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Let N be a simply connected nilpotent Lie group and I" a discrete uniform
subgroup. The authors consider irreducible representations ¢ in the spectrum
of the quasi-regular representation N X L¥I"\N) —L¥I'\N) which are in-
duced from mormal maximal subordinate subgroups M C N. The primary
projection P, and all irreducible projections P < P, are given by convolutions
involving right I'-invariant distributions D on I'\N,

Pf(I'n) = D+ f(I'n) = <D, n-f> all f € C=(I'|N),

where n - f({) = f({ - n). Extending earlier work of Auslander and Brezin,
and L. Richardson, the authors give explicit character formulas for the distri-
butions, interpreting them as sums of characters on the torus 7% = (I'n M)

[M, M]\M. By examining these structural formulas, they obtain fairly sharp
estimates on the order of the distributions: if ¢ is associated with an orbit
0 Cn*, and if ¥ Cn* is the largest subspace which saturates @ in the sense
that 0 + ¥ = 0, order(D) < d =1 + [(dim @ — dim ¥")]. As a corollary
they obtain Richardson’s criterion for a projection to map C*I'\N) into itself.
The authors also resolve a conjecture of Brezin, proving a Zero-One law
which says, among other things, that if the primary projection P, maps C(I'\N)
into C%I'\N), so do all irreducible projections P < P, . This proof is based on
a classical lemma on the extent to which integral points on a polynomial
graph in R*” lie in the coset ring of Z" (the finitely additive Boolean algebra
generated by cosets of subgroups in Z"). This lemma may be useful in other
investigations of nilmanifolds.

* This research was supported in part by NSF Research Grants GP-30673 and
GP-19258.
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256 CORWIN AND GREENLEAF
1. INTRODUCTION

Throughout this paper N will be a simply connected nilpotent Lie
group, I' a uniform discrete subgroup (I"\IV compact); we consider
the induced quasi-regular representation U' = Ind(I't N, 1) on
LYI'\N). Then U? splits into a direct sum of certain irreducibles, the
spectrum of I'\N, which we denote by (IV: I')",

Ul= @ mo)s,
ge(N:I)"
each with finite multiplicity. For each ¢ € (N : I')" let £, C LY(I"\N)
be the o-primary subspace. We will study the projection P, onto a
primary subspace, and also projections to irreducible invariant
subspaces contained in 7, .

Auslander and Brezin [1] have shown that all bounded projections
E : L¥I'\N)— L¥I'\N) commuting with the action of N map C*(I"\N)
into itself, and are determined by convolution-type formulas from
right I'-invariant Schwartz distributions Dg ((Dg,y  f> = {(Dg, f>,
all yel),

(Dg, ¢ = E¢(I'e)

E¢(I'n) = Dpx$(I'n) = <(Dg,n ¢
where 7 - ¢(x) = ¢(x - n). They show that these distributions have
order < n + 1 (n = dim N), so that E actually maps C**{(I"\N) into
CI'\N). One of our main goals is to extend these existence theorems
to give a constructive description of the distributions associated with
a o-primary projection P, and the irreducible projections P < P, .

In recent work [12] L. Richardson has studied the action on
continuous functions of o-primary projections P, and of the irreducible
projections P < P, . He asks:

Question 1. Does P, always map CYI'\N) into CY(I"\N)?

Question 2. If the o-primary projection P, maps C° into C°,
do some (all) of the irreducible projections P << P, do so too?

all ¢ € C=(T'\N), (1)

The first question amounts to asking whether the associated distri-
butions D, have order zero (are finite measures on I'\N). He showed
that the answer to Q. 1 is sometimes negative, and for a large class of
o € (N : I')" gave necessary and sufficient conditions that P, : C®— C?,
This “smoothness” of P, is tested by associating o with a set of charac-
ters on a certain torus T%; the distribution D, is then of order zero <«
this set lies in the coset ring COS(Z*), the finitely additive Boolean
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algebra of sets generated by the cosets of subgroups in Z¥ — T*
These results applied essentially to those o € (N : I')* induced from
normal maximal subordinate subgroups M such that N = M- X
(semidirect product of M with a closed abelian subgroup X).

We simplify and extend this work by taking a different point of
view. Our approach handles all ¢ induced from normal maximal
subordinate subgroups M; no additional structure N = M - X is
required. Richardson worked with irreducible projections into
by determining which functions in L%I"\[N) can appear in their range,
using earlier results of his [11] to construct and describe these range
spaces. We use the results of [11], and some technical refinements
presented in [4, Sect. 5], to describe the projection operators them-
selves via integration formulas with distribution kernels, as in (1).
These formulas directly yield character formulas for the associated
distributions. In addition to extending Richardson’s results, we are
able to give fairly sharp answers to a more general question:

Question 3. When does the primary projection P,, or an ir-
reducible projection P < P, , map C"(I"\N) into C%(I"\N)?
This amounts to giving estimates for the orders of the associated
distributions.

1.1. THEOREM. Suppose o€ (N : ')~ is induced from a normal
maximal subordinate subgroup M such that I' N M\M is compact. Let
O C n* be the orbit associated with o and let ¥~ be the largest subspace
in n* which saturates O in the sense that feO = f 1 v C0O. If
d = dim(0) — dim(¥"), then order(D) < s, where s = smallest integer
greater than dj2, if D is associated with either P, or an irreducible
projection P < P, .

We also resolve Question 2 in the form of a Zero—~One law which
shows, among other things, that the irreducible projections P < P,
are all as well behaved as the primary projection P, .

1.2. THEOREM. If o € (N :I')" is induced from a normal maximal
subordinate subgroup M such that I' " M\M is compact, and if the
primary projection P, maps C*(I"\N) into CY(I'\N)) for some r > 0, then
the same is true for all irreducible projections P < P, .

Thus the primary projection is already responsible for all loss of
smoothness. (Our actual Zero-One law is somewhat more general, and
technical, than the result just cited.)

All of these results apply to o induced from normal M. We offer
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some speculations on the nonnormal case. Our basic result, set forth
in detail in the next section, constructs the distributions associated
with the primary projection P, and certain “constructible” irreducible
projections P <{ P, . They are described as the (distribution) sums of
certain sets of characters on the torus T* = (I' " M)[M, M|\M.
These formulas overlap some results presented by Jon Brezin in a
note [2] which came to our attention after a preliminary version of the
present manuscript had been prepared. Brezin’s methods are based
on the Mackey Machine, and are very different from ours. They seem
to give information only about the primary projection P, , but on the
other hand they work for LXI'\G) in cases where G is not nilpotent.
Information about irreducible projections P < P, is necessary in
resolving the Zero—One law. We wish to thank Jon Brezin for com-
municating his results to us, and for a continuing correspondence on
harmonic analysis on nilmanifolds. His comments on the proper form
of the basic Zero—One law (Theorem 6.1) were particularly helpful.
We are also indebted to L. Richardson for an extensive exchange of
correspondence concerning [12] and more recent developments, and
for his hospitality in arranging a short conference on nilmanifolds
at Louisiana State University, which led to a valuable exchange of ideas.

2. Tue CHARACTER FORMULAS

We presume familiarity with the work of Kirillov [9] and Richardson
[11] (see also Howe [7]). We refer to the one-dimensional unitary
representations of a group G as its characters. Following [11], a
maximal character for N is any pair (x, M) such that

(i) M is a closed connected subgroup and x is a character on it;

(i) there is an fen* such that y = e*¥/1°¢ | M, and the Lie
algebra m is maximal subordinate to f.

Then (x, M) is an integral maximal character if
(iii) M is rational (i.e., I' " M\M is compact);
(ivy x=1onI'n M.

