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Some oscillation criteria for even order functional differential equations
X0y + qle) f(x (1), x(g (1)) X(g,(1))) = 0 and  x"(1) + p() x¥~N0) +
q(t) f{x(g,(£)),-r X{gn(1))) =0 arc given. These criteria are an extension of some
recent results established by S. R. Grace and B. S. Lalli. ¢ 1987 Academic Press. Inc.

Recently, Grace and Lalli [ 1] considered

x(1) +q(1) f(x(1), x(g(1))) =0, (1)

where » is an even positive integer. They established an oscillation criterion
for (1). In this note we extend Grace and Lalli’'s work to the nth-order
equations

x(t) + q(1) £ (x(2), X(g ()., X(8m(1))) =0 (22)

and obtain results that are an improvement over their work. By applying
the same method to

X0+ p(r) x 7 D(0) + g(0) f(2(g1(1))sers X(£4(1))) =0, (2b)
we obtain a result that is better than results in presented recently in [6].
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In what follows we restrict our discussion to nontrivial solutions of (1)
which are indefinitely continuable to the right. A solution x(¢) of (1) is said
to be oscillatory if it has arbitrarily large zeros, and nonoscillatory if it is
eventually of constant sign. Equation (1) is said to be oscillatory if every
solution of (1) is oscillatory.

The proof of our main result, Theorem 1, is based on the proof of
Theorem 1 in [1].

THEOREM 1. Assume that
(i) q,g.€Cltg, +0), i=1,2,,m [feCR""), and y,f(yym
Vms1)>0 when y,#0 has the same sign for i=1,2,.,m+1;
(ii) there exists a continuously differentiable function o€ C[ty, + 0)
such that 0 <a(t)< g(t), 1 2d(t)>0 for t =T and o(t) > © as t - owo;

(iii) there exists a positive number ¢ >0 such that for every increasing
Sfunction | y(t)|

f(yl""’ ym+])
Y

lim inf

Lyl =

>c>0,

where Lyl 2y, i=1,2,..,m+1;
(iv) q(1)=0 and q(t) is not eventually identically equal to zero on any
subinterval (t;, o),

(v) there exists a positive continuously differentiable function p(t) on
[ty, +00) such that

lim . J'(z—s>m*3(p<s>(z—s>—(m—1>p(s)>’
m o

P TE B 6(s) 0" 2(5) pls) ds<eo (3)
fim %j (t—s)" ‘pls) q(s) ds= +oo, )

where m > 2 is some integer number. Then every solution of (2a) oscillates.

Proof. Let x(t) be a nonoscillatory solution of (2a). Assume that
x(t)>0 for t=1t, and choose a t, =1, so that g(t)=1y, for t1=1,,
i=1,2,..,m. By Lemmal of [1], there exists a ¢,>¢, such that
x"=D(¢)>0 and x(¢r) >0 for 1= 1,. Choose a ;> 1, so that a(t) > 2¢, for
t>t,. We apply Lemma 2 of [1] for u=x, A=1 and conclude that there
exist M, >0 and 1,21, such that

o)1z Me" ) x" " Ve() ]2 M, 0" () x" (1), 1=,
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Let w(t) = x"""(1)/x[40(t)]. Thus w(t) satisfies

Jx(2), x(g1(2)),--r X(&m(2)))

w(t)= —q(t)

L o)
MR}

Since x(¢)>0 for t = 1,, lim,_  x{¢) exists either as a finite or an infinite
limit.

If im, _, ., x(z) =5 is finite, then
L LG, X)) X(8l1))) _f (b b b)
Jaupss x(3a(t)) b
If lim, , , x(¢)= +o0, then
Sx(@), x(g1(1)), X(gm(1))) _ €
*(o(0) i
for sufficiently large ¢. On the other hand,
1, x(z0(1) 1. o2 XN
300 e 3600 (o0 )
=% é(1) 6" (1) wi(2).
So, we have
i) < L)~ 2L 6(0) "0 W),
where ¢, = min(c, f(b,..., b)/b).
Therefore,

M
D400 p0) < —p(1) (1) =S o) " XD PO WD, 1210,
Or
Co

21 (=51 p(s) gts) ds

< — [ (t=sy"1p(s) ts) ds

"%f (t—s)""'a(s)a"  *s) p(s) wi(s) ds
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=(t—1)" 'pl1,) wl1,)
[ =97 26— 5) = (m— 1) p(s)) ds

_% ! (t—s)"" 10"(5') O.n-z(s) (5) W2(S) ds
=(t—1)" " 'plts) w(ts)

(e T

4

Ny j
12 o )
1M, Jat o o LT el |
1 ¢ (I——S)m 3 ) .
537 55 Ty o PO =9 = n= 1) p(s))

<(t—=1)" "' p(t) w(t,)

1 r (t—s)y" 3

2M1 1w 6(8) 6" 2(s) p(s )(ﬁ(s)(t_s)_(m—l)/’(s)) ds.

