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Abstract

We consider the equivariant Yamabe problem, i.e., the Yamabe problem on the space of G-invariant metrics for a compact
Lie group G. The G-Yamabe invariant is analogously defined as the supremum of the constant scalar curvatures of unit volume
G-invariant metrics minimizing the total scalar curvature functional in their G-invariant conformal subclasses. We prove a formula
about how the G-Yamabe invariant changes under the surgery of codimension 3 or more, and compute some G-Yamabe invariants.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

By the well-known uniformization theorem, the geometry and topology of compact orientable surfaces have the
trichotomy according to the Euler characteristic. The Gauss—Bonnet theorem says that the Euler characteristic is
basically the constant scalar curvature of the unit volume. Along this line one can consider the following higher-
dimensional generalization, so-called Yamabe invariant.

Let M be a smooth compact connected n-manifold. In analogy to the 2-dimension, let us consider the normalized
Einstein—Hilbert functional

fMSngg

Q(g) = (j‘Mdvg)(n72)/n

defined on the space of smooth Riemannian metrics on M, where s, and d'V,, respectively denote the scalar curvature
and the volume element of g. The denominator is appropriately chosen for the purpose of the scale invariance. But
it turns out that this functional is neither bounded above nor bounded below. In higher dimensions one need to note
that there are metrics which are not conformally equivalent to each other. A conformal class on M is by definition a
collection of smooth Riemannian metrics on M of the form

lgl={yg|y:M— R},
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where g is a fixed Riemannian metric. In each conformal class [g] the above functional is bounded below and the
minimum, called the Yamabe constant of (M, [g]) and denoted by Y (M, [g]), is realized by a so-called Yamabe metric
which has constant scalar curvature. By Aubin’s theorem [3], the Yamabe constant of any conformal class on any 7-
manifold is always bounded by that of the unit n-sphere $” (1) C R"*!, which is A, = n(n — 1)(vol(§”(1)))*/". The
Yamabe invariant of M, Y (M), is then defined as the supremum of the Yamabe constant over the set of all conformal
classes on M. Note that it is a differential-topological invariant of M depending only on the smooth structure of the
manifold.

The computation of the Yamabe invariant has been making notable progress, particularly in low dimensions, due
to LeBrun [10,13-15], Bray and Neves [6], Perelman [16], Anderson [2], and etc. But in higher dimensions little
is known and noteworthy theorems to this end are the surgery theorems. By the celebrated theorem of Gromov and
Lawson [7], also independently by Schoen and Yau [18], the Yamabe invariant of any manifold obtained from the
manifolds of positive Yamabe invariant by a surgery of codimension 3 or more is also positive. Moreover we have

Theorem 1.1. (Kobayashi [12], Petean and Yun [17].) Let M|, M> be smooth compact manifolds of dimension n > 3.
Suppose that an (n — q)-dimensional smooth compact (possibly disconnected) manifold W embeds into both My and
My with trivial normal bundle. Assume q > 3. Let M be any manifold obtained by gluing My and M, along W. Then

—([Y(MD)"? + Y (M) if Y (M;) < 0 Vi,
Y(M) = | min(Y (M)), Y (M) ifY(My)-Y (M) <0,
min(Y (My), Y (M>)) ifY(M;) >0Viand g =n.

When Y (M;) >0 and 3 < g < n — 1, no estimate has been given even for W = §"74.

Now let us generalize this discussion to the equivariant Yamabe problem. Let G be a compact Lie group acting on
(M, g) smoothly as an isometry. We will call such (M, g) as a Riemannian G-manifold and [g]c will denote the set
of smooth G-invariant metrics conformal to g. Then we have

Theorem 1.2. (Hebey and Vaugon [8].) Let (M, g) a smooth compact Riemannian G-manifold. Then there exists a
metric g’ € [glc of constant scalar curvature realizing

. stédV§
Y(M,[glg) = inf —————>-—,
( 8 G) gelgle (fM dvg)(n—Z)/n
and
. 2/n
<
Y(M,[glc) \An(xlél/EIGXI) :

where |Gx| denotes the cardinality of the orbit of x.

We will call Y (M, [g]g) the G-Yamabe constant of (M, [g]g) and such a metric g’ will be called as a G-Yamabe
metric. Obviously Y (M, [g]lg) = Y (M, [g]) for any G-invariant metric g. We also remark that any G-Yamabe metric
with the nonpositive G-Yamabe constant is actually a Yamabe metric, and hence the G-Yamabe constant coincides
with the Yamabe constant, because the constant scalar curvature metric is unique up to constant in such a conformal
class. The G-Yamabe invariant Yg(M) of M is also defined as the supremum of all the G-Yamabe constants. Of
course it is an invariant of the G-manifold M. We will show that some standard theorems about the Yamabe constant
can be generalized to the G-Yamabe constant and prove the following surgery theorem for the G-Yamabe invariant.

Theorem 1.3. Let M|, My be smooth compact manifolds of dimension n > 3 on which a compact Lie group G acts
smoothly. Suppose that an (n — q)-dimensional smooth compact (possibly disconnected) manifold W with a locally
transitive G-action embeds G-equivariantly into both M and My with an equivariant G-action on the trivial normal
bundle. Assume q > 3. Let M be any G-manifold obtained by equivariantly gluing My and M, along W. Then

—([Ya(MD|"? 4+ Y6 (M) |"/*)?/"if Yo (M;) <0 Vi,

Yo(M) = { ) .
min(Yg (M1), Yg(M>)) otherwise.

In the final section we will use this to compute some G-Yamabe invariants.
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2. Approximation of metric for Yamabe invariant

Let’s briefly go over the standard setup for the Yamabe problem. Let p = ,,ZT”Q’ a= 4%. Then

0P 2g) = Julaldel; +sg9*)dV,
[y lolP dVg)2/p

’

and
Y(M,[g]g) = inf{ Q(¢”2g) | ¢ € LT(M) is nonzero and G-invariant},

where the Sobolev space L%(M) is the set of u € L2(M) such that du € L*(M). A smooth function Y such that

wp’zg is a G-Yamabe metric will be called a G-Yamabe minimizer for [g]g. Generalizing B. Bergery’s theorem [5],
the G-Yamabe constant also behaves continuously with respect to the conformal class.