This is not quite Richardson’s definition in [11]. He imposed addi-
tional “‘speciality”’ requirements on M; these can be eliminated using
refinements of his paper given in [4, Sect. 5]. For a while we will
allow M to be nonnormal. Beginning with Section 3 we confine our
attention to normal M.
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As explained in [11] or [4, Sect. 5], if (y, M) is maximal integral the
induced representation ¢ = Ind(M % N, x) lies in the spectrum,
o€ (N :I')~. Furthermore, every o€ (N :I')~ arises in this way.
For each maximal character we get an explicit intertwining isometry
B :#(Uxy —> H m CH#, via the following averaging process.
Regarding #(U*) as a space of functions on NV, we define

BF('m)= Y F(yn) all neN. )

vel\I"

Here I'y = I' N M; the sum is taken over any set of coset representa-
tives for I')\I" and is independent of this arbitrary choice. In [4] we
showed that this pointwise formula (2) is valid for F e #(U%)y, =
functions which are bounded and measurable, and have compact
support modulo M; then the sum has only finitely many nonzero
terms and determines an isometry B on £ ( U¥). Actually, the arguments
in[4] work just as well (the sum is now absolutely convergent pointwise)
if Fe #(U%), = functions which are bounded, measurable, and
rapidly vanishing transverse to M cosets in the sense that

Y |Fom)l) di < +co. 3)
\N

vel\I"

Formula (2) is precisely what Richardson used [11] to determine
which functions in LXI'\IV) belong to the “lift space” H#y ) =
range(B), and thus to study what he called the “constructible projec-
tions” P ap : LA(I'\N) — 5, u), those corresponding to integral
maximal characters which induce 0. We shall study the constructible
projections P,y by directly computing the adjoint B* : L3 I"\N) —
H(U*) and Py, ) = BB*.

2.1. Lemma. Iffe CYI'\N) then
BYf(m) = | | X f ) dris = [ mnfemyai, @

where n - f(x) = f(x - n) and dnm is normalized so that Vol(I'\M) = 1.

Proof. The right-hand side gives a function Af(n) which is well
defined for all n € N, bounded, continuous; Af also has the desired
covariance, Af(mn) = x(m) Af(n) for m e M. If h e s#(U%),,, then
(2) insures that if C is a bounded measurable fundamental domain for
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I'\N, and dx = Haar measure on N normalized so that C has mass 1,
then

18y = @1 = (5 s 1) as

N \yeF\T

= [ X () 1 f(ya)) d

C yer\r

(since f(x) = f(yx) for all y e I')

- fM\N J‘.r‘ \M (h(m + m) | f(m - n)) dme dri
- f f (h(n) | x(m) f (mn)) diir dsi
M\N YI'g\M

- jM\N () ' fF.,\M x(m) f (mn) d) di

— (k| 4f).

It follows that Af is square integrable. Thus Af € S#(U*) and B*f =
Af. Q.E.D.

Now, formally at least, we may compute BB*f(I'n) from (2). If
fe CYI"\N),

BB*f(I'n) =}, B*f(yn)

vel\I"

= Y [ Xm)f(Tmyn)

yer\r * fo\M

= 3 [ X f(Tyrmy - n) dii. )

ver g\ “To\M

Why doesn’t this work? The difficulty is in the first line. The
pointwise formula (2) is only known to be valid if B*f = F vanishes
rapidly transverse to M cosets as in (3). In the next section we will
show that B*f satisfies (3).if M is normal and if fe C*Y(I'\N),
k = dim m — dim[m, m]. Meanwhile, we give a geometric inter-
pretation for this formula, when it is valid. Forne Nlet (y, M) - n =
(x - n, M - m) = (x", M") be the maximal character

x(m') = x(nm'n)  for m' e M" = n1Mn.
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We write " or y - n as convenience dictates. If M is normal, only y
moves. Let ((x, M) - N), be the integral maximal characters in this
N-orbit. For integral points (x', M') = (x, M) -ne((x, M) - N), let
' = p™ be a normalized M’-invariant measure on I' N M"\M’. By
integrality, ' may be regarded as a continuous function on I'n M"\M".
Define v, y)(dm) = y'(m) w'(dit) on I'n M'\M'. This may be
regarded as a signed measure on I'N of total variation 1, if we
identify I'n M"\M' ~ I'I'M' C I'\N.

Elements n = y € I preserve integrality. Thus Formula (5) can be
written

Py s f(I'n) = BB*f(I'n)
= X [ ) f(Tmn) (i)

vel\l "TAMY\MY

- Z <v(x.M)~v » f> (6)
vel\l’

Formulas (1) and (6) strongly suggest that the sum Y ,v(, )., should
converge as a distribution, to D¢, ») . This would yield a satisfying
interpretation for Dy, ») . It would be precisely the sum of complex
conjugates of all characters in the I-orbit {(y, M) - y : y € I'\\I'} which
determined the projection Py, ), if we identify characters (x, M) -y
with the measures v(, a)., on I'\N; i.e.,

Do = Y fviem 2 (X' M) e (x, M)~ T} ™

By the same token, if (x;, M,),..., (x4, M,) are representatives for
the various I'-orbits in ((x, M) - N),,.then as in [11] the projections

BiB * = Py _um) are orthogonal and P, = P, + - 4 P,.
Thus P,is associated with the distribution obtained by addmg up all
the integral characters in the orbit (x, M) - N instead of those in a
single I-orbit,

D, =Y e s (s M) € ((x, M) - N)}. ®)

In the next section, where M is normal, we will prove the validity of
Formulas (7) and (8). In the normal case all characters live on M, are
integral, and annihilate [M, M], so we may simplify things by regarding
them as characters on the torus 7% = I'[M, M]\M, and the sums (7)
and (8) as sums over certain sets in T% = Z.

In the nonnormal case M moves and the picture is more com-
plicated. We conjecture that Formulas (7) and (8) remain valid. We
have actually proved (7) and (8) valid for certain classes of nonnormal
subgroups, but the proofs are complicated and we will not go into
them here.
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3. Proor ofF Formura (7)

Of course (7) = (8). Let (x, M) be an integral maximal character
with M normal. Let ¢ = Ind(M t N, ). We start by elaborating the
connection between the sum (7) on I' N M\M and the associated sum
of characters on the torus T% = I'\[M, M|\M. Let M, = [M, M],
M, = I'[M, M], and let p : T\M — T* = M,)\M be the canonical
map. We define a “global” averaging map p* : CYI"\N) — C%N),

P¥f(n) = f f(Thnydh  all neN, )

where H is a bounded measurable fundamental domain for
I'mn M,\M, = I'\\M, and dk is Haar measure on M, normalized so H
has mass one. Now p*f is constant on cosets of the closed subgroup
I - M,; if ygeI', mye[M, M], ne N we have

P Cramom) = [ J(Thygmn) d

= [ _ f(Thmyz) dh
=[S db = pfo)

because the integrands (left I';-periodic functions of z € M,) have the
same integral over the various fundamental domains H, Hm (m € M),
yHy™ (yeT).

