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Abstract

The concept of efficiency is used to formulate duality for nondifferentiable multiobjec-
tive variational problems. Wolfe and Mond—Weir type vector dual problems are formulated.
By using the generalized Schwarz inequality and a characterization of efficient solution,
we established the weak, strong, and converse duality theorems under genélized
convexity assumptions.

0 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

Several authors have been interested in optimality conditions and duality
theorems for multiobjective variational problems. For details, readers are advised
to consult [1]. Recently, Preda [12] introduced generaliz&dp)-convexity,
an extension off'-convexity and generalized-convexity defined by Vial ([14,

15)). In [3], Egudo has used the concept of efficiency (Pareto optimum) to
formulate duality for multiobjective nonlinear programs. In [9], Mishra and
Mukherjee discussed duality for multiobjective variational problems involving
generalized F, p)-convex functions. Subsequently, Kim et al. ([4,5]) established
symmetric duality for multiobjective variational problems with invexity and
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pseudo-invexity. On the other hand Lal et al. [7] derived some weak dual theorem
for the nondifferentiable static multiobjective problems involving invex functions.
In [6], Liu proved only some weak duality theorems for nondifferentiable
static multiobjective variational problems involving generalizéd p)-convex
functions.

In this paper, a nondifferentiable multiobjective variational problem is con-
sidered. We formulate the Wolfe type dual and Mond—Weir type dual problems.
By using the generalized Schwarz inequality, we prove the weak duality theorem
under (F, p)-convexity assumptions. We employ a characterization of efficient
solution due to Chankong and Haimes [2] in order to prove the strong duality
theorems under generalizéd’, p)-convexity assumptions. Also, we prove the
converse duality theorem under generaliz€dp)-convexity assumptions.

2. Notationsand preliminary results

Let I =[a, b] be areal interval and : I x R" x R" — R be a continuously
differentiable function. In order to conside®(z, x, x), wherex:I — R" is
differentiable with derivativer, we denote the partial derivatives ®fby &;,

o — 0D oD o — oD oD
P Laxl T axn | PRl e |
The partial derivatives of other functions used will be written similarly. Let

C(I, R™) denote the space of piecewise smooth functiongith norm || x| =
Ix]loo + I Dx |0, Where the differentiation operatdr is given by

1
u' =Dx' = x'(t) =« +/ui(s)ds,
a
in whicha is a given boundary value. Therefoie = % except at discontinuities.

We now consider the following multiobjective continuous programming
problem:

b
(MP) Minimize (/[fl(t,x(t),fc(t)) + (x0T Biyx ) ¥ dr, ...,

a

b

/[fl’(t,x(t),fc(t)) + (x0T Bp0x (1)) "] df)

subjecttax(a) =«, x(b)=p, (1)

g(r, x(1),%(1)) <0, )
xeC(I,R",



D.S. Kim, A.L. Kim / J. Math. Anal. Appl. 274 (2002) 255-278 257

where fi:I x R* x R"+— R,ie P ={1,..., p) g1 x R" x R" — R™ are
assumed to be continuously differentiable functions, and for each, i € P,

B;(¢) is ann x n positive semidefinite (symmetric) matrix, wiB(-) continuous
on /. Let us now denote b the set of feasible solutions of problem (MP).

The following generalized Schwarz inequality [13, p. 262] is required in the
sequel:

v Bw < (UTBU)%(CL)TB(U)% forall v, w € R".

Definition 1 [2]. A point x* € X is said to be an efficient solution of (MP) if for
alxeX

b

17 0.5 0) + (0T Bt @)

b

2/‘[fi(”x(t)’f€(f))+(x(f)TBi(t)X(t))l/z]dt foralli e P

a

— / (1, (), () + (x* ()T Bi()x* (1) %] di

b

:/[fi(t,x(t),)'c(t)) + (x(t)TBi(t)x(t))l/z] dr forallieP.

a

In order to prove the strong duality theorem we will invoke the following
lemma due to Changkong and Haimes [2].

Lemma 1. A pointx? € X is an efficient solution fofMP) if and only ifx° solves
b
(Px (x%)) Minimize /[fk(t, x(6),#(0) + (x0T Bi()x())Y?] de

a

subjecttox(a) =a, x(b) =4,

b
/ [F7 (1 x (0, 50) + (¢ B;(0x(0) ] e
b

< / [F7 (6,20, £%0)) + (°) B} (02°()) 2] e

a

forall j #k,
g(t, x(0), x(1)) <O0.
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Definition 2. The functionalF: I x R" x R" x R" x R" x R" — R is sublinear
if forany x, x%e R", %,x%€¢ R",
F(t, X, X, xo, )'co; a1+ az) < F(t, X, X, xo, )'co; al)
+ F(t,x,)'c,xo,)'co; az), (A)
foranyasi, ax € R", and
F(t,x,)'c,xo,)'co; oza):ozF(t,x,fc,xO,)'co; a), (B)

foranya € R, « >0, anda € R". From (B), F (¢, x, x, x°, x%; 0) = 0 follows by
substitutingx = 0.