Theorem 2.1. Let g;, g be G-invariant Riemannian metrics on M such that g; — g in the C'-topology, and Sg; —> Sg
in the C%-topology on M. Then Y (M, [gilg) — Y (M, [g]c).

Proof. By Theorem 1.2, there exists a G-invariant conformal change ¢”~2g of g making the scalar curvature constant.
Since p?~2g; — ¢P~%g and Sgp-2g; = Syp—24 in the CY-topology for any positive smooth function ¢, we may assume
that s, is constant. We have two cases either s; > 0, or s, <O0.
Let us consider the first case. Given a sufficiently small € > 0, we can take an integer N (¢) such that for i > N (¢),
(1-eog ' <g ' <U+eg™,
(1 - E)dVg < dVgl‘ < (1 +€)dV ,

and
lsg — s5g;| < e.
Then for any ¢ € L%(M)
0P 2g < Jua(l+6)ldel; + (sg + ) (1 +€)dV,
(Jy lplP (1 —€)dVy)*/p
(1+e€) [y (aldols +s,0P)dVy  e(1+€) [y, (aldgl} +¢*)dV
(I =e2P(fy, lp|P dVg)2/p (I =e2P(f,, lp|P dVy)2/p

(1+¢) e(1+¢)C
(1—e)2/r (1—e€)2/p’

where C > 0 is a constant satisfying

2/p
/(a|dw|§ +9¥?)dV, < c(/ |1/f|1’dvg>
M

M

Q" %g) +

X

forany ¥ € L%(M), and similarly

(a(l = o)ldp|? + (sg — €)p?) d Vg,
p—2 ; > fM g 8 8i
0@’ "gi) o 117 dVe )27

(1 =€) [y, (aldel2 + s,0*) dV, _e(+40) [ylaldel+ ¢ dV,
(L+YP(fy lplP dVg)*p (L=e)YP(fy, @l dVg)*p
(I-9e e(14+¢e)C
> — —_—.
(1 +e)2/p (1 —¢e)2/p
Taking the infimum over ¢ and letting € — 0, we get Y (M, [gilg) — Y (M, [glG).
In the second case, we have s;; < 0 for all sufficiently large i. Recall O. Kobayashi’s lemma [12]:

Q(pP%g) —
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Lemma 2.2. Let (M, h) be any Riemannian G-manifold with Y (M, [h]g) < 0. Then

(min sy ) voly, (M)*/" < Y (M, [h]g) < (maxsy) vol, (M)*/".

Proof. The proof should be the same as the nonequivariant case because Y (M, [h]g) = Y (M, [h]) in this case. The
case of n = 2 is immediate from the Gauss—Bonnet theorem. Let us consider the case when n > 3. The right inequality
is obvious from

fMSthh

W < (maX Sh) VO]h (M)z/n
M

For the left inequality, we claim that mins;, < 0. Otherwise the Sobolev inequality says that there exists a constant
C > 0 such that (f,, ¥ dVy)*'? < C [,,(aldy |3 + spy?)dVy for any ¢ € L3(M). This implies Y (M, [h]g) > O
which is contradictory to the assumption. Once we have mins;, < 0, by using the Holder inequality we get

[y (minsy)p?dV,
Sy loIP dVy)?/ P

for any ¢ € L3(M), implying that (minsy) vol, (M)*/" <Y (M, [hlg). O

(min sp,) voly, (M)*/" < < Q(pP™%h)

By the above lemma,
(min sg, ) volg, (M)*/" < Y (M, [gilg) < (max sg,) volg, (M)*/"

for sufficiently large i. Letting i — oo, we get Y (M, [gilg) — (maxs,) volg(M)z/" =Y(M,[glg). O

In the light of this, we want to find a sequence of G-invariant metrics which has a nice form to perform a surgery
and converges to the given one. Generalizing the results of O. Kobayashi [12], and K. Akutagawa and B. Botvinnik
[1], we present:

Theorem 2.3. Let W be a G-invariant submanifold of a Riemannian G-manifold (M, g) and let g be a G-invariant
metric defined in an open neighborhood of W, which coincides with g on W up to first derivatives, i.e., g = g and
dg = 0g on W, and has the same scalar curvature as g on W. Then for sufficiently small § > O there exists a G-
invariant metric gs on M satisfying the following properties.

(i) gs =g on{ze M|disty,(z, W) > 6}.

(i) gs = g in an open neighborhood of W.
(iii) gs — g in the C'-topology on M as 8 — 0.
(iv) sg5 — g inthe CO-topology on M as § — 0.

Proof. Let r be the g-distance from W. Obviously r is G-invariant. The proof goes in the same way as [12] and [1].
We will be content with describing gs. Given a § > 0, take a smooth nonnegative function ws(r), r € [0, c0) which

a2 -
2Us| < 6. Then g5 = g + ws(r)(g — 8)

satisfies ws(r) = 1 on [0, Je™ /%], ws(r) = 0 on [8, 00), [r 22| < 8, and |r
does the job. O

To apply the above theorem we need to find a metric g which approximates g near W in a canonical way. Let us
suppose that W has codimension g. Let (x, y) = (xl, e xe, y”_q‘H, ..., y™") be alocal trivialization of the normal
bundle of W, where (x1, ..., x,_4) is a local coordinate on the base W and (y,—4+41, ..., Yq) is a coordinate on the
fiber vector space. Via the exponential map, this gives a local coordinate near W. Let the indices i, j, ... run from 1 to
n — g, and the indices «, B, y, ... run from n — g + 1 to n. Because we have taken the exponential normal coordinate
in the normal direction, we have on W

d
Wg(ai, 9j) = 8(Vy,0:,0;) + g(9;, Vy,0;) = =211},
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a
ay—ﬁg(ai, da) = 8(Vis0;, o) + 8(9;, Vg 00) = —g (Vi 0p, 0a) + 8(8;, 0) = — I,
and