If #: N — I'\N is the canonical map, (M) = I'\I'M ~ I'\M is
a closed submanifold. The values of p*f on M are determined by the
values f| m(M) of f on w(M), so Formula (9) induces a map p,*:
CUT\M) = CYI\TM) — CO(T*) such that p,*(f | (M) = p*f | M
when we identify the latter with a function on T% = My\M;; just set
n = me M in (9). This restricted operation suffices for our immediate
purpose and has the following easily verified properties:

(i) p,*is|| - |lo-norm continuous;

(i) p1*(@op) = ¢ for all $ e CYTF);

(iii) if 4¢ is normalized measure on T%,
[ promya = [ pf() dt (10)
o\M T*
for all fe CY(TI'\M);

(iv) for all 0 < r << o0, p,* maps C*(I'\M) onto C*(T*) and is
continuous with respect to the || - |,-norms. If X,,.., X,em, if
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$:M—>M\M = T% and d : m — ¥ are the canonical homo-
morphisms, then

P&y Xof) = dY(X) - AKX S

for all fe CT(I')\M).
Clearly p,* : C*(I\M) — C=(T*) is continuous with respect to the
Schwartz topology, giving us an injective liftback of distributions
p* 1 2(T*) — Z'(I')\M). Furthermore, if #: N —I'"N is the
quotient map, there is the obvious diffeomorphism ¢ : N\ M — =(M) C
I'\N, #(M) a compact submanifold in I'\V. This gives the obvious
injective map of distributions ¢**: 9'(I'\M) — 2'(I"\N). Obviously,
order(S) = order( p¥*8) = order(i**( p¥*.S)) under these liftings.

Note. C7” norms ||¢ ]|, are defined in I')\M and I'\N by fixing a
weak Malcev basis Xj ,..., X, ,..., X,, which runs through M and N.

Then regard every X en (resp. X € m) as a differential operator on
I\N (resp. I )\M),

X$(8) = lim(1/0)[$(L - exp(tX)) — $(0)]
(uniformly convergent if ¢ € C*). On C7(I'\M) let

i1l = max{| Xt -+ Xl 0 < dy + -+, <73,
and similarly on C"(I"\N).
If x is an integral maximal character on M, write § for the associated
character on T%, y = yop. By (10ii), x = p,*(¥ - p). Thus (10)
insures that

[ ¥Opre0yat = [ ) 4(m) o
T* o\M

for all ¢ € CYI\M). On T% any set of characters determines a dis-
tribution of order << &2+ 1. Write S for the distribution on 7%
determined by the complex conjugates of the characters in the I'-orbit
{XV : Y € F O\I‘} ]

S =Y {g:yel\I}. 1y
By (10iii) its liftback S to I'\\M or I'\N is given by an absolutely
convergent sum,

S =St = 3 [ FOn0 &

yel\l' °T

=Zf

x*(m) (m) di
veF\I" “I5\M

= Z <V(X,M)-y ) ¢>

verg\r



264 CORWIN AND GREENLEAF

for ¢ € C¥YTG\M). Thus S = ¥ {v(, s, : ¥y € [Z\I'} converges to
a Schwartz distribution of order < & + 1 on ')\l or I'\ .

It remains to show that the left and right sides of (6) agree for
fe Ck (or fe C*), and thus that Dy, ) = S = liftback from T*%
of (6). Let K be a bounded, measurable fundamental domain for I'\ V.
If fe CHYI"\N), set

F(n) = B*f(n) = f \ x(m)n - f(m) di, all meN.
oM

]

If we decompose n = y - k (k€ K) we get

F) = [ ) & fm) dr

Lo

For 0 < r < + o the following maps are continuous,
N x CH(I\N)— C"(I'\N),
Cr(I'\N) S, CHT\M) 25> C/(T%),

where we identify T\M ~ =(M) C I'\N as above. Compactness of K
insures precompactness of the set of functions {p,*(k - f): ke K} C
Cr(T*). If r = k + 1 this means there is a bound A such that the

Fourier transforms satisfy

lpl*(k-f)'“(n)[<—(—1—¥ﬁ—4w;l—, all neZk = T% allkeK.

Thus
Y o ptkefy(n) <4 <+, al kek.

neZ¥

This insures that

fK:r\N( 2 IF('}’k)l)gdk

ver\r

-1z,
-1z

ver\r

<[ (3, 102y )

neZ¥

L— ) & - f(m) .)de

e

[ R b o) e ) a

< (AP Vol(I'N) < +oo.
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This is just the “rapid vanishing” estimate (3) needed to justify the
pointwise formula (2) for BF(n), F € #°(U*). Thus,

<D(x.M) 7 f> = BB*f(n) =S, n f>

for all n € N, and Formula (7) is fully justified.

The character formulas (7) and (8) for D, s and D, = 35, Dy, m
show that these distributions have order < k - 1 where k = dim T% ==
dim m — dim[m, m]. We will get sharper estimates below by examin-
ing these formulas more carefully. Meanwhile, the theorems of
Helson [6] and Rudin [13] on idempotent measures on tori im-
mediately yield Richardson’s necessary and sufficient condition for
Dy, my or D, to have order zero (be a finite measure on I'\N).

3.2. CoroLrLARY. If (x, M) is an integral maximal character with M
normal, then Dy, u) has order zero < the set of characters {37: y € T\I"} C
T% — ZF lLes in the coset ring COS(Z¥). Similarly, D, is a measure <
the full set of integral characters {x' : (x', M)e((x, M) - N),} lies in
COS(Z¥).

Brezin has given an interesting variant of this criterion for the primary
distribution in [2].

If we regard D¢, »y and D, as distributions on I'\N, their values
when bracketed with ¢ € C¥+{(I"\ IV} are determined solely by ¢ | =(M).
Thus they are supported on #(M) ~ I'\\M and involve no differen-
tiations transverse to the compact submanifold 7(4f). Finally, D,
cannot depend on the particular choice of integral character (y, M)
from which ¢ was induced. If we have other maximal subordinate
subgroups M’ such that o = Ind(M'% N, x’), the remarks about
supports still apply, so we conclude that supp(D,) C N{m(M") : M’
normal, and M’ is associated with an integral maximal character
(x’, M') which induces o}.

4. ORDER ESTIMATES FOR THE PRIMARY DISTRIBUTION

Fix oe(N:I')" and assume o is associated with an integral
maximal character (x,, M) such that M is normal. Action of I'
preserves integrality, so the set ((y,, M) - V), of integral characters
in the N-orbit splits into I™-orbits. Let {x; ,..., x,} be orbit representa-
tives and let D; = Dy, ) and D, be the distributions associated with
P; = Py v = BB;*and P,. We now give an estimate for order(D,);
later we will get the same estimate on order(D,) indirectly. These
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arguments are based on the following lemmas together with the
character formulas (7) and (8).

4.1. LEmMA! Letd =0,1,2,..., let P, ,..., P, be polynomials on RS,
and consider their “‘integral graph” in ZHe — Z4 x Z1,

G =Z" N {(a ..., 4z, Py(a),..., Pfa)): a = (a ,..., a5) € Z8}.

(If d = O, interpret G as a single point tn Z12.) Let E be any subset of
this graph. Identifying the dual of the torus T'% as TWa = ZHd i
the usual way, define a distribution on T+

D =Y {xy:veE} where xt)= )

(Take D = 0 if E = @.) Then order(D) < s, where s = smallest
integer greater than dj2.

Proof. Let m be the projection of ZZ X Z!— Z¢ x (0) and let
I=mE).Forl <i<dletl,={nel:n#0,|n|>|n]allk,
and |nm;| > |mn,| for 1 <k <i}; then the I, are disjoint and
IC{O}VIL,U - Ul;. Let E; = E N Y1), so that except possibly
for a single point in E sitting over n = {0} € Z? we have E =
U{E; : 1 < i < d}(disjoint union). Now set

=Y {In;|"*xa:n€cE} (taking s as above).

Ident1fy1ng Ta+t — Zd+1 f, is square summable on 7%t in fact, for
fixed 7, look at the possibilities |n;| =p, p = 1,2,.... Then
ccdimeZi - mel, |m | = p} <crdimeZ?:|m|<p,allk and
tm;| = p} = 2(2p + 1)1. Hence

IfI2=Y{n|?:nek}

< Y202+ 1) p
pe=1

~ i Pd—l—-zs < 4o
p=1
by definition of s. Obviously &%;/dx® is a scalar multiple of the
distribution F;, = ¥ {x,:ne E;} on the torus, so order(F;) <s.
Finally, D = (single character) + Fy 4 --- - Fg, so order(D) < s.
Q.E.D.

