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b Depto. de Matemática Aplicada and IMPA, Universidad Politécnica de Valencia, E-46022 Valencia, Spain

a r t i c l e i n f o a b s t r a c t

Article history:
Received 11 March 2008
Available online 17 September 2009
Submitted by B. Cascales

Dedicated to Professor Isaac Namioka on
the occasion of his 80th birthday

Keywords:
K-analytic space
Analytic space
Three-space property

Let (E, E ′) be a dual pair of vector spaces. The paper studies general conditions which
allow to lift analyticity (or K-analyticity) from the weak topology σ(E, E ′) to stronger
ones in the frame of (E, E ′). First we show that the Mackey dual of a space C p(X) is
analytic iff the space X is countable. This yields that for uncountable analytic spaces X the
Mackey dual of C p(X) is weakly analytic but not analytic. We show that the Mackey dual
E of an (LF)-space of a sequence of reflexive separable Fréchet spaces with the Heinrich
density condition is analytic, i.e. E is a continuous image of the Polish space N

N. This
extends a result of Valdivia. We show also that weakly quasi-Suslin locally convex Baire
spaces are metrizable and complete (this extends a result of De Wilde and Sunyach). We
provide however a large class of weakly analytic but not analytic metrizable separable Baire
topological vector spaces (not locally convex!). This will be used to prove that analyticity
is not a three-space property but we show that a metrizable topological vector space
E is analytic if E contains a complete locally convex analytic subspace F such that the
quotient E/F is analytic. Several questions, remarks and examples are included.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

A set E is said to have a resolution if E admits a family {Aα: α ∈ N
N} of subsets covering E such that Aα ⊆ Aβ for α � β .

If E is a topological vector space (tvs) over K ∈ {R,C}, a resolution is called compact, bounded, or complete, if every set Aα

is compact, bounded or complete, respectively.
(a) A topological space (space) E is a K-countable determined (called also a Lindelöf Σ-space) if there is an upper semi-

continuous (usco) map from a nonempty subset Σ ⊂ N
N with compact values in X whose union is X , where the set of

integers N is discrete and N
N is endowed with the product topology [39,1,31]. If the same holds for Σ = N

N , then X is
called K-analytic. Clearly K-analytic ⇒ Lindelöf Σ ⇒ Lindelöf. Every K-analytic space has a compact resolution [47]; the
converse fails [47,9].

(b) E is quasi-Suslin [50] if there exists a set-valued map T from N
N into E covering E such that if αn → α in N

N and
xn ∈ T (αn), then (xn)n has a cluster point in T (α).

(c) A continuous image of N
N is called an analytic space. Analytic spaces admit compact resolutions consisting of metriz-

able sets.
(d) A locally convex space (lcs) E is called weakly Lindelöf, weakly K-analytic, weakly analytic, if the weak topology σ(E, E ′)

of E is Lindelöf, K-analytic, analytic, respectively.
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K-analytic spaces and related structures listed above were intensively studied also in the frame of general theory of lcs,
see [9–11,8] and also [12–14,22,24]. It is known that a weakly compactly generated (WCG) Banach space is weakly K-analytic
[47] but there exist weakly K-analytic Banach spaces which are not K-analytic; for example the Hilbert space �2(Γ ) for
uncountable Γ . The present paper deals with the following general problem:

(∗) When analyticity or K-analyticity of the weak topology σ(E, E ′) of a dual pair (E, E ′) can be lifted to stronger topologies on E
compatible with the dual pair?

It turns out that there exist many weakly analytic lcs which are not analytic, see Corollary 3 below. Theorem 4 yields
however that every weakly analytic metrizable lcs E is analytic but we show that a locally convex Baire space which is
weakly quasi-Suslin is already a Fréchet space, i.e. a metrizable and complete lcs. This extends a result of De Wilde and
Sunyach [51, p. 64]. We provide however a large class of weakly analytic metrizable and separable Baire tvs not analytic
(clearly not locally convex!). Spaces of this type will be used to prove that analyticity is not a three-space property although
we show that a metrizable tvs E is analytic if E contains a complete locally convex analytic subspace F such that the
quotient E/F is analytic.

Since many important spaces in functional analysis are defined as certain (LF)-spaces, i.e. inductive limits of a sequence
of Fréchet spaces, or their strong dual, see [3–5], one can ask for which (LF)-spaces E their Mackey dual (E ′,μ(E ′, E)) or
the strong dual (E ′, β(E ′, E)) is K-analytic or even analytic. It was known already by [10] that all separable (LF)-spaces have
its precompact dual analytic. Theorem 7 below applies to show that the Mackey dual of an (LF)-space of a sequence of
reflexive separable Fréchet spaces with the (Heinrich) density condition is analytic. This extends Valdivia’s [50, Theorem 23,
p. 77].

An lcs E is unordered Baire-like if it cannot be covered by a sequence of nowhere dense absolutely convex sets [46].
A space E has countable tightness if for each A ⊂ X and x ∈ A there is countable B ⊂ A whose closure contains x. For a
Tichonov space X by Cc(X) and C p(X) we denote the space of all continuous real-valued maps on X with the compact-
open and pointwise topology, respectively. Recall [10] that a lcs E belongs to class G if E ′ = ⋃{Aα: α ∈ N

N}, Aα ⊆ Aβ if
α � β , and sequences in each Aα are equicontinuous. Class G includes (DF)-spaces, (LM)-spaces, spaces of distributions
D ′(Ω), spaces A(Ω) of real analytic functions on open Ω ⊂ R

n .

2. A weakly analytic space need not be analytic

In this section we provide examples of weakly analytic spaces which are not analytic. It is known [1, 0.5.13] that a
Tichonov space X is K-analytic (analytic) iff the weak dual of C p(X) is K-analytic (analytic). For the Mackey dual of C p(X)

we prove the following theorem which extends the main result of [25].