Now consider the functio® : I x R" x R" — R, and suppose thap is a
continuously differentiable function. Lek(, -, -) be a pseudometric oR”, and
p ER.

Definition 3 [6]. The functional® (z, -, -) is said to b F, p)-convex atr® € X if
for all x € X, we have

b
/[qs(t, x(0),%(@0) — @ (1, x°(0), %)) | dt

b

;/F(z,x(t),x(z),xo(t),xo(t);qu(z,xo(z),xo(z))

b
L (@401, 89))di 4 / (1, x(0, £%)) dr.

a

This functiong is said to be strongly’-convex,F-convex, or weaklyF-convex
atx% accordingtop > 0, p =0, or p <O.

Definition 4. The functional® (¢, -, -) is said to be F, p)-quasiconvex at® € X
if for all x € X such that

b

b
/¢(z,x(t),x(z))dt</qb(z,xo(z),xo(z))dz,

a

we have
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b
/F<t,x(t),)'c(t),xO(t),)&O(t); @, (1, x°(0), 1°())

b

- %(% (t, xo(t),)éo(t)))> dr < —p/dz(t, x(t), x°(0)) dt.

a

We say thatd(t, -, -) is strongly F-quasiconvexF-quasiconvex, or weakly -
quasiconvex at® according top > 0, p =0, or p < 0.

Definition 5. The functional® (¢, -, -) is said to b& F, p)-pseudoconvex at’® € X
if for all x € X such that

b
/F<t,x(t),)'c(t),xo(t),)&o(t); @, (t,x%(1), %))

b
- i(@jc (1, x°0), )'co(t)))> dt > —p/dz(t,x(t),)'co(t))dt,

dt
we have
b b
/cb(t,x(t),fc(t))dt >/¢>(t,x°(t),)‘c0(t))dt.

We say that®(z, -, -) is strongly F-pseudoconvexF-pseudoconvex, or weakly
F-pseudoconvex at® according top > 0, p =0, orp < 0.

Definition 6. The function® (¢, -, -) is said to be strictly F, p)-pseudoconvex at
x%e X ifforall x € X, x # x% such that

b
/F<t,x(t),fc(t),xo(t),)'co(t); @, (1, x%(1), :%(n))

a

b
- %(qs,-c (t, x°0), )'co(t)))> dt > —p/dz(t,x(t),xo(t))dt,

and we have
b

b
/cb(t,x(t),fc(t))dt >/¢>(t,x°(t),)‘c°(t))dt,

a
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or equivalently, if
b

b
/¢(z,x(t),x(z))dt</qb(z,xo(z),xo(z))dz,

a
we have
b

/F(t,x(t),)'c(t),xo(t),)éo(t); @, (1,x%(1), :°(n))

a

b
— %(qs,-c (t, xO(t),)'co(t)))) dt < —p/dz(t, x(1), x0()) dt.

3. Optimality
In this section we give the necessary optimality theorent fptx°)).

Lemma 2. Define a functiorh : R” — R by h(x (1)) = (x ()T B(1)x(t))Y/2, where
B is a symmetric and positive semidefinitex n matrix and letx® € R”. Thenh
is convex, and

8h(x°(t)) ={BOw(®): o®TBOw(t) = 1},
where thedh(x (7)) is subgradient of at x (7).
Consider a nonlinear optimization problem:
(P) minimize f(r,x(1), x(1))
subjectto g(r,x,x(1)) <0,

where f andg’ are Lipschitz functions fronR” into R fori = 1,2, ..., m.

Theorem 1. Let f andg’ (i =1,2,...,m) be locally Lipschitz functions. K°
solveqP), then there existg andr; >0 (i =1,2,...,m), notall zero, such that

0€adf (1, x°(), i) + Zri g’ (1, x°0), %)) and
im1

> righ(t.x%n), %)) =0.

i=1

Now, we have the following Fritz John type necessary optimality conditions
for above minimization problert?; (x9)).