1 See “Note added in proof” concerning this lemma.
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4.2. LeMMA. Let N be a simply connected nilpotent Lie group with
discrete uniform subgroup I'. Let N act as unipotent linear operators on a
real finite dimensional vector space V in which there is a Jordan—Holder
R-basis {e, ,..., e,} for the action of N, such that I' maps the integral
points Vg = Z-spanie; ..., e,} into themselves. Identify each v € V with
its coordinates a = (ay,..., a,), v = 3;a;e; . Fix an integral point
ve Vg and let d = dimension of its orbit O = v - N. Then there exist
indices 1; << -+ << iy such that

(i) the forgetful projection p: (ay ,..., a,) = (4; .-, ;) ER%is a
homeomorphism of O onto R?;

(i) the inverse p—' : R? — O is given by polynomials with rational
coefficients, p~(a) = (Ty(a),..., T,(a)) such that T,(a) = a; for
I <j<d

For any such chotce,

(iii) the image p(v - I') lies in the coset ring COS(Z%), where
COS(Z?) is the finitely additive Boolean algebra of sets in Z% generated
by all cosets of subgroups in Z°.

Note. 'The original I'-orbit v - I' lies in Z"® ~ V' but need not lie
in the coset ring of Z”. In essence, a proper choice of projection irons
out the nonlinearities of the orbit. This will help us get sharp order
estimates for sums of characters. We believe that this lemma will also
be of use in other places.

Proof. Let N, = stabilizer of v in N. It is not hard to see that N,
is rational, I' N Nj\N, compact, due to integrality of v and our other
hypotheses about the action of N. Pick a weak Malcev basis (cf. [5,
Sect. 3] for definition and basic facts) for N, Y, ,..., Y, 4, X;,.., Xy
so that Y, ..., Y, _; spans IV, . Write (¢, ,..., t;) = exp(;X;) - - -
exp(23X;); then we get a homeomorphism t = (¢, ,..., ;) = v - y(t)
from R? to @ which carries Z¢ one-to-one onto the I'-orbit v - I. By
adapting (and simplifying) the well-known arguments of Pukanszky
[10, pp. 50-54] we can find indices #, < -+ < #; such that the
projection p: O — R? is a homeomorphism. Write s = (s ,..., 54) for
the coordinates (a; ,..., a;)) in the range of p. Since I" preserves V,
p(v + I') lies within Z%, We now observe that

The induced homeomorphism $ : (s ,..., 55) = O — (&1 ,..., t3)
is given by rational polynomials t; = T(s; ,..., sg) for 1 <{i << d.
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This is pretty obvious, so we omit details. Clearly,

§ = (81 ,..5 $4) corresponds to a point a = (4,,...,a,)€v * I
ifandonlyifse Z%and t; = T'(s, ,...,sg) € Zforeach 1 <i<Cd. (12)

Since the T; have rational coefficients there is an integer K such that
that T; = (1/K) Q, where the Q, have integer coeflicients. Thus,

8 = (S, 8)EPW T)=seZ? and Qys) =0 (mod K)
foreach 1 <7 <d.

Therefore to prove (iii) it suffices to show that E; = {s : s € Z% and
QOis) = 0 (mod K)} is in COS(Z?) for each 1 <7 < d. First note
that, if s € Z¢ and Q(s) == 0 (mod K), then

Ois + KZ% =0 (mod K),

so that E; is a union of cosets of the lattice KZ%. This follows by
binomial expansion: if Q; = ¥ m, ...; s}t -+ sis then, because s; € Z for
1 <j < d, we have

(s; + Knj)" = (8;)" + r(Kn)(s;)"™1 + +++ + (Kny)
= (s;)" + (integer multiple of K)

forr = 0, 1, 2,... . Consequently, if s € E; and n € Z¢,

Qi(sy + Kny ..., 54 -+ Kny)
= ;.05 (51)" **+ (50)'" + (integer multiple of K)
= Q,(s) + (integer multiple of K)
= (integer multiple of K).

On the other hand E; can be a union of at most K¢ cosets of KZ¢, so
that E, e COS(Z9). Q.E.D.

By abuse of notation we write D, for the distribution on 7% from
which the actual primary distribution D, is lifted. We shall apply
Lemma 4.1 to estimate order(D,) after we establish some notation.
Let H = [M, M]\M, so that its Lie algebra is h = [m, m]\m and
b* = [m, m]+ C m*. Since H is abelian we identify H = (), +) =~ R¥
and its dual H~ = bh* viay; = ¥, all [ € [m, m]L. Let A be the image
of ' M in H under the canonical homomorphism; thus A\H ~
Iy[M, M\M is a torus T*. Identify T* with the integral points
bz* = {{eb*: [(log A) C Z} in h*. Now the adjoint action of N on n*
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induces obvious actions on m* and h* = [m, m]+ C m* since m <G n.
Let I, € m* correspond to the integral character y, = %%, Actually,
ly € [m, m]* = b*, and in fact [,eh*. Write @' = [,- Nand 0, =
0’ N b * for the integral points in this orbit. (These correspond to the
points in (x, * V),). Now D, is identified as the sum

D, =Y {&: 10, (13)
on T%

If we choose any f; € n* such that fy | m = [,, let O = f, - N and
let ¥~ C n* be the largest subspace which saturates @ in the sense
that fe O = f+ ¥ C 0. Let ¥ be the largest subspace of h* which
saturates @'. The elements in @ and " all annihilate [m, m] since f,
does. The natural linear surjection @: {fen*:f[m, m] = 0} — h*
(with Ker @ = m) carries @ onto ' and ¥” onto ¥/, since ¥~ 2 m*
by a result of Pukanszky [10, pp. 158-159]. Our estimate of order(D,)
says: if d = dim(0) — dim(¥") = dim(0') — dim(¥"’), then

order(D,) <s (s = smallest integer greater than d/2). (14)

Before proving (14) we give a more algebraic interpretation of d by
noting that
dim 0 — dim ¥ = dimi— dim ¢ (15)

where 1 is the radical of f;, and i is the smallest ideal in n which
contains r. From (15) we see that the order estimate (14) refines the one
(order < k 4 1) in Section 3; since m <J n we have [m, m] C r and
i Cm,sodimi — dimr < dim m — dim[m, m] = k.

4.3. LEMMA. Let fyen*, 0 = f, - N, t = radical of f,, and i =
the smallest ideal in n such that i D t. Then

(1) O is saturated with respect to it,
(i) it is the largest subspace in w* which saturates 0
(ni) offe0, thenf + it = f-I? for a certain connected subgroup
of N.

Proof. If fis a typical point in @, f = f, - x, then r; = radical of
J = Ad(x ") lies in i. Let i® = {Xen:f[X,i] = 0}. This is an
algebra which corresponds to a Lie subgroup I,° containing the stabil-
izer Ry={yeN:f-y=f} Now f-I?Cf+ il because y =
exp(Y)el?® =

AdDf, XD =L X —[¥, X] 3V, [V, X]] — > = {f, XD
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for all X €i. On the other hand, the I %-orbit must fill f + it because
its dimension is dim(i%/t;) = dim(n/r;) — dim(i/r;) = dimn — dim i =
dimit. Thus f-I% = f + il for any fe 0, so that il saturates 0.
To see that il is as large as possible, note that the tangent plane to
fel0 is ad'(n)f = f+ (r)L, where (ad'(X)f, V> = —{f, [X, Y],
and has dimension = dim r/t. If @ is ¥ -saturated we must have
f -+ ¥ C (tangent plane); thus,

YV CN st fe O = (V{(tawwy) v €N}
= N {(4d(®) ;)" : x e N}

= (T (e : xeN)) =i

Obviously i, = X {r; * x : x € N} is the smallest ideal in n generated
byr=1,s0% =1 Q.E.D.

