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1. INTRODUCTION

In his study of the growth of biological populations Volterra [11] has
proposed equations of the form

u (6)/u(t) = a — bu(t) - f e —sw(s)ds, >0, (L1)

which describe the growth of a single species whose population density at
time ¢ is u(t). Here @ and b are non-negative constants and f is a non-
negative smooth function which is integrable on [0, o). In (1.1), a logistic
term (which expresses the crowding effect, etc.) is separated into two parts: a
non-delay term bu, and a hereditary term represented by the Volterra integral
Sxu(@)= [t f(t —s)u(s)ds. For the systematic investigation of (I.1), see
Cushing [3], which contains a useful survey of results.

It seems very interesting to treat (1.1) in a spatially inhomogeneous
situation. We assume that the species lives in a bounded domain £ in R” and
diffuses spatially. Such a situation may be modeled, adding a diffusion term
to (1.1), by the following equation for u = u(x, r), x = (x,, x,,..., X,) € R",

u,=Au + u(a — bu — f* u), xen, t=0, (1.2)

where du = Y""_| 9*u/ox?. At the boundary 492 of 22 we impose the no-flux
condition

dufon =0, xeo, t>0, (L.3)

where d/0n denotes the exterior normal derivative to 8. Moreover, we
consider the initial condition

u(x,0) =uy,(x) >0, x e n. (1.4)
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Recently, Schiaffino [10] has treated the initial boundary value problem
(1.2)-(1.4) with a, b > 0 and obtained an interesting result. In [10], it is
assumed that min{u,(x), x € 2} >0, f(¢) >0 is decreasing and that the
hereditary term fx u is dominated by the non-delay logistic term bu in the
sense that

[ rwdi=a<s,

Under these conditions, he has shown that the solution u of (1.2)-(1.4)
satisfies

tlirg u(x, t) = b_f:a— uniformly for x € 2.

The main purpose of the present paper is to study what influence the
hereditary term has on the asymptotic behavior of solutions of (1.2) and
(1.3). - As is shown by Schiaffino, the asymptotic stability of the
“equilibrium” u=a/(b+ a) remains true as long as the effect of the
hereditary term is, in a sense, smaller than that of the non-delay logistic
term. However, in order to proceed to further investigation it is necessary to
take account of qualitative properties of the kernel function f as well as its
quantitative properties. We shall give some sufficient conditions for the
global asymptotic stability of the equilibrium u =a/(b + a) in terms of the
Laplace transform of the kernel function.

The plan of this paper is as follows. In Section 2 we shall state
assumptions and some preliminary results. The main results are contained in
Sections 3 and 4 (Theorems 3.2 and 4.2). Their proofs are based on the
energy method with the use of an appropriate Lyapunov function. As a
particular result, if /> 0 (# 0) is non-increasing and convex, it is found that
the hereditary term f* u has such a stabilizing effect on the solution of
(1.2)-(1.4) as a non-delay logistic term has. However, for general f, we
cannot always expect the global asymptotic stability of the corresponding
equilibrium. Under some circumstances, bifurcation of non-constant periodic
solutions may take place. In Section 5 we shall give an example which
exhibits a Hopf bifurcation.

2. ASSUMPTIONS AND PRELIMINARIES

2.1. Notation

Throughout this paper, let 2 be a bounded domain in R" with smooth
boundary 0.
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For 1< p< o0, L?(2) denotes the Banach space of measurable functions
u on 2 satisfying

1/p
< o0, if 1<p<oo,

llull, =

‘- fu(x)|? dx

“Q

l#]l, = ess sup |u(x)| < oo, if p=oo.
X€

In particular, if p =2, L*(2) becomes a Hilbert space with the usual inner
product (.,-). We sometimes write ||| instead of ||-|, if there is no
confusion. For each 1 € p < o and integer k > 1, W*?(22) denotes the usual
Sobolev space of measurable functions u on 2 such that u and its
distributional derivatives up to order k belong to L?(£2).

Let / be any subinterval of [0, c0) and let X be any Banach space. Denote
by C(I; X) the space of X-valued strongly continuous functions on I. For any
positive integer j, C/(I; X) denotes the space of functions u € C(I; X) such
that u is j-times strongly continuously differentiable on /.

