN).
(V) There exist a bounded domain £2 ¢ RN and xg € £2, such that

0<V(x) =Vo=infV <infV.
< V(xo) 0 }151 < inf

(f1) feCl®).
(f2) fO)=f(0)=0.

(f3) There exist constants c1,c >0 and p € (1,2, — 1), such that
|f)] <cilsl +ealslP, VseR,

where 2, =2N/(N — 4).
(fa) limsj o0 252 = +o00, where F(s) = [; f(t)dt.
(fs) The function f(s)/s is increasing for s > 0 and decreasing for s < 0.

Our main result is the following:

Theorem 1.1. Assume that conditions (V1), (V3) and (f1)-(f5) hold. Then for each sequence €, — O, there exists a subsequence,
still denoted by {en}, such that, for all n € N, there exists a nontrivial weak solution u, of (1.3) (with € = €,). Moreover, if x, is the
maximum point of |uy,|, then x, € 2 and

lim V(x;) =infV.
n—oo RN

Although the principal arguments used here can be found in [10], the proofs have to be deeply modified because of
some natural difficulties that the study of the biharmonic operator gives rise. For instance, in [10], in order to prove that
the solutions of the penalized problem in fact are solutions of the original one, the authors use an argument that relies on
the strong maximum principle to the Laplace operator and also on the fact that u™ = max{u, 0} and u~ = min{u, 0} belong
to H'(£2) for every u in H!(£2). In [7], to prove the same to a quasilinear problem, the authors combine a comparison
principle together with Moser’s iteration technique. However, all these arguments have severe limitations to deal with the
biharmonic equation, because of the lack of a general form of the maximum principle to the biharmonic operator and the
impossibility of splitting u = u™+u~ in H2(2). To overcome these problems, our argument relies on proving that rescalings
of solutions of the penalized problem exhibit a uniform decay in infinity. To prove this we use some compactness results in
Nehari manifolds found in [7] together with a priori LP estimates found in [1] and L*° estimates proved by Ramos in [15].

It is worth to point out that we provide our results assuming a weaker version of the famous Ambrosetti-Rabinowitz
condition (see (f4)). The use of this weaker condition brings some difficulty to prove that the (PS) sequences are bounded,
which required some arguments found in [13] (see also [17]). Moreover, this weak condition represents a difficulty to prove
that the Nehari manifold is homeomorphic to the unitary sphere in H2(RN). This last problem can be dropped out using
similar arguments of Szulkin and Weth in [19].

The article is organized in the following way: In the second section, we use the argument given by [10] and [13] to
modify the function f to get the Palais—-Smale condition for the functional associated with the respective modified equation.
The existence and concentration of solutions to the modified problem are established. Finally, in the third section we prove
that these solutions have a kind of uniform decay at infinity.
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2. Preliminary results

We start by observing that the following problem
A%V + V(ex)v= f(v) inRN, 1)
ve H*(RY) '
is equivalent to (1.3). In fact, the solutions v, of (2.1) and u. of (1.3) are related by
Ve(X) = Uuc(€X).
Let Vo be as in (V1) and let us choose k > 0 such that k > 2Vq. Let a > 0 be a number such that max{@, fi—;‘”} < % Set
#s ifs < —a,

for=1f  iflsI<a,

@s ifs > a.

By the continuity of V, there exists a non-empty open set 2’ C §2, such that:

inf V>infV and minV >infV.
2\ RN a2’ RN

Let x € C®°(RN), 0< x <1, be such that

(x)—{l ifxe 2/,
X =10 ifxerM\g2,
and define
g%, ) =x®f(s)+ (1 - x®)f(s). (2.2)

By (f1)-(fs), g satisfies

(g1) g(x,s)=o0(s|) as s— 0.
(g2) There exist ¢1,c; >0 and p € (1,2, — 1), such that |g(x, 5)| < c1]s| + c2|s|?, for all s€R and x € RN.

(g3)

2G(x,s) < g(x,s)s, forallxe RN ands e R,

| —

g(x,5)s < V(x)s?, forallx ¢ 2 ands eR.

-

K

(g4) g(x,s)/s is nondecreasing for s > 0 and nonincreasing for s < 0, where x € RN,

The problem we now consider is the following:

A%V + V(ex)v = g(ex,v) inRN,

[veH%RM. (23)
Let Ec = (H2(RN), (-,-)¢) be the Hilbert space endowed with the inner product

U, v)e = /(AuAv + V(exyuv)dx.
RN
Denote by || - || the norm associated with this inner product. We consider the functional I defined on E. by

Ie(u):%/(lAuIZ-I—V(ex)uz)dx—/G(ex,u)dx,
RN RN

where G(x,s) = [y g(x, t)dt. The functional I € C'(E¢,RV) and

Ié(u)v:/(AuAv—i—V(ex)uv)dx—fg(x, u)vdx,
RN RN

for all u, v € E¢. Hence, critical points of I are weak solutions of the Euler-Lagrange equation (2.3).
Our first lemma provides conditions under which I satisfies the hypotheses of the Mountain Pass Theorem.
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Lemma 2.1. Assume that conditions (g1)-(g3) and (V1) hold. Then, for each € > 0, there exist positive constants p, 8 and ¢ € E¢
with ||¢|le > p, such that

1 le(u) > B forall |[ulle = p.
2. Ie(¢) <O.

