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Abstract--Hyperbolic  geometry is a fundamental aspect of modern physics. We explore in this 
paper the use of Einstein's velocity addition as a model of vector addition in hyperbolic geome- 
try. Guided by analogies with ordinary vector addition, we develop hyperbolic vector spaces, called 
gyrovector spaces, which provide the setting for hyperbolic geometry in the same way that vector 
spaces provide the setting for Euclidean geometry. The resulting gyrovector spaces enable Euclidean 
trigonometry to be extended to hyperbolic trigonometry. In particular, we present the hyperbolic 
law of cosines and sines and the Hyperbolic Pythagorean Theorem emerges when the common vec- 
tor addition is replaced by the Einstein velocity addition. (~) 2000 Elsevier Science Ltd. All rights 
reserved. 

Keywords- -Specia l  relativity, Einstein's velocity addition, Einstein's relativistic gyrogroup, Tri- 
gonometry in hyperbolic geometry, Hyperbolic law of sines and cosines, Hyperbolic Pythagorean 
Theorem, Hyperbolic ~r-theorem. 

1. I N T R O D U C T I O N  

Vector addition in abstract spaces is a commutative and associative binary operation in a group 

of vectors, which supports scalar multiplication giving rise to vector spaces. These, in turn, 

provide the setting for Euclidean geometry. In full analogy, Einstein's addition of relativistically 

admissible velocities is abstracted into a gyrocommutative and gyroassociative binary operation in 

a gyrogroup of gyrovectors, which supports scalar multiplication giving rise to gyrovector spaces. 

These, in turn, provide the setting for hyperbolic geometry. 

The power and elegance of the capability of gyrovector spaces to unify Euclidean and hyperbolic 

geometry is demonstrated in this article by exposing the truly hyperbolic law of cosines and sines 

as well as the truly Pythagorean Theorem in the Einstein gyrovector space model of hyperbolic 

geometry. In two dimensions, this model of hyperbolic geometry is coincident with the Beltrami 

(or, Klein) disc model, which is a the well-known model of hyperbolic geometry [1]. 
Following the presentation of brief history, motivation, and definition of the gyrogroup notion, 

we will present Einstein's addition as a gyrogroup operation in an abstract gyrocommutative gyro- 
group that  is turned into a gyrovector space by the incorporation of scalar multiplication. We 

will show that  analogies that  Einstein's addition shares with vector addition enables hyperbolic 

0898-1221/00/$ - see front matter (~) 2000 Elsevier Science Ltd. All rights reserved. Typeset by A h~S-TEX 
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and Euclidean geometry to be unified. The unified theory allows, in particular, the introduction 
of hyperbolic trigonometry that shares remarkable analogies with Euclidean trigonometry. 

2. G Y R O G R O U P S  A N D  K - L O O P S  

Since coined in 1989 [2], the term K-loop is becoming increasingly popular, as evidenced from 
the number of articles in which it appears in their titles. 

The author realized in 1989 [2] that the structure of Einstein's velocity addition that he exposed 
in 1988 [3] provides the first concrete example of a mathematical structure that illuminates part 
of a structure studied by Karzel since the 1960s with no known specimen. Therefore, the author 
named the structure a K-loop after Karzel [2]. Later, however, the author realized that the 
mathematical structure that he uncovered in 1988 [3] from the soil of relativity physics illustrates 
Kikkawa's important work as well. Therefore, the author dedicated in 1998 [4, fn. 16] the term 
K-loop that he coined in 1989 [2] to both Karzel and Kikkawa. 

In subsequent development of K-loops, the author has shown that the K-loop structure can 
be further generalized into a structure governed by analogies with groups and vector spaces, 
for which terminology that has evolved and tested by generations of mathematicians already 
exists. Noting that all the analogies stem from the abstraction of the relativistic effect known 
as the Thomas precession, the author called the abstract Thomas precession a Thomas gyration 
suggesting the use of "gyro" as a prefix that emphasizes analogies shared with classical notations. 
Thus, for instance, groups are generalized into gyrogroups and vector spaces are generalized into 
gyrovector spaces. In particular, we have the following. 

• The associative group operation becomes a gyroassociative gyrogroup operation, and gyro- 
groups are classified into gyrocommutative and nongyrocommutative gyrogroups in full 
analogy with groups, which are classified into commutative and noncommutative groups. 
K-loops are the same as gyrocommutative gyrogroups. Nongyrocommutative gyrogroups 
have been discovered in [5,6] long after the term K-loop had been coined in 1989 [2]. 

• Some commutative groups allow the introduction of scalar multiplication, turning them 
into vector spaces. Similarly, some gyrocommutative gyrogroups allow the introduction of 
scalar multiplication, turning them into gyrovector spaces. The latter, in turn, form the 
setting for non-Euclidean geometry in the same way that vector spaces form the setting 
for Euclidean geometry. 

Historically, the first gyrogroup structure was discovered in the study of Einstein's velocity 
addition [3]. However, the best way to introduce the gyrogroup notion is provided by the study 
of the MSbius transformation group of the complex unit disc. 

The most general MSbius transformation of the complex open unit disc 

in the complex z-plane [7], 

D = {z:  Izl < 1} (2.1) 

z ~  e ie a + z =eie(a@z) (2.2) 
1 +~z  

induces the MSbius addition ~ in the disc, allowing the MSbius transformation of the disc to be 
viewed as a MSbius left gyrotranslation 

a + z  
z ~ a ~ z =  l + ~ z  (2.3) 

followed by a rotation. Here 8 E R is a real number, a, z E D, and ~ is the complex conjugate of a. 
M6bius addition ~ is neither commutative nor associative. The breakdown of commutativity in 
M6bius addition is "repaired" by the introduction of gyration, 

gyr :D x D --* Aut(D, ~) (2.4) 
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given by the equation 
a(gb  l + a b  

gyr[a, b] - b @---a - 1 + g------b' (2.5) 

where Aut(]I), 0 )  is the automorphism group of the groupoid (1]), (9). We recall that a groupoid 
(G, +) is a nonempty set G with a binary operation +, and an automorphism of a groupoid (G, +) 
is a bijective self-map of the groupoid (G) which respects its binary operation +. The set 
of all automorphisms of a groupoid (G, +) forms a group, denoted Aut(G, +), under bijection 
composition. 