Since /, is rational on m, we may take f, € n* to be a rational extension,
folog I') CQ. Then R = {y e N : fy -y = fo} is rational and so are
I = exp(i) and [M, M]. Take a Malcev basis X ,..., X,, which spans
successively [M, M] CI C M C N (possible since [M, M], I, M are
normal in N). Let A : M — H be the canonical map. Then Y, ,..., ¥},
with ¥, = d\(X,, ) form a Jordan—-Holder basis for § with respect
to the action of N, and a Z-basis for the additive lattice of integral
points bz = log A = log X\I" " M). The dual basis Y, *,..., ¥;* is a
Jordan—Holder basis for the contragredient action of N onh*, and is a
Z-basis for hz*. Since the X, ran through i, and since ¥~ = i, it
follows that Y, *,..., Y{_,,, span ¥”, forming a Jordan-Holder basis
for this N-invariant subspace and a Z-basis for the integral points
¥y =7 N h* (r = dim ¥’ = dim ¥ — dimm! = dimm —
dim i; ¥3 =~ Z*). Now let #” = R-span{Y}_. ..., Y;*}. Obviously

hz* decomposes into an internal direct sum
h* = Z-span{Y,*...., Vi ...} @ Z-span{Y}, ..., ¥;*}. (16)

Clearly Y¥,,.., Y;* form a Z-basis for the set of integral points
Wz, = W-’ N I)z*.

Returning to our orbit ¢ = I+ N, l,ehz*, let E= ¥, N0
A fairly straightforward calculation shows that

0, =¥, ®E. 17
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Letting T% = A\H and identifying T* = Z* = h* as above,
we want to determine the order of D, . Since D, is the sum of all
characters in @, = @ N Bhz* as in (13), its Fourier transform is the
characteristic function of @,'. We have decomposed Z* = Zr @ Z+—" =
Y7 @ #7 and found that 0, is a union of cosets of Z" + (0) = 77’
Take A4 = annihilator in T* of ¥’ = Z" + (0), a torus of dimension
k —r. Let p : CY(T*) — C%A) be the restriction map. It is not hard
to show that any distribution D € 2'(T%), such as D = D,, whose
Fourier transform is constant on cosets of ¥ = Z* -+ (0) is in the
range of the obvious injection p*: 9'(4) — 2'(T*). That is, supp(D) C
A and D does not involve any differentiations transverse to A4; to
put it another way, <D, ¢) is determined solely by the restriction
¢ | A for all ¢ € C*(T*). Clearly, order(p*S) = order(S) for all
S e P'(4).

Let D, e 2'(A) be the distribution such that p*(D,) = D,. We
study D, by passing to the quotient space (¥”\h*). With respect to
the induced actions of N and I in ¥"\h*, the vectors Z} , =
Y, + 77, Z;* = Y,* + ¥ form a Jordan-Holder basis. Fur-
thermore, if §: h* — ¥7'\h* is the quotient map and we define integral
points in this quotient space to be (¥"\b*)z = 6(h*) = §(#7),
these integral points are I-invariant and the {Z}_,,..., Z,*} form a
Z-basis for them, in view of (16). Now 6 is equivariant with respect to
the actions of N, so Iy = 6(];) is an integral point in the N-orbit
0" = Iy N = 6(0'"), which has dimension d = dim @ — dim ¥,
The integral points O, = 0" N (¥"\h*)z in this orbit are precisely
the points 8(0,') = 8(E) = 6(0' N #7'). Now characters on A4 are
identified in an obvious way with the integral points (¥"\h*)z:
identify / 4+ ¥ with e*?! | 4. Since D, is the sum of all characters on
T*in0@,', D, is the sum of all characters on 4 = T%-* corresponding
to the integral points 0, .

Apply parts (i) and (ii) of Lemma 4.2, identifying V' = (¥"\h*),
Ve = (¥"\b*)z, and {e,..., e,} = {Z}_,,..., Z,*}. After permuting
the labels on the basis Z} , ,..., Z;* (which is all right since we will
make no further use of the Jordan-Holder property), we see that
0, is a subset of the integral points on a polynomial graph determined
by d free variables,

Or CZF" N {(ay ..., ag, Py(a),..., Pr_,_s(a)) : a € Z%}.
Now apply Lemma 4.1 to conclude that order(D,) < s. This com-
pletes the proof of Theorem 1.1 for the distribution associated with

the primary projection P,. Q.E.D.

580/23/3-7
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S. IRREDUCIBLE PROJECTIONS AS CONVOLUTIONS WITH MEASURES

In this section we prove that the constructible projections Py, 4 <
P, have associated distributions such that order(Dy, ) < order(D,).
In the next section we will prove a Zero—One law which implies,
among other things, that all irreducible projections P < P, satisfy
this estimate.

As usual, we assume that o is induced from an integral maximal
character (y, M) such that M is normal. Form the N-orbit y - N, pick
I'-orbit representatives x; ,..., x, in (x + V), , and take n;€ N such
that y; = y - n;. (Take 1, = e; the n; can be chosen to be rational
elements in N.) Let P; = B;B;* = P, u) .

5.1. ProposITION. Let (x, M) be an integral maximal character
such that M is normal and let o = Ind(M 1 N, x). Then the constructible
irreducible projection P = P, » maps C{I'\N) N 3£, into itself. Thus,

feCXI\N) and P,f =f= Pfe CYT\N).

In fact, there exists a finite measure y on I'\N (not necessarily right I'-
invariant) such that Py f = p xf for all fe CON S, .

Note. If fe CY(I'\N) we define p x f(n) = {u, n - f) as a function
on N. It does not follow automatically that p x f is left I-invariant;
this might not be true for arbitrary f. It does turn out to be true for
feC'ni#,.

Since f€ CT = P,f = P{P,f) = p; x (P, f) € C% it follows that

5.2. CoroLLARY. The primary pm]ectzon P, maps C"(I'\N) into
CYI'\N) for some r > 0 <> the same is true of every constructible
trreducible projection Py, pp .

By the Sobolev arguments of Auslander—Brezin [1] and the closed
graph theorem, one can show that order(D,) < 7 < P maps C” into
co.

Proof of 5.1.  Let I, € m* be chosen such that y = ¢*7¢h,

We adopt the notation of Section 4, defining H = [M, M|\M, 4,
T% = A\H, and then identifying T% — h*. Thus D, is the liftback
to I'n M\M ~ I'M of the distribution D, on T* obtained by
summing the characters in @, = 0" Nhz*, where O =, - N.
Similarly, the irreducible projection P = Py, y) associated with the
I-orbit y - I' is determined by the distribution D on T%,

D =Y {et:lel,- I} (18)
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In b* introduce the basis ¢, = Y. *,. ol = Y,* used in the order
estimate of Section 4. Since [, € h*, and since the {Y,;*} are a Jordan-
Holder basis for the action of N on h* and a Z-basis for the I'-
invariant set of integral points hz*, we may apply the full strength of
Lemma 4.2. Taking coordinates (a,,..., a;) > X; ae; in b*, and
choosing i; < ++ < iy (d = dim J, - N) as in parts (i) and (ii) of the
lemma, we are assured that the coordinate projection p: (4, ,..., a;) —
(a5, 5 5) €ER? maps the I'-orbit to p(l,- I')e COS(Z9). Then
F = p”l( p(l ) N Z* is in COS(Z¥), if we identify hz* = Z* in
these coodinates. Thus there is a finite measure & on T* whose
Fourier transform is i~ = characteristic function of F. Obviously the
primary distribution given by (13), and the irreducible distribution
given by (18) on T* have Fourier transforms

D,~ = characteristic function of 0,/ = ¢’ N b *,

D~ = characteristic function of §, - I' = 0,/ N F.