Proof. Using (g1) and (g2) and the Sobolev imbedding, we can prove that for all n > 0, there exists a constant C() > 0
such that

1
/}G(éx, w)|dx < nllull2 + Coplu) 2™
RN
Hence, by choosing 1 € (0, 1/2), there exists a small p > 0 such that
Ie(u) > g >0, forallulle=p,

where p =[(1/2 — ) — C(n)rP~'1r2. This establishes 1.
In order to prove 2, fix ¢ € C§°(£2{) with ¢ > 0, where 2/ = €12’ By (fs), for every M > ||(p||§/2||g0||%2, there exists a
constant cg > 0 such that

F(s) > M|s|*> —co, forallseR.

Then,
2
le(tp) = Ellfpllé — | Fte)dx
RN

t2
< G102 =M [ lgPdx-+ colouppe)
RN

_2(190E [ ord
== - l@|*dx | + co|supp()|.
RN

Therefore, I¢(t¢) — —o0 as t — 400 and the proof is complete. O

Lemma 2.2. Assume that conditions (g1)-(g3) and (V1) hold. Then, the functional I, satisfies the Palais-Smale condition, that is, if
{up} is a sequence in E such that {I¢(uy)} is bounded and I, (u,) — O, then {u,} contains a strongly convergent subsequence in E..

Proof. We start by claiming that {u,} is a bounded sequence in E.. Let us suppose that I¢(u,) — d and I'(up)u, — O.
Suppose by contradiction that |uy|le — +o00. Let wy = un/||un|le. Analogously to the proof of Lemma 2.5 below, one can
prove that w, — 0 in Ec. Let t; € [0, 1] be such that

Ie (thwy) = max I (twy).
te[0,1]

Letting ng € N be such that R/|up|le <1 for all n > ng, using the definition of t, and the condition (g3), it follows that

R
Ie (thun) > Ie (7Un>
lunlle

2

R
=7||wn||§—/6(ex,an)dx— / G(ex, Rwy) dx
2 RN\ 2,
R? R% [ V(ex)
> 7||w,1||§ —/G(ex,an)dx— > p w2 dx
¢ RN
RZ(k—1)
> ———— — | G(ex, Rwp)dx.
o / (ex, Rwp)
Qe

Since w, — 0 in E¢ we have that w, — 0 in L{OC(RN) for all 2 <r < 2,. By (g2),

RZ(k—1)

. o
}gﬂggl(tnun) T
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and since R > 0 is arbitrary we get

lim I(tpuy) = +o00.
n——+o00

This together with the fact that I.(0) =0 and I¢(u,) — d implies that t; € (0, 1). Therefore
1. (taun)up = 0.

Since by (g4), H(x,s) = g(x,s)s — 2G(x, s) is nondecreasing in s > 0 and nonincreasing in s < 0, we have

2le(taun) = /(g(e& tnln)tnln — 2G(€X, fnun)) dx
RN

< /(g(ex, Un)tp — 2G(€X, up)) dx,
RN
which implies that

lim [ (g(ex, up)uy — 2G(€x, up)) dx = +oo. (24)
n——+o0o
RN

On the other hand,

/(g(ex, Up)up — 2G(€x, up)) dx = 2I¢ (up) — I, (up)uty = 2d + 0,(1),
RN
which contradicts (2.4) and proves the claim. Then, we can assume that
up —u inkEe,
up—>u inL] (RN), forall1<q<2,,
up, —u ae inRV (2.5)

as n — oo. By Lebegue’s convergence theorem, it is a simple matter to verify that u is a weak solution of (2.3). We now
take advantage of the Hilbertian structure of E. to prove that u, — u, as n — oo, by proving that ||u,|le — ||ulle as n — oo.
As we will see, this follows from the following claim.

Claim. Given § > 0, there exists R = R(§) > 0 such that

limsup / (IAu|* + V(ex)ul) dx < 6.
n—oo
RM\Bg

Effectively, for each R > 0 let ng € C*°(RN) be a cut-off function such that 0 < ng <1, ng =0 in Bg/2(0), ng =1 in
Br(0)S, [Vnr| < C/R and |Ang| < C/R2. From (g3) and the Hélder inequality, for R > 0 such that £2¢ C Bg,2(0), we have

(1 _ 1) / (IAug|* + V (ex)ud) dx < I (up) (run) + %

k
BRr(0)¢

and the claim follows taking the supremum limit.
Combining the claim with the Sobolev imbedding theorem and the integrability of x — g(ex, u(x))u(x), we have that
given § > 0 there exists Rs > 0 such that