The gyrocommutative law of M6bius addition (9 follows from the definition of gyr in (2.5), 

a @ b = gyr[a, b](b @ a). (2.6) 

Surprisingly, the gyration gyr[a, b] that repairs the breakdown of the commutative law of (9 
in (2.6) repairs the breakdown of the associative law of (9 as well, giving rise to the left and right 
gyroassociative laws 

a (9 (b (9 z) = (a (9 b) (9 gyr[a, b]z, (2.7) 

(a (9 b) @ z = a (9 (b (9 gyr[b, a]z), 

for all a, b, z E D. 
Guided by analogies with groups, we take the (gyrocommutative and the) gyroassociative laws 

and other key features of the M6bius addition as a model of a (gyrocommutative) gyrogroup, 
obtaining the following. 

DEFINITION 2.1. GYROGROUPS. The groupoid (G,@) is a gyrogroup if its binary operation 
satisfies the following axioms and properties. In G, there exists a unique element, O, called the 
identity, satisfying 

(gl ) 0 @ a = a (9 0 = a Identity 

for aJ1 a E G. For each a in G, there exists a unique inverse (9 a in G, satisfying 

(g2) (9 a (9 a = a (9 a = 0 Inverse 

where we use the notation a @ b = a (9 ((9 b), a, b E G. Moreover, if for any a, b E G the self-map 
gyr[a,b] of G is given by the equation 

gyr[a, b]z = - ( a  @ b) (9 (a (9 (b (9 z) ), (2.8) 

for ali z E G, then the following hold for MI a, b, c E G: 

(g3) 
(g4a) 
(g4b) 
(gSa) 

(gSb) 
(g6) 
(gT) 

gyr[a, b] E Aut(G, (9) 
a (9 (b (9 c) = (a (9 b) (9 gyr[a, b]c 
(a (9 b) (9 c = a (9 (b (9 gyr[b, a]c) 
gyr[a, b] = gyr[a (9 b, b] 
gyr[a, b] = gyr[a, b G a] 
@ (a • b) = gyr[a, b](@ b @ a) 
gyr -1 [a, b] = gyr[b, a] 

A gyrogroup is gyrocommutative if it satisfies 

(g8) a (gb  = gyr[a,b](b(ga) 

Gyroautomorphism Proper ty  
Left Gyroassociative Law 
Right Gyroassociative Law 
Left Loop Property 
Right Loop Property 
Gyrosum Inversion Law 
Gyroautomorphism Inversion. 

Gyrocommutative Law. 

DEFINITION 2.2. THE GYROGROUP DUAL OPERATIONS. Let (G, @) be a gyrogroup. A sec- 
ondary binary operation [] in G is defined by the equation 

(g9) a [] b = a (9 gyr[a, (gb]b Secondary Operation. 

The primary operation (9 and the secondary operation [] of a gyrogroup (G, (9) are called the 
dual operations of the gyrogroup. The secondary operation is also called the dual operation. 

THEOREM 2.3. A gyrogroup (G, (9) is gyrocommutative if and only ff 

(glO) @(a (9 b) = (ga (9 b Automorphic Inverse. 
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THEOREM 2.4. A gyrogroup (G, @) is gyrocommutative i f  and only if  its associated dual groupoid 
(G, @) is commutative, 

(g11) a ffq b = b [] a Commutative Dual Operation. 

Gyrogroup theory is presented in [8]. The dual binary operations in a gyrogroup expose useful 
duality symmetries in gyrogroups and in gyrovector spaces, as well as in hyperbolic geometry. In 
particular, they give rise to the left cancellation law 

a ~ (Ca • b) = b (2.9) 

and to the two dual right cancellation laws 

(b O a) [] a = a, (2.10) 
(b[]a) (~a = a. 

The left and the right cancellation laws indicate that  in order to capture analogies that  gyrogroups 

share with group, the two dual binary operations in a gyrogroup are needed. 

3. A N  E X A M P L E  OF A F I N I T E  G Y R O G R O U P  

Gyrogroups abound in group theory, where they laid dormant till the discovery of the rela- 
tivity gyrocommutative gyrogroup in 1988 [3], whose gyrogroup operation is given by Einstein's 

addition. In order to demonstrate that  there are plenty of gyrogroups around us, we present in 
this section the multiplication table of a nongyrocommutative gyrogroup of order 16, that  was 
generated by the software package MAGMA and its library [9], using a method developed in [10]. 
Other finite gyrogroups can be generated in various ways. We denote this gyrogroup of order 16 
by g16, and its elements ki are denoted by their subscripts i, 1 < i < 16. 

The gyroaut(~norphisms of K16 are calculated by means of (2.8), and are shown in Table 2. 
There is only one nonidentity gyroautomorphism, A, whose transformation table is given in (3.1) 

below: 
1 4 1  5 4 5  9 4 1 0  1 3 4 1 4  

2 4 2  6 4 6  1 0 4  9 1 4 4 1 3  

3 4 3  7 4 7  1 1 4 1 2  1 5 4 1 6  

4 4 4  8 4 8  1 2 4 1 1  1 6 4 1 5 .  

(3.1) 

The gyroautomorphism gyr[a, b] generated by any a, b C .K16 is either A or the identity auto- 
morphism I. The gyroautomorphism table for gyr[a, b] is presented in Table 2. 

The set {I, A} of all gyroautomorphisms of K16 forms a group of order 2. In general, however, 
the set of all gyroautomorphisms of a gyrogroup need not form a group. Thus, for instance, 
the gyroautomorphisms of the Einstein two-dimensional gyrogroup (]I(~, ~)  are rotations of the 
Euclidean plane R ~ about its origin, but there is no gyroautomorphism that  rotates the plane 
about its origin by ~r radians as we show graphically in [11]. 