Theorem 1. The Mackey dual of C p(X) is analytic iff X is countable.

Proof. Set X := (X, τ ) and assume that the Mackey dual of C p(X) is analytic. Suppose, by contradiction, that X is uncount-
able. For x ∈ X the functional δx : C p(X) → R defined by δx( f ) = f (x) is linear and continuous. Denote by L p(X) and Lμ(X)

the dual of C p(X) with the weak dual topology σ = σ(C p(X)′, C p(X)) and with the Mackey topology μ = μ(C p(X)′, C p(X)),
respectively. Set Y = {δx: x ∈ X}. The map δ : (X, τ ) → (Y , σ |Y ) defined by x → δx is a homeomorphism and the set Y is
closed in L p(X), see [1, Proposition 0.5.9]. Hence Y is also closed in Lμ(X). Thus (Y ,μ|Y ) is analytic. Let γ be the topology
on X such that δ is a homeomorphism between (X, γ ) and (Y ,μ|Y ). Since (X, γ ) is an uncountable analytic space, it con-
tains a set A homeomorphic to the Cantor set, see [43]. Clearly, γ |A = τ |A. Let (xn)n ⊂ A be a sequence such that xn 	= xm
if n 	= m, n,m ∈ N, which converges to some x0 ∈ A \ {xn: n ∈ N}. It is easy to see that for every closed subspace G of (X, τ )

and every x ∈ X \ G there exists f ∈ C(X, I) with f (x) = 1 such that G ∩ supp f = ∅. Put Xn = {xk: k > n} ∪ {x0} for n ∈ N.
Clearly Xn is closed in X and xn /∈ Xn for n ∈ N. Therefore we can construct inductively a sequence ( fn) ⊂ C(X, I), such that
fn(xn) = 1 and

supp fn ∩
(

Xn ∪
⋃

{supp fk: 1 � k < n}
)

= ∅.

Then x0 /∈ ⋃{supp fk: k ∈ N} and

supp fn ∩ supp fm = ∅
for all n,m ∈ N with n 	= m.

Denote by Cb(X) the Banach space of all bounded real-valued continuous functions on X with the sup-norm ‖ · ‖. Let
g ∈ Cb(X)′ . For k ∈ N we put

αk = ∣∣g( fk)
∣∣/g( fk)

if g( fk) 	= 0, and αk = 1, otherwise. Then |αk| = 1 and αk g( fk) = |g( fk)| for k ∈ N. Let n ∈ N and Sn = ∑n
k=1 αk fk . Then

Sn ∈ Cb(X) and ‖Sn‖ = 1. Thus

n∑∣∣g( fk)
∣∣ =

∣∣∣∣∣
n∑

αk g( fk)

∣∣∣∣∣ = ∣∣g(Sn)
∣∣ � ‖g‖
k=1 k=1
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for n ∈ N, so
∑∞

k=1 |g( fk)| � ‖g‖. Hence g( fk) → 0. It follows that the sequence ( fn)n converges weakly to 0 in Cb(X). Thus
the set

F0 = {0, f1,− f1, f2,− f2, . . .}
is weakly compact in Cb(X). By the Krein–Smulian weak compactness theorem [36, Theorem 2.8.14] the closed convex
hull F of F0 in Cb(X) is weakly compact. Clearly, F is the closed absolutely convex hull of the set { fk: k ∈ N} in Cb(X).
The topology � of the pointwise convergence in Cb(X) is weaker than the weak topology of Cb(X), so F is compact
in (Cb(X),�). Hence F is compact in C p(X), since the injective map (Cb(X),�) → C p(X) is continuous. Thus the functional
pF : Lμ(X) → [0,∞), defined by pF (g) = sup{|g( f )|: f ∈ F }, is a continuous semi-norm. Since ( fn)n ⊂ F we have

pF (δxn) �
∣∣ fn(xn)

∣∣ = 1

for n ∈ N. It is easy to see that f (x0) = 0 for all f ∈ F , so pF (δx0 ) = 0. It follows that δxn 	→ δx0 in (Y ,μ|Y ), so xn 	→ x0 in
(X, γ ); a contradiction.

Assume now that the space X is countable. If C p(X) is finite-dimensional, then the Mackey dual Lμ(X) of C p(X) is
finite-dimensional; so it is analytic. If C p(X) is infinite-dimensional, then C p(X) is a metrizable lcs isomorphic to a dense
subspace of R

N , so Lμ(X) is algebraically isomorphic to ϕ , the strong dual of R
N . But ϕ with the strongest locally convex

topology is the union of an increasing sequence of finite-dimensional Banach spaces, so it is an analytic space. It follows
that Lμ(X) is analytic, too. �

Theorem 1 and its proof yield also the following characterization.

Corollary 2. The strong dual of C p(X) is analytic iff X is countable.

Recall that L p(X) is analytic iff X is analytic [1, 0.5.13]. Thus Theorem 1 provides many of concrete nonanalytic lcs whose
weak topology is analytic.

Corollary 3. Let X be an uncountable analytic space. Then the Mackey dual Lμ(X) of C p(X) is weakly analytic but not analytic.

3. Weakly analytic and dual analytic locally convex spaces

This section studies conditions under which problem (∗) has a positive answer. First we collect a few known facts used
several times in the paper.

(α) A K-analytic space is analytic iff it is a continuous image of a metric separable space [43, Theorem 5.5.1]. Hence
analytic spaces have countable tightness.

(β) A regular space is analytic iff it is submetrizable and has a compact resolution, see [48], [10, Theorem 15] and [14,
Corollary 4.3]. Therefore a compact space is analytic iff it is metrizable.