. 8
lim sup g(ex, up)updx < —,
n—-oo 2
Br(0)°

and

8
/ glex,u)udx < o
Br(0)*
for all R > Rs. By (2.5) and (g3), we get

’/(g(ex, up)tn — g(ex, wu) dx| <8,
RN



M.T.O. Pimenta, S.H.M. Soares / J. Math. Anal. Appl. 390 (2012) 274-289 279

provided n is sufficiently large. Therefore,

lunlle — llttlle = /(g(ex, Un)Up — g(€x, u)u) dx + 0n(1) < 8 +0n(1)
RN

for all § > 0. The proof of Lemma 2.2 is complete. O

By the Moutain Pass Theorem [9], for any € > 0 there exists v € Ec a weak solution of (2.3) such that I¢(ve) = ce,
where

ce = inf max I t
€T yel te0,1] «(r®)

and Iy = {y € C°([0,1],E¢); y(0)=0 and I.(y(1)) < 0}. From (g4), the minimax level c. can be characterized as (see
[16])

ce = inf maxlc(tu) =infle,
€ 7 UEE\(0) £30 e(tw) Ne €

where N is defined by
Ne = {u € E\{0}; I, (u)u=0}.

We note that unlike in [16], there is an additional difficult to prove that N is homeomorphic to the unitary sphere in E.
when f does not satisfy the Ambrosetti—-Rabinowitz condition. However, the proof of this fact under the condition (f4)
proceeds along the same lines as in [19].

We now consider a sequence {€,} with €, — 0 as n — co. We claim that there exists a subsequence, still denoted by
{en}, such that v, := v, is a solution of (2.1). The proof will be carried out by a series of lemmas. The first one states the
existence of a ground-state solution to the limit problem.

Lemma 2.3. Suppose that f satisfies (f1)-(fs). Then, there exists a ground-state solution to the following problem
A’w+Vow = f(w) inRN, (2.6)
at the level

co= inf sup Ig(y(t)),
velooge<t (y )

where I is the energy functional associated to (2.6) and

Io={y (10,11, H*(R")); y(0)=0and Io(y (1)) < 0}.

Proof. Let Eq be the space H*(RV) endowed with the following norm [[u]|3 = fpn(IAul? 4+ Vou?)dx. In the same way as
that in Lemma 2.1 we can prove that Iy satisfies the geometric conditions of Mountain Pass Theorem. Then there exists
{wpn} C Eg, such that

Io(wp) > co and Ip(wyp) — 0, asn— oo.

Using the same arguments as that in Lemma 2.2, one can prove that {w,} is a bounded sequence in Eg. By Lions’s
lemma, it follows that there exist {y,} c RN, R, 8 > 0 such that

liminf/ w2dx > B.

n—o0
Br(yn)

Defining u,(x) = wy(x+ yn), note that (u,) is bounded in Eg. Since Iy is invariant by translations, it follows that Ig(u,) — co,
Iy(up) — 0 and

liminf/ uZdx > g.

n— 00
Br(0)

Hence u, converges weakly to u € Eg\{O} and strongly in L{OC(RN) for 2 <r < 2,, where u is a weak nontrivial solution
of (2.6). What is left is to show that Io(u) = cg. Trivially we have that co < Ip(u). By the other inequality, let o > 0. Note
that
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1 1
Io(un) — Els(un)un = /(§f(un)un - F(”n)) dx

RN
> / (%f(un)un - F(un)> dx
B, (0)

and then, by Fatou’s lemma it follows that

co > / (%f(u)u - F(u)) dx.

By (0)

Since the last inequality holds for all p > 0, it follows by the Lebesgue Dominated Convergence Theorem that

Co = /(%f(u)u — F(u)> dx = Io(u)
RN

and this implies that Io(u) =co. O

Lemma 2.4. Suppose that g satisfies (g1)-(g4) and V satisfies (V1)-(V3). Then

limsupce, < co.
n—oo

Proof. We assume without loss of generality that xo = 0, for xy given by condition (V). Let w be a solution of (2.6)
such that Ip(w) = co. Let ¥ € C*°(RN) be a cut-off function such that ¥ =1 in By,(0) and ¥ =0 in ng(O), where

B2, (0) C £2'. Set wy(x) = ¥ (€aX)w (%) and note that supp(wn) C L2, wy — w in H*(RY) and in L"(R") where 2 <1 <2,.
Let @¢, (Wy) > 0 be such that @, (Wp)wy € N, . Suppose that ¢, (Wp) — 1 as n — oo. Then

Cep < e, ((/)en (Wn)Wn)
1 2
= lo(¢e, (W) wn) + 5 /(V(enX) — V(0))(Pe, (Wn)wn)~ dx,
RN
and the result follows by the Lebesgue Dominated Convergence Theorem. It remains to prove that @c(w¢) — 1 as € — 0.