0
By—Vg(aa’ dp) =0,
where I"[f;. = g(9;, Vy;do) is the second fundamental form of W, and I“l‘é (x) is the Christoffel symbol for the g-
connection of the normal bundle on W. Therefore near W, g can be written as

glx,y) = Z(givjv () =2 ¥ () + 0<r2)) dx' dx/
i,j o

+ Y (I + 0(?) dx' dy” +Zdy dy* +Y " 0@ dy*dy’,
i,a,B o[;éﬂ

where g =gy andr =3 o (y*)2. We will call the above the canonical coordinate expression of g near W.
Let g be the first order approximation of g, i.e.,

:Z(giv}’(x) —22y°‘17{‘}(x)) dx'dx/ + Z ﬁ(x)y ) dx" dy” —i—Zdy dy“.
ij a

i,a,p

Since g and r are G-invariant, g is also G-invariant. The scalar curvature of g is in general different from that of g.
For the scalar curvature correction, we want to make a conformal change which is 1 at W up to the first order. Let
g(x,y) =u(x, y)’~2§ where u is G-invariant,

]
u(x,00=1, and —u(x,0)=0 (1)
ay%
for any o on W. Letting the uppercase Roman indices denote 1 through n and using (1), we have on W
& A ~AB AC ~af 9 du
Aju=—-V"0u=—g (8A83u—FABacu):—g 0y 0gu = — Z)y_“ﬁ

where V and I” denote the covariant derivative and Christoffel symbol of g respectively. We set

r2
ux,y):=1- %(sglw —szlw).
Then on W,

0 Ju

ngul_p(4aAgu+s§u)=—4a Wﬁ + 55 = Sg.
o

Combined with the above theorem, we obtain:

Theorem 2.4. Let W be a G-invariant submanifold of a Riemannian G-manifold (M, g). For sufficiently small § > 0,
there exists a G-invariant metric gs such that

(i) gs — g in the C'-topology on M as § — 0.

(ii) sg; — g in the CO-topology on M as § — 0.
(iii) gs=gon{ze M |disty(z, W) > §}. o
(@iv) In an open neighborhood of W, gs is conformally equivalent to ), j(glj x) -2, y“Hi”j" (x))dx'dx) +

Yiwp (0P dx! dy* + 3, dy* dy”.

For the conformal classes which are close in a G-invariant subset, we can obtain a common upper bound.
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Proposition 2.5. Let {g, | @ € I} be a collection of smooth G-invariant metrics on a compact G-manifold X. Suppose
that there exists a constant D1 and Dy such that |go — gg| < D1 and |sg, — Sgg| < Dy in some G-invariant open
subset U C X for any a, § € I. Then there exists a constant D such that Y (X, [gq]lc) < D forany o € 1.

Proof. Take a smooth bump function ¢ (x) > 0 supported in U. In general ¢ is not G-invariant. Let dj be the unit-
volume bi-invariant measure on G. Define ¢(x) := f  P(gx)du(g). Then ¢ is G-invariant and also supported in U.
Now Q(¢?2g,) is bounded above and by definition Y (X, [gy]c) < 0(pP2g,) for anyoel. O

3. Proof of main theorem

We start with the equivariant version of O. Kobayashi’s lemma [12].
Lemma 3.1. Let (M1 U M>, g1 U g2) be the disjoint union of (M1, g1) and (M3, g2). Then Y (M1 U M3, [g1 U g21G) is
given by

{ —(1Y (M1, [g1]c) "2 + 1Y (M2, [g216) ">/ if Y(M;, [gil6) <O Vi,
min(Y (M1, [g2]G), Y (M2, [g2]6)) otherwise,

and

—([Ya(MD|"? 4+ Yo (M) ["/?)?/" i Yo (M;) <0 Vi,

YG(MIUM2)={ . .
min(Yg (M), Yo (M3)) otherwise.

Proof. Suppose Y (M1, [g11g) = Y (M2, [g2]6) > 0. Then for any czgi U g} € [g1 U g2l where ¢ > 0 is a constant,
)
Q(ng; U gé) _ fMl c" Sg! dvgi + sz Sgédvgé
(Jyg, €" AV, + [y, d V) r=2/m
Spg, € dVe) " ™2MY (M1, [8116) + (fyy, d V)" ™2/"Y (M, [82]6)
(fMl c dVg/l + sz dvgé)(niz)/n

_ U, " dV)" MY (Mo [8216) + ([, Vi)"Y (M2, [8216)
= (fM] o dVgg)("_z)/" + (sz dvgé)(n—Z)/n

=Y (M2, [g]c).

>

and Q(c2gi Ugh) = Y (M2, [g2]6) if c — 0 and g} is a G-Yamabe metric on M>.
Suppose Y (M1, [g1]6) = 0> Y (M2, [82]6)- Also for any ¢*g U g} € [g1 U g2lg,

-2
Q(ng; U gé) _ fMl c" Sgi dVgi + sz Sgédvgé
(Jyg, €" AV, + [y, d V) (r=2/m
0+ (fyy, dVe)"2/"Y (M2, [82]6)
(fMl c" dVg/l + sz dvgé)(niz)/n
(o, dVg)"=2/"Y (Mo, [82]6)
(sz dVgé)(n_z)/”
=Y (M2, [g2]c),

=

and Q(czgi Ugh) = Y (M2, [g2]6) if c — 0 and g} is a G-Yamabe metric on M>.

