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1. Introduction

As usual, let R = (—00, +00), Ry = [0, +00), R_ = (-00,0], N={1,2,...,}and R} = {(x1,.. LX) x>0,
1 < i < n}, respectively. For each x = (x1,X3,...,%;)’ € R", the norm of x is defined as |x| = ZL |x;]. Let BC
denote the Banach space of bounded continuous functions ¢ : R — R" with the norm ||¢|| = supgeg ZL] |#i(0)], where
¢ = (91,02, ...,¢,) . Let ] C Rand PC(J, R") denote the set of operators ¢ : J — R" which are continuous for t € J,
t # 1 and have discontinuities of the first kind at the points 7, € J(k € N), but are continuous from the left at these points.
Recent years have witnessed increasing interest in the existence of positive periodic solutions. By employing the powerful
and efficient method of coincidence degree [1-4] and theory in cones [5-10], some verifiable sufficient criteria for the
existence of positive periodic solutions have been established. However, compared with advances in the area of studying
the existence of periodic solutions of continuous differential equations, less progress has been achieved in the so-called
impulsive differential equations, which are subject to short-time perturbation or change very rapidly at certain instants;
only a few papers are concerned with this subject: see [5,11,10]. In fact, differential equations involving impulse effects
occur in almost every domain of applied science: physics, population dynamics, ecology, biological systems, biotechnology,
industrial robotic, pharmacokinetics, optimal control, etc. Therefore, the study of this class of dynamical systems is becoming
a rapidly growing field. Motivated by this, in the present paper, by utilizing the fixed point theorem due to Krasnoselskii,

we aim to study the existence and multiplicity of periodic solutions of the following differential equation with impulses:
{x/(r) = A, X(O)X(O) +f(t,X), t# T, kKEN, )

x(t)) = x(w) + E(x(w), t =1,

where A(t, x(t)) = diag[a;(t, x(t)), ax(t, X(t)), ..., ap(t, x(t))], @ € C(R x R, R) is w-periodic; f = (f1,fo,....f)"
f : R x BC — R"and f(t, x;) is w-periodic whenever x is w-periodic; x; is defined by x,(8) = x(t + 0) for & € R. By
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this definition, it is easy to see that, if x € BC, then x; € BC for anyt eR. x(rk ) represents the right limit of x(t) at the point
T, Ex = (E,(,E,“...,Ek) € C(R",R") (here R = {(x1,...,%)" : x;, < 0,1 < i < n}). We assume that there exists an
integer p > Osuchthat 7y, = 7 + @, Exyp = E,where0 <71 <y <--- <15 < .

The paper is organized as follows. In Section 2, we list some preliminaries involving the famous Krasnoselskii fixed point
theory and some assumptions and lemmas. In Section 3, by employing the Krasnoselskii fixed point theory, we investigate
the existence of at least one positive periodic solution and we study the existence of multiple periodic solutions for the
impulsive functional differential equation (1) in Section 4. In Section 5, we give some conclusions.

2. Preliminaries

In this section, we make some preparations for the following sections. First, we give the following related definition and
the famous fixed point theorem that will be needed in our arguments.

Definition. Let X be Banach space and K be a closed, nonempty subset of X; K is said to be a cone if
(i) au+ Bv e Kforallu,v e Kandalle, 8 > 0
(ii) u, —u € K imply u = 0.

Theorem A (Krasnoselskii Fixed Point Theorem [12]). Let X be a Banach space, and let K be a cone in X. Suppose that §2; and 2,
are open subsets of X such that 0 € £2; C £21 C £2,. Suppose that

T:KN(2;\ 1) =K

is a completely continuous operator and satisfies either
(i) IITx|| > ||x|| forany x € K N 0827 and | Tx|| < ||x|| for any x € K N 0§2,; or
(ii) ||Tx|| < ||x|| forany x € K N 0821 and ||Tx|| > ||x|| forany x € K N 352,.

Then T has a fixed point in K N (25 \ §21).

To obtain our main results, we make the following assumptions throughout this paper.
(H1) There exist continuous w-periodic functions aj (t), a(t), such that af (t) < a;(t,x) < af(t) and f;’ af(t)dt > 0, for
1<i<n,
(H2) f,(t x;) is a continuous function of t for each x € BC(R, R" 0.
(H3) fit. ¢0) [ ai(s, x(s))ds < Oforall (¢, ¢) € R x BC(R, R”) 1
(H4) Forany L > 0 and ¢ > 0, there existsa § > 0 such that o, v
imply [fi(s, ¢s) — fi(s, ¥s)| <&, 1 <i<n.