Thus

D = ji % D, where (%) stands for convolution in the abelian group 7%,
GExD,, ¢y = [ (Dyrs ) difs). (19)
T

Let p be the liftback p¥*(z). Formula (19) suggests that we have
D = p % D, under a suitably defined convolution on I'\N. If so, the
proof is finished: f — wu * f carries C® into C? so that fe C° N H#, =
Pf = Dxf = pux(D,xf) = ux(P,f) = pxfeC®NH#, . The
main obstacle is that u (unlike D and D,) need not be right I-invariant,
which makes for trouble in defining convolution on I'\N.

This idea can be made into a valid argument as follows. If D is any
distribution on I'/N we define a map f — D x f from C*(I"\N) into
C=(N) via D xf(n) = (D,n-f>. There is no guarantee that D  f
is left I'-invariant. Let D = p be a finite Borel measure on I"\N; then
p * f is bounded on N. Let F be any bounded (compact closure)
measurable fundamental domain for I'\N. We assert that there is a
constant C, such that

[ Tnxf@zdn < Crllplp ([ 171 dn) (20)
F I'\N
for all fe CYI"\N). The proof follows a suggestion of L. Richardson.

The canonical map 7: N — I'\N is a Borel isomorphism between F
and I'\N. Define i on N via gi(4) = (4 N F) = p(n(A4 N F)). Since
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FF is compact and F bounded, only a finite number of distinct trans-
lates of F can meet FF, so we get a cover U = y,F U - Uy FDFF.
Letting y, = characteristic function of a set 4, we get

L | ()2 dn = L ‘ fN F(Ien) di(x) '2 dn

<[ [ 1r@myiaraie] a

<l [ [ 1@ dip) ) dn

=Nl [ [ xelm) 1 F(Tem)2 d || ()

= el [ 17 [ xetetm) - xe(w) @1 21()] o
Ul [ 1£E [ o) d 1§ (0) o

=y, [ AT dn

i=1 "Yi

=gl wlt [ 17Tn) dn.

When D € 9’(I'\N) is right I'-invariant, (D, y - f> = (D, f), then
D x f is left I-invariant on N, hence is well defined as a function back
in C*(I"\N). (If p is a right invariant measure, the estimate (20) shows
that T,f = pxf is a bounded operator on L¥I'\N).) Now the
distributions D, D, associated with P, P, are automatically right
I-invariant, so we shall regard these convolutions as maps from
C>(I"\N) into itself, giving Pf = D xf and P,f = D, xf. If p =
p¥*(R) as in (19), we must regard f — p * f as a map from CI"\N)
into C%N) since there is no reason to expect u to be right invariant.
We want to show that

(Pfyomr = p+P,f =pxf aconNalfeCOns,. (21)

The right side is obviously continuous on N, hence P maps C° N A,
into itself, which proves the theorem. But (21) follows if we can prove

Dxfyom == p*(Dy*f) forall feC>nJ¥ . (22)

To see this, assume (22) and let F be any bounded, measurable
fundamental domain for I'\N. Identify L¥I'\N, dn) = LXF, dn). If
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feC® N #, there exist f, € C* N H, such that | f, — fllo —0.
Since Pf,om = pu*x (D, xf,) = p*f,, we may apply the L2
estimate (20) to get (w being the map of N — I'\N),

IPf)om—pxflhr

<NBf)om —(Pfa)omlor +1lpxfu—mxflor
< Pf — Phalerw + Crllellil fu — fllor — O

i.e., Pfom = p* fa.e. onF. This is true for any choice of F, proving
(21).

We prove (22) from the convolution formula (19) on T*. Notice
that f € C* N &, = f o« is a constant on cosets of [M, M], hence also
on I' - [M, M] cosets. In fact, if fe C*(I'\N) we have already noted
that p*f is constant of cosets of M, = [M, M]. Thus if m, € M, we get

P, f(m(mn)y = <Dy , myn - f
= <D, , p¥(my - n - ) M)
=<{D;,n f> = Paf(‘"(n))'

Therefore the averaging process p*: C*(I'\N) — C%N) is trivial on
functions in C® N 5, . But the map p,*: C*(I"\I'M) — C*(T*) used
to lift distributions in Section 3 is related to the global map p* by the
formula

p*(fl (M) =p*f | M  all feCHI'\N)

where p*f | M is identified with the obvious function on 7% = AM,\M.
From this it is easy to verify that, for ¥ = Myxe T®*and fe C* N ¥, ,

p¥D * f 1 a(M))(E) = <D, & - (p*f | M)y = <D, p¥(x - /)] M)
and likewise for D, . Thus if n € N, fe C* N ¥, we get
pox (Dg* f)m) =, n - (Dg + f)) =y, Do % (n - )

= {fi, p*( Dy xn - )l M)
= [, D 22 mep) | M0 i)
= <}1*DU,P*(” f) ‘ M>
=(D,n-f) = D xf(I'n) = D x f(n(n)),

which proves (22). Q.E.D.
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Note. Another way to view this calculation is to say that since all
functions f € C* N A, are constant on [M, M]-cosets, we may as well
assume that M is abelian, Then p* really is trivial. We actually get
a stronger statement than (22); since D x f = D x (D, xf), we get
(D *xf)om = px(D, xf) for all fe C*(I"\N).

6. THE Zrro-ONE Law

The following form of the Zero—One law was posed as a conjecture
by Jon Brezin.

6.1. THEOREM. (Zero—One law). Let o € (N : I')" be induced from
an integral maximal character (y, M) such that M is normal. Then all
bounded linear operators T: (K, , | - |l5) — (5, , || - |l;) which commute
with the action of N are continuity preserving; they map C{I'\N) N H,
tnto iiself.

In particular, if the o-primary projection P, maps C” into C° for some
r > 0, so do all bounded linear operators on L? which commute with
the action of N and have range in S, . This follows because P, is in
the center of the Von Neumann algebra generated by {U,': ne N},
so AP, = P,A. Thus all loss of smoothness is already due to the
o-primary projection.

Proof of Theorem 6.1. Let H# be the subspaces of 7, associated
with the I'orbits x; - I',..., x, - I"in (x - N), . Every operator T is a
linear combination T = Y ; ; ¢;Ty; (¢;; € C), where Ty, is an isometry
of #; onto J; and T;(#;) = 0if r # i. By irreducibility of the i,
T;; is unique up to a scalar of modulus one. Thus it suffices to prove
the theorem for the basic operators T = Tj;. (Proposition 5.1
assures us it is true for the diagonal terms T;; = P;.)

The action of T}; can be written out explicitly for smooth functions
¢ € C*(I'\N); by a completion argument at the end of the proof, our
conclusions will be verified for ¢ € CYI"\N), too. If x € N,

T;i$(I'x) = Byl;:B;*$(I'n)
=3 (f |, Xim) $(Tmyy) d). (23)
velg\r " To\M

Here I''n=TNM, y = ni'n;, and I; = #(Ux) — H(Ux) is
defined by
I,;F(n) = F(yn) = F(n;"nm).



INTEGRAL FORMULAS FOR PROJECTIONS 277

Now B;: s#(Ux) — 3¢, C H,; its adjoint takes smooth functions
¢ € C*(I"'\N) to continuous functions B;*¢ vanishing rapidly trans-
verse to M cosets. This rapid decrease (3) is also true of 4 = I;;B,*¢ €
H(Uxs), so the pointwise formula (2) is valid for By, which is what
we have written out in (23). The sum 3, (---) is absolutely convergent
for ¢ € C*(I\N).