2.2. Assumptions and Positive Kernel
We shall state our assumptions on u, and f.

(A1) uy(x)>0 (#£0) is a smooth function, say, of class C*(Q)
satisfying éu/on =0 on o02.

(A2) f(1)>0 (£0) is a C'[0, oo)-function satisfying /€ L'(0, o0)
and /€ L'(0, ).

In what follows, we set

a= |‘°° @) dt.

As typical examples of kernel functions, the following two types will be kept
in mind:
SO =(/T) exp(—¢/T)  and  f(t)=(at/T*) exp(—/T)

with T > 0. The first function takes its maximum value at = 0, while the
maximum of the second is attained at t=T.

Let us prepare the following terminology for the kernel function (see e.g.,
Barbu |2, Chapter 4] or Nohel and Shea [7]).

DEFINITION. A kernel function f is called a positive kernel if

[ (e (o), u@) di >0,
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for all u€ L*(0, T; L*(R2)) and T > 0. Furthermore, f is called a strongly
positive kernel if there exist positive constants ¢ and y such that f(f) —¢
exp(—yt) is a positive kernel.

The positivity of the kernel f is interpreted in terms of its Laplace
transform. Define the Laplace transform f of f by

Apy=| e

(If f€ L'(0, ), then f{p) is analytic for Rep >0 and continuous for
Re p>0.) We have the following useful result due to Nohel and Shea |7,
Theorem 2].

PROPOSITION 2.1. Assume that f€ L' (0, o). Then

(i) fis a positive kernel if and only if Re f (i7) >0 for every nER'.
(ii) fis a strongly positive kernel if and only if there exists a positive
constant y such that Re f(in) > y/(1 + n*) for every n € R".

Finally we prepare the following lemma which will be used later.

LEMMA 2.2. Let fEL'(0,0) and u€ L] (0, 0; L*(2)). Then, for
each T > 0,

[ euouE)di= | RefGm) |(Fur)nldn

where
ux, t)y=u(x,1t), for t€ [0, T,
=0, for t€ (—o0, 0)\[0, T|

and # u, denotes the Fourier transform of u, with respect to t-variable

Fur)wm) =@ [ e uyx ) dt

Proof. First observe

J| xu@,ude={" (g, uro)

where  g-(t) = [Qf()ur(t —s)ds. Since (Fgr)n) =S (n)(Fu)n)
Parseval’s equality yields the conclusion. Q.E.D.
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2.3. Local Existence Results

Now we consider the initial boundary value problem (1.2)-(1.4). Before
stating local existence results for solutions, we observe the following fact: if a
local solution u(x,t) (x€ 2, t€ [0,¢,]) of (1.2)-(1.4) has a prolongation
ix,t) (x€2, t€[0,1,] with 1, >¢), then v(x,)=d(x,t+1¢) (xERQ,
t€ [0,t, —t,]) satisfies (1.2) with a replaced by a— [P f(t+t,—s)
u(x, s) ds. Hence it will be more convenient to get local existence results for

u,=Adu + ufa(x, t)y — bu — fx u}, xXEN, >0, (2.1)
(in place of (1.2)).
Let p > n be fixed. In L?(£2), define a closed linear operator 4 with dense
domain D(4) by
Au=—Au, D(A)= {u€ W"?(Q); du/on =10 on oR2}.

For each 0 u < 1, we introduce the fractional power spaces X, = D(4*)
equipped with the graph norm of 4*. Since it is well known that

X.GCR)y if 0g<v<2u—(n/p)
(G means that the inclusion is continuous), the following relation
X, G {u€ C'(Q); du/dén=0 on 6Q} (2.2)

holds if u is chosen so close to | that 2u > | + (n/p) is satisfied. Moreover,
—A generates an analytic semigroup {e~“},,, which has the estimate

|4~ ull, < (M, /) [ull,, O0<t<1, 0<u<l,  (23)

with some M, > 0 (M, =1) (see e.g., Krein [4]).
Clearly, the initial boundary value problem (2.1), (1.3), and (1.4) can be
reduced to the integral equation

u(t)y=e “u, + '.t e =91y(s) {a(s) — bu(s) —f * u(s)} ds
Yo ' (2.4)
= (Su)(@).

