L=
View metadata, citation and similar papers at core.ac.uk brought to you by ... CORE

provided by Elsevier - Publisher Connector

Appl. Math. Lett. Vol. 9, No. 3, pp. 115-121, 1996

Pergamon Copyright©1996 Elsevier Science Ltd

Printed in Great Britain. All rights reserved

0893-9659/96 $15.00 + 0.00

$0893-9659(96)00042-0

Null Controllability of Nonlinear
Infinite Delay Systems with Time
Varying Multiple Delays in Control

K. BALACHANDRAN
Department of Mathematics, Bharathiar University
Coimbatore 641-046, Tamil Nadu, India

J. P. DAUER

Department of Mathematics, University of Tennessee at Chattanooga
615 McCallie Avenue, Chattanooga, TN 37403, U.S.A.

(Received July 1994; accepted June 1995)

Abstract—=Sufficient conditions for the null controllability of a nonlinear infinite delay system
with time varying multiple delays in the control are developed. Namely, if the uncontrolled system is
uniformly asymptotically stable, and if the linear system is controllable, then the nonlinear infinite
delay system is null controllable.
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1. INTRODUCTION

The study of integrodifferential equations with infinite delay has emerged in recent years as an
independent branch of modern research because of its connection to many fields such as continuum
mechanics, population dynamics, ecology, systems theory, viscoelasticity, biology, epidemics and
chemical oscillations [1-4]. For example, in most biological populations the accumulation of
metabolic products may seriously inconvenience a population, and one of the consequences can
be a fall in the birth rate and an increase in the mortality rate. If it is assumed that the total
toxic action on birth and death rates is expressed by an integral term in the logistic equation,
then an appropriate model is an integrodifferential equation with infinite delay [5]. The aim of
this paper is to study the null controllability of such systems by introducing multiple delays in
controls. For motivation of time varying multiple delays in control variables refer to the book by
Klamka, [6].
Chukwu (7] showed that if the linear delay system

#(t) = L(t, =) (1)
is uniformly asymptotically stable and
&(t) = L(t,z:) + B(t)u(t) (2)
is proper, then
E(t) = L(t, z;) + B(t)u(t) + f (¢, z¢, ult)) (3)
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is Euclidean null controllable provided f satisfies certain growth and continuity conditions. He
also showed in [8] that if (1) is uniformly asymptotically stable, and (2) is function space con-
trollable, then (3) is function space null controllable with constraints. Underwood and Young [9]
proved that if the linear approximation (2) to the system

2(t) = £(t,ze, u(t)) (4)

is function space controllable, then (4) is function space locally null controllable under certain
conditions on f. Chukwu [10] extended this result by assuming that if, in addition, the system

£(t) = f(t,z,0) (5)

is globally uniformly asymptotically stable, then the system (4) is globally null controllable with
constraints.
Sinha [11] developed sufficient conditions for the null controllability of the infinite delay system

#(t) = L(t, ;) + B(t)u(t) + /_0 A(s)z(t +s)ds+ f(t,z(-),u(")),

(6)
z(t) = é(t) for —o00o <t <0,
where L(t, ¢) is continuous in ¢, linear in ¢ and given by
N N
L{t,¢) = > Ax(t)p(—hs). (7
k=0 .

Balachandran and Dauer [12] studied this problem for system (6) with distributed delays in the
control. In this paper, nonlinear infinite delay systems of the following form are considered:

N
i(t) = L(t,m) + Y Bult)u(hi(t)) + / " A+ ) ds + £(6,2(0),u(),

1=0
z(t) = ¢(t),  t € (—00,ta).

(8)

2. PRELIMINARIES

In equation (8), each Aj (see (7)) is a continuous n X n matrix function for 0 < hy < h, and
A(s) is an n x n matrix whose elements are square integrable on (—o0,0]. The matrix functions
B;(t),i=0,1,...,N are n x p, continuous in ¢, and h = to — min; h;(¢¢) where h;(t) are defined
below. Here z x E™ and u € EP. Let v > h > 0 be given real numbers (y may be +o0), and
E™ be an n-dimensional linear vector space with norm | -|. The function 7 : [—v,0] — (0, 00)
is Lebesque integrable on [—+, 0], positive and nondecreasing. Let B([—v,0}, E™) be the Banach
space of functions [13] which are continuous and bounded on [—+,0] and such that

0
6= sup |d(s)] + / n(r) 16(7)| dr < oo.

s€[—h,0] —
For any t € R, and any z : [t — ~y,t] — E™, let z; : [—%,0] — E™ be defined by
zi(8) = z(t + ), s € [-7,0].