D.S. Kim, A.L. Kim / J. Math. Anal. Appl. 274 (2002) 255-278 261

Theorem 2. If x is optimal to( P (x9)), then there exist’ € R, i € R, A € R
andw® € R" such that

A0 g(1,x°(), %) =
[V fk (. x°(0), 2°(1)) + Be (0P (1)]
+ Z [V £, x°0), 3°()) + Bi (1)°(1)]
i#k
+ VA g (1, x°0), %) =0,
(1) Bi (N°(1) < 1,
(%) B (1)x°(1))Y? = x°) T Bi (1) (1),
(ro, 2)>0 and (‘L’O, 1) #0.

Proof. (a) If x°)7 B;(1)x°(t) > 0, then £i(t, x (1), (1)) + (x(t)T Bi (1)x (1)) 3,
for i € P, is differentiable in a sufficiently small neighborhoodd%. Sincex?

is optimal to (P (x©)), by the generalized Fritz John conditions [8], there exist
7; € R, i € R andA € R™ such that

20T g(t, x00), i%0) =
7 [Vf" (1, x°(), 2°(0)) + B ()x°(1) / (x°) T By (1)x°(1)) ]

+Z [V £ (1. x°), :°0)) + B 0)x°) / (x°) T B; (0)x°(1)) %]
i#k

+Vang(1,x°(), %) =0,
(‘L’O, 2)>0 and (‘L’O, 1) #0.
Settingw?(r) = x°(t) /(x°(t)T B; (1)x%(1))Y/2, for eachi € P, then

[V fk (. x°(0), x°(1)) + Be (0P (1)]

+Z [V £, x°0), 3°()) + Bi (1)0°(1)]
i#k

+ Vi) g(t, x°), %) = 0.

Itis clear thaw®(1)” B; (1)@°(t) = 1 and(x°(t)7 B; (1)Y/2 = x°()7 B; (1)°(1).

(b) Assumex®(r)” B; (1)x%(+) = 0. Define a functiorh’ : R” — R by hi (x(¢))

— (x)T B;(1)x(1))2, for all x € R" andi € P. Thenki,i € P, is not dif-
ferentiable and by Lemma 24’ (x°()) = {B;(H)w(t): w(®)T Bi()w(r) < 1}.
Since ! and g’ are continuously differentiable functions, thgih and g’ are
locally Lipschitz function andf (¢, x°(¢), :9(1)) = {V fi(zr, x%(t), %(r))}, and
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987 (1, x0(1), °(1)) = {Vg/ (1,x%(1),2°(1))}, for i € P and j =1,2,..., m,
respectively. Automaticallyz’ for i € P, is locally Lipschitz function. By
Theorem 1, there existy’ and<?, fori(#k) € P, andr; >0, j=1,2,...,m,

not all zero, such that
Oe t,?[afk(t 20(0), 2°(0)) + 8 (x ()T Be()x (1)) 3| _ o]

+Z [ (1, x°), °(8)) + 3 (x ()T Bi()x (1)) %] _ o]
i#k

+ Y aj0gf (1.x%). 10(n)
j=1
and
> xjgd (6.0, %)) = 0.
j=1

Since af(r, x%(1), x%(t)) = (Vfi(t, x°®0), x00))}, ag/(r, x%0), %°%r)) =
{(Vgl(t, x0%t), %))} and ah' (x°(r)) = {Bi ()w(r): w(t)T B;(Hw(t) < 1}, for
iePandj=1,..., m, respectively. Then

0= O[ka(r x%(0), 1°0) + (Br(Hw(®): w(®) Bi(Hw(r) < 1)]

+Z [V£i(r, x°0), 2°0)) + (B; Ow(D): w()T Bi(yw(r) < 1)]
i#k

+ Y Vel (1,x°0), %)
j=1
and
ijgj (t,x°(), x%°()) = 0.
j=1
So, there exist®)%(¢) € R" such that

0= O[v £, x°%0), 2°0) + Be(w(®)]

+Z [V £ (1, x°(0), 3°()) + Bi ()w(t)n]
i#k

+ > 2 Vel (1.x%). %), Y ajel (1. 2%, %)) =0

j=1 j=1
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and
w®()" B; (Hw’(r) < 1.
By generalized Schwarz inequality?(r)” B; (1)x°(t) = 0 implies thatB; (¢)

x%() = 0. So (x%(1)7 B; (1)x%(1)) %2 = x%(t) B; (r)w®(¢). Hence, Theorem 2 fol-
lows. O

4. Wolfevector duality

By using the generalized Schwarz inequality, we derive the following lemma
in order to prove the weak duality theorem for multiobjective variational
problem (MP).

