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Abstract—1In this paper, we show a new equilibrium existence theorem for abstract fuzzy econo-
mies with uncountable number of agents with fuzzy constraint correspondences and fuzzy preference
correspondence, and give a new existence theorem of maximal element for qualitative fuzzy games
with uncountable number of players with fuzzy preference correspondence. © 1999 Elsevier Science
Ltd. All rights reserved.
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1. INTRODUCTION

In 1950, Nash [1] first proved the existence of equilibrium for games where the player’s preferences
are representable by continuous quasiconcave utilities and the strategy sets are simplexes. Next,
Debreu [2] and Arrow-Debreu [3] proved the existence of social equilibrium and Walrasian equi-
librium, respectively. In the last twenty years, the classical results have been generalized in many
directions; see [4-23] and the references therein. In 1998, Yuan [24] provided a quite complete
discussion and references on the studies of the existence of equilibria for abstract economies and
their applications.

On the other hand, in a recent book (5], Billot studied the equilibrium points of fuzzy games
and fuzzy economic equilibrium, and proved the existence of a fuzzy general equilibrium. As
Zimmermann pointed out in the preface of (5], Billot’s work is very interesting and it can be
hoped that many economic theorists start from his work and advance economic theory along the
lines indicated.

Recently, the author [11,12] first introduced the concepts of abstract fuzzy economies and
generalized abstract fuzzy economies, and studied the equilibrium existence theorems for abstract
fuzzy economies and generalized abstract fuzzy economies.

Motivated and inspired by the recent research works [10-12], in this paper, we prove a new
equilibrium existence theorem for abstract fuzzy economies with an uncountable number of agents
with fuzzy constraint correspondences and fuzzy preference correspondence. We also give a new
existence theorem of maximal element for qualitative fuzzy games with an uncountable number
of players with fuzzy preference correspondence.
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2. PRELIMINARIES

We first give some concepts and notations.

A topological space is called to be acyclic if all of its reduced Cech homology groups over
rationals vanish. It is well known that any contractible space is acyclic, and so any nonempty
convex or star-shaped set is acyclic.

Let X be a topological space and B(X) the family of all nonempty finite subsets of X. Let {T"4}
be a family of nonempty contractible subsets of X indexed by A € B(X) such that 'y C I'p
whenever A C B. The pair (X,{T'4}) is called an H-space. Given an H-space (X,{[4}), a
nonempty subset D of X is called to be

(1) H-convex if I'y C D for each A € B(D);
(2) weakly H-convex if I'y N D is nonempty contractible for each A € B(D);

(3) H-compact in X if for each A € B(X), there exists a compact weakly H-convex subset D4
of X such that DUA C Dy4.

An H-space (X,{I"4}) is called to be a locally convex H-space if X is a uniform topological
space and there exists a basis {V; : ¢ € I'} for the uniform structure such that for each 7 € I and
eachz € X, Vi[z] = {y € X : (z,y) € V;} is H-convex.

Let A be a subset of a topological space. We shall denote by 24 and A the family of all subsets
of A and the closure of A in X, respectively. '

Let X,Y be two topological spaces and T : X — 2Y be a multivalued mapping. T is said to be
upper semicontinuous (respectively, almost upper semicontinuous) if for any z € X and any open
set V in Y with T(z) C V, there exists an open neighborhood U of x in X such that T(z) C V
(respectively, T'(z) C V) for all z € U. Obviously, an upper semicontinuous multivalued mapping
is almost upper semicontinuous (see [19]). It is clear that T is upper semicontinuous if and only
if for any open set M in Y, the set {x € X : T(z) C M} is open in X.

Let M and N be two Hausdorff topological spaces and X C M, Y C N be two nonempty
convex subsets. Throughout this paper, we always denote by F(X)(F(Y)) the collection of
all fuzzy sets on X(Y). A mapping from X into F(Y}(F(X)) is called a fuzzy mapping. If
F: X — F(Y) is a fuzzy mapping, then for each z € X, F(z) (denoted by F, in the sequel) is
a fuzzy set in F(Y') and F,(y) is the degree of membership of point y in F.

In the sequel, we denote by

(A)g={z € X: A(z) 2 ¢}, g €[0,1]

the g-cut set of A € F(X).

An abstract fuzzy economy (or generalized fuzzy game) I' = (X, A;, B, P;);c1 is defined as
a family of order quadruples (X;, A;, B;, P;), where I is a finite or an infinite set of agents, X;
is a nonempty topological space (a choice set), A;, B; : [[zc; Xk — F(X;) are fuzzy constraint
mappings (fuzzy constraint correspondences), and P; : [],c; Xx — F(X;) is a fuzzy preference
mapping (fuzzy preference correspondence).

An equilibrium for ' is a point & € [],o; X such that for each i € I, &; € (Biz)s,(z) and
(Piﬁ)pi(i) N (Aii)a;(ﬁ:) = @, where a;, b;, p; : er! X — (0, 1]. If A;, B;, P; : nke] X — 2Xi
are classical set-valued mappings, then the I' = (X, A;, B;, Pi}ies is an abstract economy (see
[6,9,10,14,17)).

' = (X, P,)iers is said to be a qualitative fuzzy game if for any i € I, X, is a strategy
set of player 4, and P; : [[ic; X& — F(Xi) is a fuzzy preference mapping (fuzzy preference
correspondence) of player .