The functions h; : [tg,¢1] — R, 41 =0,1,..., N, are twice continuously differentiable and strictly
increasing in [tg,t;]. Further

hi(t) <t  forte€ [to,t], i=0,1,...,N.
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Let us introduce, as in {14], the following time lead functions r; with
ri(t) : [hito), hi(t1)] — [to, 1]

such that ri(hi(t)) =t for i = 0,1,...,N, t € [to,t1]. Without loss of generality, it can be
assumed that ho(t) =t and the following inequalities hold for ¢ = ¢;:

hn(t1) S hn-1(t1) <+ S hmya(t) S to = hm(t1) (©)
< hrn—l(tl) == hl(t) = ho(tl).
Consider the linear homogeneous systems
N .
&(t) = L, z) + y_ Bi(tyu(hi(t)), (10)
1.=g ‘
i(t) = L(t,z¢) + / A(s)z(t + s) ds. (11)

Dafermos [15] reduced the problem of asymptotic stability for viscoelastic materials to the
investigation of stability properties for the equation of the form (11). Also, it represents a
model of neural networks with infinite delay [16]. Chukwu {17] studied the null controllability
of systems of the form (10) with constant and distributed delays in control with respect to the
control of global economic growth. Further, Chukwu introduced the solidarity functions in (10)
and obtained certain universal principles for the control of economic growth of interconnected
systems. Here, the more general case of time varying delays is considered.

In particular, the controllability of (8) is studied when it is assumed that the admissible controls
have values in a compact convex subset U of EP. Hale [13] obtained exponential estimates on
the solutions of the linear equation (11).

Let X satisfy the equation

2)%%—-‘2 L(t,X:(.,s)), t=s,
0, s—h<t<s,
X(t,8) =1, t=s,

where X;(.,s)(6) = X(t +6,s), —h <8 < 0. Then the solution of (8) is given by

z(t) = z(t; to, P) /X(ts ZB (s)u(hi(s)) d

=0

\ X t, s)(/ A(B)z(s +8) d0) ds (12)

+/ X(t,8)f(s,z(-),u()) ds forto <t <ty,
to
z(t) = ¢(t) for t € [—o0, to)

with initial state z(to) = (2(to); ,n) where u(s) = n(s) for s € [to — h,to] and x(t;to,#) is the
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solution of &(t) = L(t, ;). Using the time lead function and the inequalities (9) we have

) =2liito )+ 3 [ X Bilro)ome) ds

i=0 ¥ hi(to)
N hi(tl)X i d
T i\Ts i
+i=§1/h.»(to) (t1,7i(8)) Bi(rs(s))7s(s)n(s) ds
+i/t1 X (t1,7:(8)) Bi(rs(s))7s(s)u(s) ds (13)
i=0 Y to
+ ty X(t1,s)< 0 A(8)z(s + 6) db) ds)

+ [ X (61,97 (5,20, u() ds

to

For brevity, introduce the following notations:

H(t,n) = ; / PRIEOLIOCUOLE

N hi(t)
- i-;&-l /he(to) X (t,ri(s)) Bi(ri(s))Ta(s)n(s) ds,

t1

q(t1,m) = z(t1;t0,0) + H(t1,m) + [ X(t1,8)f(s,z(-),u(-)) ds

to

b X(t1,3)< " A)a(s +6) d0> ds,

to —r
Gi(t,s) ZX (t,7i(s)) B;(r;j(s))7;(s).
Define the controllability matrix of (10) at time ¢ as
W (to,t) = tt Gum(t,s)GL(t,s)ds (14)
o

where T denotes matrix transpose.

DEFINITION. The system (8) is said to be null controllable if for each ¢ € B([—~,0], E™), there is
aty > to,u € Ly([to, t1],U), U a compact convex subset of E?, such that the solution z(t; tg, ¢, u)
of (8) satisfies x,(t1; ¢, u) = ¢ and z(t1;te, @, u) =

3. MAIN RESULTS

THEOREM. Suppose that the constraint set U is an arbitrary compact subset of EP and that the
following hold:

(i) System (11) is uniformly asymptotically stable, so that the solution z;(to, d) satisfies
llz:(to, ¢)]| < Me=2(t=%)||¢|  for somea >0, M >O0.