Lemma 3. Let A(¢) be ann x n positive semidefinite (symmetric) matrix, with
A(-) continuous orf, andw ()T A(H)w(¢) < 1. Then

b b

/(x(t)TA(t)x(t))l/zdt > /x(t)TA(t)a)(t)dt.

a a

Proof. With the generalized Schwarz inequality, we obtain

b b
/(x(t)TA(t)x(t))l/z(w(t)TA(t)w(t))l/zdt > /x(t)TA(t)a)(t) dr.
Since
T Ao (r) <1
Hence
b b
f(x(z)TA(t)x(z))l/zdt>/x(z)TA(t)w(t)dz. O

Consider the following Wolfe vector dual of (MP):
b
(MDP); Maximize (/[fl(t, y(), 7)) + y(®)T Bi(Hw(t)

a

+r0) gt y@®), y()]dt, ...,
b

/ [£7(t, y(0), y®) + yO Bp(Hew (1)

a

+10" gt (), 3®))] dt)



264 D.S. Kim, A.L. Kim / J. Math. Anal. Appl. 274 (2002) 255-278

subjecttoy(a) =«, y(b) =35,
y a[ £, y(0), y0) + Bi o)) +10)" gx (¢, (), y(1))
= 14
=D{an;(r,y(t),y'(t>)+A(r>Tgx(t,y<t),y'(r>)}, (3)
o' Biw éfll, ieP, (4)
A1) =0, 7 >0, Xp: 6=1, (5)
yeC(,R"), we c?; R", reCU,R™.

Theorem 3 (Weak Duality). Assume that for all feasible for (MP) and all
feasible(y, A, w, 7) for (MDP)y, either

() w >0 6lfit, )+ ()T Bw] is (F, py)-convex, for alli € P,
AT g(t,-, ) is (F, pp)-convex, anghy + p» > 0; or

(i) X0 ulfi@, ) + ()T Biw] is strictly (F, p1)-convex, for alli € P,
a0 g(z,-, ) is strictly (F, pp)-convex ancby + pp > 0.

Then, the following cannot hald

b
/[fi (t,x(t),)'c(t)) + (X(Z)TB,‘ (t)x(t))l/z] s

b
< / [£(t,y(®), y®) + y® B ()

+r0) gt y@), ()] dt, (6)
foralli € P and

b
/[ijb(t, x(0), %)) + (x0T Bj()x (1)) Y?] dt

b
< /[fj (1, y(@), 3®) + y(0) " Bj (o (1)

+ A0 g(t, y0), y(0)]dt @)

for somej € P.
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Proof. Suppose, contrary to the result, that (6) and (7) hold. With Lemma 3 and
A(t) > 0, we have

b
/[fi (t,x(@),%(0)) +x(O Bj)o(t) + A) g(t, x(1), %(1))] dr

a
b

< / [t y(®), ) + y®) B (o)
+ A0 g (1, y(@), y0))]dt, (8)
foralli e P and

b
/[fj(t,x(t),)&(t)) +x(TBj (o) + 1) g(t, x (1), (1)) ] dt

b

< /[f"(t,y(t),y'(t)) +yM B (D)

+20 7 g(t, y0), y(0)]dt, 9)

for somej € P, respectively. Now assumption (&) > O andzf’zl ; =1, (8)
and (9) imply

P
P

i=1

(1. x®), %) +x(OT Bi(Do () + ) g(t, x (1), ¥(1))] dt

\w

b

T /[fi(t,y(t),y'(t)) +y(OTBi (D)

a

<

'Mm N

Il
iR

+20 7 g(t, y®), ()] dt. (10)

Under assumption (()/_, w[f'(t,-.-) + () Biw] is (F, p1)-convex, for all
ieP,andr(t)T g(t,-,-) is (F, p2)-convex.

i=1

b
p
Zrl/ (t,x(), %) + x0T Bi (N ()]

—[F(t.y®).5®) +y®)" B (t)w(r>]}

b

/ (r x(1), X(1), y(1), y(1); Zrz fi(t,y@®), () + Bi (o ()]

i=1

b
- Z . fL(t, y(@), y‘(t))) dt + p1/ d?(t, x (1), y(1)) dr. (11)
i=1 g
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b
/[k(t)Tg(t,x(t),fc(t)) — 2" g(t,y), y0))]dr

b

;/F<;,x(t),x(t),y(t),y'(t);,\(z)Tgx(z,y(t),y'(z))

a

b
d
- EA(I)T&& (t, y(), y(r))) dt + po / d?(t, x(1), y(1)) dt. (12)