(γ ) Metric separable spaces with a complete resolution are analytic [20, Corollary 3.2].
Let E be a vector space with vector topologies ξ � τ . We say that τ is ξ -polar if τ admits a basis of ξ -closed neighbour-

hoods of zero. By [27, Theorem 3.2.4] it follows that if τ is ξ -polar, then a ξ -complete (sequentially complete) resolution
on E is also τ -complete (sequentially complete). This situation generates the following useful fact.

(δ) If τ is a metrizable and separable vector topology and ξ � τ , where τ is ξ -polar and (E, ξ) has a complete resolution,
then (E, τ ) is analytic. Indeed, (E, τ ) has a complete resolution and (γ ) applies.

(θ ) If E ∈ G is separable, then the precompact dual of E , i.e. E ′ with the topology τpc(E ′, E) of the uniform convergence
on precompact sets of E , is analytic by [10, Corollary 1.15], hence the topology σ(E ′, E) is analytic as well.

A space E is angelic if every relatively countably compact set A ⊂ E is relatively compact and for each x ∈ A there exists
a sequence in A converging to x. In angelic spaces (relatively) countable compact sets are (relatively) compact.

(ρ) An angelic space is K-analytic iff it is quasi-Suslin iff it has a compact resolution [9, Corollary 1.1]. Hence a sub-
metrizable space is K-analytic iff it has a compact resolution.

The following result will be used in the sequel.

Theorem 4. A separable tvs E := (E, ξ) with a sequentially complete resolution is analytic if E satisfies one of the following conditions:

(A) E is covered by a sequence (Sn)n of absolutely convex metrizable subsets.
(B) E is a continuous linear image of a separable and metrizable tvs.

Proof. Assume that {Aα: α ∈ N
N} is a sequentially complete resolution in E .

(A) From [27, Theorem 9.2.4] it follows immediately that each (Sn, ξ |Sn) is metrizable, and then it has the complete
resolution {Sn ∩ Aα: α ∈ N

N}. Since ξ is separable, then each metrizable space (Sn, ξ |Sn) is separable as well (this fact
is perhaps well known but hard to locate): Indeed, fix n ∈ N and set F := (Sn, ξ |Sn). Let F(E) be the set of all circled
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neighbourhoods of zero in ξ and let Um ∈ F(E), m ∈ N, such that (F ∩ [Um + Um])m is a basis of neighbourhoods of zero
in F . By separability there exists a countable set Bm such that E ⊂ Bm + Um , and then there exists a countable subset Cm
in F such that F ⊂ Cm + Um + Um . It is clear that C := ⋃

m Cm is a countable dense subset of F . By (γ ) we deduce that
(Sn, ξ |Sn) is analytic, so (E, ξ) is analytic.

(B) First note that (E, ξ) admits a stronger separable and metrizable vector topology τ . Let τ ξ be a vector topology on E
whose neighbourhoods of zero are composed by the ξ -closures of τ -neighbourhoods of zero. Then ξ � τ ξ � τ and τ ξ is
metrizable separable and ξ -polar. Since the space (E, τ ξ ) admits a complete resolution, we apply (γ ) to get that (E, τ ξ )

and consequently (E, ξ) are analytic. �
It is known that in any ZFC-consistent system one has ℵ1 � b � c, where b is the bounding cardinal [22]. If we assume

the Martin axiom and negation of the continuum hypothesis (CH), then any K-analytic space in which every compact set is
metrizable, is analytic [43, Theorem 5.5.3] and ℵ1 	= b, see [49]. If we assume that ℵ1 = b we have the following example
providing also restrictions on possible extensions of Theorem 4.

Example 5. Set E := Cc([0,ω1)). Then F := (E ′, σ (E ′, E)) is not K-analytic but if ℵ1 = b, then F has a resolution of metrizable
and compact absolutely convex sets.

Proof. Since every compact set in X := [0,ω1) is metrizable, then the polar of every neighbourhood of zero in E is σ(E ′, E)-
metrizable by [23, Lemma 1]. E is a locally complete (DF)-space, X pseudocompact but not compact, and { f ∈ E: f (X) � 1}
generates on E a Banach topology ϑ with μ(E, E ′) � ϑ , see [30] for more detail. Assume that (E ′, σ (E ′, E)) is K-analytic.
Then σ(E, E ′) has countable tightness [12, Theorem 4.6] and (E,μ(E, E ′)) is quasi-barrelled [22, Theorem 1, Example 2], so
(E,μ(E, E ′)) is barrelled (since E is locally complete). By the Mahowald closed graph theorem [42] one gets μ(E, E ′) = ϑ ,
so X is metrizable, a contradiction. Hence (E ′, σ (E ′, E)) is not K-analytic. If ℵ1 = b, then by [22, Theorem 3] the space E
has a basis of absolutely convex neighbourhoods of zero {Uα: α ∈ N

N} such that Uα ⊂ Uβ if β � α. Clearly the polars of
sets Uα compose a resolution consisting of σ(E ′, E)-metrizable compact sets. �

Since quasi-Suslin spaces admit a countable compact resolution, Theorem 4 yields

Corollary 6. A weakly quasi-Suslin lcs is analytic if it is a linear continuous image of a metrizable and separable tvs.

4. Weakly compact density condition and analyticity

Let K(E) be the family of all absolutely convex σ(E, E ′)-compact sets in a lcs E . We shall say that a metrizable lcs E with
a countable basis (Un)n of absolutely convex neighbourhoods of zero satisfies the weakly compact density condition (wcdc) if

(�) there is a double sequence (Bn,k)n,k in K(E) such that for n ∈ N and C ∈ K(E) there is k ∈ N such that C ⊂ Bn,k + Un.
If K(E) is replaced by the family of all bounded sets in E , then (�) defines the density condition (dc) for a metrizable lcs E ,

which characterizes the property that every β(E ′, E)-bounded set is metrizable [3,4]. For Fréchet–Montel spaces conditions
(wcdc) and (dc) (as easily seen) are equivalent.