Since I, (e (We)we)we =0, it follows that

we(we)/(lAwelerV(éX)Wﬁ)dX=/f(soe(we)we)ws dx.
RN RN

We claim that {¢.(w¢)} is bounded. In fact, on the contrary, there exists €; — 0 such that ¢, (we,) — +00. Let X' C RN
be such that |¥| > 0 and w(x) #0 for all x € X. Since H(s) = f(s)s — 2F(s) is positive, it holds for all n € N that

[we, ”gn :/ f((Pen (Wen)Wen)q)e;(Wén)wen dx
(pfn (WG,—,)
RN

2/2F(¢€n(wén)r/€n) dx
Qe (We,,)

/ ZF((pEn (Wén)WGn) W2 dX

(@en(We)We,)%2
Z\wg, (0)°

On the other hand, by (f4) and Fatou’s lemma it follows that

lim inf / 2F@e,(We)we,)

2 _
n—o0 (e, (Wen)Wen)z Ve fix = o0,

D\wg, (0)
which implies that

we,lIZ, = +00, asn— oo,
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which contradicts the fact that we, — w as n — co. We can now verify that ¢c(w¢) - 0 as € — 0. In fact, on the contrary
there exists €; — 0 such that ¢, (w¢,) — 0 as n — oo. By (f2)-(f3) and the Sobolev imbedding one can prove that

2
We, )We, )W
im [ WaWedWa)We, \ o (2.7)
n—00 Qe (We, ) We,
RN
On the other hand,
2
We, )We, )W
w2, = [ LGl e, 5, (28)
" (Pen(Wen)Wen

RN

Hence by (2.7) and (2.8), one can see that ||wg,|l¢, — 0, which contradicts the fact that we, — w and Iy,(w) =cy, > 0.
Then there exist «, 8 > 0 such that

o< Pe(We) < B.

Using that we, — w in H%(RN) and w is a solution of (2.6), it follows by (fs5) that @¢(we) — 1. O
The proof of the next result is based upon ideas found in [13].
Lemma 2.5. {v,,} is a bounded sequence in H(RN).

Proof. By Lemma 2.4, we have that {I¢,(vn)} is bounded and I;n(vn) =0 for all n € N. Let us suppose that {v,} c H2(RN)
is such that I¢,(vn) — d < co. Assume by contradiction that {vn} is such that ||va|ly2@gy) — +oo along a subsequence. Let
Wy = Vn/||Vnlle,. Note that w satisfies the following problem

fvn) Wi + (1 _ X(énx)) fva)

Vn n

AWy, + V(enX) Wy = X (€nX) w, inRN. (2.9)

We claim that one of the following conditions holds:

i) limsup sup /\X(enx)wn(x)fzdx>0;
n—>00 yeRN
B1(y)
i) lim sup /|X(enx)wn(x)|2dx=0.
n—00 N
B1(y)

However, we will show that both conditions in fact do not occur and this will give us a contradiction. Suppose that i) holds.
Then there exists {y,} ¢ RN such that

lim sup / |X(6nx)wn(x)|2dx>0. (2.10)
n—oo
B1(yn)

Then note that B1(yn) N $2¢, # ¥ and we can suppose that €,y — Xg € 2. Let Wp(x) := wp(x+ yn) and note that {wy} is
bounded in H2(RN). Then there exists wg € H%(RN) such that w, — wg in H2(R"). Hence,

X (€n - +€nyn)Wn() = x (x0)wo, in H?(RN).
By (2.10),
f | (xo)wol” dx > 0, (211)
B1(0)
which implies that y (xg) % 0 and there exists I" C B1(0), |I"| > 0, such that
wo(x) 20 forallxe . (212)
By multiplying (2.9) by w, and integrating by parts, we have that

1= /(X (ex)Mwﬁ + (1 — X(ex)) fvw) W,zl) dx,

Vn Vn
RN
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and then

lim sup/ X (€X) fvn) w,% dx <1,
n—o0 Vn
RN

which implies that

2F(va(X+ yn))

FETY Wn(x+ yn)?dx < 1. (213)
n n

n—oo
RN

lim sup / X (€x+ €nyn)

By (2.12), vp(x + yp) — 400 as n — oo, for all x € I'. Fatou’s lemma implies that

2F(vn(X + yn))

gy WOy = oo
n n

liminf/ X (€x+ €nyn)
n—oo
r

which contradicts (2.13). Therefore i) does not hold. On the other hand, assuming ii) note that x(e,-)w, € H'(RN) and
{x (€x-)wp} is a bounded sequence in H'(RN). Then we can use Lemma 1.1 [14] to conclude that

| x (€n-)wn “Lr(]RN) — 0, asn— oo, forall2 <r<2,. (2.14)
Let t, € [0, 1] be such that

Ie, (tnvyp) = max Ie, (tvy).
te[0.1]

As ||valle, — +o0, for a given R > 0 there exists ng € N such that R/|vy|l¢, <1 for all n > ng. Then, (g3) implies that

R
I, (tqvp) 2 I, | ———Vp

valle,

R? R? [ V(enx)
>—||wn||£,,—/x(enx)ﬂan)dx——f—”wﬁdx

2 2 k
RN RN
R%(k — 1
> RE-D / X (€nX) F(Rwy,) d.
2k
]RN

By (f2) and (f3), for n >0,
/X(E"X)F(RW”MX< NR?[Wallf2 g, + CyRP T /X(an)|Wn|p+1 dx.
RN RN

From (2.14),

/ X (enX)F(Rwy) dx < nR?|wallg, + CyRP™H | x (€n)Wa | ppir oy IWnlI 1 e,
RN
2 2 _ 2
SR wnllz, +0n(1) = 1R +on(1).
Since 1 > 0 is arbitrary we have that

R2(k—1)
2k

liminfle, (t;vp) > ,
n—-+4oo
for all R > 0 and then
lim I¢,(tnvn) = +o00.
n—+00
Since I¢,(0) =0 and I¢, (vy) — d, we have that t, € (0, 1). Then
I, (tnvn)vn =0.