For the time being, suppose that u, € D(4), f€ C'|[0, T),anda€C ([0, T];
C(2)) with 0 < 8 < 1 (which denotes the space of C(£2)-valued functions v
on [0, T} such that 7 — v(¢) is Holder-continuous with exponent §). By virtue
of (2.2) and (2.3), it can be shown that, with a sufficiently small T,
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(0<T,LT), § is a contraction mapping sending a suitable ball in
C([0, T,); C(f)) into itself. Hence the standard method based on Banach’s
fixed-point theorem allows us to conclude the existence and uniqueness of a
solution u € C([0, T,]; C(@2)) of (2.4). Since u, € D(4) and a € C®([0, T);
C(2)), one can also show, with use of the technics developed by Pazy 8,
pp. 30-32], that ¢t — u(¢) is Holder-continuous in C(£2). This fact yields the
Holder continuity of ¢— u(f) {a(t) — bu(t) — f* u(t)} in LP(R2), so that we
find in the usual manner that u actually satisfies (2.1), (1.3), and (1.4) in
LP().
Summarizing these results we have:

ProPOSITION 2.3. If u, € D(4), fE€ C'(0, T| and a € C%(|0, T]; C(2))
with 0 < @ < 1, then there exists a positive constant T, (KT) such that the
initial boundary value problem (2.1), (1.3), and (1.4) has a unique solution
u€ C'([0, T, ]; L*(2)) N C([0, T, ]; D(A)).

Moreover, u has the following properties:

(i) (e, t)>0for x€ 2 and t € [0, T,] if uy(x) >0 for x € Q.

(it) If u, (>0) is not identically zero, then u(x, t) is positive for x € 2
and t € (0, T, ).

Remark 2.1. The non-negativity (positivity) of u in Proposition 2.3 is
derived from the maximum principle for parabolic differential equations.

Remark 2.2. Let u be a maximal solution of (1.2)-(1.4) on |0, T); in
other words, there is no solution of (1.2)}~(1.4) on [0,T) if T" > T. If
lu(?)l|, is bounded on [0, )M [0, 7] for any r >0, then we can show
T = oo by using a translation argument (cf. [8]).

3. RESULTS FOR VOLTERRA EQUATIONS WITH NON-DELAY
LogisTic TERMS

Throughout this section, (A.1) and (A.2) are always assumed and a is a
non-negative constant. Moreover, b is assumed to be a positive constant,
which means the presence of a non-delay logistic term in (1.2).

We are interested in not only the existence of a bounded global solution
for (1.2)}(1.4), but also its asymptotic behavior as ¢ — oo. First we have:

THEOREM 3.1. The initial boundary value problem (1.2), (1.3), and (1.4)
has a unique solution u € C'([0, 00); L?(2))N C(|0, 0); D(A4)) which

satisfies

0 < ulx, t) < max{j|u,ll,.a/b}=m, x€RQ, t>0, (3.1)
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and

|grad u(x, t)| < M, XER, 20, 3.2)

where |grad u|* = >7_, (6u/ox,)* and M is a positive constant.

Proof. Since u, > 0, the non-negativity of u follows from Proposition 2.3.
Moreover, the comparison theorem for parabolic differential equations
enables us to derive an a priori estimate

u(x, t) < max{||ug|| - a/b}, for x€Q, >0

Hence, in view of Proposition 2.3 and Remark 2.2, we may conclude the
existence and uniqueness of a global solution of (1.2)-(1.4) which satisfies
3.1).

It remains to prove (3.2). Let us first observe that u satisfies
-t
uty=e tu(t~1)+ | e U9ME(s) ds, for t>1, (3.3)
-1

where F(t) = u(t) {a — bu(t) — f* u(t)}. By (3.1), it is easy to show
|F(Dl < mia+ (b +a)ym)=m,, t>0. (3.4)

Operating 4" (0 <y < 1) to both sides of (3.3) and recalling (2.3), we have
J
A u()], <l A*e “u(t =1, +| |4%e “"P4F(s)|, ds
Y1

om JRLCURA)

[Ju(t = Dll, + |

which, together with (3.1) and (3.4), gives
4 u(o)ll, <M, 121" (m+ (m,/(1—w))., 21, 0Ku<l, (3.5)

where |£2| denotes the volume of Q.
For 0 < ¢ < 1, use the following integral equation in place of (3.3):

-t
u(ty=e uy+ | e “"IF(s) ds.
0 IR

Then one can show

A u(ll, < [14%uoll, + (1/(1 — w)) M, m, |2]"7,
0<r<1, 0gu<l, (3.5)

in the same way as (3.5).
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Consequently, it follows from (3.5) and (3.5)’, combined with (2.2), that
there exists a positive constant M satisfying (3.2). Q.E.D.