Let 4 ={yel:yyy*el}. Then [[':4] < + o (look at the
rational map y — yyy™! in Malcev coordinates), and likewise
[I": y4y™] < + 0. Pick coset representatives S for Iyd\I" (a finite
set) and U for I'j\\I'y\4. Under the map 8 — y8y~! = &', U is mapped
to a set U’ of coset representatives for I'\I" where IV = y(I\d) y1 =
I'( y4y™). Now

() = ¥ % [ lom) (Tmydss) i

se§ sel “To\M

=2 X J. xi(m) $(Tmy8y~1 - ysx) dni

se§ seU * [o\M

) f X: - 5(m) $(T'mysx) dri. (24)
8es &'el’
Since I"'N M = I'y = I'n M, z character on M is integral with
respect to I' < it is integral with respect to I". Since (x,, M) is an
integral maximal character with respect to I, ¢ = Ind(M 1 N, x,)
belongs to the spectrum (N : I'')",

Let A: L¥I"\N) — L¥I""\N) be the projection 4 = B/(B;)* to
the irreducible subspace ' = #; sy & ' = a-primary subspace
inL¥I"\N), corresponding to the i intertwining isometry B/ #(Uxi)—
;' constructed as in Section 2. If ¢ is smooth, say ¢ € C“"(I1 \NV), then
Ax,b is given by a sum over all characters in the I-orbit y, - I” C

(x N>
aprs = 8 ([ %5 m) di), (25)

8’eY' =T\’
the sum being absolutely convergent as in (2). Though this formula
might not be valid for ¢ € CYI""\N), Proposition 5.1 insures that 4

maps CYI"\N) N 5, into itself, and that there is a finite measure p’
on I"\N such that

JAg) = x i (AI(I7x) =, 2 P))

for all s € CI"\N) N 3£, where j lifts functions on I\ N to functions
on N
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Define operators (s e §) 4vs: CA(I'\N) N H, — C(N ) via
: CON ., —> CYT'\N) —2> CI"\N) ——> CON) L5 CON) (26)

where 7 is the obvious injection of L3(I"\N) into L¥(I""\N) and I¥3f (n) =
f(ysn). The composition (26) makes sense because ¢ maps C° N 7,
into C°N #,/, so that j(A(i(#))) = p' *xi($) e CAN). In fact, let
X = i(#,). Then X is a closed subspace of L{I"\N); but 7 obviously
intertwines the right actions of N, so N acts irreducibly on X. Hence
X lies within a single primary summand of L%I""\N). Since ¢ inter-
twines and is injective, the action of N on X is a copy of o, so X C £’
and ¢ maps £, into J£,. It also maps C® N S, into C® N 3%, since it
certainly carries continuous functions to continuous functions.

Next we make Av® into a map V¥s: CI"\N) N #, — L¥I'\N) by
taking a bounded, measurable fundamental domain X for I'\IV and
defining

Vvsd(I'n) = Avsd(n)  for ne K.

Evidently V¥ is a bounded Borel function on I'\N, even if A¥% is
not left I-invariant on N. We assert that 7'¥% is a bounded linear
map with respect to the L? norms. In fact, if = — Haar measure
on N normalized so that K has mass one, and if ¢ € C® N S, , we get

1Pl = [ 14l dn
= [ 1w« (yon)f2 dn
K
= J;, K| p' * ¢ (ysy~n)|? dn.

Since K is compact, only finitely many I'-translates K, ,..., K, meet
yK (a bounded set), and these cover yK. Furthermore, the elements
ySy~1 = §’ are coset representatives for I"\I', so that K/ = §'K;
(1 <j < p) are each fundamental domains for I"\N. Therefore, the
last expression above is dominated by

zf |+ /(5" - m)|? dn

j=1

ST Y[ I epdn

s'es’ i=1 "¢'K;

»

Y[l #arasySh dn,

i
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where | S| = | 8’| = cardinality of S’. Obviously d'z = | S |ldn
is Haar measure on N normalized so that fundamental domains of
I'"\N have mass 1. Thus the last expression becomes

IS1% [ 1 s dn

<pISI[, 1wedrdn
<PISIIKIEC[, 141

=pIS|IWIECe | 181 di=pCelSTIWI U1

as required.
Now define

Ajp(n) =Y, Avp(n)y  for e CYI\N)NH .
ses
Obviously 4,4 € C(N), but it is actually left I'-invariant and hence is
a function on CYI"\N). This is checked by proving it first for 4 € C* N
A, . In this case, if y, € I' we may reverse the steps in (24) to get

Ao =3 3 ([

ses d'eU’ \

\

e 5 m) HTmysy,) dii)

I

() |, i) $Tmyyye) )

ver\I' "l

= ¥ ([ xlm g(Tmyys) an

yelr\I' "~ Do\M
= A;(x) 27

since the sum over I')\I" is independent of the choice of coset repre-
sentatives. By writing

Agh = ZSI’”(]'(IL' ), P =),
which is valid for ¢y € C® N £, , it is obvious that || ¢, — ¢ |° — 0
in C°N o, implies that A;(s,) — 4,4 pointwise on N, so that
(27) remains valid for sup-nofm limits of C* N J#, within C°® N A, .
But C® N 5, is sup-norm dense in C° N 7, .
We conclude that Vj; = Y. V¥ is L2-norm continuous and maps
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C'n 3, into CYI'\N). But for smooth functions ¢ € C* N ¥, we
haVe V],L(?S = T]#: if X € K,

Vig(I'x) = ), Av¢(x)

SES

=2 (A4')(ysx)

sES

= Z Z (f - x: * 8'(m) &' (I"mysx) dm)

ses &€y’ “ho

=¥ 3 ([ xS sImyss) dn

ses sey’ Lo\M

= T;¢(I'x).
By L*-norm continuity, Tj¢ = V¢ for all 4 C° N A, so that
T;; maps C° N J, into itself, and the theorem is proved. Q.E.D.

Note. If y € N is rational, it can be shown that there is a subgroup
O such that: (i) O is normal in I" and of finite index, (ii) y*@y* C @
for all k. The calculativns in this section can be simplified by replacing
4, I, T\, T',A\I" with the simpler objects 8, 8, I')\@, 6\I".

7. A FEw EXAMPLES

7.1. ExampLe. Take the usual basis X, Y, Z in the Lie algebra n
of the Heisenberg group N = N,; = upper triangular real 3 x 3
matrices with ones on the diagonal, and let I' = Ny N SL(3, Z). Let
X*, Y* Z* be the dual basis in n*. We shall consider the orbits in
n*/Ad*(N) of maximal dimension, which are hyperplanes 0, =
RX* ++ RY* + ¢Z* (¢ # 0). Now M = exp(RY + RZ) is normal,
and is maximal subordinate for all f € n* such that { f, Z) % 0. It is
rational since M is abelian and log(I' N M) = ZY + ZZ. The only
orbits &, (¢ # 0) contributing multiplicity in U* = Ind(I"t N, 1) are
those such that ¢ € Z, the multiplicity being | ¢ |. Identify M~ = m* by
taking y; = !, If c € Z ~ (0), the irreducible representation o(c)
associated with @, is induced from the following integral maximal
character on M, y; = X,z.. Its N-orbit in M" is identified in m*
with the N-orbit (cZ*) - N, which is just the line ¢Z* + RY*. The
integral points (x, - N), identify with the points on this line which
belong to mz* = {le m*: [(log(I' " M)) C Z} = ZY™* + ZZ*; these
are precisely

mz* O (€Z* + RY*) = cZ* + ZY*. (28)
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The individual I-orbits within (x, - N), identify with the I-orbits in
mz*. These I'-orbits have representatives

ly=cZ* +qY* 0<qg<|c], qeZ,
and the I'-orbits themselves have the form
I, T =¢cZ* 4 qY* 4 | ¢ | ZY™ . (29)