By (10), (11) and (12), we have

b
14
/ F(t, xX(0, %), y(0), 51): Y_u[ £t y®). 3®)) + Bl ()]

i=1
d -, b
=D ufinyo, y’(t))) di +p1/d2(r,x<t), y(0))dt
i=1 p

b

+/F(t,x(t),x(t),y(t),y'(t);A(t)’gx(t,y(t),y(t))

a

d
_ EA(;)Tgx (t, y(@), y(t))

b
+p2/d2(t,x(t),y(t))> dt <0.

a

By the sublinearity off" andp1 + p2 > 0, we have

b 14

/ F(t, X0, 20, y(0), 3@ Y [ £i(t y(0), (1) + Bi(o(1)]

u i=1
+a0 g (1, y(0), (1))

d| &
7 [Z u fL(1 @), 3®) + 20 gi (1, y (@), y'(t))]) “
i=1

b
+(Pl+p2)/d2(t,x(t),y(t))dt <0.

Hence
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b

P
/ F(t, X0, %), y(®). 3@ Y[ £t y®). 3®) + Bi (0w ()]

g i=1

+2) g (t, (1), 7))

d| &
- E[Z T fL(t, (0, 3@ + A0 ge (1. y (@), y‘(t))D dt <0, (13)
i=1

which contradicts (3), becau§f§ F(t,x(),x@),y@), y(); 0)dt = 0. Hence, the
result follows.

If the assumption (ii) holds, since > 0, foralli € P, ande’:1 7;,=1,(8)
and (9) imply that

b
T /[ff (t,x(@®),%(0) +x (O Bij()x (@) + 1) g(t, x(1), (1)) ] dt

P
i=1 Y

b
p
<X [ 050) + 50T Biwow
-1

+20) g(t, y), y(0)]dt,

and then again we reach (13). Hence, the proof is complete.

Corollary 1. Let (y2, 19, 00, 79) be a feasible solution fafMDP)1 such that
b
T .
/ko(t) g(t,y°), y°()dt =0

a

and
b b
/ (2T B; (1)y°()) " dr = / Yo" Bi(H)a®(t) dt.

a a

for eachi € P and assume that® is feasible for(MP). If weak duality holds
between(MP) and (MDP)1, theny? is efficient for(MP) and (y°, 12, »°, t©) is
efficient for(MDP)1.

Proof. Suppose that? is not efficient for (MP). Since

b

b
/ (2T B; (1)y°()) " dr = / Yo Bi(1)e(t) dt

a
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and
b

/ 2007 g (1, y0(), 3°0)) dit = 0
we obtain
b
/ [£1(t, x(0), (0)) + (x() Bi()x (1)) ?] dt

a
b

< / [£ (2, y°), 3°0) + y° ()T Bi (1) (1)
+220) g (e, y20). °(0)) ] dt
for somei € P and
b
/ [£7 (6, x(0), () + (x () Bj()x (1)) ?] dt

a
b

< / [F7 (. Y200, 3°0)) +3°() B} (1)(1)

+2207 g (1, %), °(0)) ] ar

forall j € P.

Since(y?, A2, 00, 79) is feasible forMDP); andx is feasible for (MP), these
inequalities contradict weak duality (Theorem 3).

Also, suppose thaty?, 12, »°, 79) is not efficient forMDP)1. Since

b b

/ (0T B:(1)y°()) Y2 dr / o) B; (1)) dt,

and
b
/ 2007 g (1, y0(), 3°0)) dit =0
we obtain
b
/ [f1(t,y@®),y®)) +yO Bi)o@) + 1) g(t, y(@), y(1))]dt

a

b
> [170:5°00.5°0) + 6207 Bi0y°0) V] ar
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for somei € P and
b
/ £/t y@), 5®) + v Bj(w@®) + 1) g(t, y@), (1)) ] dt

a

b

> [11:5%0.5°0) + (%07 B,03°0) ) ar
a
for all j € P, respectively. Since? is feasible for (MP), these inequalities
contradict weak duality.

Therefore y0 and (y°, 19, w°, %) are efficient for their respective pro-
grams. O

Theorem 4 (Strong Duality).Let x0 be a feasible solution fofMP) and assume
that

(i) x9is an efficient solution
(i) for at least onei, i € P, x° satisfies a constraint qualificatiofi1] for
problem(P; (x9)).

Then there exists® € R?, 1° € R™, such that(x?, 12, «°, t9) is feasible for
(MDP); and [? 294" g(1, x0(1), i%(1)) di = 0.

Further, if the assumptions of Theorem 3 are satisfied, taBm.°, »°, £°) is
efficient for(MDP)1.