As an example illustrating the use of Tables 1 and 2 and the transformation rule (3.1) of the 
gyroautomorphism A of K16, let us corroborate the left gyroassociative law 

a ® (b ® c) = (a ® b) ® gyr[a, b]c, 

for the special case when a = 6, b = 12, and c = 9 in K16. On one hand, 

a O  (bOc)  = 6® ( 1 2 0 9 )  = 6 0 3  = 8, 

and on the other 

(a Q b) Q gyr[a, b]c = (6 Q 12) e gyr[6, 12}9 

-- 13 e A(9) 

= 13 ® 10 

= 8  

as expected. In the same way, readers may corroborate any gyrogroup identity, plenty of which 
have been studied in the literature on gyrogroups; see [2-6,8,10-36]. 
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Table  1. Mul t ip l ica t ion table  of  the  n o n g y r o c o m m u t a t i v e  gyrogroup  K16 of order  16. 
T h e  e lements  of t he  upper-lef t  8 x 8 corner  form a subgroup.  Accordingly,  the  entr ies  

of  t h a t  corner  in t he  gyra t ion  table  of K16 are I. 

® 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

2 2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 

3 3 4 2 1 7 8 6 5 12 11 9 10 16 15 13 14 

4 4 3 1 2 8 7 5 6 11 12 10 9 15 16 14 13 

5 1 5 6 7 8 4 3 1 2 16 15 13 14 10 9 12 11 

6 6 5 8 7 3 4 2 1 15 16 14 13 9 10 11 12 

7 7 8 6 5 1 2 3 4 14 13 16 15 11 12 10 9 

8 8 7 5 6 2 1 4 3 13 14 15 16 12 11 9 10 

9 9 10 11 12 13 14 15 16 1 2 3 4 5 6 7 8 

10 10 9 12 11 14 13 16 15 2 1 4 3 6 5 8 7 

11 11 12 10 9 15 16 14 13 4 3 1 2 8 7 5 6 

12 12 11 9 10 16 15 13 14 3 4 2 1 7 8 6 5 

13 13 14 15 16 12 11 9 10 7 8 6 5 1 2 3 4 

14 14 13 16 15 11 12 10 9 8 7 5 6 2 1 4 3 

15 15 16 14 13 9 10 11 12 5 6 7 8 4 3 1 2 

16 16 15 13 14 10 9 12 11 6 5 8 7 3 4 2 1 

Table  2. Gyra t ion  Table  of K16. In K16, the re  are two gy roau tomorph i sms .  These  
are  (i) t he  ident i ty  a u t o m o r p h i s m  I of  K16, and  (ii) t he  a u t o m o r p h i s m  A of K16 
whose  t r ans fo rma t ion  table  is given in (3.1). 

gyr  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

1 I I I I I I I I I I I I I I I I 

2 I I I I I I I I I I I I I I I I 

3 I I I I I I I I I I I I I I I I 

4 I I I I I I I I I I I I I I I I 

5 I I I I I I I I A A A A A A A A 

6 I I I I I I I I A A A A A A A A 

7 I I I I I I I I A A A A A A A A 

8 I I I I I I I I A A  A A A A A A 

9 I I I I A A A A  I I I I A A A A 

10 I I I I A A A A  I I I I A A A A 

1 1 1  I I I A A A A  I I I ! A A A A 

12 I I I I A A A A  I I ! I A A A A 

13 I I I I A A A A A A  A A I I I I 

14 I I I I A A A A A  A A A I I I I 

15 I I I I A A A A A  A A A I I I I 

16 I I I I A A A A A A  A A I I I I 

4. T H E  A B S T R A C T  E I N S T E I N  A D D I T I O N  
A N D  S C A L A R  M U L T I P L I C A T I O N  

Einstein's velocity addition ~ of relativistically admissible velocities turns out to be a gyro- 
commutative gyrogroup operation in the c-ball R 3 C~ 

R 3 = {v • ~3: llvl I < c} (4.1) 

o f  t h e  E u c l i d e a n  3 - s p a c e  ]l~ 3, g i v i n g  r i s e  t o  t h e  r e l a t i v i t y  g y r o c o m m u t a t i v e  g y r o g r o u p  ( R  3, G ) .  I t  

is  g i v e n  b y  t h e  e q u a t i o n  

~ u -  ) / c ' l  { 1 c 21 y u  ( u . v ) u }  (4 .2 )  u ~ v - l + . - - v . . . ,  u + - - v +  - -  7 u  1 + 'Yu 
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for all u, v E R 3, where 7,  is the Lorentz factor given by 

1 

7u V/1 _ I l u l l 2 / c  2 

(4.3) 

Einstein's addition ~ is thus a binary operation in the open c-ball R 3 of the Euclidean 3-space R3. 
Texts on relativity present Einstein's addition only for parallel velocities, for the sake of simplicity. 
Two outstanding exceptions to this are the books by Fock [37], and by Sexl and Urbantke [38], 
where the Einstein velocity addition law is presented for the general case in which velocities need 
not be collinear, as in (4.2). Unlike its simple special case, when all velocities are parallel, in its 
full generality, the Einstein relativistic velocity addition G is neither commutative nor associative. 

The groupoid of classical velocities (R 3, +) under ordinary vector addition forms a commutative 
R3 group as opposed to Einstein groupoid of relativistically admissible velocities ( c, E3) which, 

under Einstein's velocity addition, does not form a group. Is the breakdown of associativity 
in Einstein's velocity addition associated with loss of mathematical regularity? The answer is 
"no": in full analogy with the commutative and associative vector addition in the group (ll~ 3, +) 
of classical velocities, Einstein's addition is a gyrocommutative and gyroassociative gyrovector 

~3 addition in the gyrogroup ( c, E3) of relativistically admissible velocities. Furthermore, like vector 
addition, Einstein's addition remains valid in any real inner product space. We, therefore, extend 
the Einstein addition (4.2) by abstraction, and consider it as a binary operation ® in the open 
c-ball V~, 

v c  = { v  E Voo :  I lvl l  < c}  (4.4) 

of an abstract real inner product space Voo. 
Being a gyrogroup operation in the relativity gyrocommutative gyrogroup (Vc, ®), Einstein's 

addition @ has a dual addition •, Definition 2.2, which turns out to be a commutative binary 
operation in the c-ball Vc, given by the equation 

u []  v = 2 ® 7 , u  + 7 , , v ,  (4.5) 
7u + 7v 

where Einstein's scalar multiplication ® by 2 is defined by 2 ® v = v @ v. The self-map 2@ of 
the c-ball Vc is bijective, the inverse of which is (1/2)® given by 

