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Abstract

Nash equilibrium constitutes a central solution concept in game theory. The task of detecting the Nash equilibria
of a finite strategic game remains a challenging problem up-to-date. This paper investigates the effectiveness of three
computational intelligence techniques, namely, covariance matrix adaptation evolution strategies, particle swarm
optimization, as well as, differential evolution, to compute Nash equilibria of finite strategic games, as global minima
of areal-valued, nonnegative function. An issue of particular interest is to detect more than one Nash equilibria of a
game. The performance of the considered computational intelligence methods on this problem is investigated using
multistart and deflection.
© 2004 Elsevier B.V. All rights reserved.

MSC:91A99; 91A05; 91A06; 74P99

Keywords:Nash equilibria; Evolutionary algorithms; Particle swarm optimization; Differential evolution; Evolution strategies

1. Introduction

Game theory is a mathematical theory of socio-economic phenomena exhibiting interaction among
decision-makers, calledlayers whose actions affect each other. The fundamental assumptions that
underlie the theory are that players pursue well-defined exogenous objectives and take into account
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their knowledge, or expectations, of other players’ behaididt. The theory has been so far applied in
the fields of economics, political science, evolutionary biology, computer science, statistics, accounting,
social psychology, law, and branches of philosophy such as epistemology andBthics

A gameis a model of strategic interaction among a number of players, which includes the constraints
on the actions that players can take and the players’ interests, but does not specify the actions that players
do take. Asolutionis a systematic description of the outcomes that may emerge in a[ddiinén this
paper we consider only the family sfrategic or normal form games. The most commonly encountered
solution concept in game theory is thatidsh equilibriuni15,16] This notion captures a steady state
of the play of a strategic game, in which each player holds correct expectations concerning the other
players’ behavior and acts rationally.

The problem of detecting the Nash equilibria of a finite strategic game admits a number of alternative
formulations, yet computing such solutions remains a challenging task up-to-date (for a comprehensive
review on algorithms to compute equilibria ofperson games sgé3], for a survey of algorithms
for 2-player games sej8]). Furthermore, an algorithm that computes a single Nash equilibrium is
unsatisfactory for many applications. Even if the resulting equilibrium is perfect, or satisfies some other
criterion posed in the literature on refinements of Nash equilibrium, we cannot eliminate the possibility
that other, more salient equilibria ex[48].

The problem of computing a Nash equilibrium can be formulated as a global optimization problem
[12]. This formulation allows us to consider three computational intelligence methods, namely, covariance
matrix adaptation evolution strategies (CMA-ES), particle swarm optimization (PSO), and differential
evolution (DE), to detect Nash equilibria. CMA-ES, PSO and DE are stochastic optimization methods
capable of handling nondifferentiable, nonlinear and multimodal objective functions. They exploit a
population of potential solutions to probe the search space synchronously. Each member of the population
adapts its position towards the most promising regions of the function’s landscape, characterized, in the
case of minimization, by lower function values. Incorporatingltistart [30] or deflection[11], more
than one global minima of the objective function can be obtained.

The remaining paper is organized as follows: Section 2 is devoted to a brief exposition of basic concepts
of game theory and the formulation of the problem. In Section 3, the computational intelligence methods
considered, as well as, the techniques employed to compute more than one minimizers of a function, are
described. Section 4 outlines the proposed algorithmic scheme and discusses the experimental results
The paper ends with conclusions in Section 5.

2. Notation and problem formulation
2.1. Strategic games and Nash equilibrium
A finite strategic game™ = ((./"), (S;), (u;)), is defined by17],
e afinite set/ ={1,..., N} of players
o for each player € .1, a set of actions, pure strategi§s= {s;1, ..., Sim, },

o for each player € .17, apayoff functionu; : S — R, is also defined, wher&=S1 x S x ... x S
is the Cartesian product of all sefs
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Next, we give the notation that will be used in the paper. The following is basd@3jnLet 22; be
the set of real valued functions d&f. The notationp;; = p;(s;;), is used for the elements; € 2;.
Let also? = x;c 4 2; andm = ), - m;. ThenZ is isomorphic toR”. We denote elements it by
p = (p1, p2, ..., pn), Wherep; = (pi1, pi2, ..., pim;) € 2. If p € 2, andp; € 2;, then(p., p_;)
stands for the elemepte 2 that satisfiesy; = p; andg; = p; for j #i.