For the last remaining case, suppose Y (M;, [gilc) < 0 and we assume g; is a G-Yamabe metric for (M;, [gilG)
for each i such that s, = sg, < 0. Now note that Lemma 2.2 still holds true for the nonconnected manifolds and its
corollary is that any G-invariant metric of nonpositive constant scalar curvature is a G-Yamabe metric. Thus g1 U g2
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is a Yamabe metric and
Y (M1 U Mz, [g1 U £21G) = sg,ug VOlg ug, (M1 U Ma)*/"
~(Isg1Ug, "2 volg,ug, (M U Mz))z/n
= —(Isg, I"* volg, (M1) + |5, 1"/ volg, (M2))
=—(|y (M, [g1]c)|n/2 + |Y (M2, [gz]G)|”/2)

The second assertion is immediately obtained by taking the supremum of the first equality. O

2/n

2/n

By the above lemma, we only need to prove the following theorem.

Theorem 3.2. Let My be a smooth compact (possibly disconnected) manifold of dimension n > 3 on which a compact
Lie group G acts smoothly, and W be an (n — q)-dimensional smooth compact (possibly disconnected) manifold
with a locally transitive G-action. Suppose that two copies of W embed G -equivariantly into My with an equivariant
G-action on the trivial normal bundle. Assume q > 3. Let M be any G-manifold obtained by an equivariant surgery
on Mo along W. Then

YG(M) = Yc(Mo).

Proof. The idea of proof when g = n is the same as the well-known result of Osamu Kobayashi [12], which considers
a gluing with a long neck. When g < n, the idea is inspired by Dominic Joyce’s method in [11]. We construct M with
the volume of the gluing region very small. This forces the G-Yamabe minimizer of M to concentrate away from the
gluing region, otherwise the value of Yamabe functional gets too big. Then the G-Yamabe constant of M is basically
expressed by that of M. Although we can simplify our proof a little bit by restricting to the case Y5 (Mp) > 0, we will
prove the general case for completeness. By abuse of notation W will also denote the submanifolds embedded in M.

Let 0 < €1,e2 < 1. Take a conformal class [gg]lg on My such that Y (Mo, [golg) = Y6 (My) — % Applying
Theorems 2.1 and 2.4, we can find a G-invariant metric g satisfying Y (Mo, [glg) = Y (Mo, [golG) — %‘ and g
near W is the canonical first order approximation of g, i.e., g =), J((g )ij(x) =23, y“l'[fj‘. (x))dx'dxI +
iap—T; 5 (x)yﬁ)dx’ dy* + 3y, dy* dy*, where (y,—q+1, ..., yn) is the go-exponential normal coordinate in the

normal direction. Since distg ((x, y), W) =), (y*)2, it turns out that (Yn—g+1, - .-, yn) is also the g-exponential nor-
mal coordinate, and so the above expression of g is the canonical coordinate expression for g itself by the uniqueness.
So we may assume that

Y (Mo, [glG) = Y6 (Mo) — €

and

8=Z<gi‘;‘-/(x)—22yaﬂfj‘-(x)> dx"dx’ + Z (x)y )dx' dy* —l—Zdy dy”
i,j o

i,a,pB

on N(ro) :={r=(3_, yé)l/2 < ro}. Also keep in mind that the G-action fixes r, and acts on x asin W.

We first consider the case when g = n, i.e., W is a finite set of points. In this case g is the Euclidean metric near W.
Since r is G-invariant, by multiplying a conformal factor f(r) which is rLZ near W, (Mo — (W U W), g) is conformal
to a Riemannian G-manifold (M, g’) whose end is two copies of an infinite cylinder W x §”~1(1) x [0, o0). Cut off
both infinite cylinders at a large integer [ € [0, co) and glue them along the boundary to get a Riemannian G-manifold
(M, g;) which contains a cylinder W x $"~1(1) x [0, 2I]. Note that the complement of the cylindrical region in M;
is G-invariant and the same for any /. Thus by Proposition 2.5, {Y (M}, [gi]lc) | € [0, 00)} is bounded above. This is
an important fact to be used below.

To estimate a lower bound of Y (M, [gi]c), let ¥; be a G-Yamabe minimizer satisfying f M, 1//1 dVg = 1. Since
{Y(M;,[gi]c) | € [0, 00)} is bounded above, there exists a constant A > 0 independent of / such that

/ (ald¥ilz +20n — D(n —2)Y7) dVg < A.

WxS"=1(1)x[0,21]
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Combined with fo $1=1(1)x[0.21] wlp dV3 < 1,itimplies that there exists an integer N; € [0,/ — 1] such that

A+1
/ (aldlﬁzlg,+2(n—1)(n—2)¢12)dVg, < 7 2
W xS"~1(1)x[2N},2N;+2]
and
A+1
/ gﬁdeEl < ;_ . 3)

W x S"=1(1)x[2N;,2N;+2]
Let £(¢) : R — [0, 1] be a smooth function such that

1 fort e (—00,0]U[2,00),
5(’)2{0 forr e [2,4].

Define a smooth function ¥; on M; as

v = {xm(z,t)sa —2Np) for (z,1) € (W x §"71(1)) x [0, 21],
! Yy elsewhere.

Cut M; at W x S"~1(1) x {2N; + 1} and glue two half infinite cylinders to get back (M}, g’). Extend ¥ to M) by
defining it to be zero on the additional half infinite cylinders. Noting (2), (3), and the fact that {Y (M}, [g/]lG) |l €
[0, 00)} is bounded above, we can get

0¥ ¢) < ¥ (M, [drlo) + -
where B is a constant independent of /. This implies Yg(Mo) — €1 < Y (Mo, [glg) < Y (M;, [g1lg) + % Letting/ — 00
and €; — 0, we finally obtain Yg(My) < Yg(M).

