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1. Let f(¢, %) be a continuous function on [0, T] X R* with its
range contained in R". In this paper, we give sufficient conditions in order
that the differeniial system

¥ = f(t,%) (1)

has at least one periodic solution x(t), i.e., a solution x(¢) such that
#(0) = x(T).

Let ““<”’ denote the usual partial ordering of R” and also the linear ordering
of R. We say that f(t, x) is of type K (after Kamke [5]) in a set D C R" if for
all x, ye D, x = (%1 yooe; %), ¥ == (Y1 5eo» Yu)» With ¥ Ly and x; = y;, it is
true that fi(t, x) < fi(t, ¥), where f = (f1,...., fu), £ = L,..., .

We shall establish the following result.

THEOREM 1. Let there exist continuous functions o, B : [0, T] — R" such
that oft) < B(#), 0 < t < T, 3(0) < o(T), B(0) > A(T) and

Do) <flt, (), DBO)=fEAL), O0<t<T. (2

Let f be of type K on the set {x : oft) < x < B(t), 0 < t < T Then there exists
a periodic solution x(t) of (1) with o(t) < #(t) < B(t),0 <t < T. By D_and
D-, respectively, we mean the lower left and upper left Dini differential operators.

A similar result has been established by Knobloch [6] who assumes f to
be Lipschitz continuous in x, but he does not assume f to be of type K. On the
other hand, the solutions of differential inequalities used in [6] satisfy a set of
conditions different from ours.

In proving Theorem 1, we proceed as follows: We first establish a special
case where f is assumed to be Lipschitz continuous with respect to x and the
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inequalities in (2) are assumed to be strict. Then we use approximation
arguments to obtain the more general result from the special one.

In Section 3, we apply Theorem 1 to get periodic solutions of certain
linear systems and then use these existence results together with multivalued
fixed-point theory to obtain the existence of periodic solutions of certain
quasilinear systems which are not necessarily of type K. Finally, in Section 4,
we indicate how Theorem 1 may be extended to certain classes of functional
differential equations—in particular, to differential-difference and integro-
differential equations.

2. Before proving Theorem 1, we consider the following special case.

THEOREM 2. Letf:[0, T] X R®— R" be continuous and satisfy a Lipschitz
condition with respect to x on compact subsets of [0, T] X R». Further, let there
exist continuous functions o, 8 : [0, T] — R" such that oft) < B(2), «(0) < o(T),
B(0) = B(T) and

D_at) <f(t, o)), DBE)>f(tB1), O0<t<T.

If, in addition, f is of type K on {x : oft) < x << B(2), 0 < t < T}, then there
exists a periodic solution x(t) of (1) such that

off) < x(t) <BU), O0<t<T

Proof. Let [0, B] ={(t,%):0() <2 <B(),0<t T} Then [of]
is a compact subset of [0, '] X R". Since f satisfies a Lipschitz condition with
respect to x on this set, the initial value problem

¥ =ft2),  %(0) =2

has a unique solution x(t; x,) for every x, with (0) < %y < B(0). It follows
from Kamke [5] (see also Walter [7]) that x(t; x,) exists on [0, 7] and that

oft) < x(t, %) <P(), O0<e<T
Define the mapping
S 4wy 0) <% SO — {2 : o T) <= < BT} C v : 4(0) < %0 < (O}

by
S() = (T x,).

Then S is continuous. It follows from Brouwer’s Fixed Point Theorem that
S has a fixed point, proving Theorem 2.
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Proof of Theorem 1. Let o and B be as in Theorem 1. Define the function
F(t, x) in the following way. For each 1[0, T] and 7 = I,..., n, let

flw) — B e

T+ ]
Fi(t, x) = { fi{t, %), i o) <a < B
fit, ®) — 1—+]x(—t|) i < alt),

where ¥ = (¥ ,..., &,) and

Bit), if x> Bi(2)
Xy= (%, if  a(r) < <B(D)
a(t), if x; < o).