_ 7v (4.6) l ® v =  v 
2 1 +7v 

so that, indeed, 

2® 
= 2 ® I + 7 v  l + T v  l + T v  

as it should be. 
The Einstein scalar multiplications 2® and (I/2)® are special cases of the general Einstein 

scalar multiplication, given by the equation 

(1 + I l v l l / c Y  - (1 - I l v l l / c )  ~ v 
r ® v = c(1  + I l v l l / c F  + (1 - t l v l l / c F  I lvl l  

= ctanh (r tanh-1 ~ )  v 
IIvll' 

(4.8) 

where rE l t~ ,vEVc ,  v # 0 ,  a n d r ® 0 - - 0 .  We use the n o t a t i o n r Q v = v ® r .  
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c 

Figure 1. The hyperbolic angle a, (5.1), between two geodesic rays that emanate 
from a point a in a gyrovector space and contain, respectively, points b and c, is 
independent of the choice of the points b and c of the geodesic rays. 

The Einstein scalar multiplication possesses the following properties. For any positive integer n 
and for all r, r l , r2  E R and v EVc,  

n ® v = v @ - . - ( b v  

(rl  + r 2 ) ® v  = r l  ® v ~ r 2 ® v  

r ® ( r l ® v ~ r 2 ® v )  = r ® ( r l ® v ) ( ~ r ® ( r 2 ® v )  

(rlr2) ® v  = r l  ® (r2 ® v )  

ilr ® vii = Irl ® Ilvll 
Irl ® v v 

l i t ® v i i  Ilvll 

n terms 

Additive Scalar Law 

Special Gyrodistributive Law 

Multiplicative Scalar Law 

Scalar-Norm Product  Law 

Scaling Property.  

(4.9) 

5. E I N S T E I N ' S  A D D I T I O N  A N D  T H E  H Y P E R B O L I C  A N G L E  

A vector in physics is determined by its length and orientation relative to other vectors. By 

analogy, we wish tha t  also a geometric gyrovector be determined by its length and orientation 

relative to other gyrovectors. Being guided by analogies, to accomplish this task we have to 
define angles. We define the cosine of the angle a between the two geometric gyrovectors G a @ b 

and G a @ c tha t  emanate  from a common point a, by the inner product of corresponding unit 
gyrovectors, 

G a @ b  @ a @ c  
c o s ~ =  i i G a @ b l l  i i G a @ c l l .  (5.1) 

Equation (5.1) determines the angle between two rays Lab and La¢ which emanate  from a common 
point a, and which contain, respectively, the points b and c, as shown in Figure 1. The angle 
tha t  c o s a  determines is either + a  or r + a, 0 <_ a < r / 2 ,  depending on the orientation of the 
rays, in full analogy with angles between directed rays in Euclidean geometry. 

The sine of the hyperbolic angle a is defined by the equation 

s ina  = +V/1 - cos2 a,  (5.2) 

where the ambiguous sign is determined as in Euclidean geometry. 
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To justify calling a an angle between intersecting geodesic rays, we have to show that  a is a 
property of the intersecting geodesic rays rather than a property of points on these geodesic rays. 
This has already been done in [4] for the Poincard disc model of hyperbolic geometry. 

6. T H E  H Y P E R B O L I C  L A W  O F  C O S I N E S  A N D  S I N E S  

The present state of hyperbolic trigonometry, described in [39], is plagued by the lack of 
hyperbolic trigonometric laws of cosines and sines which are fully analogous to their Euclidean 
counterparts. We show in this section that  these can be exposed by gyrovector space theoretic 
techniques. Specifically, we show in this section that  Einstein's addition captures the law of 
cosines and the law of sines in a form similar to the one that we know from Euclidean trigonometry, 
as well as the Hyperbolic Pythagorean Theorem itself, and that  the Einstein half (4.6) proves 

useful in this study. 

THEOREM 6.1. Let (Vc, O,®) be an Einstein gyrovector space. Then, for all a , b  • Vc, 

11(1/2)®(aeb)l12 11(1/2)®a112 • 11(1/2)®b112 • 1 a . b  
c c c 2c 1 + (a- b ) / (2c  2) (6.1) 

In particular, i[ a and b are orthogonal, then 

H(1/2) ® (aOb)[[ 2 [[(1/2) @ a[[ 2 

c c 

• 11(1/2) ® bll 2 (6.2) 

PROOF. The proof is by straightforward computer algebra, which can be simplified by employing 

identities like (4.6). | 

THEOREM 6.2. P O L A R I Z A T I O N  I D E N T I T Y  IN E I N S T E I N  G Y R O V E C T O R  SPACES.  Let (Vc, 0,  ®) 
be an Einstein gyrovector space. Then, for all a, b • Vc, 

[[(1/2) ® ( aO  b)[[ 2 [[(1/2) ® (a @ b)[[ 2 a . b  
e - - -  (6.3) 

C " C C 

PROOF. The proof is by straightforward computer algebra. | 

In the limit of large c, c --* oo, the polarization identity (6.3) reduces to the standard polariza- 
tion identity in a real inner product space, 

2 2 

We will now relate the identities in Theorem 6.1 to hyperbolic triangles, Figure 2, thereby 
obtaining the Hyperbolic Law of Cosines and the Hyperbolic Pythagorean Theorem in Einstein 
gyrovector spaces. Let Aab¢ be a triangle in an Einstein gyrovector space Vc whose vertices 
are a, b, c EVc. The special case of Vc = N 2, 

R~ = {v • R2: Ilvll < c} (6.5) 

is presented graphically in Figure 2. 
The sides of the triangle Aabc  are formed by the three geometric gyrovectors A = G c • b, 

B = G c • a, and C = O a • b. By [8], we have the gyrogroup identity 

(Oc • b) e (Gc • a) = gyr[G c, b](b e a), (6.6) 

which, by the gyrocommutative law, can be written as 

A @ B = gyr[• c, b]gyr[b, @ a]C. (6.7) 
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/ C a 

b 

Figure 2. The hyperbolic triangle A a b c  in the Einstein disc gyrovector space or, 
equivalently, in the Beltrami disc model of hyperbolic geometry. Its vertices are the 
points a , b , c  E (R2,~,®) of the Einstein disc gyrovector space, and its sides, if 
directed counterclockwise, are A = @ b ~ c ,  B = @c@a, and C - @ a ~ b .  The sum 
of its three hyperbolic angles is less than 7r. 