Now we turn to the case of ¢ < n which will be needed at the last stage. We will perform a refined version of
the well-known Gromov-Lawson bending [7,19] on N (rp). The manifold is constructed as a hypersurface in the Rie-
mannian product R x M in accordance with an appropriate smooth curve y in {(z, 7) € R?}, which starts tangentially
to the r-axis at # = 0 and ends up parallel to the ¢-axis as in Fig. 1. We extend the isometric G-action to R x Mp in an
obvious way that ¢ is invariant. Since r is G-invariant, the constructed manifold is a G-invariant submanifold of the

Fig. 1. Curve y.
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Riemannian G-manifold, and hence also a Riemannian G-manifold. The angle of bending at each radius is denoted
by 6, and k > 0 denotes the geodesic curvature. The scalar curvature s is given by

9 9 2(g —1 in20 in20
s =s5q = 2Ricg [ 2, L) sin0+ (=291 4 01) )ksind + (¢ = Dig =222 4 o)
or’ or r r2 r
—1)(qg —2) sin0 ksin®
>Sng(q )g —2) O 3g- ’
2 r r

for sufficiently small » > 0, where s, and Ric, denote the scalar curvature and the Ricci curvature of g respectively.
The construction of y is done in 3 steps. First, by continuity we make a bending of small 8y keeping

(g —1)(qg —2)sin®0 k sin®

5 3@ -1

r r

so that s > s, — €2. Let 1 be the radius at the end and take ri such that 0 < ri & r1. As a second step y goes down to
r = rp straight, i.e., k = 0. Since k = 0, we have in this step

(g — (g —2) sin?6g
2 r2 S

Here r, > 0 is chosen small enough so that there exists a C* function n(r) : R* — [0, 1] such that

> —€)

s =8+

0 forr <rp,
n(r) = 1 forr>ri,

dnl < [(g —1)(g —2) sinfy
s 2 ro

(Consider the graph of y = (4/ w;q—n sinfp) Inx.) This n(r) will be used later as a radial cut-off function on
(Mo, g). Now the third step proceeds. We bend y after the following prescription of the curvature function k(L)
parameterized by the arc length L (see Fig. 2). Here, ko, the maximum of %, is defined as w so that

and

(g )(g ) sin“ 6 — 3 1)ksm@ >0 @
2 r2 r

is ensured during this process and hence s > s,. The amount of the bend A6 is

—2)sind
A@:/dezko.%zw.

12

Ko | mmmmm e

Fig. 2. Curvature function k(L).
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Repeat this process with the curvature prescription completely determined only by the ending radius of the previous
process until we achieve a total bend of 7. So the length of y during this step is less than

rnlr 37 2
=\ |=z/20|+1 )< ——F—F+ = 5
2([2/ ]+ > (q—2)sin90+2 )

Let r3 be the final radius.

To smoothly glue two bent regions along the boundary W x §9~!, we have to homotope the metrics on the bound-
aries. Let 1, be the metric on W x $9~! induced from the boundary of (N (r), g). On W x $9~! we define a G-invariant
product metric hy = Zi’ i gW ~+ gsta(r) where gW is a fixed G-invariant metric on W and ggq(7) denotes the round

metric of S7-1(r). Obviously the scalar curvature Sp, of h, is (‘1_13# + O(1). Moreover

Lemma 3.3. Let hy for v € [0, 1] be the convex combination vh, 4 (1 — U)l_zr of h, and h,. Then there exists a constant
C > 0 such that the scalar curvature sy of h; is bounded below r% for any v and any sufficiently small r > 0.

Proof. This is basically because /) is very close to a Riemannian submersion with totally geodesic fibers S9 1),
and hence the O’Neill’s formula [4] gives such an estimate of s;,v. It’s enough to show that the difference between spv
and Sp, is at most 0(%).

As before we let i, j, k, ... denote the indices of coordinates of W in W x S9! and «, 8, y, ... denote the indices
of coordinates of S9! in W x §9~! and A, B, C, ... will denote the indices of coordinates of both W and S9!,
Writing an (n — 1) x (n — 1) matrix (M4p) as

(Mij Mia)
My; Muzf} '

we have
_ _ om| o o) |0
h)=(h h! —h,)= , 6
() = () oy = o) < 0 \0(r2)>+<0(r2)\ 0 ©
and
L1 g IR om| o om|ow
hv 1 — h 1 + hv 1 _ ]’l 1 — + ( ) 7
)7 =G+ (6D =G0 ™) = (T 51y |+ (o o) ™
The same estimates also hold for their derivatives.
Recall that Christoffel symbols of a metric % are given by
1 ohap Ohpp Ohup
ré =- heP - , 8
AB 2XD: { 8xB + 3)6,4 axD } ( )
and the Riemann curvature tensor R is given by
Ripc =0aTgc — 08T 5c + Tge Tiy — Tic gk )

Denote the Christoffel symbol of 4, and h} by I and I’ respectively. Then the direct computations show that
(FGp =0 =315,

and
(I)as — (FGp = 00) =I5 — () 5p

except

_ 1 -
(L — ()f = 0(;) = () — o5
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Also denote the Riemann curvature tensor of 4, and h; by R, and R} respectively. Then
_ 1 _
(R — (R =0 (;) = (R — (R
and

(R)ag, — (R)%s, = O(r).

Thus the difference between sectional curvatures of %, and hy is bounded above by 0(%), and hence so is the differ-
ences of two scalar curvatures, completing the proof. O

Now we have the metric 4,, on the boundary. We have to homotope /,, to a G-invariant product metric /z,.
Consider a smooth homotopy H,,(z,t) := @(t)h,, + (1 — <,0(t))171r3 for (z,1) € (W x §471) x [0, 1], where ¢ : [0, 1] —
[0, 1] is a smooth decreasing function which is 1 near O and O near 1. In the above lemma we have seen that (W x
sa-1, H,.(z,t)) for each ¢ € [0, 1] has positive scalar curvature. Then by the Gromov-Lawson lemma in [7], there
exists a constant d > 0 such that the metric H,,(z, t/d) + dr> on W x 897! x [0, d] has positive scalar curvature for
sufficiently small 3 > 0. Obviously H,,(z, t/d)+dt? is also G-invariant and we now glue to get a smooth G-invariant
metric with scalar curvature bigger than s, — €3 on M.