By (g4) we have that
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2l¢, (tnvn) =21, (tgvn) — I;n (taVn)tnVn
= /(g(ex, tnVi)tnln — 2G(€X, tavy)) dx
RN
< /(g(ex, Vvn)Up — 2G(€X, vp)) dx,
RN
which implies that
lim /(g(ex, Vi) Vn — 2G(€x, vp)) dx = +o0. (215)
n—+o00
RN
On the other hand
/(g(enx, Vi)V — 2G (€nX, Vn)) dX = 2I¢, (Vi) — I, (V) Vi = 2d + 0n (1),
RN

which contradicts (2.15). Therefore the result follows. O

Lemma 2.6. There exist {y,} C RN and R, 8 > 0 such that

liminf vZdx > B> 0.

Proof. Suppose the assertion of the lemma is false. Then by Lemma 1.1 of [14] (with g=2 and p = %), vy — 0 in L"(RN)
where 2 <r < 2,. Hence by the Lebesgue Dominated Convergence Theorem, we get

/ g(€énx, vp)vpdx =0,(1) and / G(€nx, vp)dx =0,(1).

RN RN

Then ¢, — 0 as n — oco. On the other hand, since the minimax value is an increasing function of the potential we have
Ce, >d, Vn €N, where d > 0 is the minimax value associated to the problem

A%V + Vov =g(enx,v) inRN.

This contradiction proves the lemma. O
For R > 0 given by Lemma 2.6, we have:
Lemma 2.7. The sequence {€, Y, } is bounded and dist(e,ye,, §2) < €R.

Proof. Let K5 denote a §-neighborhood of 2, where § > 0. Let ¢ € C*°(RV) be a cut-off function such that ¢ =0 in £,
¢=11in RM\Ks, 0<p <1, |Vo| < C/5 and |A¢p| < C/82. Setting ¢ (xX) = ¢ (ex) and using Ve, Pe, as test function in (2.3)
we have

/ (AVe, A(Vede,) + V (€nX)VE e, ) dx = / g(€nX, Ve, Ve, Pe, X,

RN RN
which gives

1 ) Cén ) Ce? )
VO (1 - E) / v€n¢€n dX < T ”VEn ”HZ(RN) + 5_2 ”VEn ”HZ(RN)
RN

Cep 5
g 5 ”Vén”HZ(RN)'

If there is {ey} subsequence such that Br(y¢,) N Ks/€x =@, then

1 1
v0<1 — E) / vZ dx < Vo (1 - E) / v e, dx
Br(Ye) RN

Cep 2
< T”VE)( ”HZ(RN) —0
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as k — oo, which contradicts Lemma 2.6. Hence, for each n € N there exists x, such that eyx; € K5 and [ye, — xa| < R.
Hence, dist(epye,. §2) < €nR + 6, for all § > 0, which completes the proof. O

Remark 2.1. It is worth pointing out that by Lemma 2.7, we can assume that €,y., € £2 for all n sufficiently large. In fact,

on the contrary, we consider en*]zn instead of y,, where z, € £2 is such that |€,yn — za| < €xR. This fact will be used to

guarantee that €;ye, — X; € £2.
The following result plays a central role in the proof of Theorem 1.1.

Lemma 2.8. The following assertions hold:

(i) limp_ 00 Ce, = Co,
(i) limp— o0 V(€nYe,) = Vo.

Proof. By Lemma 2.7, we can assume that €y, — X € £ along a subsequence. Let us consider wy (x) = Ve, (X + Ye,). Note
that by Lemma 2.6

lilnlgrgf / Wﬁdx >p>0.
Br(0)
Using that {v¢,} is bounded, it follows that there exists w HZ(®RMN)\{0}, such that
wp —w in H?(RN),
wp > w inL] (RV)where2 <r<2,,
whp—> w ae.inRV.
Since wy, satisfies
AWy + V(€nX + €nyn) Wy = Z(€nX + €1 Yn, wy) in RN, (2.16)
we have that w satisfies

AW+ V(xp)w=xf(w)+ (1 - x®)fx) =gx w) inRV, (217)

where  (x) = limy—.c0 X2 (€nX + €nyn), almost everywhere in RN,
Denote by I the energy functional associated with the problem (2.17) and by ¢ its minimax level. We now consider the
problem

A*w +V(xp)w=f(w) inRN (218)

and let denote by ¢ the minimax level of the functional I associated with the problem (2.18). In the following we show that
¢ =C. Since
S

G(x, s):fg(x, t)dt < F(s),
0

we have I(u) < I(u) for all u € H2(RN), which implies that ¢ < ¢. In order to verify that ¢ <, it is sufficient to prove that
I(w) < liminfc, . (2.19)
n—oo
In fact, if (2.19) holds, then
¢ <I(w) < liminfc,, <limsupc,, <co <C. (2.20)
n—o00 n—o0
Therefore, ¢ = ¢, which implies that ¢ = ¢ = cg. By (2.20), we have
lim ¢, = co,
n—oo
which proves (i).