Theorem 3.1 assures the existence of a bounded global solution of
(1.2)—(1.4). We are ready to study its asymptotic behavior as { - oo, Set

B=inf{Re f(in); n € R'}.
THEOREM 3.2. Let b+ f > 0. Then the solution u of (1.2)—(1.4) satisfies

lim u(x, t)=a/(b + a) uniformly for x € Q.
-

Remark 3.1. Theorem 3.2 extends the result of Schiaffino [10]. He has
shown the global asymptotic stability of the “equilibrium” u=a/(b + a)
when the non-delay logistic term bu is predominant over the hereditary term
S * u in the sense

a=| f()di<b.
Yo
Our condition b + § > 0 always holds if a < b, because
B= inf Ref(in)= inf J cos ntf(t)dt > —a > —b.
neR! neR! Jy

However, this equilibrium may be globally asymptotically stable even if
b > a does not hold. For example, if f€ C?[0, c0) (¥ 0) is a non-negative,
non-increasing, and convex function, a simple calculation shows that
Re f(in) > 0 for all n € R' (i.e., § > 0). In this situation, Theorem 3.2 asserts
the global asymptotic stability of a/(b+ a) independently of the size of
kernel function f.

Proof of Theorem 3.2. If a=0, it is clear from the comparison theorem
that u(x, £) decays to zero (uniformly for x € Q) as ¢ - oo.

In what follows, we assume a>0 and put u,=a/(b+a)>0.
Equation (1.2) may be rewritten as

uy=Au+ul—bu—uy)—f* (u—uw)+uw~‘;®f(s)ds ,
x€ Q, t>0. (3.6)
We introduce two non-negative functionals
- u(x)

u(x) —u,, —u, log Y dx, 3.7)

Ey(u)= JQ
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and
E =1 | |grad u(x)|* dx (3.8)

(cf. Mimura and Nishida [6] and Williams and Chow [12], where similar
functionals are used).

For simplicity, we shall prove Theorem 3.2 in the case u, > 0. For general
u, >0, the proof will be carried out with a slight modification, because
u(x, t) is positive for x € 2 and ¢ > 0 (Proposition 2.3(ii)). Differentiation of
E,(u(t)) with respect to ¢ leads to

d ' fo
7 Bow®) = | i) (1 T u(x, t)) *

| RO g b u() - u ) (39)

lo u(x, 0)?
— (o (u— U )(0), ult) — ugp) + 'too S(s) ds(uq, u(t) —uy),

where we have used (3.6). Integrate (3.9) over [0, T| for any T'>0 and
rearrange the resulting expression with the use of (3.1); then

Uy .T .T
Eo(u(T)) + 5 | llgrad u(@) de +5 | (o) = | d

+ '|': (f % (u — ug )(0), u(t) — ) dt
< Ey(ug) + u(m + ) | 2] J':o FO)di=K,, T>0. (3.10)
Observe that Lemma 2.2 yields
[ )0, =) d = | Refin) 17— ) o)

SB[ IF@—udn  (1D)

y j'OT () — u | at

(The last equality of (3.11) is due to Plancherel’s theorem.) Therefore, it
follows from (3.10) and (3.11) that
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2u,,

Ey(u(T)) +

2 _‘:El(u(t)) dr+ (b +B) ‘|'OT lu(t) — u||? dt < K,

for every T >0, (3.12)

which, in particular, implies E,(u(-))€L'(0, ©0) and |ju(-)—u,|*€
L'(0, ) (note b+ S > 0).
Next, differentiating F,(u(f)) with respect to ¢ we have