[V (e, 220, :°0) + Be()w®(0)]
+ Y V(. x°0). £°0) + Bi () w’ ()]

i#k
+ Va0 g(r, 2%, %) =0, (14)
a0 g(t, x°), %) =0, (15)

wl(0)B; (Hw’(1) < 1,
(x°)7 B (1)x°0)) Y% = %) Bi()wO (1),
(z%2) >0 and (<%2)#0.

By (14), we have

p
2L £1(1,x°), 3°()) + B ()w® ()] + 2%(0) T gx (1, x°(0), :°0))
i=1

p
=D [Z 2 £, %), x0()) + 2°(0) T gi (1, x0(0), xo(r))}.
i=1
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From (15), we have
b
/,\O(z)Tg(t, x%(t), %%()) dt = 0.

Since
00" B ()w(1) = (x°0)7 B (1)x%1)) "2,
we have
b

/[fi (1 X%, %) + (XO(I)TBi(t)xo(t))l/z] dt

a
b

= f [ £ (2. x°@), %)) + x°0)" B; (1) w® (1)

+200 7 g(1, x°(t), :°(1))] dt,

and wo(t)T B; (H)wO(r) < 1, we conclude thatx?, A%, w2, ¢0) is feasible for
(MDP),. Efficiency of (x°, A%, w©, z% for (MDP); now follows from Corol-
lary 1.

For the converse duality, we make the assumption thaenotes the space
of the piecewise differentiable function: 7 — R" for which x(a) = 0 = x(b)
equipped with the normix|| = [|x [le + | Dx oo + || D%x || so-

(MDP); may be rewritten in the following form:

b

Minimize (—/[fl(t,y(t),y'(t)) +y®" Bi(Dw (1)

a

+r0 gt y@®), y()]dt, ...,

b
- / [£P(t, y(0), y®) + yO Bp(H)ew (1)

+a T g(t, (@), y(r))]dr)

subjecttoy(@)=a, yb)=48,
0(t, y(®), (1), 51, A1), 7) =0,
o' Biw<1, ieP,

p
M 20, >0, Y m=1
i=1



D.S. Kim, A.L. Kim / J. Math. Anal. Appl. 274 (2002) 255-278 271

where

y(1), y(1), §(1), A1), T)

o(t,
p
=Y u[fi(t, y0),3®) + Bl )]+ 1) g (1, y@), 5(1))

i=1
-D Zr, FHE Y@, y0) + 20 gi (1, y(0), 30)

with j = Dzy(t).

Consided (-, y(-), y(-), ¥(-), A(-), 7) as definingamap:Z x W x RP > A,
whereW is the space of piecewise differentiable function/ — R™ and A is
Banach space.

Theorem 5 (Converse Duality)Let (y°, 19, »°, t0) be a efficient solution for
(MDP)1. Assume that

(i) the Frechet derivative’ have a(weak’) closed range,
(ii) f andg be twice continuously differentiable,
(i) f; + Biw — Df)g', i € P, is linearly independent, and
(iv) (B0, — DB(1)T 6z + D*B(1)T0:)B(1) =0 = B(t) =0, 1€ I.

Further, if the assumptions of Theore3nare satisfied, then® is an efficient
solution of(MP).

Proof. Since(y?, A%, 0, z9), with y° € Z and¢’ having a (weak) closed range,
is an efficient solution, there exi§te R, y € R, § € R, ¢ € R? and piecewise
smooth functiong : I — R" andu : I — R™, satisfying the following Fritz John
conditions.

(B 0 — DB 0; + D?B(1)76;) + a[x%)Tgx (£, y°(1), 3°(0))

)4
= DR0)" g2 (1. 0. 3°0) |+ Y w{ [ (1. 5°0), 3°0))
i=1

+ B’ (1)) = DfL(t. y°0). %)) } =0, (16)
BOT{[£i(t, y°0).5°®)) + Bi (1)0°(1)]

— Dfi(t, y°(0), %))} + e =0, (17)
B [gx(r. Y1), 3°()) — Dgi (¢, y°(), 3°(1)) ]

+38g(t. y°0). %)) + =0, (18)

8(Bi(1)y°(1)) — BT Bi(r) — 2&(B; (1)°(1)) =0, (19)
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522" g (1, y°(1), 3°()) =0, (20)
£(0°®7 B (H0%(1) —1) =0, (21)
p
€ Z 7, =0, (22)
i=1
1 20 =0, (23)
B.y.8,6,6,u) >0 and (B,y,8,¢& n)#0. (24)