The proof of (2.19) is based on some ideas of [10, Lemma 2.2]. By elliptic estimates we see that w, converges to w in
C2.(RN). Hence, for all R > 0, we have
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. 1
lim [ / <§(|AW“|2 + V (€nx + €nyn)WE) — G(€nX + €nYn, wn)> dx]

n—oo
Br(0)

= f (%(|Aw|2+v(x6)w2)—fi(x,w))dx.
Br(0)

Since the last integral converges to I(w) as R — oo, for all § > 0 there exists R > 0 sufficiently large such that

. 1
lim [ [ (—(|Awn|2 + V(€nx + €nyn)W}) —G(enx+enyn,wn)> dx}
n—oo 2

Br(0)

>T(w) —s.

Hence, in order to prove (2.19), it suffices to show that for R > 0 sufficiently large, we have

o 1

11mmf|: / <*(|Awn|2+v(€nx+€n}’n)wﬁ) _G(Enx+€n}’n,wn)> dx]

n—o0 2

B%(0)
> 4. (2.21)

Consider a smooth cut-off function ng such that ng =1 in B%(0), ng =0 in Bg_1(0) and |Vng|, |Ang| < C, where C is
independent of R. Using ¢ = nrw, as a test function in (2.16), yields

0= /(AwnA(nR Wn) + V(€nX + €nYn)NRWE — Z(€nX + €nYn, Wn)R Wy ) dx
RN
= A],n + Az,n + A3,n7

where
Avn= / (IAWAP? + V(enX + €n ) W2 — 2G(€nk + €nYn, Wa)) dx,
BS,(0)
Ayn= / (2G(€nX + €nYn, Wn) — g(€nX + €nYn, W)Wy dx
BS,(0)
and

Asn= / [AWnAMRWR) + V (€nX + €nYn) (MR Wn)? — g(€nX + €nYn, Wn) R W] dx
AR,R—1

where Ag gr—1 is the annulus Bg(0)\Br—_1(0). By (g3), A2,n < 0. On the other hand, we can choose R > 0 sufficiently large
such that

lim |Asq <8.
n—o0o

Hence, as A1 n = —A2n — A3z,

.1 §
liminf=A1, > —=
n—oo 2 ? 2

which shows that (2.21) holds. Consequently (2.19) holds.
Finally, suppose by contradiction that (ii) is false. Thus, V (x;) > Vo and so ¢ > cp, which is impossible. This concludes
the proof of Lemma 2.8. O

By the proof of Lemma 2.8, we see that €,y — X; € £2. Nevertheless, by the definition of 2’ and (V>), it follows that
xy € 2'. Indeed, if x;, € 2\£2’, since

inf V>infV,
2\ RN

we have that V (x;) > Vo, which contradicts Lemma 2.8ii).
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3. Uniform decay

Although we have obtained existence and concentration of solutions to the modified problem, nothing can be said about
the original one. In order to prove that the function v, is in fact a solution of the original problem, we will prove a kind of
uniform decay at infinity of the translations wy(x) = v, (x + y¢,). We first prove a technical lemma:

Lemma 3.1. Let {u,} € HZ(RN) be a (PS)q sequence to Ig. If u, — 0 and u, — 0 in H2(RN), then d > co.

Proof. Let s, > 0 be such that s,u, € NVy. Let us show that

limsups, <1. (3.1)

n—oo
Suppose by contradiction that there exists § > 0 such that
sp=>14+8, VneN, (3.2)

along a subsequence. Using the same arguments as that in Lemma 2.5, one can prove that {u,} is a bounded sequence in
H2(RN). Since I(un)un = 0,(1) and I{(spun)spn = 0 it follows that

/(f(snun) _ f(un))u%d)(:on(l). (3.3)

Snln Un

By Lemma 1.1 in [14], there exist R, 8 > 0 and {y,} c RN such that

liminf uZdx > p. (3.4)
Br(yn)

Let us set ii,(X) = un(x + yn) and note that {ii,} is also a bounded sequence in H2(RNM). Then, i, — # in HZ(RN) and
by (3.4), u #0 in A C Bg,(0), with |A]| > 0. By (fs), (3.2), (3.3) and Fatou’s lemma, we have that

0</<f((1 +8)_ﬂ) B f(_a)>ﬂ2dx=0,
1+8u u

which give us a contradiction. Then (3.1) holds.
Now we have two cases to consider:

e s; — s < 1 along a subsequence. Without loss of generality, let us suppose that s, < 1 for all n € N. Then

co < Io(Spttp)

= / (%f(snun)snun - F(snun)> dx

]RN
< /(%f(un)un - F(un)> dx
]RN

1
= lo(up) — ilé(un)un +o0,(1)
= d+0y(1)

and in this case we have the result.
e There exists a subsequence of {s,} such that s, — 1, as n — oo. In this case,

d+on(1) =Io(un) = lo(Snun) + lo(un) — lo(Snttn).