But, for every t>1,,

[F=sr"o(s) gty ds— [ (1= 5" p(s) g(5) ds

=~ [M=9m e g ds<t—1o) ! [ p(s) gl ds

SO

st [ =) Yol gls) ds

s%‘-’(l—;) ' p(s)q(s)ds+(1—’—;‘) e plta) wita)

—5)" 73 (p(s)(t —5) — (m—1) p(s))’

1 (1
N L, (s) o"2(s) p(s) ds

for all 1> t,. This gives

409/127/1-10
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lim — j'(z—s)'"—‘p(s)q(s)ds

ror oo 201 1o

<plt) wit) +2 " os) gls) ds

ot — VP35 ey _ 2
+ lim f(f s)"(p(s)(t —s) — (m—1) p(s)) &, (5)

tva 2M M, d(s) a" ~2(s) p(s)

which contradicts condition (4).

A similar proof holds if x(¢) <0, for 1> t,.

COROLLARY 1. Under the conditions of Theorem 1 and the assumptions
that 1 =6(t) = k>0 and that there exists an a € [0, n— 1) such that

lim —— [ (1= 5"~ 'sq(s) ds = o, )

t— o0 10

every solution of (2a) oscillates.

Proof. We choose p(s)=s" By direct computations one can show that
for «e [0, n—1), p(z) satisfies condition (3). By application of Theorem 1
we obtain the conclusion of Corollary 1.

Remark 1. Let p(t)=1, 126(1)2k>0. Then Corollary 1 leads to
Grace and Lalli’s Theorem 1 in [1]. This shows that conditions (3) and (4)
are more widely applicable than the existing ones.

ExampLE 1. Consider the equation

x() + f(x(In £))=0, neven; > 1, (7)
where
f(x)z{i exp[ (x(1 +sin x)], ;Z; :zg (8)

q(t)=1, a(t)=In¢, g(t)=1/t.

The theorem of Grace and Lalli is not valid for Eq. (7). But Theorem 1 is
valid for (7). In fact, p(¢)=1"°% 0 <a < 1, satisfies conditions (3) and (4),
so all solutions of (7) are oscillatory according to Theorem 1.
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ExampLE 2. Consider the equation

x‘")(t)+t'°‘f<x [%]>=0, neven, t>0,l<a<n—1. 9)

f(x) is defined in (8).

It is easy to sec that the oscillation theorem of paper [1] cannot be
applied to Eq. (9), but if we take p(¢)=1t* (9) satisfies the condition of
Corollary 1. Therefore, all solutions of (9) are oscillatory.

Under the modification of the hypotheses of Theorem 1, we can obtain
the following result:

THEOREM 2.  In Theorem 1, condition (v) is replaced by the following
condition:

(v)"  There exists a positive continuously differentiable function p(t) on
[ty, +o0) such that

[ oty gty di= o (10)
and
> p(s)
f m ds < 0. (n )

Then the conclusion of Theorem 1 is true.

COROLLARY 2. Under the conditions of Theorem 1 and the assumption
that 1 z6(t) =k >0, if

jm rq(t)di=c0, ae[0n—1), (12)

then every solution of (1) oscillates.

Remark 2. Theorem 2 includes some results of paper [5].

ExXAMPLE 3. We consider

YO ()41 4 1n 1y (%) y? <§>=o. (13)

It does not satisfy condition (12), but we can choose p(t) = r*/(In t)?, which
satisfies conditions (10) and (11). Therefore all solutions of (13) oscillate.
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The results of paper [5] are not applicable for (13).

Remark 3. Let n=2, f(x, y)=F(x), xF(x}>0, F(x)2k>0. Then g(1)
need not be a positive function to ensure the oscillation of (2). In that case
Theorem 1 includes Philos’ theorem [2] as a special case. Theorem 1 also
includes Theorem 1 in [3] as a particular case.

Now we apply the above method to a more general equation,

x()+ p(ty x" (1) + q(e) fx(g1(D)),eor, X(8,(1))) =0, (14)

where 7 is even, f€ C(R"), g;, p, g€ C(R, ,R), and i=1, 2,..., m and such
that

(i) p(t)=0, g(1)=00n R, and g(t) # 0 on any ray[T, «);

(i) if y, <z, i=1,2,.,m, then f( ¥y, Vs, Ym) < fl2,, 23,y 2,,,) and
S5 Yases V) >0 if y,>0 for all i,
iy Voo V) <0 if y,<0 for all ¢

(iii) g{r)—> o0, i=1,2,.,m, and there exists 6,6 C'[R,,R,],

i=1,2,.., m, such that

0<o(f)=inf min{s, g,(s)},
6{)>0, oft)oo0  as t-o0;

(iv) df/0y, exist and &f/dy; = a,;>0 for y, #0, i=1, 2,.., m;

(v) lim,_  |,exp(—{3 p(r)dr)ds= oo for any a>ty;

(vi) there exists a positive continuously differentiable function p(¢)
on R such that

1 1
lim FJ (t— )™ 'o(s) g(s) ds = oo

t— oo

and

1 ! m . -1
tim L [ o= (£ wer 260660

x {(p(s) = p(s) p(s))t = 5) — (m—1) p(5)}* ds < 0

for some integer m = 3.