The function F(t, x), so defined, is continuous and bounded on [0, T] x R"
and furthermore is of type K everywhere. Also a function x(t),

off) <a(t) <BE), O0<i<T,
is a solution of (1) if and only if it is a solution of
x' = F(t, x). 3

Let € = (¢ ,..., ;) be a constant vector with ¢; >0, ¢ =1,...,n. Let

A(t) = oft) — ¢, B(t) = B(t) + €. Then
Fy(t, A@t)) = filt, oft)) + m > fi(t, of2)),
and hence
D_A(t) = D_at) < f(t, ot)) < F(t, A(2)).

Similarly,
D-B(t) > F(t, B(t)).

Consider now the function F(t, x) on the set
o ={(t, x): A@) <x < B@#),0<t LT}
and let 8 > 0 be such that
D_A,t) — F(t, At)) < —8 <0 <8 < D=B,t) — F(¢, B(t)), i=1,.,n

Using an approximation argument (see, e.g., Hartman [4, pp. 6, 7]), we
may find a function G(#, x) which satisfies a Lipschitz condition with respect
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to x, 1s of type K and is such that | Gy(¢, x) — F(t, x)| < 8/2,i = 1,...,n for
all (¢, x) € »Z. This in turn implies that

D_A(t) < G, A®)) and  D-B(t) > G(t, B@)).

Hence by Theorem 2, the equation & = G(¢, x) has a periodic solution
x(t) such that A(t) <C x(t) <{ B(t). Using the Ascoli-Arzela Theorem (i.e.,
pick a monotone decreasing sequence of 6’s converging to 0, etc.) we conclude
that Eq. (3) has a periodic solution x(¢) such that A(#) < x(t) < B(¢). This in
turn is true for every positive vector e. Using Ascoli-Arzela once more, we
conclude that there exists a periodic solution x(¢) of (3) such that
oft) < 2(t) < B(t). By the remark at the beginning of the proof we conclude
that x(t) is a periodic solution of (1).

When trying to apply Theorem 1, one would, of course, investigate first
whether « and 8 may be chosen to be constants; if this is the case, Theorem 1
takes the following form:

COROLLARY 3. Let there exist constant vectors o, B with o << B such that

f(t) /3) <0 <f(t’ 0‘) (0 = (0: 0,..., 0))

and let f be of type K on the set {x : o < x < B}. Then there exists a periodic
solution x(t) of (1) with o < x(¢) < B.

To illustrate Corollary 3, we consider the following example:

Let & and g be continuous functions on R such that 4(0), g(0) > 1 and
h(1), g(1) < —2. Let p and g be positive real numbers and consider the two-
dimensional system

x' = h(x) 4+ y? 4 sin ¢

4
¥ = x? 4 g(y) + cos £, @

The hypotheses on % and g imply that o = (0, 0) and B = (1, 1) satisfy the
desired differential inequalities; further, since p and g are positive, the right
side of (4) is of type K for 0 < », y < 1. Hence (4) has a 2= periodic solution
(%(2), ¥(t)) such that 0 < x(2), ¥(t) < 1.

3. In this section, we give an application of Theorem 1 to quasilinear
systems of the form

x = A(t)x + g, x), 5

where g is not necessarily of type K, but where A(t) is a continuous # X n
matrix defined on [0, T] and A(z) is of type K, i.e., if A(t) = (a;;(t)), then
at) =0, i#j, i=1,..,n j=1,.,n Thus when A(¢) is a matrix of
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type K, then for any function ¢ : [0, T] — R®, the function A(¢#) x - (f)
is of type K, as defined in Section 1.

THEOREM 4. Let A(t) be a continuous n X n matrix of type K which is such
that

f at) <0, i=l,..n (6)

j=1
Then for any continuous function ¢ : [0, T] — R™, there exists a solution x(t) of

¥ = AW« + 9lt) ™
such that x(0) = x(T).