First, we have the following lemma that will be needed in our arguments.

<i<n
€ BC. gl < LIl <L ¢ — ¥l <8,0 <5 <o

Lemma 2.1. The function x(t) is an w-periodic solution of (1) if and only if x(t) is an w-periodic solution of the following system:

t+w p
x(t) = / G(t, $)f (s, x5)ds + Z G(t, Tm; + NW)E;(x(Tm)), (2)
t j:l

where

G(t, s) = diag[G4(t, 5), Ga(t, S), ..., Gu(t, S)], (3)
and

Ej(x) = diag [E} (1), ' (), ..., E/ (0] .

Proof. The proof of sufficiency is similar to that in [11], so we omit it. Here we only prove the necessity part. If x(t) =
(X1(), ..., %, (t))T € X is a solution of system (1), then

t ! t
[x,»(t) exp {—/ a,-(u,x(u))du” = exp {—/ ai(u,x(u))du}fi(t,x[), t#n,i=1,2,...,n (4)
0 0

Integrating both sides of (4) over [t, t 4+ w], we obtain

Tmq +hw Tm, +nw

Xi(s) exp {— /sa,-(u, x(u))du}
0

+ x;(s) exp {— /S a;(u, x(u))du}
0

t Tmy “+nw
t+w

+ -+ xi(s) exp {_ /S a;(u, x(u))du}
0

Tmp +nw

t+w s
= / exp {—/ ai(u,x(u))du}ﬁ(s,xs)ds,
t 0
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wherermj—i—nwe(t,t—l—w), mie{1,2,...,p},j=1,2,...,p,n € N.Then

1913

t t+w )4 rmj+nw
xi(t) exp {—/ ai(u, x(u))du} [exp {—/ a;(u, x(u))du} - 1:| — Z Ax,-(rmj) exp {—/ ai(u, x(u))du}
0 t i=1 0

t+w N
:[ exp{—/ a,—(u,x(u))du}ﬁ(s,xs)ds,

0

where Ax;(ty) = xi(r,:r ) — x;(7). In turn, this expression can be transformed into

t4+w )4
Xi(t):/ Gilt, 9)fi(s. x)ds + Y _ Gi(t, Ty + NO)E} (X(Tm)).
t

=1
where

Gits) = exp{— J; ai(u, x(u))du} l<i<n m

exp{— [, ai(u, xw)du} — 1" = 7

By the definition of G in (3) and (5), it is clear that G(t, s) = G(t + w, s + w) for all (t, s) € R? and by (H3),

Gi(ta S)fi(ua ¢u) > 0

for (t,s) € R* and (u, ) € R x BC(R, R").
Let

A = max{laf ()], laf(®)]}, te[0,w], 1<i<n.

Then by direct calculation and (H1), we get

exp{— [y Ai(u)du} exp{ f, Aiwdu}

= < 1Gi(t, )] <
i |exp{— [y aF(u)du} — 1] ~ Gict. 9 | ex

where a, at are defined in (H1).
We define

¢ — [“at _
o = min j exp {_2/ Ai(U)du} | exp{ fow alL(u)du} 1|’
0 |exp{— [, at(u)du} — 1]

then itis clear that0 < o < 1.
Define also

X ={x= (x1(t), .. .,xn(t))T € PC(R,R™) : x(t + w) = x(t), t € R}

with the norm [|x|| = >"i_, |xilo, where |Xilo = Sup;¢(o.) IXi(t)], and

K =1{xeX:x(t) >olxlo, t €[0,0], x=(x1,%, ..., %)"}.

One may readily verify that X is a Banach space and K is a cone.
Moreover, define, for r a positive number, §2, by

2, ={xekK:|x| <r}.

Notethat 082, = {x e K : ||x|| =}.
Let the map T : K — X be defined by

t+w )4
(Tx)(t) = f G(t, )f (s, x;)ds + Z G(t, Ty + nw)E;(x(Tm)),
t

j=1
forx e K, t € R, and let
(Tx) = (T1x, Tox, ..., Tax)".

pl— [ wdu) — 1]

Then it can be immediately obtained from the assumptions (H3) and (H4) that the map T is completely continuous. On the
other hand, it follows from Lemma 2.1 that x*(t) = (xj(¢), ..., x,’;(t))T is a positive w-periodic solution of (1) if and only if

x*(t) is a fixed point of the operator T.