Hence, since gyrations are isometries, 

IlCll 2 = I]A o BII 2. (6.8) 

Noting that  A O B  = A@ (OB) ,  we have by (6.1) and (5.1), 

II(1/2) ~ ell 2 11(1/2) ® (A O B)II 2 
c 

11(1/2) @ All 2 11(1/2) ® BII 2 
- @ 

c c 

11(1/2) @ A]] 2 ll(1/2)@BII 2 
- @ 

c c 

thus obtaining the following. 

1 A . B  
0 2c 1 - (A.  B)/(2c 2) (6.9) 

1 IIAIIIIBII c o s y  
O 

2c I - (IIAII]IBII cos~)/(2c2) ' 

THEOREM 6.3 .  HYPERBOLIC LAW OF COSINES IN EINSTEIN GYROVECTOR SPACES. Let A a b c  

be a triangle in an Einstein gyrovector space (Vc, G, ®) with vertices a, b, and c and with sides A, 
B, and C given by 

A = G b G c ,  

B = O c O a ,  

C = G a G b ,  

(6.10) 

and let ~/ be the angle between the sides A and B. Then, 

11(1/2) @ CII 2 11(1/2) @ All 2 11(1/2) @ BII 2 1 IIAIIIIBII c o s y  
= • G . (6.11) 

c c c 2e 1 - (IIAII IIBII cos'y)/(2c 2) 

In the limit of large c, c --* c~, the Einstein Law of Cosines reduces to the standard law of 
cosines in trigonometry. In Section 7, we will present the Hyperbolic Pythagorean Theorem as a 
special case of the Hyperbolic Law of Cosines in Theorem 6.3 corresponding to ~/= 7r/2. 
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a' 

o as 
b 

c a c a 1 

~ 8  6 

Figure 3. Shown is a hyperbolic right-angled triangle Aabc in the Einstein disc 
gyrovector spaces (R 2, 0, ®) with its right angle located at the origin of the disc, and 
several of its left gyrotranslations in various directions and distances. The hyperbolic 
right angle r /2  as well as other hyperbolic angles and hyperbolic lengths seem to 
Euclidean eyes to be distorted by left gyrotranslations. They are, however, preserved 
in hyperbolic geometry. 

To complete the introduction of t r igonometry into Einstein gyrovector spaces, we present with- 

out a proof the following theorem [32]. 

THEOREM 6.4. HYPERBOLIC LAW OF SINES IN EINSTEIN GYROVECTOR SPACES. Let A a b c  be 

a triangle in an Einstein gyrovector space (Vc, @, ®) with vertices a, b, and c and with sides A, 
B, and C given by 

A = G b G c ,  

B = O c G a ,  

C = O a @ b ,  

(6.12) 

and let a, 13, and "y be the respective angles opposite to these sides. Then, 

3'AllAll _ "YB[IBH _ ~/cIICll 
sin a sin/3 sin '7 

(6.13) 

The introduction of hyperbolic tr igonometry by Theorems 6.3 and 6.4 allows one to solve 
hyperbolic triangle problems in a way similar to the solution of analogous trigonometric problems 

in Euclidean trigonometry. 

7. T H E  H Y P E R B O L I C  P Y T H A G O R E A N  T H E O R E M  

A hyperbolic right angle located at the origin of the Beltrami disc model of hyperbolic geometry 
looks like a Euclidean right angle. This feature is, however, in general distorted to the Euclidean 
eye when the right angle is left gyrotranslated away from the center of the disc, as shown in 
Figure 3. 

Sometime in the Sixth Century B.C., Pythagoras of Samos discovered the theorem tha t  now 
bears his name in Euclidean geometry. The extension of the Euclidean Pythagorean Theorem 
to hyperbolic geometry, which is commonly known as the Hyperbolic Pythagorean Theorem, is 
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restricted to the plane. It asserts that  in the hyperbolic plane, the sides of a triangle ABC 
with angle A equals 7r/2 satisfy cosha = coshbcoshc (for details, see, for instance, [40]). The 
Hyperbolic Pythagorean Theorem as we know from the literature prior to [4] is thus 

(i) restricted to two dimensions, and 
(ii) does not have a form analogous to the Euclidean Pythagorean Theorem. 

Following Piel's exploration of the Hyperbolic Pythagorean Theorem [41], and following Calapso's 
several attempts to give the Hyperbolic Pythagorean Theorem a form analogous to its Euclidean 
plane counterpart [42-44], it seemed that a truly Hyperbolic Pythagorean Theorem does not 
exist. Thus, for instance, Wallace and West assert [45] that  "the Pythagorean Theorem is strictly 
Euclidean" since "in the hyperbolic model the Pythagorean Theorem is not valid!" 

We realize, however, that the hyperbolic law of cosines (6.11) includes as a special case, a 
natural formulation of the Hyperbolic Pythagorean Theorem, expressing in a dimension-flee form 
the square of the hyperbolic half-length of the hypotenuse of a hyperbolic right-angled triangle in 
any real inner product space as an Einstein sum of the squares of the hyperbolic half-lengths of 
the other two sides, Figure 4. The Hyperbolic Pythagorean Theorem in the Poincar6 disc model 
of hyperbolic geometry, where geodesics are circular arcs that intersect the boundary of the 
disc orthogonally, is presented in [4,33]. We will now present the same Hyperbolic Pythagorean 
Theorem, but in the Einstein gyrovector space model of hyperbolic geometry. 

f 

A 

C 

O 

Figure 4. The Hyperbolic Pythagorean Theorem 11(1/2) ~ All 2 • 11(1/2) ~ BII 2 = 
]1(1/2) ® C]] 2 in the Beltrami disc model of hyperbolic geometry, and in Einstein 
Gyrovector Spaces. A right-angled triangle in the Beltrami disc model of hyperbolic 
geometry and the Einstein gyrovector space (Rc2=l, ~,  ®) with vertices a, b, c, and 
sides A, B, C, is shown, satisfying a Pythagorean identity. 