There is a large class of concrete reflexive separable Fréchet spaces (not Banach in general) whose strong dual is analytic
being an (LB)-space of a sequence of separable Banach spaces. Let us collect a few concrete interesting cases.

For Köthe echelon spaces λp := λp(I, A), where A = (an) is any Köthe matrix on countable I with 1 < p < ∞, the strong
dual of λp is the (LB)-space kq = indn �q(I, vn) with q−1 + p−1 = 1, vn = a−1

n , n ∈ N, see [3], which is clearly analytic.
If A = (an) is a Köthe matrix on N with condition (ND), see [42], then λp , p > 1, does not satisfy the density condition
[3, p. 178], although its strong dual is analytic. For p = 1 we note the following facts for the space λ1.

(a) The Mackey dual (λ′
1,μ(λ′

1, λ1)) of λ1 is analytic. Indeed, since every weakly compact set in λ1 is compact (λ1 is a
perfect space [32]), then μ(λ′

1, λ1) equals the topology τpc(λ
′
1, λ1) of the uniform convergence on λ1-precompact sets. But

the last topology is analytic by (θ ). The space λ1 satisfies (dc) iff the Köthe matrix A satisfies condition (D) [5, Theorem 4].
λ1 satisfies (wcdc) for any A since if (xn)n is dense in λ1 and (Un)n is a countable basis of neighbourhoods of zero, then for
weakly compact (= compact) C ⊂ λ1 and n ∈ N there exists k ∈ N such that C ⊂ {∑k

j=1 a j x j: |a j| � 1} + Un .
(b) The strong dual (λ′

1, β(λ′
1, λ1)) is analytic iff λ1 is Montel. Indeed, if λ1 is Montel, then its strong dual is covered

by a sequence of absolutely convex compact metrizable sets and Theorem 4 applies. The converse in (b) follows from the
Diedonne–Gomes theorem [38, Theorem 27.9].

(c) If λ1 satisfies (dc) but is not Montel, see [3, Theorem 4, Corollary 8] describing this case, then (λ′
1, β(λ′

1, λ1)) is even
not quasi-Suslin although it admits a resolution consisting of metrizable and complete sets. Indeed, by (dc) every bounded
set in the (DF)-space (λ′

1, β(λ′
1, λ1)) is metrizable (and complete by completeness of β(λ′

1, λ1)). Assume that (λ′
1, β(λ′

1, λ1))

is quasi-Suslin. Since μ(λ′
1, λ1) is analytic, then it admits a weaker metric topology by (β) and by (ρ) we deduce that

β(λ′
1, λ1) is K-analytic. Hence again by (β) the space (λ′

1, β(λ′
1, λ1)) is analytic, which implies that λ1 is Montel.

Since every (LF)-space belongs to class G, then by (θ ) the precompact dual of every separable (LF)-space is analytic.
Motivated by this fact and above examples we provide the following result for the Mackey dual. The following Theorem 7
extends Valdivia’s [50, Theorems 20, 23, pp. 76, 77].
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Theorem 7. Let E be a metrizable lcs with (wcdc). If the weak dual (E ′, σ (E ′, E)) is separable, then the Mackey dual (E ′,μ(E ′, E)) is
analytic. Hence (E ′,μ(E ′, E)) is analytic for an (LF)-space of a sequence (En)n of separable reflexive Fréchet spaces satisfying (wcdc).

Proof. Fix n ∈ N, set Sn := U 0
n , where (Un)n is a decreasing basis of absolutely convex closed neighbourhoods of zero

in E . By (wcdc) there is a sequence (Bn,k)k in K(E) as in (�). Since polars of absolutely convex σ(E, E ′)-compact sets
in E compose a basis of neighbourhoods of zero for (E ′,μ(E ′, E)), then for a μ(E ′, E)-neighbourhood of zero V there is
k ∈ N such that B0

n,k ∩ Sn ⊂ 2V . This (an adaptation of an argument due to Bierstedt and Bonet in [4, Corollary 3]) shows

that (Sn,μ(E ′, E)|Sn) is metrizable. But sets Aα := Sn1 , for α = (nk) ∈ N
N , generate a compact resolution in σ(E ′, E), so the

assumptions of Theorem 4 are satisfied. Since a space covered by a sequence of analytic subspaces is analytic, this yields that
(E,μ(E ′, E)) = ⋃

n Sn is analytic. Now assume that E is an (LF)-space with its defining sequence (En)n of separable reflexive
Fréchet spaces satisfying (wcdc). Since each En is separable and reflexive, then (E ′

n, β(E ′
n, En)) is analytic by the previous

case, and the projective limit (E ′, γ ) := Projn(E ′
n, β(E ′

n, En)) is a closed subspace of the analytic space
∏

n(E ′
n, β(E ′

n, En)). As
closed subspaces of analytic spaces are analytic, so (E ′, γ ) is analytic. Since every absolutely convex σ(E, E ′)-compact set is
contained and bounded in some Em by [51, Theorem 22, p. 76], then μ(E ′, E) � γ . If jn : En → E is the inclusion map, then
the dual map

j′n :
(

E ′,μ(E ′, E)
) → (

E ′
n,μ(E ′

n, En)
)

is continuous, n ∈ N. This, combined with the equality μ(E ′
n, En) = β(E ′

n, En) (since En are reflexive), yields γ � μ(E ′, E). �
5. More about analyticity in class GGG

Following Orihuela [40] a space E is web-compact if there exists a nonempty subset I ⊂ N
N and a family {Aα: α ∈ I} of

subsets of E such that if

Cn1,n2,...,nk :=
⋃{

Aβ : β = (mk) ∈ I, m j = n j, j = 1,2, . . . ,k
}
,

for every α = (nk) ∈ I , the following holds:
⋃{Aα: α ∈ I} = E and if α = (nk) ∈ I and xk ∈ Cn1,n2,...,nk for all k ∈ N, then (xk)k

has a cluster point in E . Separable spaces, K-countable determined spaces, quasi-Suslin spaces are web-compact.
Recall also that a lcs E is a (df )-space if E admits a fundamental sequence of bounded sets and μ(E, E ′) is c0-quasi-

barrelled, see [27]. In [30] we showed that Cc(X) is a (df )-space iff each regular Borel measure on X has compact support.
We provide another characterization of (df )-spaces Cc(X) using the concept of quasi-Suslin spaces. Part (ii) extends the fact
that every Montel (DF)-space is analytic.