By feasibility of (y2, 19, »?, 79), from (16), we get

p
(v =8 Y w{[f1(t. Y°0), 3°0)) + Bi()e°(1)] = DFi (2, y°(0), °0)) }
i=1

+ (B0, — DB 0 + D*B(1)" 6x) = 0. (25)
Multiplying (17) by 7;, i € P, and using (22) we have
p
> o[£ y°0). 3°0) + Bi (e’ ()] — DFL(t, y00), 3°(1)) } B() =0.
i=1

Multiplying (25) by 8(z) and using the above equation, (25) becomes
(BW" 6. — DB 6: + D*B(1)" ) B(1) =0,
which along with assumption (iv) gives
B(t) =0. (26)
Egs. (25) and (26) now yield

14
(v =8 Y w{[ 1. y°®),3°®) + Bi(°(1)]
i=1

= Dfi(t, %), 3°0)} =0,
which along with assumption (iii) antg] > 0, Zf’zl 7; =1, yields
y =39.

We claim thaty =6 > 0. If y =8 =0, the from (17) and (18) we have
e =pn =0, and¢ = 0 from (18). Thus(8, y, é, €, &, u) = 0, which contradicts
(24). Therefore from (19)y° is feasible for (MP).

From (20) ands > 0, we have

2T g(t, ), 5°0)) =0. (27)
Also, 8(t) =0, § > 0 and (19) give
Bi(1)y°(1) = (2£/8)(B; (1)°(1)). (28)
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Hence
(°0) Bi()¥(0)) = (°)T B (1)y°())* (%) B; 1)°1)) . (29)
If £ >0, then (21) gives°(1)” B; (1)w°(r) = 1 and so (29) yields

(°0)" B (00°(1)) = (y°)T Bi(1)y°(1)) Y.
If £ =0, then (28) givesB; (1)y°(r) = 0. So we still get

(0T B (1)0%(1)) = (y°)T B; (1)y°(0)) 2.
Thus in either case, we obtain

(20T B (1)) = (°)T Bi (1)y°(1)) 2. (30)
Therefore from (27) and (30), we have

b

f [ (5,2, 3°0) + (3°() " Bi(0)y°(0))?] it

a

b
= / [£1(t, y°0), 3°0) + 2T B; ()0 (r)

+220)7g(r, Y1), °(1))] 1,
and, by Corollary 1y°(¢) is efficient for (MP). O

5. Mond-Weir vector duality

In this section, we establish various duality theorems for the following Mond—
Weir [10] vector dual problem:

b
(MDP), Maximize (/[fl(t, y®),5®)) +y®O) Bi)o®)]dt, ...,

a

b

/[f”(f, y(),5@®) +y®O) B, ()] dt)

subjecttoy(a) = a, ay(b) =8
14
u[fi(t, y(0), y®) + B ®)] + 20O gx (1, y(1), y(©))
i=1

14
= D:Z w [y @), 3 @) + 20 gi (1, y (), y'(r))}, (31)
i=1
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AT g(t, y®), (1)) >0, (32)

o' Biw<1, ieP, (33)
p

A1) >0, 1 >0, Z‘Q =1, (34)
i=1

yeCU,R"), weC{,R"), AreC{,R™).

Theorem 6 (Weak Duality). Assume that for all feasible for (MP) and all
feasible(y, A, w, 7) for (MDP),, either

() w>0Y" wulfit )+ T Bwlis (F, p1)-pseudoconvex, for alle P,
AT g(t,-, ) is (F, pp)-quasiconvex, angy + pp > 0; or

(i) X0 ulfi @, -.)+ T Biw]is strictly (F, p1)-pseudoconvex, for alle P,
AT g(t,-, ) is (F, pp)-quasiconvex, angy + pp > 0.

Then the following cannot hold
b
/[fi(t’x(t)’x(t))+(X(I)TB,~(t)x(t))l/2]dt

a
b

S/[fi(t,y(t),y'(t)) +y®"Bi(Ho®)]dt, (35)

a

foralli € P and

b
/[fj (£, 3®) + (X(I)TBj(I)X(t))l/Z] dt

b

< / [/t y@®),y®) +y®" Bjo®)]dt, (36)

a

for somej € P.