Lemma 2.2. The mapping T maps K into K, i.e., TK C K.
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Proof. For any x € K, it is easy to see that Tx € K. From (6) and (9), we have

w p
Tido = M [ s, x5+ M ) EJxCz).
0

j=1
Noting that G;(t, s)fi(u, ¢,) > 0, we can also obtain

(Tix) (1)

v

w )4
m; / (s, %)1ds +mi Y |E] (x(zmy)|
0 j=1

v

m;
M|Tix|0 > o|Tix|o.

Therefore, TK C K. The proof is complete. H

Lemma 2.3. If there exists n > 0 such that

w )4
/ £, 90lds + 3 @ ()| = nlléll, for é € K,
0

j=1
then
ITx|| = mallx||,  for x € K,
where m = min;<j<, m; and m; is defined in (6).
Proof. Ifx € K, then
t+o P
T = m; ft [fis. x)lds +m; Y [EL(x(m))))|

=1
2} p .
—m f s, 25)1ds + my /et ).
0 j=1
Thus, we have

n n w )4
17l = sup > 1T (©)] = 3 [mf / [fi (s, xo)lds +mi Y |E}<x<rm,.>)|]
teR iy i=1 0

=1

\

v

w )4
m [/ If (s, %) lds + ) |Ej(x(ij))|:| = myx|. =
0 j=1

Lemma 2.4. If there exists a sufficiently small ¢ > 0 and any number r > 0 such that
)4

| v ootas + Y @I <er. foroeknog,
0

=1
then
ITx]| < Me||x||, forx e KNas2,
where M = max<j<, M; and M; is defined in (6).
Proof. Following the ideas in the proof of Lemma 2.3, we obtain the assertion. W

For the sake of convenience, we introduce the following notations:

p
Y > IEi(9)]
, = lim infM, y = lim infL’
Ipll—v pek o] Ieli—voek gl
p
> IEi(9)]

v .m su fo |f(5» ¢3)|d5 Ev

. =1
li s = lim sup 17,
l¢l—v pek ol Iol—>v gek [Pl
where v denotes either 0 or oco.
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3. Existence of at least one periodic solution

Theorem 3.1. If
(P1) fo=Eg=o00 and (P2) f*=E*=0
hold, then (1) has at least one positive w-periodic solution.

Proof. Since fy = Ey = o0, one can find an ry > 0 such that
w p
/ (s, ¢o)lds = millgll and > |Ei(¢)l = mallgll, forg €K, 0 < [|g]l < ro,
0 =1
where the constants n;, 1, satisfy 2mn; > 1,i = 1, 2. Choose a constant n > 0 satisfying n = min{2n,, 2n,}. Then
w b n n
s, ds E; > — - = .
/0 If (s, P9l +;| i@z SNl + Sl = nlél

Therefore, by Lemma 2.3, we obtain
ITx|| > mnlix|| > [Ix[l, forx e KN ads2,.

Moreover, using f* = E*° = 0, we know there exist N; > rg and 1, &, > 0 such that
1) )4
/ (s, ¢o)lds < erllgpll and Y |E(@)| < &allgpll, for €K, [l¢]l = Ni.
0 j=1

Choose ¢ = max{2¢1, 2¢;,} satisfying 0 < ¢ < then

1.
2M”
[} p
fo IF(s. ¢o)lds + D IEj (@) < ellll.
j=1

Take

w )4
ri>Ni+1+42M sup [/ If(s,¢s)|dS+ZIE;(¢)I]
0

llgll<Nq -
peK =1

Ifx € K N 3§, then

w )4
ITxll < M [/ If (5. x)Ids + Y |E,-(x>|}
0 j=1
B no Xl
= Mlp(h) + p()] < 5 + = = Il
where p(l)) = [ [y [f(s. %)1ds + > [Ei)|llxer. i = 1,2and Iy = {x € K, x| < N1}, 1, = {x € K, |[x|| = Ny}. This

implies that || Tx|| < ||x|| forany x € K N 9£2;,.
Therefore, under the conditions (P1) and (P2), T satisfies all the requirements in Theorem A; then T has a fixed point in
K N (82, \ §21,). We complete the proof. ®
Theorem 3.2. If
(P3) fo=Ex=o00 and (P4) f'=E°=0
hold, then (1) has at least one positive w-periodic solution.
Proof. By (P4), there exist r, > 0 and sufficiently small e1, &, > 0, such that
12} )4
/ (s, ¢)lds < e1llpll < eary and Y |E()] < &2llp]l < ear2, forg € K, 0 < [ip]| <.
0 j=1

Choose ¢ = max{2¢1, 2¢,} satisfying 0 < ¢ < ﬁ and we have

1) )4
f IF (s, po)lds + Y IEj(¢)] < era.
0 j:1
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Then, by Lemma 2.4, we have
ITx|| < Me|lx|l < [Ix]l, forxeKNag2,.