(ii) The linear control system (10) is controllable.
(iii) The continuous function f satisfies

1f(t:2(), u())] < exp(=Bt)m(z(:),u(-))
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for all (t,z(-),u(")) € [to,00) x B([—7,0], E™) x La([to,t1],U) where
/oovr(z(-),u(-)) ds<K<oo and f-a>0.
to

Then (8) is Euclidean null controllable.

PROOF. Since (10) is controllable, W~1(tg,t;) exists for each t; > to. Suppose the pair of
functions z,u form a solution pair to the following equations:

u(t) = —Gp(tL, )W (to, tr)a(ts, ) (15)
for some suitably chosen t; >t > to, u(t) = n(t), t X [to — h,to] and

z(t) = z(t; to, ) + H(t,m) + t Gm(t, s)u(s)ds
to

+ / t / " A@B)a(t +6)dods + / Xt 6)f (s,2()y () ds,
o) = o), € [to— hto].

Then u is square integrable on [to — h,¢1] and z is a solution of (8) corresponding to u with
initial state z(to) = (z(to), ¢, n). Also, z(t1) = 0. Now it is shown that u : [to,t1] — U is in a
compact constraint subset of EP; that is, |u| < a for some constant a > 0. Since (11) is uniformly
asymptotically stable and B; are continuous in ¢, it follows that

(16)

|G;rn(t1,t)W_1| < C; for some C; > 0,
z¢(to, 9)| < Cs exp [ — alts — to)] for some C3 > 0,
|[H(t,n)| < Cs exp [~ ot —to)]  for some C3 > 0.

Hence,

lu(t)| < Cy [02 exp [ — a(ty —to)] + Cs

o [ M exp [~ oty - o] exp (~Bs)m(z(),u() ds} ,
and therefore
lu(t)| < C1[Cs + Cs) exp [~ oty — to)] + KM exp(—ah)], (17)

since 8 ~a >0 and s > to > 0. From (17), t; can be chosen so large that |u(t)| < a, t € [to, 1]
which proves that u is an admissible control for this choice of ¢;.

It remains to prove the existence of a solution pair of the integral equations (15) and (16). Let
B be the Banach space of all functions

(x,u) : [to - h,tl] X [to — h,tl] — E™ x EP
where x € B([to — h,t1], E™) and u € La([to — h, t1), EP) with the norm defined by

Iz, W

IA

llzll2 + |lulle  where

t1 1/2

[ / |m<s)|2ds] ,
to—h

t 1/2

Juls = [ I |u<s>|2ds} .

llll2
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Define the operator T : B — B by T(z,u) = (y,v) where

v(t) = =Gl (t1, )W (to, t1)q(t1,n)  fort e J = [to, t1] (18)

and
v(t) = n(t) for t € [to — 7, to),

Mﬂ=dmm@+H@m+A<%&$Nﬂ@

t pO (19)
+ /to [ ] X(t,s)A(6)z(t + 6) dOds
t

+ [ X s)f(s,z(-),u(-))ds forteJ
to
and y(t) = ¢(t) for t € [to — 7, to]. From equation (17) it is clear that |v(t)| < a, t € J and also
v: [to — hyto] — U, so |v(t)| < a. Hence

||'U||2 < a(t1 +h - t0)1/2 = fo.

Next
t
ly(t)| < Ca + Csexp [—aflt —to)] + 04/ [v(s)|ds + KM exp (—ot;)
to

where Cy = sup |Gn.(t, s)|. Since a > 0, t > ¢g > 0 it follows that

ly) < Co+C3 +Cyalti —to) + KM =6, tel,
ly(t)| < sup[4(t)] =6, t € [to — h, to).

Hence, if A = max{3, 6}, then
lyllz < At + b —t0)/? = B1.

Let r = max{Bo, 51 }. Then letting
Q) ={(zw) € B:Jalls <r,llullz <7}

it follows that T : Q(r) — Q(r). Since Q(r) is closed, bounded and convex, by Riesz’s theorem (18]
it is relatively compact under T. The Schauder theorem implies that T has a fixed point (z,u) €
Q(r). This fixed point (z,u) of T is a solution pair of the set of integral equations (18), (19).
Hence the system (8) is Euclidean null controllable. ]
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