Then
d+0,(1) > co + Io(un) — Io(Snlin). (3.5)
Note that
2
To(un) — Io(Sntin) = a 23”) /(IAunldeJr Vouﬁ)dx+/(F(snun) — F(up)) dx = 0, (1), (3.6)

RN RN



M.T.O. Pimenta, S.H.M. Soares / J. Math. Anal. Appl. 390 (2012) 274-289 287

where the last equality can be verified by using the Mean Value Theorem. Therefore, (3.5) becomes
d+on(1) = co+on(1),

which gives us the result. O
Now let us prove a compactness result in Nehari manifolds that will be used to prove the uniform decay.

Lemma 3.2. Let {z,} C H2(RN) be such that Io(zy) — co and z; € Ny, foralln € N. If z; — z # 0, then z; — z in H*(RN) along a
subsequence.

Proof. By the Ekeland Variational Principle, we can assume that {z,} is a (PS);, sequence for Ip in H2(RN). Then it is
possible to show that Ij(z) =0, which implies that z € M. By Fatou’s lemma,

o= lim [ / (%f(z,ozn - F(zn>> dx}
RN
> /(%f(z)z - F(z)) dx = Ip(2) = co,
]RN

which implies that
Ip(2) = cop. (3.7)

Let u, = z; — z and note that by Brezis-Lieb lemma, {u,} is (PS)q sequence for Ig where d = co — Ip(z) = 0. Note that u, — 0
in H2(RM) and we claim that in fact u, — 0 in H2(RV). Indeed, suppose by contradiction that u, - 0. By Lemma 3.1 we
have that d > ¢ > 0, which give us a contradiction with the fact that d = 0. Therefore we have the result. O

Lemma 3.3. The sequence {wy} contains a strongly convergent subsequence in HZ(RN).

Proof. By Lemma 2.8, we have
lim I¢,(vp) = lim ¢, = co.
n—oo n—oo

Denote by Ny the Nehari manifold associated to (2.6). Given v € H2(RN)\{0}, from (g4), there exists ¢o(v) > 0 such that
@o(v)v € Np. Set Wy, = @o(wpn)wy,. Hence,

1 5 N
cog5/(|Awn|2+vowﬁ)dx—/F(wn)dx

RN RN
1 - - -

< 5/(|Awn|2+V(enx—i—enyn)wﬁ)dx—/G(enx—i—enyn,wn)dx
RN RN

=g, (QDO(Wn)Vn) < e, (V) =Ce, = Co +0n(1),

which implies that Io(W,) — cg as n — oo.

We now prove that ¢o(w,) — @ > 0 along a subsequence. We first observe that there exists M > 0 such that
lpo(wn)l < M, Vn € N. In fact, since wp -+ 0 there exists § > 0 such that [[wp|y2gn) > 8 along a subsequence. On the
other hand, it is easy to see that {W,} is a bounded sequence in HZ(RM). Then

|[0o(Wn) |8 < [ @o(Wn)wa | o eny < K

which implies that
|@o(wn)| < g =M, VneN.

Hence, ¢o(wn) — @o = 0. We now observe that ¢ > 0, otherwise
1Wall g2 @ny = |90 (Wa) [IlWa ll g2 @nvy — 0

as n — oo, which is impossible. Therefore Wy, = @o(Wp)w, — @ow = 0 in H2(RN). Therefore, we conclude from Lemma 3.2
that the lemma is proved. O
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Combining Lemma 3.3 with the Sobolev imbeddings, it follows that w, — w in L?+(RN). Therefore, we obtain

/ |wp|>*dx— 0 as R — oo uniformly in n. (3.8)

B%(0)
Lemma 3.4. w,(x) — 0 as |x| — oo, uniformly in n.
Proof. By the uniform L estimates to solutions of subcritical biharmonic equations given in [15], we have

Iwnllpo@ny <C, VneN,
where C is independent of n. Given any x € RN, the function w, € L9(B1(x)) for all q > 1. By [1, Theorem 7.1] it follows that
wWnllwaas, o) < C(Hf(wn)”m(gz(x)) + ”Wn”Lq(Bz(x))) < CllwiellLa(B, (x)

q—2x
q 2 _ 2
< CUWill 2 o 1WEIS, (5, ) = CIWEI 5500

with C > 0 being a constant independent of x and n. If ¢ > N, we have the continuous imbedding W*9(B1(x)) —
C3%(B1(x)) for @ € (0,1 — g). Then
2*
||Wk||c3,a(m) S IWillwaag, () < C”Wk”Lz*(Bz(x))'

By (3.8), it follows that |wy(x)| — 0 as |x| — oo uniformly in n. O

Finally, we are ready to prove that v, is in fact a solution of (2.1). Let np € N and p > 0 be such that
|wn(®)| <a, VxeB,(0)°, Vn=>ng.