An important fact about the bending of y is that if we can take r| and r, further small, we only need to shrink the
remaining part of ¥ homothetically. Let {(¢, f(¢))} be the graph of y in step 3 and 7| be f “1(r). For0 < u < 1, let
us take wrj and pr; instead of | and ry respectively, and let 7, be the ¢-coordinate corresponding to ra>. Then we
shrink the step 3 part of y homothetically by u and concatenate it to (t,, ur2). Indeed the equation of this portion
of the curve is given by (¢, uf (%)). Moreover, noting that the geodesic curvature k is dilated by i without
changing 6, the scalar curvature at (¢, ny) satisfies

(q 1)2(q 2) sin 92 3 1)ksm@ > so(t 1),
(mlyl) mlyl
where we used (4) in the second inequality. We denote the curve with pr| and ur; instead of 7| and r2 by y;,.
We also claim that the metric on the homotopy region W x S9=! x [0,d] can be accordingly shrunk to
Hypy(z,t/d) + w?dr? still having positive scalar curvature for any u € (0, 1], once r» and hence r3 was chosen
sufficiently small.

s(t, my) = sg(t, wy) +

Lemma 3.4. The scalar curvature of the manifold W x S7=1 x [0, d] with the metric Hypy(z,t/d)+ w?dt? is bounded
below by W% + E—z/for any u € (0, 1], and any sufficiently small r3 > 0, where C > 0 is given in Lemma 3.3 and C’
is a constant.

Proof. The proof continues from the above lemma. Using the estimates (6) and (7), H,,(z,t/d) + ,u2 dr? is given by

o) |oWur)?
_| owwr»d|owurn?

Hypy(z,t/d)| O

0 /Lz
0 ‘,u,z
and its inverse is given by
. o o
(Hyrs (z.t/d)) ™ ‘ 0 i
o] o)
o [ |
0 E

The same estimates also hold for their derivatives. We let I'* and R* be the Christoffel symbol and the Riemann
curvature tensor of Hy,,(z,t/d) + /L2 dr? respectively. As before A, B, C, ... run from 1 ton — 1, and N denotes the
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index of the last coordinate function ¢. The direct computations show that
(Iyy = Iy =0=0(I")y = 0™y,
(Ir'"ip = %00) =T, TGy =01 ="y,
and

1
(RN e = ?0(1).

Let X, be the hypersurface W x $9=1 x {t}. Then the second fundamental form of X, is given by (F“)X B =
ﬁO( 1), and hence its norm is of the form 50(1). Denote the scalar curvature of the hypersurface X; with the
induced metric by sy, . It follows from the Gauss curvature equation and the above lemma that the scalar curvature is
given by

1 “ 1
sx, + E0(1)+22(Rﬂ)%33 =sx, + F0(1) >

1
+—0M). O
B=1 K

_C
(ur3)?

Therefore the scalar curvature of H,,,(z,t/d) + w?dt? is positive for sufficiently small 3 > 0. From now on
we assume that r, was taken small enough to ensure this, and the Riemannian G-manifold obtained by y,, and
Hyuy (2, t/d) + p* dt? is denoted by (M), g,.).

We define three Riemannian manifolds with boundary (S5 ¢, 8s5.¢) C (Ts.¢, 85.c) C (Nse, 8s¢) by

Ss.e = Mse — (MO —{r< 58)’{}),

Ts.e = Mse — (Mo — {r <er1}),
and

Nse = Mse — (Mo — {r > ro})

with the induced metric. (In fact, (S5, §5.¢) depends only on d¢.) To investigate the relation between T3 1 and 75,
let x be any point in W and define a ¢g-dimensional Riemannian submanifold (7s ¢ x, 85.c.x) C (T5.¢c, 85.¢) by T5.6.x =
Ts.e N (f{x} x S9 —1 % [0, d]) with the induced metric. Taking into account that g is C O_near to the product metric on
N(rg), i.e., g = gW + gr + O(rg), where gg is the Euclidean metric on R?, we have

85,6 = gW + 85,60 + O(ery)

on Ts .. The obvious shrinking map from y;s for r < r onto ys, for r < ery and the identity map in the homotopy
region induces a diffeomorphism @; . from T 1 to T5 ., which gives @*(gs . x) = szg(g,l,x. Thus we have on T ,,

*(dVg,,) = *((1+ O(ern))dVywdVy,, ) =& (1+ O(er)) dVw dV;

88,1,x

§8q(1:|:C1r1)dVg~“, (10)
where C; > 0 is a constant. From now on C;’s will denote some positive constants. Let (-, -)g, . and (-, -)z, . = denote

the inner product on (75 ¢, gs.¢) and (75 ¢ x, 8s.¢.x) respectively. Then we also have on Ty ¢,

1
PHw, 0)g, = P*((1+ 0rD)(@, 0, ) = 5 (14 0Er)iw, o),
1

§8—2(liC2r1)<w,w)g5,] (1)

for any 1-form w belonging to T*(S9~! x [0, d]) in T*(W x S9~! x [0, d]). It’s important that C; and C, are uniform
constants independent of any choices we made such as 6, r», §, and etc., as long as rq is sufficiently small, which
we always assume. From now on we will omit @* for convenience. Also note that for any choice of ry and 6y, the
length of the step 3 part of ys. and the volume of the homotopy region can be made arbitrarily small by taking r»
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much smaller, which we always assume from now on. This means that there exist constants C3, C4, C5 > 0 such that
volg, (Nss) < C3rd, volg, (Ts.) > Calery)?,

and
volg , (S5.¢) < Cs(8ery)?,

where C;’s are also uniform constants when rg, 6y and r, are chosen small by the above way. As the last preparation,
we have

Lemma 3.5. There is a constant C > 0 independent of § € (0, 1] satisfying the Sobolev inequality