Proof. By (6), we can find constants «, B, o << 0 << 8, such that

o i a;(t) +ot) =20=8 }; a;(t) + i), i=1,.,n

j=1

The constant vectors (a,..., «) and (B,..., B) then satisfy the desired differential
inequalities and we conclude that there exists a solution x(z) of (7) with
#0) =2(T) and a < x,(1) <P i =1,..,m, 0Lt T

Remark. In case A is a constant # X # matrix, Theorem 4, of course,
follows immediately from the Floquet theory, because the conditions

a;; < 0) a;; > Ov i %]) and Z a;; < 0’

=1

guarantee that all eigenvalues of A must have negative real parts (all eigen-
values of 4 must be in the union of the discs | A — a;; | < 3., a;;). Hence
the unperturbed equation x” = Ax has as its only periodic solution the trivial
one which in turn implies the existence of a unique periodic solution of (7)
for every ¢.

However, in order to be able to apply the Floquet theory when A4(#)is not a
constant # X 7 matrix, we must compute the fundamental matrix solution
X(t) of ' = A(t) x and check whether or not X(T') has 1 as an eigenvalue.
Or alternatively, check whether A(t) is an asymptotically stable matrix (here
we consider A(t) to be defined on (— o0, o) having period T), for if A(Z)
is an asymptotically stable matrix, then the unperturbed system has as its
only periodic solution the trivial one. Again it is true that all eigenvalues of
A(2) have negative real parts and since A(%) is periodic, the real parts of the
eigenvalues are bounded away from zero. It is well-known (see, e.g., Hahn [3,
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p- 307]) that this is not sufficient to guarantee that A(¢) is a stable matrix, and
thus the uniqueness of a periodic solution of x' = A(t) x can, in general,
not be deduced. If on the other hand, the matrix M(t) = § (4A7(z) 4 A(2))
has all its eigenvalues with negative real parts, then the trivial solution
of ¥ = A(#) x is asymptotically stable (the function v = | x |? serves as a
Lyapunov function) and hence in this case, we again can deduce the existence
and uniqueness of a periodic solution of (7) for every g, by other means.

If A(t) is such that for every g, the system (7) has a unique periodic solution
x(t, p) with | x(f, )| < k| ()|, where & is a constant depending on A(z)
only, then the existence of a periodic solution of the quasilinear system (5)
can easily be established by means of the Schauder Fixed Point Theorem
(provided it satisfies a certain growth condition with respect to x).

In the absence of uniqueness, this approach is, of course, no longer feasible.
Using Theorem 4, we, nevertheless, can obtain the existence of a periodic
solution of (5) without a priori knowledge of uniqueness.

THEOREM 5. Let the hypotheses of Theorem 4 hold. Let g(t, x) be continuous
on [0, T] X R" into R". Further assume that | g(t, x)] <8 |x| for all { x|
sufficiently large, where 8 > 0 is such that

Ya)<—8<0, i=l.,mn

j=1
Then there exists a periodic solution of (5).

Proof. Chooser > 0 large enough so that | f(z, x)] <8 | x|, for|x| =7
Let M =max{|f(t, %) :|x| <7, te[0,T]}. Choose B =7 such that
88 > M and let a = —f Let P={p:[0, T] > R": ¢(0) = ¢(T),
@] = max{] ¢(t)| : t [0, T')} < B}. Then P is a closed convex subset of the
Banach space C([0, T'], R").