Now let 4; be the set of probability measures §n We defined = x;c - 4;, so4 € R™. Thus, the
elements; € 4; are real valued functions o}, p; : S; — R and it holds that,

Z piGsip) =1, pi(sij)=0, Vs;; €.

Sl'jES,'

We use the abusive notatiey to denote the strategy: € 4; with p;; = 1. Hence, the notatio@;;, p_;)
represents the strategy where playadopts the pure strategy;, and all the other players adopt their
components op.

The payoff functioru is extended to have domaitf* by the rule,

ui(p) =y p(s)ui(s), (1)
seS
p@s) =[] pitsi). )

eV

Definition 1. A strategy profilep* = (p7, p5, ..., py) € 4is aNash equilibriumf p* € 4 and for all
i €/ andallp; € 4;, ui(pi, p*,) <ui(p*).

An immediate implication of the above definition is that for a strategy prefileo be a Nash equilib-
rium, it must be that no playerhas an action yielding a payoff that he strictly prefers to the payoff he
receives by choosing’, assuming that every other playjerhooses his equilibrium actiqpf;. In other
words, no player can profitably deviate, given the actions of other players.

2.2. Problem formulation

As previously mentioned, the problem of finding a Nash equilibrium of a normal form game can be
formulated as a problem of detecting the global minimum of a real valued funfdi&jnTo this end,
three functionsy, z andg : # — R"™, are defined. For any € 2,i € ./ ands;; € S;, define thdjth
component as,

xij(p)=u;(sij, p—i), 3
Zij(p)=xij(p) — u;(p), 4)
gij(p)=maxz;;(p), 0l. %)

Now, we define the real valued function 4 — R, by,

vip)=Y_ > laip)l (6)

i 1<) <m;
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Functionv is continuous, differentiable, and satisfies the inequalip) >0, for all p € 4. Furthermore,
p*is a Nash equilibrium, if and only if, it is a global minimum ofi.e.v(p*) = 0[12,13]

3. Computational intelligence methods considered
3.1. Covariance matrix adaptation evolution strategies

Evolution strategies (ES) are population-based search algorithms developed by Rechenberg and Schwe
fel [22—25] ES exploit a population gf individuals to probe the search space. At each iteration of the
algorithm, A offsprings are produced by stochastic variation, called mutation, of recombinations of a set
of individuals (called th@arentg from the current population. Mutation is typically carried out by adding
a realization of a normally distributed random vector. After the creation of the offspring individuals, a
selection phase takes place, where eithepthest individuals among the offspring population, or the
best individuals among both the parent and the offspring populations are selected to form the population
of the next generation. These two selection schemes are den@ied gES andu+ 1)-ES, respectively.

ES use a set of parameters, calfthtegy parameterso parameterize the normal distribution used
in the mutation procedure. These parameters can either be fixed, or evolve during the evolution process
resulting in self-adaptive ER]. Clearly, the parameters of the normal distribution play an important
role in the performance of the ES algorithid}. The adaptation of the strategy parameters in ES usually
takes place within the concept ofutative strategy parameter cont@SC). In this context, strategy
parameters are mutated and search points are subsequently generated by means of this mutated strate
parameter setting.

Covariance matrix adaptation evolution strategies (CMA-ES) have been developed by Hansen and
Ostermeief6,7]. CMA-ES explicitly realize the objective of MSC, which is to favor strategy parameter
settings that produce individuals that are selected (in the minimization framework, this implies indi-
viduals with lower function values). Instead of utilizing selection information from a single generation
step, CMA-ES utilize a whole path taken by the population over a number of generations. Hansen and
Ostermeier call such patlesolution pathslf successively selected mutation steps are parallel correlated,
the evolution path will be comparatively long, and vice versa if successively selected mutation steps are
anti—parallel correlated. An evolution path is calculated through an iterative process by weighted sum-
mation of successively selected mutation steps (cf. Eq. (9)). Moreover, CMA-ES implements a principal
component analysis of the previously selected mutation steps to determine the new mutation distribution.
An advantage of this approach is that it renders the adaptation mechanism inherently independent of the
coordinate systerf7].