Proof. Suppose, contrary to the result, that (35) and (36) hold. With Lemma 3,
we have
b

/[f" (t,x(@®),%(0) +x(O" B (o ()] dt

a

b
S/[fi(t,y(t),y'(t)) +y®)" Bi(Hw(®)]dt, (37)
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foralli € P and
b

/[fj(t,x(t),)'c(t)) +x(0" Bj(Nw ()] dt

5]

b

< / [F7 (1. y(0). 50) + y()T B (D)) dt. (38)

a

for some;j € P, respectively. Now assumption @ > 0 ande.’J:1 =1, (37)
and (38) imply

p
ri/[fi(t,x(t),)'c(t)) +x)" Bi(Dw(t)] dt
i=1

b
p
<> / (£ (2. ). 50) + () Bi(t)w(1)] dt. (39)
i=1 g

Since ()Y 7, wlf'(t. -, )+ ()T Biw]is (F, p1)-pseudoconvex, for alle P, we
get from (39)

b p
/ F (t, X050, y®).3®): Y _u[fi(t.y®).3®) + Bi(Ow()]

i=1
b

d
- Eznf; (t,y(t),)')(t))) dt < —p1/d2(t,x(t),y(t))dt. (40)
i=1

a

As x is feasible for (MP) andy, 1, w, 7) is feasible fofMDP),. Then in view of
A >0, we have that

b b

/A(r)Tg(r,x(t),x(r))dz</x(r)Tg(r,y(z),y(t))dr.

a a

Sincer(t)T g(z, -, -) is (F, p2)-quasiconvex, this implies

b
/F(t,x(t),fc(t),y(t),y‘(t);/\(t)Tgx(t,y(t),y'(t))

b
d
- ZA(I)T&& (t, y(0), y‘(r))) dt < —p2 / d?(t,x(1), y(1)) dt. (41)
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From (31), (41) angby + p2 > 0, we have

i=1

b
/ (f x(1), %), y(@), y(); ZT: (1, y(®), (1) + Bi()w(®)]

b

- —Zn 1, y(), y(t))) —plfdz(t,x(t),y(t))dt, (42)

a

which is a contradiction to (40). Hence, the result follows.
If the assumption (ii) holds, since > 0, for all i € P, andzi”:l 7, =1, (37)
and (38) imply that

b
p
dou / (t,x(0), %) + (x@7 B;()x (1)) ] dt

i=1l

<Yn / (1,30, 50) + ¥ By o] dr

i=l 5

and, then we have a contradiction to (42). Hence, the proof is complete.
By the similar method of Corollary 1, the following corollary can be proved.

Corollary 2. Let (y2, 19, 00, 7% be a feasible solution fafMDP), such that
b b
/ (00" Bi(1)y°(0)) "2t / 0" Bi(16Pr) dr.

for eachi € P and assume that? is feasible for (MP). If weak duality holds
between(MP) and (MDP), theny? is efficient for(MP) and (y, 19, 00, 79) is
efficient for(MDP)».

The following duality theorem can be proved along the lines of Theorem 4.

Theorem 7 (Strong Duality).Let x° be a feasible solution fofMP) and assume
that

(i) x%is an efficient solution
(i) for at least onei, i € P, x satisfies a constraint qualificatiofi1] for
problem(P; (x9)).

Then there exists? € R”, A9 R™, (x0, 19, &0, 79) is feasible forMDP)5.
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Further, if the assumption of Theorem 6 are satisfied, .2, w0, z0) is
efficient for (MDP)-.

(MDP)2 may be rewritten in the following form:

b

Minimize (—/[fl(t,y(t),j/(t)) +y®O"Biho®)]dt, ...,

a

b

- / [£7(t.y(®), 5®)) +y® B,(D ()] dr)

subjecttoy(a) =«, y(b)=24,
0(t, (), (1), §(1), A1), ) =0,
A0 g(r, (@), 1)) =0,

o' Bijw<l, ieP,
14
M) 20, 120, Y =1,
i=1
where

0=0(t, y(1), (1), (1), A1), T)

[ fi(t y(©), 30) + B ®)] + 21 g (t, y(1), 3(1))

p
i=1
p .
= DY nfi(t y (@), 30) + 10T gi (1, (1), (1)) }
i=1

with 5 = D?y ().

Consided (-, y(-), y(-), ¥(-), A(-), 7) as definingamap:Z x W x RP > A,
whereW is the space of piecewise differentiable function/ — R™ and A is

Banach space. A converse duality theorem may be stated: the proof would be
analogous to that of Theorem 5.

Theorem 8 (Converse Duality)Let (y2, A%, °, 7% be a efficient solution for
(MDP)3. Assume that

(i) the Frechet derivative’ have a(weak’) closed range,
(ii) f andg be twice continuously differentiable,
(i) fi+ Bijo— Df!, i € P, islinearly independent, and
(iv) (B®)T6. — DB(1)T 65 + D*B(1)T6:)B(1) =0 = B(1) =0,1 €.



278 D.S. Kim, A.L. Kim / J. Math. Anal. Appl. 274 (2002) 255-278

Further, if the assumptions of Theorefnare satisfied then/? is an efficient
solution of (MP).
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