Proposition 8. Let E be a lcs in class G.

(i) If (E, σ (E, E ′)) is web-compact, then (E, σ (E, E ′)) has countable tightness and (E ′, τpc(E ′, E)) is K-analytic. Consequently, a
weakly K-countable determined space E is separable iff (E ′, σ (E ′, E)) is analytic.

(ii) If E has a fundamental sequence of bounded sets and (E ′, β(E ′, E)) is separable, then (E ′, β(E ′, E)) is analytic.
(iii) If E is separable semi-Montel (resp. E is separable Montel and (E ′, β(E ′, E)) ∈ G), then (E ′, β(E ′, E)) (resp. E) is analytic.
(iv) (E ′, β(E ′, E)) is a Fréchet space iff (E ′, β(E ′, E)) is an unordered Baire-like space. Hence Cc(X) is a (df )-space iff Cc(X) belongs

to class G and the strong dual of Cc(X) is unordered Baire-like.

Proof. By [24, Theorem 5] the space (E ′, τpc(E ′, E)) is convex quasi-Suslin, i.e. is quasi-Suslin and admits a resolution
{Aα: α ∈ N

N} of absolutely convex countably compact sets in (E ′, τpc(E ′, E)) such that each sequence in Aα is equicon-
tinuous.

(i) Since (E, σ (E, E ′)) is web-compact, then by [40, Theorem 3] we know that the space C p(E, σ (E, E ′)) is angelic;
therefore (E ′, σ (E ′, E)) ⊂ C p(E, σ (E, E ′)) is angelic as well. By (ρ) the space (E ′, τpc(E ′, E)) is K-analytic. Now the countable
tightness of (E, σ (E, E ′)) follows from [12, Theorem 4.6]. If (E, σ (E, E ′)) is K-countable determined and (E ′, σ (E ′, E)) is
separable, then (E, σ (E, E ′)) is separable by [10, Theorem 13]. Conversely, if E is separable, then (θ ) yields analyticity
of (E ′, τpc(E ′, E)).

(ii) Since (E ′, β(E ′, E)) is a metrizable lcs and {Aα: α ∈ N
N} is a complete resolution in (E ′, β(E ′, E)), then (γ ) applies.

(iii) If E ∈ G is separable semi-Montel, then τpc(E ′, E) = β(E ′, E). By (θ ) the topology τpc(E ′, E) is analytic and the
conclusion holds. For the case when E is a separable Montel space and (E ′, β(E ′, E)) is in class G, the first part of (iii)
applies.

(iv) Since sequences in each Aα are equicontinuous, then Aα are also bounded in (E ′, β(E ′, E)), so (E ′, β(E ′, E)) admits
a bounded resolution consisting of sequentially complete absolutely convex sets; hence (E ′, β(E ′, E)) is a quasi-(LB)-space
in sense of [50]. But an unordered Baire-like quasi-(LB)-space is a Fréchet space [50, Corollary 1.6]. Assume that Cc(X) is a
(df )-space. By [7] it is �∞-quasi-barrelled, so Cc(X) is a dual metric space and then belongs to G by [10, Examples 1.2(D)].
By [30, Main theorem] the strong dual of Cc(X) is Fréchet. To get the converse implication we apply the first part to show
that the strong dual of Cc(X) is Fréchet (unordered Baire-like quasi-(LB)-spaces are Fréchet spaces), and then again we apply
[30, Main theorem] to get that Cc(X) is a (df )-space. �
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Part (i) applies to get many examples of lcs whose weak dual is K-analytic but not analytic. To prove Proposition 10 we
need the following fact.

Lemma 9. Let E be a metrizable tvs and F a dense Baire vector subspace of E with a resolution {Aα: α ∈ N
N}. Then

E = lin
⋃

α∈NN

Aα =
⋃{

n1[Aα]: α = (nk) ∈ N
N
}
,

where the closure is taken in E and [A] denotes the absolutely convex envelope of A.

Proof. For every α = (nk) ∈ N
N let Kα be the closure of Aα in E and set G = ⋃

α Kα . Then G is a dense Baire subspace of E
with a resolution consisting of closed sets in E . By [20, Theorem 3.5], or [29, Corollary 2, an alternative proof], one gets
that E \ G is of the first Baire category. Then E \ lin G (⊂ E \ G) is also of the first Baire category. We prove that lin G = E .
Assume that a ∈ E \ lin G . Then a + lin G ⊂ E \ lin G . But the set a + lin G is of the second Baire category and we reach a
contradiction. Hence lin G = E indeed. Now we prove the other equality. Fix x ∈ lin G . Then there are tp ∈ R, 1 � p � n,
αp ∈ N

N and xαp ∈ Kαp , 1 � p � n, such that

x =
n∑

p=1

tpxαp ∈ n|t|[Kγ ],

where |t| = max{|tp|: p = 1,2, . . . ,n} and γ ∈ N
N such that αp � γ for every p = 1,2, . . . ,n. Choose m1 ∈ N and β = (mk) ∈

N
N such that n|t| � m1 and γ � β . Then x ∈ m1[Aβ ]. �

The following fact generalizes a result of De Wilde and Sunyach [51, p. 64].