THEOREM 7.1. A HYPERBOLIC PYTHAGOREAN THEOREM. Le t  Aabc be a right-angled triangle 
in an Einstein gyrovector space (Vc, ~,  ®) with vertices a, b, and c, whose orthogonal sides A 
and B and hypotenuse C are 

A = O c @ b ,  

B = & c @ a ,  

C = O a @ b .  

Then, 
][(1/2) ® All ~ [1(1/2) ®BH 2 [[(1/2) ® CI] 2 @ - 

C C C 
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PROOF. T h e  proof  follows from Theo rem 6.3 wi th  7 = rr/2. | 

T h e  special  case of the  hyperbol ic  law of sines (6.13) when ~ /=  zr/2 is impor tan t ,  result ing in 

~AIIAII 
sin a - - -  

~'cllCII 
s i n / 3 -  ~BIIBII 

 cIICll 

(7.1) 

for the  hyperbol ic  r ight-angled tr iangle in Figure 4. The  analogy with  Eucl idean geome t ry  is 

obvious.  Unlike Eucl idean geometry,  however, sin 2 a + sin 2/3 < 1 since a + /3  < rr/2. 

8. R E L A T I V I S T I C  U N I F O R M  A C C E L E R A T I O N  

T h e  hyperbol ic  geodesic 

v ( t )  = vo • a ® t, (8.1) 

vo, a E R 3 t E R, in the  Einstein gyrovector  space (Rat, @, ®) represents  the  t ime  dependen t  ve- C '  

locity of uniform acceleration,  where  v0 is an initial velocity and a is a cons tan t  acceleration.  T h e  
analogies t h a t  the  relativist ic uniform accelerat ion (8.1) shares with its Newtonian  counte rpar t ,  

v ( t )  = v0 + a t  (8.2) 

are clear, bu t  incomplete.  T h e  noncommuta t i v i t y  of Einstein 's  addi t ion • raises the  quest ion as 

to  whe ther  the  right relativist ic coun te rpar t  of (8.2) is the gyroline (8.1), shown in Figure  5, or, 

perhaps ,  the  dual  gyroline (8.3), 

v ( t )  = a ® t ~ v0 (8.3) 

shown in Figure  6. 

Figure 5. The gyroline vo@a®t, t E N, in an Einstein gyrovector space (Vc, @, ®) is a 
Euclidean straight line which is a geodesic relative to the Einstein metric (8.7). Unlike 
the analogous case in Euclidean geometry, this gyroline is not Euclidean parallel to 
the geometric gyrovector a, in agreement with the fact that the parallel postulate is 
denied in hyperbolic geometry. 
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V 0 

a ~  

. . . o  

a 

a~Vo®t 

Figure 6. The  dual gyroline a ® t (9 v0, t E X in an Einstein gyrovector space 
(Yc, (9, ®) is a Euclidean elliptic arc which is also a dual geodesic relative to the  
Einstein dual metric (9.1). It is "supported" by a d iameter  of the  ball. The  suppor t -  
ing d iameter  is Euclidean parallel to the  Euclidean geometric vector a. In fact, the  
Euclidean geometr ic  vector a lies on the  suppor t ing  diameter.  

Various definitions of uniform acceleration are possible in relativity theory [46]. However, a 
widely accepted one states that  uniformly accelerated velocities are those which traverse along 
geodesics in velocity spaces [47]. One, therefore, may argue that  (8.1) is superior over (8.3) 
as a candidate for the hyperbolic counterpart of Newtonian uniform acceleration (8.2) since 
unlike (8.3), the relativistic uniform acceleration representation (8.1) is a geodesic in the ball R 3 
relative to Einstein's metric (8.7) of the ball. But, what if (8.3) is also a geodesic relative to 
some as yet unknown metric of the ball? And what if, moreover, the yet to be discovered metric 
is also intimately connected with Einstein's addition? To answer that  question, we explore the 
geometric significance of the gyrolines (8.1), shown in Figure 5, and the dual gyrolines (8.3), 
shown in Figure 6, in terms of analogies that  they share with their Euclidean counterpart (8.2). 

It is convenient to write the Euclidean geodesic (8.2) in the form 

a + ( - a  + b)t (8.4) 

to display the property of being the unique geodesic passing through two given points a (when 
t = 0) and b (when t = 1). 

The two hyperbolic counterparts, (8.1) and (8.3), of (8.2) can be written in a form analogous 
to (8.4) as 

a (~ (O a • b) ® t (8.5) 

and 

(b [] a) ® t @ a. (8.6) 

The hyperbolic gyroline (8.5) is a geodesic in the ball Vc of a real inner product space Voo 
relative to the Einstein metric, 

de(u,  v) = Ilu Q vii (8.7) 

of the Einstein gyrovector space (Vc, O, ®). It is the unique geodesic passing through the points a 
(when t = 0) and b (when t = 1). We should notice that  it is due to the left cancellation law 
in (2.9), that  when t = 1, the geodesic (8.5) passes through the point b. 
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Similarly, the gyroline (8.6) passes through the point a when t = 0 and, due to the right 
cancellation law (2.10), it passes through the point b when t = 1. It is this need to employ 
the right cancellation law that dictates that  the term O a ® b in (8.5) be replaced by the term 
B a [ ] b  = b R a  in (8.6). 

9. E I N S T E I N ' S  D U A L  G E O D E S I C S  

Being guided by analogies, we conjecture that  in full analogy with the gyrolines (8.5), which 
are geodesics relative to the Einstein metric d e in (8.7), the "dual" gyrolines (8.6) are geodesics 
relative to the Einstein dual metric that  we naturally define as 

dB(u ,v)  = [lu [] vii. (9.1) 

The binary operation [] in (9.1) is the Einstein dual subtraction given by (4.5) using the notation 
u B v  = u [ ] ( e v ) .  