A maximal element of I is a point & € erI Xy such that Piz(z) < pi(z) for all 2 € I and
z € [1ies Xk, where p; : [Tie; Xk — (0,1]. When P : [Tic; Xx — 2%+ is a classical set-valued
mapping, then the I' = (X, P;)ie; is a qualitative game.
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LEMMA 2.1. (See [25].) Let {(X:,{Ta,}) : i € I} be a family of compact Hausdorff locally convex
H-spaces and X = [[,c; Xi. If foreachi€ I, T, : X — 2Xi s an upper semicontinuous multi-
valued mapping with nonempty closed acyclic values, then there exists a point £ = [],¢; Zx € X
such that &; € T;(£) for all i € I.

3. MAIN RESULTS

In this section, we give a new equilibrium existence theorem for abstract fuzzy economies and
a new maximal element existence theorem for qualitative fuzzy games.

THEOREM 3.1. Let I' = (X;, Ai, B;, P;)ier be an abstract fuzzy economy and a;, b, p; : [[¢;
X, — (0,1] such that for each i € I, the following conditions are satisfied:
(1) X; is a Hausdorff locally convex H-space and D; is a nonempty H-compact subset of X;;
(2) for all z € X = [l;e; Xiy (Piz)pi(z) C Diy (Aiz)as@) € Diy 8 # (Biz)oi(z) C Di, and
(Biz)bi(z) N (Piz)ps(z) and (Biz),(z) are acyclic;
(3) the set W; = {x € X : (Aiz)ai(z) N (Piz)pi(z) # 0} is open in X;
(4) mappings x — (Biz)p, () and T v (Pjz)p,(z) are almost upper semicontinuous;
(5) for each x € Wi, z; & (Biz)bi(x) N (Piz)pi(x)-
Then there exists a point & € D = [],.; D; such that

&; € (Biz)b, sy and (Piz)p,z) N (Aiz)ais) = 0,
forallie .

ProoF. Foreachi € I, since D; is H-compact, there exists a compact weakly H-convex subset F;
of X; such that D; C E;. For each z € X and each open neighborhood G of (Biz),(y) in E;,
there exists an open neighborhood U of z in X such that

(Biz)b.‘(z)‘c D; OV C V, VzeU.

Hence,
(Biz)byn) CVCG, VzeUNE,

where E = [],c; Ex. This implies that the mapping = +— (Biz)p,(z) is upper semicontinuous
from E to 2F. Similarly, we know that the mapping z — (Piz)b;(z) is upper semicontinuous

from E to 2F:. Therefore, the mapping = — (Biz)b;(z) N (Piz)p;(z) 18 upper semicontinuous by
Proposition 3.1.7 and Theorem 3.1.8 in [26].
Foreachi€ I and z € X, let

Ty(z) = (Biz)bi(2) N (Piz)pi(z), if € Wi,
l (Bix)b.'(z)a ifzr ¢ W;.

Then T;(x) is a nonempty closed acyclic subset of E;.

Now we prove that T; : E — 2% is upper semicontinuous. In fact, suppose that V is any given
open subset of E; containing T;(x). Let Hi(x) = (Biz)s(z) N (Piz)p;(z) for all z € E. Then we
have

{t€E:Tiz) c V}={z e Wi: Bloio N Palpm C VU {s € B\W;: Bidomy €V}
C{zeW;: Hiz) c V}u {z € E: Ba)oe C V} .

On the other hand, when £ € W; and H;(x) C V, we have Ti(z) = Hi(z) CV. When x € E and
(Biz)bi(z) C V, since Hi(x) C (Biz)b;(z), We know that Ti(z) C V and so

{z € W,;: Hi(z) c V}U {z € E: (Ba)ous C v} cl{zeE: Ti(x) c V).
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Therefore,
(z€E:Ti(z) CV} ={z e W;: Hi(z) C V}U {:c € E: (Bi)oya) C V}

=Win{zeE: Hz)c V) U {:c €E: Biha) C V} :

Since H; and z = (Biz)s,(z) are upper semicontinuous, the sets {r € E : H;(z) C V} and
{z € E: (Biz)p;(zy C V} are open. It follows that {z € E : Ti(z) C V} is open and so the
mapping 7; : E — 2% is upper semicontinuous.

By virtue of Lemma 2.1, there exists a point & € D = [[;c; D; such that Z; € T;(%), for all
i € I. By condition (5), we have

% € (Biz)o,(3) and  (Piz)p,z) N (Aiz)as(z) = 0,

for all ¢ € I. This completes the proof of Theorem 3.1.

From Theorem 3.1, we can obtain the following result.

THEOREM 3.2. Let I = (X}, P;)ics be a qualitative fuzzy game and p; : erl Xx — (0,1] such
that for each i € I, the following conditions are satisfied:

(1) X; is a Hausdorff locally convex H-space and D; is a nonempty H-compact closed acyclic
subset of X;;
(2) forallz € X =[[;c; Xi, (Piz)pi(z) C Ds, and (Piz)p,(z) Is acyclic;
(3) theset W; ={z € X : (Piz)p,(z) # 0} is open in X;
(4) mapping x — (Piz)p,(z) is almost upper semicontinuous;
(5) for each x ¢ W;, x; ¢ (Rx)p,(w)
Then there exists a point £ € D = [],c; D; such that Piz(z) < p(&) foralli € I, z € [],c; X&.

REMARK. In Theorems 3.1 and 3.2, when A;, B;, P; are classical set-valued mappings (i € I),
we can obtain some new existence theorems of equilibrium and maximal element for abstract
economies and qualitative games, respectively.
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