Proposition 10. Every Baire lcs which is weakly quasi-Suslin is a Fréchet space.

Proof. Since σ(E, E ′) is quasi-Suslin, then σ(E, E ′) admits a resolution {Aα: α ∈ N
N} consisting of σ(E, E ′) countably

compact sets, hence bounded in E . This implies metrizability of E by [29, Corollary 1]. Therefore {Aα: α ∈ N
N} is a complete

resolution in E and we use Lemma 9 to conclude that E is complete. �
Example 11. Proposition 10 fails for unordered Baire-like spaces.

Proof. The space (E, ξ) := �p for 0 < p < 1 is a metrizable and complete separable nonlocally convex space and σ(E, E ′)
is Hausdorff [19]. Let ξc be the finest locally convex topology on E weaker than ξ ; the absolute convex envelope of
ξ -neighbourhoods of zero generate the topology ξc , so ξc is a metrizable locally convex topology strictly weaker than ξ .
Since (E, ξ) is Baire, then (E, ξc) is unordered Baire-like and the completion of (E, ξc) is isomorphic to the space �1, see
also [18, Theorem 1]. Clearly (E, ξc) is analytic and noncomplete. �
6. Additional remarks and examples

(i) There is an analytic lcs which is not a continuous linear image of a separable metrizable tvs. In fact, if (E, ξ) is an
ℵ0-dimensional vector space with the finest vector topology, then (E, ξ) is analytic (as covered by a sequence of finite-
dimensional subspaces) and nonmetrizable and it is clear that (E, ξ) is as required.

(ii) Let E be a vector space with a resolution {Aα: α ∈ N
N} of finite-dimensional subspaces of E . Then dim E = ℵ0 and

(E, ξ) is analytic for any vector topology ξ on E . Indeed, for a Hamel basis {xt : t ∈ T } of E and α ∈ N
N set Tα = {t ∈ T :

xt ∈ Aα}. Then {Tα: α ∈ N
N} is a resolution of T of finite sets. Now we apply the proof of Theorem 3.3 of [20] to get that

T is countable. On the other hand, there exist nonseparable uncountable-dimensional normed spaces covered by a family
{Aα: α ∈ N

N} of finite-dimensional subspaces: Let P (N) be the σ -algebra of all subsets of N and let m0 := m0(P (N)) be
the space of P (N)-simple real-valued functions on R with the sup-norm topology. Since |NN| coincides with the cardinality
of the family of all finite subsets of P (N), the conclusion follows. A normed space may not be analytic even if it has
a resolution of analytic subspaces: Under (CH) the nonseparable Banach space c0[0,ω1) has a resolution of closed and
separable (hence analytic) subspaces of the type c0[0,μ), μ < ω1, see also [20, Remark 3.4].

(iii) Since Fréchet–Montel spaces satisfy (wcdc), Theorem 4 and Theorem 7 yield: D ′(Ω) and A(Ω) are analytic with
countable tightness, see also [13, Corollary 2.4].

(iv) Since �1 satisfies (wcdc), Theorem 7 yields analyticity of (�∞,μ(�∞, �1)). Moreover, (�∞,μ(�∞, �1)) is a (gDF)-
space not quasi-barrelled [42, Example 8.3.14]. On the other hand, in [22, Theorem 1] we showed that a (DF)-space with
countable tightness is quasi-barrelled. This result fails however for (gDF)-spaces as the (analytic with countable tightness)
space (�∞,μ(�∞, �1)) shows.
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(v) If the product E := ∏
t∈T Et of tvs Et admits a bounded resolution (for example if E is quasi-Suslin), then T is

countable. In fact, if T is uncountable, there is uncountable A such that the Baire space R0 =: R
A ⊂ E admits a compact

resolution and R0 is metrizable by Proposition 10; hence A is countable, a contradiction.

7. Proof of Theorem 12 and two examples

We show how to construct a weakly analytic but not analytic metrizable separable Baire tvs starting from any infinite-
dimensional separable Fréchet space. This procedure will be used to show that a three-space property fails for analyticity.
By a three-space property (for tvs) we understand the following [44]: Suppose that E is a tvs and F ⊂ E is a closed vector
subspace such that F and the quotient E/F have certain property P . Does E have property P ? Corson used the concept
of (WCG) Banach spaces to show [16, Example 2] that the Lindelöf property is not a three-space property. Let us recall
briefly Corson’s approach: Let D be the subspace of �∞[0,1] formed by all bounded real-valued functions on [0,1] that are
right continuous and have finite left limits. Since σ(D, D ′) is not normal, then D is not weakly Lindelöf. But the quotient
D/C[0,1] is isomorphic to the (WCG) Banach space c0[0,1], so the weak topology of c0[0,1] is K-analytic. Corson’s example
shows also that K-analyticity is not a three-space property but since c0[0,1] is not separable, it does not cover the problem
for P = analytic. If E is a tvs containing a subspace F such that F and E/F are separable Fréchet spaces, then E is separable
Fréchet. This is clear, since separability, metrizability and completeness are three-space properties [44]. The two other cases
are less evident: Let F and E/F be analytic and E metrizable. Assume that F or E/F are complete. Is E analytic?

As every metrizable tvs with a compact resolution is analytic, then part (1) of Theorem 12 below shows that a metrizable
tvs E is analytic if E contains a complete locally convex analytic subspace F such that E/F is analytic. The proof of part (1)
below is due to Prof. L. Drewnowski (private communication) to whom we are grateful for a permission to use this argument
in this paper.