The dual metric (9.1) does not possess a triangle inequality. Remarkably, however, it provides 
a ruler for dual gyrolines in the sense that  we show graphically in Figure 7 and explain below. 
Furthermore, it satisfies an inequality that  we call the dual gyrotriangle inequality, 

II u [] vii [] II v [] wll _> II u e gyr[u, vlgyr[v, w]wll , (9.2) 

which reduces to the equality 

II u ~ vii [] tlv [] wll = II u e gyr[u, v]gyr[v, wlwll 

= Ilu G gyr[u, w]wll (9.3) 

= Ilu [] wl l ,  

if and only if the three involved points, u, v, and w, are dual gyrocollinear, that  is, they lie on 

the same dual gyroline. 

b ""' /'/ "". 

P3 / i 

m:b 

Figure 7. A dual gyroline in an Einstein gyrovector space (Vc, 0, ®) is a semiellipse 
whose major axis coincides with a diameter of the ball Vc, which is shown here for 
the Beltrami disc model Yc -- Rc2_-i of hyperbolic geometry. A dual gyroline and the 
segment connecting two of its points, a and b, in the Einstein disc gyrogroup R2=1 
is shown with three points, P1, P2, and P3. On dual gyrolines, and only on dual 
gyrolines, the ruler equality holds relative to the dual metric (9.1): d[](P1, P2) 
dB(P2, P3) = dl:::l(P1, P3). However, a corresponding gyrotriangle inequality (9.2) is 
distorted by Thomas gyrations. 
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The unique two dual gyrolines 

LPb = a O  ( Q a @ b )  ®t, 

LSb = (b []a) ®t  ~ a ,  
(9.4) 

t E R, that pass through two given points a and b in an Einstein gyrovector space (Vc, O, ®) 
are called collectively the dual geodesics through a and b. We also call LPb (LSb) the geodesic 
(the dual geodesic), or the primary geodesic (the secondary geodesic), or the gyroline (the dual 
gyroline) through a and b. 

Figure 7 shows a dual geodesic segment LSb with endpoints a and b, and their dual (or, 
secondary) midpoint ms,b, and three of its points, P1,/°2, and P3, as well as the midpoint mF,~ P2 
of P1 and P2. They are given analytically, in terms of a gyroline parameter t E R, by the equations 

LSb = (b[]  a) ® t Ga,  
1 

m s , b = ( b [ ] a ) ® ~ ® a ,  

P1 = ( b [ ] a ) ® t 1 0 a ,  

P2 = ( b [ ] a )  ®t2 ®a, 
tl + t2 

mp1p 2 = (b []a) ® ~ Oa,  

P3 = ( b [ ] a )  ®t3 Oa,  

(9.5) 

tl < t2 < t3, satisfying 

and, by (9.3), 

s = m ~ (9.6) ma,b b,a~ 

d[] ( P1, P2 ) [] dB ( P2 , P3) = ds  ( P1, P3). (9.7) 

The dual geodesic segment LSb in Figure 7 lies on a dual gyroline which is a semiellipse whose 
2 (and of the ball Vc for a general Einstein gyrovector major axis is a diameter of the disc Rc= 1 

space (Vc, @, ®)). The diameter is Euclidean parallel to the vector b [] a EVc C V~. Hence, 
guided by analogies, we define the hyperbolic orientation of the dual gyroline LSb in (9.5) to be 
the Euclidean orientation of b [] a. This, in turn, introduces parallelism into the novel, dual part 
of hyperbolic geometry. 

DEFINITION 9.1. PARALLELISM IN HYPERBOLIC DUAL GEOMETRY. The two dual geodesics 

LSb = (b []a) ®t  ®a, 

L ~ d = ( d [ ] c ) ® t ® c ,  
(9.8) 

t E R, in an Einstein gyrovector space model (Vc, ®, ®) of hyperbolic geometry are parallel if  

and only if  the two vectors b [9 a and d [] c in the ball Vc of the real inner product space Voo 
are Euclidean parallel. 

Parallelism, thus, reappears in hyperbolic geometry if we incorporate the duality symmetries 
that the Thomas precession suggest. The power and elegance of the abstract Thomas precession, 
that is, the Thomas gyration, in allowing the study of standard hyperbolic geometry by analogies 
shared with Euclidean geometry is now further evidenced by the exposition of duality symmetries 
in hyperbolic geometry. Hyperbolic geometry as we presently know from the literature is, in fact, 
only half of the full theory, the other half being the dual part. The dual part of hyperbolic 
geometry, as seen in the study of the Einstein gyrovector space model, involves dual geodesics 
which support parallelism. In Section 10, we explore the dual angles between dual geodesics to 
see if our duality symmetries are capable of exposing novel geometrically significant results in 
hyperbolic geometry. 
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10. E I N S T E I N ' S  D U A L  H Y P E R B O L I C  A N G L E S  

The duality symmetries that  the Einstein dual additions @ and [] introduce into hyperbolic 

geometry suggest tha t  we view an Einstein gyrovector space as a bimetric space possessing the 

dual metrics (8.7) and (9.1), and the dual families of geodesics (9.4). To extend the exploration 

of duality symmetries in hyperbolic geometry by means of the Einstein gyrovector space model 

(Vc, @, ®), we associate the geometric dual gyrovectors 

• a ~ b  = b S a  (10.1) 

to ordered pairs (a, b) of distinct points a and b of Vc. In dimension n < 3, we view the 

geometric dual gyrovector b [] a as an elliptic arc from a to b with a major  axis that  coincides 

with a diameter  of Vc, as shown in Figure 8 for Vc = 1~=1. 

,"" '"".,./""" ""'.,..! ..'" ..... . 

..~ 

iiii 
...'" 

Figure 8. The dual angle a generated by the two geometric dual gyrovectors b [] a 
and d [] c in the Einstein disc gyrovector space (R2=l, @, ®) is shown. Its cosine is 
given by (10.4), and is numerically equal to the Euclidean angle ae generated by the 
corresponding supporting diameters. 