THEOREM 3. Under conditions (i)-(vi) every solution of (14) oscillates.
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Proof. Let x(t) be a nonoscillatory solution of (14), and without loss of
generality, assume that x(z)>0 for 1>1¢,. Then 1,21, exists so that
x[odt)]>0fort>1, i=1,2,..,m

Define

x" D)
fx(Go{0)),ry X(30,4(1))

according to the procedure of paper [6]; we have

w(t)=

1—-2n

Ww(t) < —q(t) — p(t) w(t) — Z %,0" (1) G6(t)
SO

p(1) (1) < —p(1) w(r) — p(1) p(1) w(?)
21 2n

el Zao” (1), (15)

Integrating (15), we get

[" (t— )"~ 'p(s) g(s) ds

5

<= [ =5y tp(s)itsyds— [ (1=sy"=pls) pls) w(s) ds

t5 15
1—-2n

—(—r—l_—l)!f’(t—s)’" To(s)w (Z a0" s)a())ds
= (t~15)" " p(ts) w(ts)
+ [ =) W) () — ) = (m— 1) pis)) ds

1—-2n

~ [ =5y pls) pls) wis) ds [ (= sy pls) wits)

(=11,
x (i 07~ %(s) &,.(s)) ds = (t—t5)"~'p(ts) w(ts)

. 5T= 2 m 172
[ v Jo =9 2000 (3 wp ) 66))

— m —-1/2
O =5y =%p(s) 7 ( $ w07 2(s) @-(s)) 1

i=1
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X ((5(5)— pls) p())(1 =) — (m— 1)p<s>)} ds

— 1Y pr
SO syt

5
-1

<( £ 00761 65))  (416) = p(6) pONE—5)— m— 1) pls))*

(£ 200126 8469)) (56) ~916) pls))a =5) = (m= 1) o)
where 15> t, is some constant. We have

[ =5 0() g(s) ds— [ (1=sy""p(s) gls) ds

0 5

= [T =5y o) gy ds< (1= 201" [ pls) gls) ds

SO
1 t .
tm,ljm(tm 1p(s) q(s) ds
m o1 Is m—1
s(l—’—f) jp(s)q(s)ds+(1—’75) plt5) wits)
(-1 U (” PR )>‘
2372n tm—ljlo(t S) p(s) X igl a;0; (S)U,(S
x {(p(s)— p(s) p(s))1 — 8) = (m— 1) p(s) }* d.
Therefore

1
lim — [ (1=5)" " p(s) q(s) ds
n—1) 1 1

(23‘23 th1J‘ (t‘~7)”'71.1)(5)m1

0

<C+ lim

t > oC

x (f %07~ (s) é,m) 7
X {(p(5) — p(5) p())(1 =) — (m — 1) p(s)} ds.

This is a contradiction. The proof is complete.
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If we integrate (15) directly, we have the following conclusion.

THEOREM 4. In Theorem 3 condition (Vi) is replaced by conditions

[ p(s)g(s) ds =0 (16)

o (pls)=pls) p(s))?
j p(s)Xr  a,07(s) 6(s)) ds < 0. (17)
Then every solution of (14) oscillates.

Remark 4. If p(t)=1t, then Theorem 3 becomes Theorem 1 of paper
[6]. The other results of paper [6] can be improved with the above
method also.

The following example shows that Theorem 3 is an improvement of
Theorem 1 in [6].

ExaMPLE 4. We consider

y<4)(t)+ t‘ly(3>(t)+ t~*Int (sinh y (é) +y (%) exp <yz (%))) —0,
t>1, (18)

where p(t)=t"", g(t)=t"*Int.
It is easy to see that (18) does not satisfy condition (8) of Theorem ! in
[6]. We choose p(t) = #*/(In t)*; then

!

_E)P(s) Q(s)ds=£0s(lns)ds—>oo as t— oo.
On the other hand,
td(In 5)

j' (p(s) — p(s) p(s))’

ds<C,
PN o7~ 2(5) 6,00 S

< o0,
o (In s)?
where C, is some positive number. That is, (18) satisfies the conditions of

Theorem 4. Therefore, every solution of (18) oscillates.
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