Theorem 12. (1) Let E be a metrizable tvs containing a closed subspace F such that F and E/F have a compact resolution. If F
is complete and locally convex, then E has a compact resolution. (2) There is a separable normed space E which is not analytic but
contains a closed analytic subspace F such that E/F is a separable Banach space.

Proof. Let G be the completion of E and let Q : G → G/F be the quotient map. By a result of Michael [37] (see also
[6, Proposition 1], and [2] or [6, Corollary 7.1] for the case of Fréchet spaces) there is a continuous map g : G/F → G such
that Q ◦ g is the identity map on G/F , i.e.

g(x + F ) ∈ x + F

for each x ∈ G . Let {Kα: α ∈ N
N} be a compact resolution on E/F ⊂ G/F and let {Aα: α ∈ N

N} be a compact resolution
in F . Then the compact sets

Mα := g(Kα) + Aα

form a compact resolution on E for α ∈ N
N . Indeed, first observe that g(Kα) ⊂ E , so then each compact set Mα is contained

in E . Fix x ∈ E . Since g(x + F ) ∈ x + F , then there exists y ∈ F such that

g(x + F ) + y = x.

For some α ∈ N
N we have that x + F ∈ Kα and y ∈ Aα . This yields that x ∈ Mα , which proves that E = ⋃{Mα: α ∈ N

N}, and
the proof is complete.

Now we prove (2). Fix an infinite-dimensional separable Banach space E := (E,‖.‖) and let (yn)n be a sequence in E
such that

∑‖yn‖ < ∞ whose linear span is dense in E , and if (tn) ∈ �∞ ,
∑

n tn yn = 0, then (tn) = 0, see [34, Theorem 1].
Define a compact injective map

T :�1 → E, T (x) :=
∑

n

xn yn,

where x = (xn) ∈ �1. Clearly its image F := T (�1) is dense in E and F is not barrelled by [32, 34.7(1)] or [35]. Note that
dim(E/F ) = 2ℵ0 . This follows from dim E = 2ℵo and [42, Proposition 4.3.11]. Let τ be a normed topology defined by the
norm ‖.‖. Let q : E → E/F be the quotient map. Since the quotient topology of E/F is trivial and dim�1 = dim E/F , the
space E/F admits a stronger separable Banach topology α such that (E/F ,α) is isomorphic to �1. Therefore the assumptions
of [19, (2), p. 194] are satisfied and making use of this result one gets on E a coarsest vector topology ξ such that τ < ξ and
the quotient topology ξ/F equals α and ξ |F = τ |F . The sets U ∩q−1(V ), where U and V run over τ - and α-neighbourhoods
of zero, respectively, form a basis of neighbourhoods of zero for ξ . As separability and the property of being a normed space
are three-space properties, see [45, Theorem 12.20] and [44, Theorem 3.2], the topology ξ is normed and separable. Finally,
since every linear map with closed graph from a Banach space into an analytic space is continuous [15, Theorem 5.2], we
deduce (E, ξ) is not analytic. Its closed subspace F is analytic and the quotient space (E/F ,α) is isomorphic to �1. �

We complete the paper with three examples (the first one uses some ideas developed by the first named author in [28])
showing that Proposition 10 fails for Baire tvs which are not locally convex.
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A function f from [0,1] into a vector space E is called measurable if all values of f lie in a finite-dimensional subspace
F ⊂ E (depending on f ) and f is Lebesque measurable, where F is endowed with the unique Hausdorff vector topology.
The set S(E) of (classes) of equivalent measurable functions is a vector space. Since two constant functions agree almost
everywhere iff they are identical, then there is an injective map tE : E → S(E) that assigns to every x ∈ E the constant
function f (t) = x, t ∈ [0,1]. We need a result due to Peck and Porta, see [41, Theorem A].

Proposition 13. Every (metrizable) tvs (E, τ ) with dim E � 2ℵ0 is linearly homeomorphic under a linear map tE to a (metrizable)
subspace of a tvs (S(E),μ(τ )) without nonzero continuous linear functionals such that dim E = codim tE(E) (in S(E)) and the density
characters of E and S(E) are the same.

Example 14. For every infinite-dimensional separable Fréchet space (E, τ ) there exist two metrizable nonanalytic but weakly
analytic vector topologies ξ1, ξ2 such that:

(1) τ = inf{ξ1, ξ2}.
(2) ξ1 is Baire and separable and ξ2 is not separable.
(3) (E, τ )′ = (E, ξ1)

′ = (E, ξ2)
′ , i.e. the three topologies have the same weak topology.

Proof. Let (xt)t∈T be a Hamel basis of E . Consider a partition (Tn)n of T such that T = ⋃
n Tn and card T = card Tn for all

n ∈ N. Set

En := lin

{
xt : t ∈

n⋃
i=1

Ti

}
.

Then (En)n covers E and

dim E = dim En = dim(E/En) = 2ℵ0

for n ∈ N. By the Baire category theorem there exists a dense Baire subspace F := Em of E . For 0 < p < 1 set L p :=
(L p[0,1],‖.‖p). It is known that L p is a 2ℵ0 -dimensional metrizable complete and separable tvs with trivial topological
dual [17]. Let α be a metrizable complete and separable vector topology on E/F such that (E/F ,α) is linearly homeomor-
phic to L p and let ξ1 be a vector topology on E defined in the same manner as above, i.e.

τ < ξ1, ξ1/F = α, ξ1|F = τ |F .