Two geometric dual gyrovectors b [] a and d [] c, lying on the two dual geodesics 

L~b = (b [] a) ® t ~3 a, (10.2) 
Lc~d = ( d S c )  @ t @ c ,  

t E R, as well as their supporting diameters are shown in Figure 8. As we have found following 
the inspection of Figure 6, the vectors b [] a and d [] c are Euclidean parallel to their respective 

support ing diameters. Hence, the cosine of the Euclidean angle ae between the support ing 

diameters in Figure 8 is given by 

• a [ ~ b  • c m d  (lO.3) 
cos,~e = It S a m b l }  11 • c m d { l '  

But, (10.3) is just  the dual of (5.1), suggesting the following definition of the measure of the 

hyperbolic dual angle. 

DEFINITION 10.1. THE HYPERBOLIC DUAL ANGLE. The measure of the hyperbolic dual angle a 
between two geometric dued gyrovectors b [] a and d [] c is given by the equation 

• a f l ] b  • c [ ] d  
cos,~= IlBaBbl{ IlBc~dl}" (lO.4) 
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Figure 9. The dual hyperbolic angle between dual geodesics and its associated Eu- 
clidean angle between corresponding supporting diameters are equal. Hence, by 
inspection, the sum of the hyperbolic dual angles of a hyperbolic dual triangle is 7r. 

Dual angles are invariant under rotations, but are not invariant under left gyrotranslations. 
However, they carry an important Euclidean property that  we state in the following. 

THEOREM 10.2. THE HYPERBOLIC 7r THEOREM. Let Aabc  be the hyperbolic dual triangle in 
an Einstein gyrovector space (Vc, G, ®) whose three vertices are the points a, b, c E Vc. Then, 
its three hyperbolic dual angles a,/3, and 7, given by 

b m a  c B a  
COS O~ = - -  

lib []  all IIc B all '  
a [ ] b  c l q b  

c o s / 3 =  IlaBbl-----~ I I c B b l l '  (10.5) 

a b e  b B c  

satisfy the identity 

c o s y =  I l a B c l l  " I I b B c l l '  

+/3 + V = ;r. (10.6) 

PROOF. It follows from (4.5) that  the Einstein dual addition mE is given by the equation 

7 u U  + 7 v v  
u mE v = 2 ®E , (10.7)  

7u + 7 v  

where u, v EVc are elements of the ball Vc of a real inner product space (V~, +). Furthermore, 
it follows from the scaling property in (4.9) that  

a RqE b 7 a a  + 7bb 
- ( 1 0 . 8 )  

Ila mE bll Ih'aa + 7bbll 
Hence, the three hyperbolic angles in (10.5) of the hyperbolic triangle with vertices a, b, c can 
be  w r i t t e n  as 

7bb -- %a 7cC -- 7aa 
COS O~ = 

I['~,b - ~'.a[I II'~cc - "~aall' 
7 a a  -- 7 b b  7cC -- 7 b b  

COS/3 = 
117aa- 7bbll 117cC - 75511' 

7 a a  -- 7c c 7 b b  -- 7cC 

COS7 = nVaa - 7 c C [ }  ] ]Tbb --  7 c c l l '  

(10.9) 
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These, however, are recognized as the three Euclidean angles of the Euclidean triangle in Voo 
with vertices 7aa, "ybb, and 7cc. As such, their sum must be 7r. | 

The duality symmetries emerge naturally when hyperbolic geometry is studied by its underlying 
gyrovector space structure. They bring elegance and clarity in terms of analogies shared with 
Euclidean geometry. Understanding the duality idea with its implied Hyperbolic r-Theorem in 
terms of a physical Principle of Reciprocity has recently been gained by Chen [48]. 

11. P A R A L L E L I S M  IN H Y P E R B O L I C  D U A L  G E O M E T R Y  

Hyperbolic geometry was discovered as a consequence of questions about the parallel postulate. 
Appearing in Euclid's original treatise, the parallel postulate provoked two millenia of mathe- 
matical investigation about the nature of logic, proof, and geometry. Eventually, hyperbolic 
geometry emerged from the denial of the parallel postulate. Ironically, as we will see in this 
section, the parallel postulate did not disappear from hyperbolic geometry. Rather, it reappears 
in the part of hyperbolic geometry, the hyperbolic dual geometry, that had gone unnoticed prior 

to its exposition by gyrogroup formalism. 
The two dual geodesics L1 and L2 in Figure 10 are parallel, Definition 9.1, since they share a 

common supporting diameter. We see in Figure 10 a dual geodesic intersecting the two parallel 
dual geodesics LI and L2 in the Beltrami disc model of hyperbolic geometry which is at the same 
time the Einstein disc gyrovector space (Rc2=I, @, ®). The intersecting dual geodesic generates 
two alternate interior dual angles a, which, as in Euclidean geometry, are equal. 

: i ........... : P2 

" " ~: ' ' " "  ~ P 3 ~ '" 
". ". '". .  . ." . .  • P4  ". 

Figure 10. Two hyperbolic alternate interior dual angles a generated by a hyperbolic 
dual geodesic intersecting two parallel hyperbolic dual geodesics are equal. 

THEOREM ii . i .  Let 
LS~b = (b [] a) ® t @ a, (11.1) 
L~d= (d [] c) ® t @ c, 

t E R, be two parallel dual geodesics in an Einstein gyrovector space model (Vc, 0,  ®) of hyper- 
bolic geometry, that are intersected by a dual geodesic at the points 1)1 and P4 of Li and L2, 
respectively. Furthermore, let P2 and P3 be points on L1 and L2, respectively, which are located 
on opposite sides of the intersecting dual geodesic, Figure 10. Then the two alternate interior 
dual angles/P2P1P4 and ZP3P4P2 axe equal 
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Figure 11. The sum of the dual angles of a hyperbolic dual triangle is ~. The 
proof follows from the equality of hyperbolic alternate interior dual angles, as in the 
Euclidean case. 

T h e o r e m  11.1 is p r e s e n t e d  in [34], and  an  a l t e r n a t i v e  p r o o f  of  T h e o r e m  10.2 is i n d i c a t e d  in 

F i g u r e  11. 
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