2 () = (40), —u()
=~ [ u(@)” + (grad{uc)(a — bu(t) — » u(e)}, grad u(0)
<~ [l 4u(o)? + al grad u(O)’
— (u(t)(f* grad u)(¢), grad u(t))
<=1 4u()” +a [[grad u(@)|’
+m(7« lgrad wl)(0) lgrad u(o)

where we have used the non-negativity of u. For any T > 0, integration of the
above expression over [0, T] gives

E(T) + | l4u) de

T
S E (1) + 2a ‘ E (u(t)) ar
/0
.T .t
+ mJ (’ St —s) | grad u(s)| ds) |grad u(t)| dt. (3.13)
0 v 0
Since the L2-norm on [0, T] of [4 (¢t —s) || grad u(s)|| ds is majorized by |7
S(©dt {JT |lgrad u(s)||* ds}'/* (use the fact that the convolution of an L'

function with an L? function is an L? function), the right-hand side of (3.13)
is bounded above by

E (1) + 2(a + am) |'TE,(u(t)) dt.

Therefore, in view of (3.12), we get

(a + am)ym’K,

E((T) + || 14u@ dr < Ey(un) + <

(3.14)

o

for any T > 0.
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We are also able to prove

< 2(lgrad u(@)* + Ky {llu(t) — ug|®

d :
10—l

M0 = g | D= el @)+ [ F ) s

and

d
| E 00 | <1 + Kofarad wton?
+lgrad u(O)] (f+ lgrad ul) (0}

with suitable constants K, and K,. Hence, by virtue of (3.12) and (3.14),
both (d/dt) ||u(t) —u.|*> and (d/dt) E,(u(t)) belong to L'(0, o0); so that,
since ||u(t) — u||* € L'(0, 0) and E,(u(t)) € L'(0, ), we find

tim [|u(t) — || = lim [ grad u(e)] =0. (3.15)

Note the following inequality
[aell, < Null @27 fully” (3.16)

for u€ L®(2) and p>2. Both |u(t)—u,|, and | grad u(z)|, being
bounded by (3.1) and (3.2), convergence properties (3.15) combined with
(3.16) imply

lim () — .|}, = lim [[grad u(0)], =0, (3.17)

for any p > 2.
In order to complete the proof we invoke Sobolev’s imbedding theorem;
for p > n, there exists a positive number C = C(£2, n, p) such that

lullo < Cllull, +llerad ull,} = Cllufip., (3.18)

for u € W"?(Q). The conclusion of the theorem is easily derived from (3.17)
and (3.18). Q.E.D.

Remark 3.2. It seems that our condition b + f > 0 is the best possible
one for the global asymptotic stability - of the equilibrium u=u,
(=a/(b + a)). For example, take f(f) = (at/T?) exp(—t/T). Since Re f(in) =
a(l —7*T%/(1 + *T*)* > —a/8, it follows from Theorem 3.2 that for
a < 8b any non-negative solution (£0) of (1.2) and (1.3) converges to u,
(uniformly for x € Q) as t— oo. However, for a > 86, bifurcation of non-
constant periodic solutions can take place (see Section 5).
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4, RESULTS FOR VOLTERRA EQUATIONS WITHOUT
NoN-DELAY LoOGISTIC TERMS

In this section we shall deal with initial boundary value problems for
Volterra diffusion equations without non-delay logistic terms, i.e.,

u,=Au+ u(a —f*u), xen, 120, 4.1)

with (1.3) and (1.4). Conditions (4.1) and (A.2) are imposed on f and u,. In
general, we do not know whether problem (4.1), (1.3), and (1.4) has a
bounded global solution or not. However, it will be shown that, if fis a
(strongly) positive kernel, the hereditary term f* u has a stabilizing effect on
solutions to (4.1) and (1.3).

Put 4 = a/a. We have

THEOREM 4.1. Assume that f is a positive kernel. If u,, [ tf (¢)dt < 1,
then the initial boundary value problem (4.1), (1.3), and (1.4) has a unique
solution u € C'([0, 0); L?(2)) N C([0, 0); D(A4)) satisfying

OLulx, ) m, x€EN, t
|grad u(x, £)] < M, x€E

with some positive constants m and M.