Next, by (P3), there exists anr3 > r, > 0 such that

o p
/Lf(s,¢s)|dszm||¢>|| and Y [E(¢)| = mligll, forg €K, llg]l = s,
o Jj=1

where n;, i = 1, 2 are chosen so that 2mn; > 1. Take n = min{2ny, 21,}; then

w b
/ f (s, ps)ds + Z Ej(@)| = nll@ll.

j=1
It follows from Lemma 2.3 that
ITx|| = mylix|| > x|, forx e K Nas2,.
Thus, by Theorem A, we know that (1) has a positive w-periodic solution. H
In order to obtain more results, we introduce two extra assumptions in the following:

(A1) There exists d; > 0 such that

/ Fs. ¢s)|ds+Z|E(¢(rm,>)|>—1, forod; < (]l < d,
0

j=1
(A2) There exists d, > 0 such that
d>

w )4
/ Fs. ¢o)lds + ) IE(@(m)| < o1 for 9] < ds.
j=1

0

where o, m, M are defined in (7), Lemma 2.3 and Lemma 2.4, respectively.

Theorem 3.3. If (A1) and (A2) hold, then (1) has at least one positive w-periodic solution.
Proof. Without loss of generality, we may assume that d, < d;.Ifx € K N 9£2;,, then, by (A2), we get

w p T
dy
ITx|| =< M /0 If Gs, Xs)|d5+];|5j(x)| <M = dy = |xII.

In particular, || Tx|| < ||x|| forallx € K (1) 882q,.
On the other hand, by (A1), one has

dy

1Tl = m f s lds + Y B | > m = dy = |x].
0

L J=1

which produces ||Tx|| > ||x|| forallx € K Ble. Therefore, by Theorem A, we obtain the conclusion, and this completes
the proof. ®

Theorem 3.4. If

1 1
P5) f' = € |0, E=0e|0,— ),
(P5) f 241 [ 2M> (2] |: 2M>

(P6) foo =P € (Loo) = c (;oo>
2mo 2mo

hold, then (1) has at least one positive w-periodic solution.

and

Proof. By (P5), for any ¢ > 0 there exists a sufficiently small d, > 0 such that

p
fo If (s, x;)|ds > IEX)]

€ =1 €
su <oa;+ - and supji <ay+ -, forlx| <d,.
xeK “X” 2 xeK ”X” 2



Z. Zeng / Computers and Mathematics with Applications 58 (2009) 1911-1920

Choose o = max{2a;, 2ax}and e = -+ — a > 0. Then

M
> 15
© Ei(x
p | B VGls ST
ek Il I M’
that is,
@ [
{/vmmm+§]wm = ﬁ for |x|| < dy.
0

So, (A2) is satisfied.
By (P6), there exists a sufficiently large d; > 0 such that

)4
|Ej(x)]
o 6. x)lds ¢ . ; ! e
>pf——- and inf—— > B, — -, for|x]| > od;.
Inf 1]l 2 xek x| 2

Choose B = min{28;,28,}ande = B — % > 0. Then

)4
" > Ejx)]
x)|ds 2
Jo s xlds | = pe L,
xek lIxIl lIx1l mo
that is,
@ ||X|| Ud] d]
,xs)|d § E; > =,
fo If(s,%)lds 4+ > |Ej(x)| > o S me = m

Therefore, (A1) holds. Now, the assertion follows from Theorem 3.3. ®

Theorem 3.5. If

1 1
(P7) fo=ase|-—,00]), Eb=as€|—,00],
2mo 2mo

1 1
P8) 0<f®=p8;<—, 0<E®=p84<—
(P8) 0<f B3 M = Ba M

hold, then (1) has at least one positive w-periodic solution.

and

Proof. By (P7), for any ¢ > 0 there exists a sufficiently small d; > 0 such that

p
> IEX)]
Jo I (s, %)1ds e =T e

nf~————>wa3— - and inf—— >ay— -, for0 < |x| <d;.

xeK B4 2 xek 1%l 2
Choose o = min{2a3, 24} and e = o — E > 0. Then

i |Ej ()]
Ei(x
Iy 1f (s, %) |ds a7 1
lIxIl + >a—¢e=—, for0 < |x|| <dj;

xek Il llxIl mo

that is,

1

1) p
Ud] d
f (s, x5)|ds + E [E(X)| > — = —, forod; < x| <dj,
0 = mo m

which satisfies (A1).