Now T% = I'" M\M = T?and T identifies with mz* = Z2. On T2
the distributions D, and D, correspondmg to P, and Py a) (xg =
ez’”’a) are sums of the characters in the sets (28) and (29). These sets
lie in the coset ring COS(Z?), so D, and the D, are measures. For
D,y we may actually identify the measure on F\N by Poisson sum-
mation. The action of the center Z(N) = exp(RZ) fibers I'\N into
one-dimensional tori, the orbit through the origin I'e being I'I'Z(N) ~
I'n Z(N)\Z(N). The character x, annihilates I' N Z(N) when
restricted to give a character y (exp(tZ)) = e**‘ on Z(N); thus we may
identify Xe as a continuous function on 7' = I'N Z(N)\Z(N) If
is normalized invariant measure on 77, then D, is precisely the
measure v,(df) = x(t) u(dt) on T?, lifted over to a measure on
I'I'Z(N) ~ I' " Z(N)\Z(N). This measure v, on I'N is right

I'-invariant, and
Pyof(In) =vyxf(I'n) = (v,,n-f> all neN,fe CYI'\N).

Thus the value of P, f at { € I'\N is an average of the values of f
along the fiber { - Z(N),

Py f(I'n) = Doy, n - f)

= * e flexp(tZ) - m) dt

= Jd ¥ (In - exp(tZ)) dt.

In effect, P,(,) washes out the behavior of f along each fiber { - Z(N);

P, f is covariant like y, along each fiber. P,(,) has no effect on the
behavior transverse to these fibers. It is also possible to work out the
measures on I'\N associated with the constructible irreducible projec-
tions P < P,(, , but we omit this.

7.2. ExaMPLE. Let n have basis W, X, Y, Z such that [W, X] =
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2Y and [W, Y] = 2Z. This defines a Campbell-Hausdorff multi-
plication

A+B=A+B+ %4, B] + 1[4, [4, B]] + 7 [B, [4, B]].

Take N = (n, %); then I' = 3ZW x (ZX + ZY + ZZ) is a discrete
uniform subgroup, and m = RX 4+ RY 4 RZ a rational abelian
ideal. This ideal happens to be maximal subordinate for all functionals
fen* such that { f, Z> #* 0; hence m is maximal subordinate for all
orbits of highest dimension (dim @ = 2) in n*. We shall consider the
orbits of functionals f = aW* + bX* + ¢Y* -+ dZ* such that d == 0
(a, b, c € R); this gives almost all highest-dimensional orbits. The
corresponding orbits have orbit representatives of the form bX*dZ*;
for beR, deR ~(0) write 0, ; = (bX* 4 dZ*)- N for the
(distinct) N-orbits of these functionals. Identifying M~ with m* =
RX* 4+ RY* 4 RZ*, we find that the corresponding orbit in M~

is a parabola
Oy.q = {(b + 28%d) X* + 2sdY* + dZ* : se R}

lying in the hyperplane RX* 4+ RY™* -+ dZ* C m*. All N-orbits in
m* ~ {{e m*: [(Z) = 0} have this form.

Now log(I'\ M) = ZX 4+ ZY -+ ZZ, and the N-orbit @, ,is the
orbit of an integral maximal character on M <- it meets the integral
points mz* = {{ e m*: l(log(I' N M)) C Z} = ZX* + ZY* 4 ZZ*.
This happens < (i) d€Z ~ (0) and (ii) there exists an integer &
such that

b+ (R2d)=0  (mod 1).

Fix a pair b, d satisfying conditions (i) and (ii). Let x; 4 = e2ri0x*+dz"
(an integral maximal character on M), and let o = oy =
Ind(M t N, xp.4) € (N : I')*. The primary projection P, corresponds
to the distribution on 73 = I' " M\M corresponding to the sum of
all integral characters in @,z N mz*, the integral points on the
parabola @;,; C R3. This orbit has no saturating linear variety ¥ C
m*; by Theorem 1.1 and (14), we conclude that order(D,) <
dim(@; ;) = 1. It is not hard to show that the integral points are
sufficiently numerous on the parabola that @ ; N mz* is not in the
coset ring of Z3 = mz*. Therefore, order(D,) = 1. By the Zero-One
law, all irreducible projections P < P, have order 1 too. The distribu-~
tion D, , which we may think of as living on T?, is being described by
specifying its Fourier transform D," = characteristic function of
OpgNnmg* CZ3 =~ 7. In this example it seems to be a difficult
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classical problem to give a geometric description of D, back on the
torus T3, as we did in the last example.

7.3. ExamPLE. Let N = N, = upper triangular real 4 X 4 matrices
with ones on the diagonal, and let I' = N N SL(4, Z). Realize n as
upper triangular 4 X 4 matrices, and take basis vectors 4, B, W, X, Y,
Z such that

0 a
0

<o 8 =

= a4 + bB + wW + xX + yY + =Z.

O e

0

Let A4%,..., Z* be the dual basis in n*. We shall consider the repre-
sentation ¢ € (IV: I')* associated with the orbit 0 = Z* - N C n*,
Straightforward calculations show that if

1l a x =z 0 4 X Z

_ 1wy . 0 W Y
n = 1beN X = OBen

0 1 0 0

then
Ad¥(n) Z* = Z* - n = Z* 4 (bw — y) A* & xB* — abW* — bX* J-aV*
and

Z* Uy, Uy = A,Y, — A,Y, + X,B, — X,B,, Uy, Uyen.

From this we see that the radical of I = Z* is r = RW + RZ, and
that m = RW 4+ RX + RY - RZ is an abelian ideal maximal
subordinate to Z*. Both r and m are rational since log(I' " M) =
ZW 4 -+ 4+ ZZ, so all of our previous results apply. Let y = 2},
an integral character on M. Since M is abelian, we identify M~ = m*,
and integral maximal characters on M with

mz* ={I'em*: U'(log("' " M) CZ} = ZW* 4 -« - ZZ*,
The orbit y - N in M~ is identified with the hyperbolic surface
O ={Z*% + 1, X* + t,Y* -+ t,5,W* . ¢, t, e R}

The integral points (xy-N), correspond to 0, = 0" N mz* =
{Z% + 6, X* 4 t,Y* + t,5,W* 1 ¢, , t, € Z}. (It turns out that there is



284 CORWIN AND GREENLEAF

just one I'-orbit, so ¢ has multiplicity 1.) Now I')\M is a torus 7%, and
the primary distribution D, is the liftback from 7% of the sum of
characters in @, C mz* =~ Z* = T4, Since 0, is not in COS(Z4),
D, is a not a measure on 7. Since ¢’ has only ¥”' = (0) as a saturating
subspace, our order estimate (14) says that 0 < order(D,) < 2.
One can show that order(D,) = 1, so that the order estimate in
Theorem 1.1 is not always the best possible.

Notes added in proof. In 4.1 we originally proved order < d, but Jon Brezin pointed
out to us that a sharper estimate, roughly: order < d/2, should work; we have modified
the proof, and strengthened the estimate (14) accordingly, and thank him for this
comment.

The Zero—One Law has been proved in full generality by R. Penney (unpublished
manuscript). R. Howe also has an unpublished proof.

The projection formula (7) has been proved without the normality hypothesis in a
forthcoming paper by R. Penney and the authors.

Corollary 3.2 has been proved without normality hypotheses by R. Penney in a
paper “‘Central idempotent measures on a nilmanifold”’ (to appear).
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