Proof. Let u be a solution of (4.1), (1.3), and (1.4) on [0, T] with any
specific T'> 0. By recalling the proof of Theorem 3.1, it suffices to derive an
estimate (independent of T) for |ju(t),, to arrive at the conclusion.

If a =0, then it is easy to see ||u(t)||, < |l #,ll. by virtue of the comparison
theorem.

Hereafter we shall assume a > 0 and prove the theorem in the case u, > 0;
the proof for general u, >0 is essentially the same. Note that (3.9) holds
with b= 0. Since f is a positive kernel, integration of (3.9) yields

Eou(0) < Eolte) + | | 1(5) ds(utp, () — ) e
o 4.2)
SEuo) + | | /() ds(ue u(®) dr

for any 0 <t < T, where E(u) is defined by (3.7). Moreover, since

Vu)=u—uy —u, log(u/uy)
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is a non-negative convex function, we have, by Jensen’s inequality,

Eu(®) = | Vuln 0)dx>12|V ( J’n u(x, 1) dx/|!2|). 4.3)
Hence it follows from (4.2) and (4.3) that

(), — ue | 2] log lu()l,
R v e}

<[ o) = iy 108(12] o))} dx + J, | 7O dstu utrp e 44)

T

for any 0T
Now set m(t) = max{}ju(s)l,; 0 <s< ¢} It follows from (4.4) that m(r)
satisfies

m(t) < K, log m(t) + K,m(t) + K,

where K\ =u,|Q|, Ky=u, [ f()dt and Ky=[g {uyx)—u,|Q|
log(| 82| uy(x))} dx. Since K, < 1 by the assumption, we can deduce

m <mt)<m,, 0<t<T, (4.5)
where m, and m, (m, < m,) are positive numbers satisfying
(1-K,)m;=K, log m; + K;, i=1,2

Hence, estimate (4.5) gives

N

||u(l)H1<m25 0T

(Note that m, is independent of T.) We make use of the result of Alikakos
[1, Theorem 3.1}: if sup,,, ||u(t)]], < K with a finite positive constant K, then
sup,;, ll#(t)ll, is bounded above by a suitable positive constant depending
on K and |luy||,- Thus we complete the proof. Q.E.D.

We are now in a position to study the asymptotic behavior of the solution
u in Theorem 4.1,

THEOREM 4.2. [In addition to the assumptions of Theorem 4.1, suppose
that f is a strongly positive kernel. Then the solution u in Theorem 4.1
satisfies

lim u(x, t)=uy uniformly for x € Q.

[ades]

Proof. Since both |ju(t)||, and | grad u(¢)|., are bounded for all ¢ > 0, the
idea of proof is almost the same as that of Theorem 3.2.

409/88/2-9
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First we shall prove the case a > 0. Observe the following fact: for every
T>0, all the L'norms on [0,T] of |gradu(t)>, (F* (u—uy)(t),
u(t)—uy,) and [|du(t)|* are bounded above by a positive number K
independent of T (see (3.10) and (3.13)). This fact enables us to prove

’lim [lgrad u(¢)|| =0
in the same way as the proof of (3.15).
In order to complete the proof, it suffices to show
lim |u(t) —u,||=0. (4.6)
=~

From the definition of the strong positivity of f, there exist positive constants
€ and p such that f(¢) — ¢e """ is a positive kernel. Hence, for any T > 0,

K> J’OT (F* (= ug )0 u(t) — ) di

> 6J ' (I(t), u(t) — uy,) dt, 4.7)

0

where

= ‘J e "N u(s) — u,,) ds.

Note the following;

1 d
= < 1T = (@), u(t) — ug,) — 7 ([T
2 dt
For any T > 0, integration of this identity over [0, T] leads to
2 T , T
TN + 2y JO | F(N)* dt = ZJO (I(0), u(t) — u,) dr < 2K/, (4.8)
where (4.7) has been used. Since 8/9¢tI'(t) = u(t) —u,, — yi(r) is in L*(0, oo;

L*(R2)), t — I'(¢) is uniformly continuous on [0, o) in L?(£2)-norm. Hence it
follows from (4.8) that

lim F()=0 in L*@). (4.9)

Moreover, since ¢— @I(t)/ot is also uniformly continuous on [0, c0) in
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L*(2)-norm, we can show with the use of (4.9) and the mean value theorem
that