Then ξ1 is metrizable and separable. (E, ξ1) is nonanalytic by the closed graph theorem [15, Theorem 5.2] for the iden-
tity map from (E, τ ) onto (E, ξ1). Note that (E, ξ1) is Baire. Indeed, since ξ1|F and ξ1/F are separable Baire topologies
[26] applies, see also [44, Proposition 12.21], to deduce that (E, ξ1) is a Baire space. Now we construct the topology ξ2.
Since (E, ξ1) is a Baire space, the same argument as above applies to choose a ξ1-dense subspace G of E such that
dim G = dim(E/G) = 2ℵ0 . By Proposition 13 there exists a 2ℵ0 -dimensional nonseparable metrizable tvs Z without nonzero
continuous linear functionals and we proceed as above to define a nonseparable metrizable vector topology ξ2 on E such
that τ < ξ2, τ |G = ξ2|G , and (E/G, ξ2/G) is linearly homeomorphic to Z . Clearly τ � inf{ξ1, ξ2} and

τ |G = inf{ξ1, ξ2}|G = ξ2|G.

On the other hand the topologies τ/G = ξ1/G are trivial, so τ/G and the topology inf{ξ1, ξ2}/G coincide. By [44, p. 23] one
gets that τ and inf{ξ1, ξ2} are equal.

Finally we prove that the topologies τ , ξ1 and ξ2 have the same continuous linear functionals on E . This will show that
the weak topologies for (E, τ ), (E, ξ1) and (E, ξ2) are the same, consequently the weak topology of (E, ξi), i = 1,2, will be
analytic. In fact, let f ∈ (E, ξ1)

′ be a ξ1-continuous linear functional on E and let h ∈ (E, τ )′ be an extension of f |F in τ .
Since f − h ∈ (E, ξ1)

′ and ( f − h)(F ) = {0}, we note that the map

x + F → ( f − h)(x)

belongs to (E/F , ξ1/F )′ , so h(x) = f (x) for each x ∈ E , i.e., f = h ∈ (E, τ )′ . The same proof runs over for the topology ξ2. �
Example 15. There exists a nonseparable metrizable and complete tvs λ0 = (λ0, ξ) such that (λ0, σ (λ0, λ

′
0)) is isomorphic

to a (dense) 2ℵ0 -codimensional vector subspace of R
N satisfying conditions:

(i) (λ0, σ (λ0, λ
′
0)) is analytic unordered Baire-like but not Baire.

(ii) R
N \ (λ0, σ (λ0, λ

′
0)) is a Baire space.

(iii) (λ0, σ (λ0, λ
′
0)) contains a homeomorphic copy of N

N as a closed subset.
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Proof. Very recently [21] Drewnowski and Labuda have constructed nonseparable Fω-spaces λ0 with a basis (Un)n of
balanced neighbourhoods of zero closed in R

N: λ0 is the space of all sequences x = (�n) of real numbers such that ‖tx‖ → 0
as t → 0, where ‖x‖ := sup‖x‖n , ‖x‖n := n−1 ∑n

j=1 min(1, |� j |). Set

Un := {
x ∈ λ0: ‖x‖ � n−1}

for n ∈ N. The space λ0 with the topology generated by the F-norm ‖.‖ is metrizable, complete, nonseparable, whose
topological dual is a ℵ0-dimensional vector space, and sets Un are closed in R

N , as proved in [21]. We prove claims (i), (ii)
and (iii).

(i) Since for fixed m ∈ N one has λ0 = ⋃
n nUm and each nUm is σ(λ0, λ

′
0)-analytic (as complete metrizable and separa-

ble), so E := (λ0, σ (λ0, λ
′
0)) is analytic and 2ℵ0 -codimensional. Since σ(λ0, λ

′
0) is metrizable, it is equal to the finest locally

convex topology ξc on λ0 weaker than ξ . Clearly (λ0, ξc) is unordered Baire-like, see the argument used in Example 11, and
(λ0, ξc) is not Baire as a simple application of the closed graph theorem.

(ii) Since R
N \ E is a Gδ-subset of R

N , the Alexandrov’s theorem applies to get that R
N \ E is a Polish space, hence Baire.

(iii) Note that E cannot be covered by a sequence of bounded sets. Indeed, let F be the closure of E in R
N , clearly F

is isomorphic to R
N . Assume that λ0 = ⋃

n Sn is the union of bounded closed absolutely convex sets. Since E is unordered
Baire-like, then some Sm is a neighbourhood of zero in E , so its closure (in F ) is a neighbourhood of zero in F . Consequently
R

N is normed, a contradiction. Hence E is not σ -compact, so [43, Corollary 1.4.5, p. 335] applies to get the conclusion
of (iii). �

Recall that X \ Y is of the first Baire category if X is a metric space and Y ⊂ X is its dense Baire analytic subset
[33, §11.IV, Corollary 2]. Part (ii) in Example 15 shows that this fails for unordered Baire-like spaces Y when X is a separable
Fréchet space.

It is known by Talagrand [47] that if E is a Banach space containing a dense weakly K-analytic subspace, then E is weakly
K-analytic. For positive results of this type for K-analytic spaces and K-countable determined spaces in a more general setting
we refer to [9] and [11], respectively. Example 15 applies to show that Talagrand’s result fails for metrizable lcs in general.

Example 16. There exists a metrizable Baire lcs which is not weakly quasi-Suslin but contains a dense analytic unordered
Baire-like subspace which is not Baire.

Proof. Choose a vector subspace H in R
N such that L := (λ0, σ (λ0, λ

′
0)) ⊕ H (algebraic direct sum) is Baire and has codi-

mension one in R
N , where (λ0, σ (λ0, λ

′
0)) is dense in R

N from Example 15. Note that L is separable but not analytic (L is
finite-codimensional in R

N and we use the closed graph theorem [15, Theorem 5.2] as in Example 14). By Corollary 6 the
space L is not weakly quasi-Suslin. �

Problems. (i) Is a metrizable tvs E analytic if E contains a complete analytic vector subspace F such that E/F is analytic?
(ii) Does there exist a weakly analytic (DF)-space which is not analytic?
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