Since x; € 2" and €;yn — X, it is possible to choose nq € N such that B,(0) C (£2, — yn), for all n > n;. Taking n >
max{ng, n1}, we have

g(€nX + €nyn, Wwn(®) = f(wWn(x)), VxeRN
Hence, for n > max{ng, ny} it follows that w, satisfies
AZWn“‘V(enx‘l'En}’n)Wn:f(Wn) inRN,

which implies that v, satisfies (2.1).
In order to prove the concentration behavior of solutions, we claim that there exists p > 0 such that [[up|ljegn) =
[Wnleogny > p, for all n € N along a subsequence. In fact, if |wn||jcogny — O, then

||Wn||?12(RN) < Cf(|AWn|2 + V(enx + Gn.Vn)W%) dx
RN

:C/f(Wk)WkdX
RN

< Wil oo mivy / f(wy)dx — 0
]RN
as n — oo, which contradicts the fact that w, - w and w #0.
Let x,; be the maximum point of |u,| in RN, then

Xn — €nYn

Dn =
€n

is the maximum point of |wy|. By Lemma 3.4, there exists Ro > 0 such that p, € Bg,(0) for all n sufficiently large. Then,
along a subsequence p, — po as n — oo. Hence

Xn = €nPn + €nyYn — X6 e, asn— oo,
where V (xj) = Vg, which proves Theorem 1.1.
Acknowledgments

The authors are grateful to Claudianor O. Alves and Marco A. S. Souto for valuable discussions.



M.T.O. Pimenta, S.H.M. Soares / J. Math. Anal. Appl. 390 (2012) 274-289 289

References

[1] C. Agmon, The LP approach to the Dirichlet problem, Ann. Sc. Norm. Super. Pisa 13 (1959) 405-448.
[2] C.O. Alves, G.M. Figueiredo, Existence and multiplicity of positive solutions to a p-Laplacian equation in RN, Differential Integral Equations 19 (2006)
143-162.
[3] C.O. Alves, G.M. Figueiredo, On multiplicity and concentration of positive solutions for a class of quasilinear problems with critical exponential growth
in RN, J. Differential Equations 246 (2009) 1288-1311.
[4] C.0. Alves, Multiplicity of multi-bump type nodal solutions for a class of elliptic problems in RN, Topol. Methods Nonlinear Anal. 34 (2009) 231-250.
[5] C.0. Alves, ].B.M. do O, O.H. Miyagaki, On a class of singular biharmonic problems involving critical exponents, J. Math. Anal. Appl. 277 (2003) 12-26.
[6] C.O. Alves, ].M.B. do O, O.H. Miyagaki, Nontrivial solutions for a class of semilinear biharmonic problems involving critical exponents, Nonlinear Anal. 46
(2001) 121-133.
[7] C.0. Alves, JM.B. do O, M.A.S. Souto, Local mountain-pass for a class of elliptic problems in RN involving critical growth, Nonlinear Anal. 46 (2001)
495-510.
[8] C.O. Alves, S.H.M. Soares, Nodal solutions for singularly perturbed equations with critical exponential growth, ]. Differential Equations 234 (2007)
464-484.
[9] A. Ambrosetti, PH. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14 (1973) 349-381.
[10] M. del Pino, P. Felmer, Local mountain pass for semilinear elliptic problems in unbounded domains, Calc. Var. Partial Differential Equations 4 (1996)
121-137.
[11] Y.H. Ding, K. Tanaka, Multiplicity of positive solutions of a nonlinear Schrédinger equation, Manuscripta Math. 112 (2003) 109-135.
[12] A. Floer, A. Weinstein, Nonspreading wave packets for the cubic Schrodinger equations with a bounded potential, J. Funct. Anal. 69 (1986) 397-408.
[13] L. Jeanjean, K. Tanaka, Singularly perturbed elliptic problems with superlinear or asymptotically linear nonlinearities, Calc. Var. Partial Differential
Equations 21 (2004) 287-318.
[14] PL. Lions, The concentration compactness principle in the calculus of variations. The locally compact case, Part 2, Analyse Nonlin. 1 (1984) 223-283.
[15] M. Ramos, Uniform estimates for the biharmonic operator in RN and applications, Commun. Appl. Anal. 8 (2009) 435-457.
[16] PH. Rabinowitz, On a class of nonlinear Schrodinger equations, Z. Angew. Math. Phys. 43 (1992) 270-291.
[17] O.H. Miyagaki, M.A.S. Souto, Superlinear problems without Ambrosetti and Rabinowitz growth condition, ]. Differential Equations 245 (2008) 3628-
3638.
[18] A. Salvatore, M. Squassina, Deformation from symmetry for Schrédinger equations of higher order on unbounded domains, Electron. ]. Differential
Equations 65 (2003) 1-15.
[19] A. Szulkin, T. Weth, The method of Nehari manifold, in: D.Y. Gao, D. Motreanu (Eds.), Handbook of Nonconvex Analysis and Applications, International
Press, Boston, 2010, pp. 597-632.
[20] X. Wang, On concentration of positive bound states of nonlinear Schrédinger equations, Commum. Math. Phys. 153 (1993) 229-244.



	Existence and concentration of solutions for a class of biharmonic equations
	1 Introduction
	2 Preliminary results
	3 Uniform decay
	Acknowledgments
	References