.0
rllm El‘(t) =0  weaklyin L*(Q). (4.10)
(See e.g., Barbu [2, Chapter 4] and Nohel and Shea [7], where similar

technics are employed.)
It follows from (4.9) and (4.10) that

lim u(t)=u,  weaklyin L*(2)
t— 00

and that, since {u(t)},5, is bounded in W*'*(R2),
lim u(f) = u,, weakly in  W"3(2). (4.11)
= oC
Since W'*(2) is compactly embedded in L*(R2), (4.11) gives (4.6).
It remains to prove the case a =0:

u, = Au — u(f* u), xe, t>0. 4.1y
Integration of (4.1)" over 2 X [0, T| with any T > 0 yields

| ulx,tydx+ |'T|" u(x, O(f * u(x, ))(¢) dx dt = |' uy(x) dx. (4.12)
40 Y0 VY0 ~Q

Furthermore, by taking the L2(2)-inner product of (4.1)’ with u(t), it is
easily seen that, for every T > 0,

.T
llu()l* + lo lgrad w(O)]* de < [lu, |, (4.13)

which insures |[du(-)|* € L'(0, o0) (see (3.13)). Making use of (4.12) and
(4.13), we have only to repeat the preceding arguments to complete the
proof. Q.E.D.

Remark 4.1. Theorems 4.1 and 4.2 assert that, if fis a strongly positive
kernel, the equilibrium is (globally) asymptotically stable. In this sense, the
hereditary term f* u with a strongly positive kernel has a stabilizing effect as
a nondelay logistic term has.

Especially, take a C2[0, oo)-function f (£0) such that

(=D*f®@) >0, t€[0,0), k=0, 1,2
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It is well known that fis a strongly positive kernel (see Barbu [2] or Nohel
and Shea [7]). As is stated above, the effect of time delay of such a function
is not so significant.

5. REMARKS ON BIFURCATION OF PERIODIC SOLUTIONS

In the previous sections we have discussed the global asymptotic stability
of a suitable equilibrium. In particular, if a kernel function f€ C?*[0, c0)M
L'(0, 0) (#0) is non-negative, non-increasing and convex, then the
hereditary term f* u represents a ‘weak” delay in the sense that the
maximum response to the growth rate is due to current population density
and past densities have a decreasing influence. In such a situation, the effect
of time delay is not so significant (see Remarks 3.1 and 4.1).

In this section we shall give some remarks about effects which generic
delay kernels have on the asymptotic behavior of solutions to (1.2) and
(1.3). As a special kernel function, we take f(t) = (at/T?) exp(—¢/T) and
regard a as a positive parameter. This is the case when the maximum
influence on growth rate response at any time ¢ is due to population density
at the previous time ¢ — T. It is already shown that any non-trivial solution
u >0 of (1.2) and (1.3) satisfies

tlim ulx, tYy=u, (=a/(b+a)) uniformly for x € 2,

if @ < 8 (Remark 3.2). What will happen if a > 857

In what follows, a and b are assumed to be positive. Observe that, if u is a
solution of (1.2), then #(¢) = u(z + T) satisfies (1.2) with f* u(¢) replaced by
{* 1 f(t —5) ii(s) ds. Therefore, letting T — oo we may consider

u,=Au+u(a—bu~‘.t St — s)u(s) ds), XERN, tER', (5.1)

in place of (1.2). Put v = u — u,, and neglect second-order terms with respect
to v; this linearization procedure leads us to

¢
v,=Adv—1u, (bv +[ re=swes) ds), XEQ, tER. (52)
We shall seek solutions of (5.2) with zero Neumann condition in the form

2 Tu(®) $alx),

k=0
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where ¢, (k=0, 1, 2,...) are eigenfunctions corresponding to the eigenvalues
A, (with 0=4,<4,<4,< -+ ) associated with the following eigenvalue
problem

—Au = Au, in £,
oufon =0, on o5

It is easy to verify that T, (k=0, 1, 2,...) satisfy
. WL
T (1) + (buy + AT (1) + uy, ' St —s)T(s)ds=0, (5.3)

where “*” means d/d:r. For (5.3), Miller [5] has shown that 7T, =0 is
asymptotically stable if and only if

p+(buw+lk)+uwf(p);&0 for Rep>0;
in other words,

D(p)=Tp + {2+ (buy, + A)TITp* + {1 + 2(bu,, + A)T}p + (a+4,)
#0 for Rep>0. (5.4)