(fsm P d Vg, >‘/1’ ) ((fsm 9*d Vg, )‘/2 .\ (fs5,1 ol dVe,, )1/2)

<C
V01§5,1 (55,1) VO]g,a’l (S(S,l) VOlg,M (SS,I)

(12)
forany ¢ € L%(S(syl).
Proof. For a fixed 0, ri and rp, get (51,1, &1,1) and choose a C satisfying the above inequality. In the same way as

above, consider a diffeomorphism ¥ from S1; onto Ss 1 such that

W (dV;,,) S 89(1 £ Cor}) dV;

1,1°
1
W*<wa w)g&l § 8_2(1 + C7ri)<(!), w)gl.l )
and
v* (o, o), SO+ Csry){o, o)1,
for any 1-forms w and o belonging to 7*(S7~! x [0, d]) and T*W in T*(W x S9~! x [0, d]) respectively. Then the
result follows immediately. O

Although it is not necessary for our further discussion, we remark that

Remark. In fact C may depend only on 6, r{, and r;. Notice that C is a continuous function of the metric in C°-norm.
Since the ambiguity of the step 3 construction of y can be made very small, any possible (51,1, g1.1) is CY-close, once

6o, ri, rp are determined. As a final note, actually we will not need the §-independence of C , because we will use C
for a fixed §.

Now let us get down to estimating the G-Yamabe constant of (Ms,, [g5:1G). Let gse be a G-Yamabe minimizer
satisfying [, M, goé’s dVg;, = 1. We have two cases, either

2PFLEP ol (Ss.1)
)4 85,1 > 4
s dVzs . < / @5, d Vs,
/ e 85, VOlg’aJ (TB,I Sa,l) Se &5

S(S,s M&s*SE,s

or not.

Assume the first case. Let 1. (r) be defined by n( ;—8). On the support of ns¢, gs. is very close to g when 6y is very
small. To compare these two metrics on this region, let i : My — N (8er3) — Mg, be the obvious inclusion map. Then
i is isometric on the outside of N (rp). On N (rg) — N(6¢er3), i is isometric in the direction orthogonal to the radial
direction, and 2 gets dilated by —————. In particular on the support of s

3 & y \/m p pp Nse

dVg, >dVy >4/1—sin’6pdVy,,,

lwlgs, < lwlg <

and
1

I S
V1 —sin290| s
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for any 1-form w. This gives us that

/‘pag 8se = /(n55¢68) dVy,

Mse Moy
and
/(nﬁa(pés)pdvg 2\/ 1 —sin 90 / (7735(;088) dV, g,sg
My Mse
>\/l—sin290</¢3£dv /%Edvg“)
MSs Sé,s
[ 2P+ CP volg, ((S5.1) o
>4/1 —sin” 6§y /%deg& — / dVg&
volg,  (Ts,1 — Ss5.1)
MBe M«Ss_Sa,e
2PHLCPCs (81 )4
2,/1—sin290((1—q—5(1))f P dvg(SS)
Cyr{ — C5(5ri)q
Ms,
=/ 1 —sin?6y(1 — Cy89) / (,058 Vise -
M.

—1)(g—2) sin? .
Using the fact that sz, > s¢ + W“i—zg" > sg + |dn35|§, on the support of dnse, and s3;, is bounded below by
(minsg) — €2, we get

/(|d(n8€¢58)’§ + 5 (Msese)”) dV,

My
= / (n3eldpse | + |dnse 505, + 55 (se03.)) dV,
{r>8ers)
1 .
< / i, (Id@se 3, + 53, 95.) Vg, + Cio / @3 d gaﬁcusmz%/%sd‘/g&
M, {8era<r<éery} Ms,

where C1g and Cy; are constants depending only on mins,. By using the Holder inequality the second term is bounded
above by

2n » 2/p L an2/n 2/p
C1o(vol(Sse )z, ) / 05:dVg, | < Cio(Cs(Ser))) / 05 d Ve, |

Sse de

and the third term is bounded above by

2/p 2/p
. 2 .
Cnsmz@o(vol(Mgg)g,as) /”(/%dvg&) <C1251n200</¢56dvg6£> ,
Mse Mse

where we used the fact that
volg, (Mse) = volg (M() — N(r())) + volg,, (Nse) < volg (M() — N(ro)) + C3rg.
Thus

Q¢ (mse@se) = Y (Mo, [8l) = Yo (Mo) — €
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is bounded above by

(1= sin?00) ™'Y (Mse, [23¢]G) + Cro(Cs(Ber?) ™" + Crasin 6y
or

(1 —sin?00) ~'Y (Ms¢, [Z5¢1G) + C10(Cs(8er))?)?/™ + C1 sin’ 6y
(1 —sin®6p) /P (1 — Co84)2/P

for any 6 and ¢. Recall that C10C52 /" and C 12 are uniform constants independent of any choices and Cy is independent
of § and ¢. Taking first 6y and then ¢ arbitrarily small, we have

Yo(M) =Yg (Mo) — €.
Since €] > 0 is arbitrary, it follows that
Y (M) =Yg (My).

In the second case, we want to derive a contradiction when & > 0 gets sufficiently small for any fixed § > 0.

Lemma 3.6. Suppose that (X, h) is a compact Riemannian manifold with smooth boundary and that f € L*(X)
satisfying |, x S dVyp = 0. Then there exists a function § € L%(X ) unique up to the addition of constant such that
A& = f and in addition n - V& vanishes at the boundary, where 1 is the unit outward normal to the boundary.

Proof. See [9]. O

Consider a step function f5 on 75,1 defined by

. volg,  (Ss,1) ! on Ss.1,
(volg, , (Ss,1) — volg, , (Ts1)~' onTs;—Ss1.