1917
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Again, by (P8), there exists a sufficiently large d such that

Z |Ej(x)]
fo If (s, x5)|ds £ e
< B3+ - and sup < B4+ =, for|x| >d.
er( ||X|| 2 xeK ”X” 2

Choose B = max{2ps, 2f4} and & = & — B > 0.Then

P
Y IE®)]
S Gsxlds S
sup + < B+e, forlx| >d.
xek [Ix]l [Ix]]

In the following, we consider two cases to prove (A2) to be satisfied:

(i) supyek [fy [F (s, x9)|ds 4+ X7, [Ei(®)]] < oo,
(ii) supyer [fy 1F (s, x)lds + Y0, |Ei(0)|] = oo

The bounded case is clear. If case (ii) is valid, then there exists y € BC(R, R} ), |lyll = dz > d such that

0] )4 w )4
/ If (s, x)1ds + Y [E;(0)] 5/ IF (s, y)lds + Y IE@)I, for0 < |ix|l < [lyll = d>.
0 =1 0 j=1

Since ||y|| = d, > d, then we have

%) )4 d
f I (s. x)lds + )~ |Ej()] <[ If (5. ys |ds+Z|E,(v)| ”y” = for0< x| <d.
0 j=1

which implies that condition (A2) holds. Therefore, by Theorem 3.3 we complete the proof. H

Theorem 3.6. If (P1) and (P8) hold, then (1) has at least one positive w-periodic solution.

Proof. From (P1) and the proof of Theorem 3.1, we know that || Tx|| > ||x|| for allx € K N 92;,.
Furthermore, from (P8) and the proof of Theorem 3.5, we know that

w )4 r
/ IFs. x)lds + ) 1) < - for xl <1,
j=1

0

and
w p r
x| <M s, X;)|ds Ei(x M— =r; = |X|,

ITxl < /Olf( 5)| +j=21|]()| <M =n lIx
which implies that ||Tx|| < ||x|| for all x € K N 9£2;,. This completes the proof. ™
Similarly to Theorem 3.6, one immediately has the following consequences.
Theorem 3.7. If (P3) and (P5) hold, then (1) has at least one positive w-periodic solution.
Theorem 3.8. If (P2) and (P7) hold, then (1) has at least one positive w-periodic solution.

Theorem 3.9. If (P4) and (P6) hold, then (1) has at least one positive w-periodic solution.

Summarizing the above results, one can easily obtain the following result.

Corollary 3.1. If one of the following pairs

(P1) and (P2); (P3) and (P4); (P5) and (P6); (P7)and (P8); (P1)and (P8);
(P3) and (P5); (P2) and (P7); (P4) and (P6); (A1) and (A2)

is valid, then system (1) has at least one positive w-periodic solution.
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4. Existence of multiple periodic solutions

Theorem 4.1. If (P2), (P4) and (A1) hold, then (1) has at least two positive w-periodic solutions.
Proof. By (P4), for any &1, &, > 0 there exists r4 < d; such that

w p
/Lf(s,¢s>|dssal||¢||, and Y [E(9)| < &lipll, forg €K, 0 < ||l <ra.
0 j=1

Choose & = max{2¢1, 2¢;} and 0 < & < ;.. Then

[} p
| e golas+ Y g < el
=

Therefore, by Lemma 2.4, we obtain
ITx|| < Me|lx|| < |Ix|l, forxeKNag,.

Moreover, from (P3), there exists an N, > d; such that

w p
/ If (s, ¢s)Ids < e1ll¢ll and E [Ej(9)] < e2ll@ll, for [|]l = Na.
0

=1

Choose & = max{2¢1, 2¢;} and 0 < & < ;- Then

w p
/0 FGs. ¢lds + Y [Ei@)] <ellpll. for [ll] = No.