For every ¢ € P, consider the linear equation

x' = A(t) x + g(¢, 9(2)). )

One may easily show that

o ; a;i(t) + g4t 9(2)) =0 = B i a;(t) + gt @(t)), i=1...,n

Hence by Theorem 4, there exists at least one periodic solution x(¢) of (8)
with || ¥ || << 8. Denote by S(¢) the set of all such solutions of (8). Then the
mapping S, so defined, is a multivalued mapping on P satisfying the following
properties:
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(i) For each @ € P, S(p) is a convex subset of P.
¥e S(e).
(iit) S(P) is compact.
These properties follow easily from the linearity of (8) and the Ascoli-
Arzela Theorem. We may now apply the Eilenberg-Montgomery Fixed
Point Theorem [1] (a generalization of the Schauder Theorem to set-valued

mappings) to conclude that S has a fixed point in P, i.e., there exists p € P
such that ¢ € S(¢). Fixed points of S, however, are periodic solutions of (S).

4. In this section, we indicate how some of the previous results may
be generalized to functional differential equations.
Let h(t) be a continuous nonnegative function defined on [0, T], let
7 = max{h(2) : 0 < t < T}. If »(2) is a continuous R"-valued function defined
on [—7, T], then for every t € [0, T'], we define the function x, by

xf0) = x(t +6), —h(t)<0<0.

By C,, we shall mean the set of continuous R"-valued functions on
[—A(2), 0]. Consider the functional differential equation

®(f) =f(t () %), 0<t<T, (9)

where for each ¢, f(2, -, ) : R* x C;— R". We say that f(¢, -, -) is of type K
if for every x, ye R® with x; < y;,1 %], ¥, =3,,J = l,...,n and for each
u,ve C, with u < v (i.e., #(0) < v(0), —h(t) <0 <0)

filt, x, u) < fi(t, ¥, 0).

Let C; be endowed with the supnorm || +||; and assume that f satisfies a
Lipschitz condition of the type

L@ xu) — f@.2, 0 <k(x—y]+lu—2l)-

It is then well known (see, e.g., Driver [2]) that for every ¢ € C;, the initial
value problem

(1) = f (1, %(2), %)

X=¢

(10)

has a unique solution whenever f is continuous in the sense that if x(t) is a
continuous function on [—7, T, then f(t, (t), x;) is a continuous function
of .
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LEMMA 6. Let there exist continuous functions o, 8 :[—7, T] — R™ with
oft) < B@), —7 <t < T, such that

D oft) <f(t,dt)y ),  DB®)>f(t, BB O0<t<T.

Then, for every p € Cyy , ay << 9 << By , the initial value problem (10) has a unique
solution x(q) such that oy < x(p) <B;, 0 <<t < T

Using this lemma, we may now easily establish the following theorem.

THeoREM 7. Let h(0) = h(T') and let o and B be as in Lemma 6 and satisfy
in addition oy < ar, By == Br. Then there exists a solution x(t) of (9) such that
Xy = xp and oft) < x(t) < B@), [0, T].

Proof. Let ¢ € C; be such that oy < ¢ < B, . Define the mapping S on
C, into itself (note Cy = Cr) by

S(p) = xr(e).

It is easy to see that S, so defined, satisfies the hypotheses of the Schauder
Theorem and we conclude that S has a fixed point.

Remark. Using approximation arguments as in Section 2, one may now
verify that in the case of differential difference equations

® = £(t, «(t), 5(¢t — ),

the Lipschitz condition on f may be removed and the strict differential
inequalities may be replaced by weak ones.

Further, similar results may be established for equations without previous
history, i.e., 0 < k(¥) < ¢, without requiring that h(T') = A(0), where we seek
solutions x(2) satisfying the condition x(0) = x(T').

For purposes of illustration, we consider the following example.

Let all functions considered be continuous. Let g:[0, T] X R— R,
k:[0,T2—>R, k>=0,%:[0, T] X R— R, where h is nondecreasing in its
second argument.

Consider the integro-differential equation

() = g6, 50) + [ Kt 9) s, w(9) (1)

Assume that
8, B) + [ ke, hs By ds <O < glt, )+ [ e, ) s, ) ds

for some constants « and 8, « <C B. Then there exists a solution x(t) of (11)
such that x(0) = x(T)and o < #(2) <B, 0Lt < T
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