Then fTa ) fs dVg&1 =0, so by the above lemma, there exists a function &5 € L%(T(s, 1) satisfying A&s = f5, and that
V&5 vanishes normal to the boundary. For any ¢ € L%(T(;, 1) the integration by parts yields

1 /‘ 1
— [ »dVg, — / dV;
volg; ; (Ss.1) 8.1 volg, | (T5,1 — Ss.1) 8s.1

Sa.1 Ts,1—Ss.1

- / QA& d Vg, = /<d(p’d€‘s)§a,1dvg’a,l’
Ts,1 T
1

- dVs. | —
volg,  (S5.1) / e
' T5,1—S5.1

Ss.1
12 1/2
< (f |das|§3.ldVg5,l) (/ |d¢|§8,ldVg5‘l) (13)
5,1 1

T, Ts

and hence

1
volg,  (Ts.1 — Ss5.1)

f (pdVg,a’l

by the Holder inequality. Since Ss 1 is connected, the constants are the only eigenvectors of A on Ss 1 with eigenvalue
0 and derivative vanishing normal to the boundary. By the discreteness of the spectrum of A on Sj 1 with these
boundary conditions, we have

/ QdVg |+

(/Sa.l(pzdvga,l>l/2< 1
5,1

2 ~
(sz,l |d(ﬂ|ga’ldvga,1)l/2' (14)

Cizvolg,  (Ss.1)

VOlga,l(S3»1) = VOlg,BY1 (Ss.1)
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Also, by the Sobolev inequality (12),

<fs,;1‘p dv, gm)”” (f551|d¢|g51 g51>1/2<(fs 9>V, 351)1/2 (15)
€\ volg,, (S5,1) g5, (S5,1) S\ volg, (Ss.) )
On the other hand, the Holder inequality gives
1 /. LAY 1/p
/ (pdVgSl < ( Ts,1—Ss,1 gSl ) . (16)
volg, , (Ts,1 — Ss,1) volg,  (Ts,1) — volg,  (Ss.1)
T5,1—Ss5.1
Adding together (13), (14), (15), and (16) yields
1 <fS5’](deVg8,l>l/p ( fTa,l—Sé,l g)pdVg&1 )l/P<C </< y |2 v )1/2
| —— - s Cua Pl g .
C \ volg ,(Ss.1) volg,  (T5,1) — volg,  (Ss.1) ; g1 " "8
8,1
Now if ¢ is G-invariant, then % =0foranyi =1,...,n — g, because the G-action on W is locally transitive.

Then using (10) and (11), we get

l <1 B C]S}’] fs&,s (pp dVgS.S ) l/p _ <1 + Clﬁrl fT(S,g_SS,e (pp dvgé.s )1/[7
é &d 8s.1 (SB 1) &4 V01§5,1 (T‘;,l — Sé,l)

vol
1+ C17i’1 172
<C14< / |de | dVgM) .

Since Cis, Ci6, and C7 are unlform constants, we get for sufficiently small r| > 0,

1/p 2CPvolg, (Ss.1) 1/p 1/2
P v, - L / Pdv; < Cigel—a/m /d 2 qv; .
(/(p g“) (VO lgs  (Ts,1 — Ss,1) RS 18 149l 4 Va.

Ss.e T5.e—Ss.e Ts.e

Under the assumption that

2p+l(A:pV01~ (S5 1)
85,1 ,
V5. dVs; . : / (p dVg,,,
/ Se 83, 01(@511 (T(S,l S(S’l) Se 86

Ss.e Mse—Ss.¢
we have
1 1/p 1/2
2(/(p58dvg6r> <Clg"?l_q/n</ |d¢35|i~,&€dVg5’€> )
Ss.¢ Ts,e
and
1/p 1/p
(/%advgss) (/ 05 dV, 2. T / ‘Paadvgag>
Mse Ss,e Mse—Ss.e
1/p 1/p
<(/‘Ps£dvg,sp> +( / %advg,s;)
5. Mse—Ss.e
< (/wsgdvg5s>l/p<1+< Olgy (3.1 = 55.1) )W>,
Ss.e 2r¥1Cr VOlEs 1 (S5,1)
which yield

fTa,g |d(p58 |§5 dvgﬁ £
Sy, #3504 Vis)H'?

2q
Croe ™2t <
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On the other hand, using the fact that sg;, is bounded below and volg,, (Mj.) is bounded above for any ¢ € (0, 1], a
simple application of the Holder inequality gives

fMgg Sgse (ng dVg’Se
Sy, ©5ed Vs )P
for any €. Now by letting ¢ — 0, Q(<pg’8‘2g58) — 00. By the way, Proposition 2.5 says that Y (Ms;, [gs:]c) is bounded

above for any ¢ € (0, 1], because a G-invariant open set (Mo — N (rp), g) is isometrically embedded into (Mse, gse)
under the identity map. This leads to a contradiction, completing the proof. O

> min(0, (minsg) — e2) (volg,, (Ms0))' /7 = —Cap

4. Examples

Consider the unit n-sphere $”(1) C R**! for n > 3 and an isometric G-action where G = SO(n — g + 1) with
g >3 acts on the first n — g 4 1 coordinates of R"*! fixing the last ¢ coordinates of R”*!. Then the complement
of fixed point set $”(1) N ({0} x RY) is foliated by G-invariant (n — g)-spheres on each of which the G-action is
transitive. Since the round metric is a G-invariant Yamabe metric and the G-action has fixed points,

Yo (§H =Y (S") = A,.

Take two copies of S" and perform a surgery along such $”~¢ to get a Riemannian G-manifold §”~9%! x §¢9=1. By
our surgery theorem,

Yo ("1 x ST > Y6 (5" U ") = Y (S") = A,.

Since §"~9%! x §7~1 has fixed points, Y (St x §971) < A, and hence
Yo(S"9 x 971 = A,.

Taking connected sums of §”~9+! x §9~1 along fixed points, we also have
Y6 (1(S"9H! x ST~ Hg msn—a+1 x §a-1) = A,

for any integers [, m > 0.
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