=1

Take

¢l <Ny
ek

® p
rs >Ny +142M sup [/ If(5,¢s)|dS+ZIE;(¢)I:|-
0 j=1

Ifx € K N 382, then

4] P
1Tl < M { f s, x)lds + 3 |E,»(x>|}
0 j=1

lixl
2
where p(I;) = [fow If (s, x5)|ds + ZJ’;] |Ej(x)|] lxeip and I} = {x € K, [|X|| < Np}, I, = {x € K, ||x|]| = N,}, which shows that

ITx]| < [Ix|| forallx € K N 92.
Denote 24, = {x € X : ||X|| < d;}. Then, by (A1), for any x € K N 924, we have

w p d
ITxl = m [f Fs.x)lds + ) |Ej<x)|} >m— =d; = |xl.
0

=1

= Mlp(y) + p(lp)] < rzi + 20—

which yields || Tx|| > ||x|| for allx € K N d£24,. By Theorem A, T has a fixed point x; in K N (ﬁd1 \ £2;,) and has a fixed point
X inK N (§r5 \ £24,). Moreover, from the above, we know that rs > N, > d; > r4. Therefore, system (1) has two positive
w-periodic solutions satisfying 0 < ||x1]| < di < [|x2]|. This completes the proof. B

Then next consequence is presented below; the proof parallels that of Theorem 4.1, and is therefore omitted for reasons of
space.

Theorem 4.2. If (P1), (P3) and (A2) hold, then (1) has at least two w-periodic solutions.

Theorem 4.3. If (P6), (P7) and (A2) hold, then (1) has at least two positive w-periodic solutions.
Proof. From (P6) and the proof of Theorem 3.4, it follows that there exists a sufficiently large d; > d,, such that

w b d
/tf(s,xs)|ds+Z|Ej<x)|>al, forod, < x| < d;.
0 j=1

That is, (A1) is valid. So, || Tx|| > [|x|| for all x € K N 9£2y;,.
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From (P7) and the proof of Theorem 3.5, one can find a sufficiently small d} € (0, d») such that

w )4 d*
| e+ Y il > L forad < i <
0 j=1

which satisfies (A1). So we have ||Tx|| > ||x|| forallx € K N B.Qd;«.

Incorporating (A2), we know that T has a fixed point x; in K N (§d2 \ Qdf) and has a fixed point x; in K N (ﬁd1 \ £24,).
That is, system (1) has two positive w-periodic solutions satisfying d} < ||x1]| < dy < [[X2]| <d;. W

From the arguments in the above proof, we have the following consequence.
Theorem 4.4. If (P5), (P8) and (A1) hold, then (1) has at least two positive w-periodic solutions.

Theorem 4.5. If (P1), (P6) and (A2) hold, then (1) has at least two positive w-periodic solutions.

Proof. Let 2, = {x € X : ||x|| < r.}, wherer, < d,.Byassumption (P1)and the proof of Theorem 3.1, we know that || Tx|| >
lx|| forallx € K N d£2,,.
Let 24, = {x € X : |x| < d;}. By assumption (P6) and the proof of Theorem 3.4, we can see that fo‘” If (s, x5)|ds +

Z}’:] |Ej(x)| > % for od; < ||x|| < d;. Incorporating (A2) and the proof of Theorem 3.3, we know that there exist two

positive w-periodic solutions. W

The following statements are immediately obtained by applying similar arguments as used in the proof of Theorem 4.5.
Theorem 4.6. If (P3), (P7) and (A2) hold, then (1) has at least two positive w-periodic solutions.
Theorem 4.7. If (P2), (P5) and (A1) hold, then (1) has at least two positive w-periodic solutions.
Theorem 4.8. If (P4), (P8) and (A1) hold, then (1) has at least two positive w-periodic solutions.

Corollary 4.1. If one of the following pairs

(P1), (P3) and (A2); (P1), (P6) and (A2); (P3), (P7)and (A2); (P2), (P4) and (A1);
(P2), (P5) and (A1); (P4), (P8) and (A1); (P5), (P8)and (A1); (P6), (P7)and (A2)

is valid, then system (1) has at least two positive w-periodic solution.

5. Conclusions

In this paper, by using the famous Krasnoselskii fixed point theorem, we have investigated the existence and multiplicity
of positive periodic solutions for n-dimensional functional differential equations with impulses and have obtained some
easily verifiable sufficient criteria which extend previous results. The methodology which we employed in studying the
functional differential equations without impulses in [9] can be modified to establish similar sufficient criteria for impulsive
functional differential equations. It is worth mentioning that there are still many problems that remain open in this vital
field except for the results obtained in this paper: for example, whether or not the combination of (P1) fy = E; = o0 and
(P4) f° = E® = 0 can ensure the existence of a periodic solution, and whether or not our concise criteria can guarantee the
stability of positive periodic solutions. More efforts are still needed in the future.
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