Moreover, a straightforward application of the Hurwitz criterion assures that
(5.4) is equivalent to

{(bite, + AT + 2}{2(bug, + AT + 1) — (a + A)T > 0. (5.5)

(When a < 8b, (5.5) always holds true for every k=0, 1, 2....) A simple
calculation shows that for every k > 1 (5.5) is true if «a is sufficiently close to
8b, while for k =0 (5.5) is violated at a = 86 and aT =9.

Hereafter, we assume a7l =9 for convenience. With the use of a new
parameter 1= 9b/(b + a) (which means that @ = 8b corresponds to u = 1),
Dy(p) =0 is rewritten as

P’ + (2 +u)/T)p* +((1 +2u)/T")p + (9/T°) =0. (5.6)

For u=1, (5.6) has three roots {—3/T, +i\/3/T}, which, in particular,
implies that (5.3) (with k=0) has non-constant periodic solutions
{exp(+ i(,/3/T)t)}. Denote by p(u) the root of (5.6) such that p(1)=1i\/3/T.
Since Re p’(1) < 0, this will be a case to which the Hopf bifurcation theory
is applicable.

Taking account of the preceding arguments, we shall find spatially
homogeneous solutions of (5.1); i.e.,

u,=u(a—bu——JJ ft—s)u(s)ds), (ER',

— 0
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which may be written with a new unknown function v =u —u_,
€ A
v, = —(v+uy) (bv+| f(t—s)v(s)ds), (ER'.  (5.7)
-
We shall follow the argument used by Cushing [3, Chapter 5]. By putting

Jd
v, =0, v, = ‘ St —s)o(s) ds, and by =10,,

the single equation (5.7) is reduced to the system
Uy = —bu v, — Uy v, — v,(bv, + v,),
U, =0y,
by = (a/T*)v, — (1/T*), — (2/T);.
Note that the characteristic equation of the matrix
—bu, —u, 0
0 0 1 u,=aj(b+ a),
a/T* —1/T* -2/T
is given by (5.6) with aT =9 and = 95/(b + a).
Consequently, the Hopf bifurcation theory (see e.g., Poore [8]) asserts

that, for sufficiently small ¢, >0, Eq.(5.1) has non-constant periodic
solutions of the form

u—ﬂ(6)+sv € =%
Y (1+sn(s)’ )’ Ny

=1 — &d(¢), (5.8)

where 7 and & are differentiable functions on [—¢,, ¢,] satisfying n(0) =
8(0) =0, and where v(t, ¢) (£0) is a 22T/\/3-periodic function of ¢ for each
€ € [—¢,, €;|. Moreover, making use of the result of Poore [8, Theorem 4.1 |
we can show after some tedious calculations that

n(0)>0 and  &'(0)>O0.

Since u=1—¢d(e)=1—¢%"(0) +o(c?) as £¢— 0, the bifurcated periodic
orbit (5.8) exists in a neighborhood of (u,u)= (1/bT, 1) only for u < 1,
which corresponds to a > 8b. The period of the solution u = u(t, ¢) in (5.8) is

Q@nT/\/3)(1 + en(e)) = 2aT/\/3)(1 +&*n'(0) + 0(*))  as &-0
and increases from 27T/\/3.
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Remark 5.1. Let f(t) = (at/T*) exp(—t/T) with a > 8b. Suppose that
.5) holds for every k=0, 1, 2,...; or, equivalently,

(2 —aT)a* + b(4 + 3aT)a + 2b*(aT + 1) > 0.

this case, we can prove that u = u , (=a/(b + a)) is locally asymptotically

stable for (1.2)-(1.4).

th
6

10.
11

On the other hand, if a = «a, satisfies
(2 —aT)a} + b(4 + 3aT)a, + 2b*(aT + 1) =0,

en it is possible to show that non-constant periodic solutions of (5.1) and
.2) bifurcate from (u, @) = (u,,, ;).
These results will be discussed elsewhere
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