The proposed scheme for CMA-ES(is,, 1), whereu,, denotes weighted recombination from all
w individuals of the parent population. CMA-ES exploit a set of paramejerg, € R*, Cg € R**",

Pes.c € R", andeos € RT, whereG denotes the generation number. The parameters are initialized as
follows: p..0=ps.0=0andCo=1 (the unity matrix), whilesg and the initial weighted mean of thgarent
individuals,(X ) o, have to be chosen problem dependéntThe offspringsXx.¢+1,k=1,..., 4, are

then determined by the equation,

Xk,6+1=(X)w,¢ + 06 B6DGzk,G+1,
[ —
~N(0,Cg)
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where (0, C) denotes the Gaussian distribution with zero mean and covariance ifigtrand,

1

I
WG =i ZwiXi:i,Ga w; € R,
> i1 Wi

i=1

{(X)

with i : /1 denoting thdth best individual, is the weighted mean of théest individuals at generation
G; o € RT is the step sizez; g+1 € R" are independent realizations of@ 7)-normally distributed
random vector. The matricék; andDg are defined by the symmetrical positive defimiten covariance
matrix C¢, as follows[7],

Cc = BsDG(BGDg)' = BG(DG)ZB—GF-

This is actually a singular value decomposition(®f. Thus, the matriXD¢ is ann x n diagonal matrix
with its diagonal elements being equal to the square roots of the eigenvaltgswhile, B is ann x n
orthogonal matrix that determines the coordinate system, where the scalinpgvittkes place and its
columns are the normalized eigenvector<gf. The matrixC¢ is updated by means of the evolution

pathp. G41,

Pc,G+1 = 1- Cc)pc,G + C?CwBGDG <Z>W,G+l’ (7)
Co+1= (1A~ ccon)Cq + CcovPc,G+1PIG+1, (8)

where, p. ¢ stands for the weighted differences of poift$,y; c¢. € [0, 1] determines the cumulation
time for p.; c* =+/c.(2 — c.) normalizes the variance of the,

Z?:lwi 1 .
W=, (w1 = i D Wi, G+
VIl w? D

andccoy € [0, 1] determines the change rate of the ma@ixThe evolution of the global step-sizg is
determined by a “conjugate” evolution pagh, ¢+1,

Po.G+1= (L —co)ps,G + coewBG (2)w.G+1- 9)

0G+1=0G exp( =
do n

where,c, determines the cumulation time =/c,(2 — ¢;); d,; is a damping parameter that affects the
feasible change rate ef;; andy,, represents the expectation of the length @.a )-normally distributed
random vector.

3.2. Particle swarm optimization

Particle swarm optimization (PSO) belongs to the class of swarm intelligence algorithms. The ideas
that underlie PSO are inspired not by the evolutionary mechanisms encountered in natural selection, but
rather by the social behavior of flocking organisms, such as swarms of birds and fish schools. It has
been observed that the behavior of the individuals that comprise a flock adheres to fundamental rules
like nearest-neighbor velocity matching and acceleration by dist@nt@]. In this respect, it has been
claimed that PSO performs mutation with a conscigi€g.
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PSO is a population-based algorithm that exploits a population of individuals, to synchronously probe
promising regions of the search space. In this context, the population is called and the individuals
are calledoarticles Each particle moves with an adaptable velocity within the search space, and retains
in its memory the best position it ever encountered. Inglodal variant of PSO the best position ever
attained by all individuals of the swarm is communicated to all the particles. Ilotaévariant, each
particle is assigned to a neighborhood consisting of a prespecified number of particles. In this case, the
best position ever attained by the particles that comprise the neighborhood is communicated among them
[10,19]

Assume am-dimensional search spacg,C R", and a swarm consisting of NP particles. Titie
particle is in effect am-dimensional vectoX; = (xj1, xi2, ..., Xin) | . The velocity of this particle is
also ann-dimensional vectory; = (vi1, vio, ..., Vin) | . The best previous position encountered by the
ith particle is a point irS, denoted as BP= (bp;1, bp;». - .., bp;,) . Assumeg to be the index of the
particle that attained the best previous position among all the individuals of the swari@,tarige the
iteration counter.

Then, according to theonstriction factowversion of PSO, the velocity of théh particle of the swarm
is determined by the following equati¢a],

Vi.g+1=xlVi.G + c1ri(BP; ¢ — X G) + c2r2(BPg ¢ — X )1, (11)

wherei=1, 2, ..., NP;yisthe constriction factor; andcs are called theognitiveandsocialparameters,
respectively; andi, r» are random numbers uniformly distributed in the intef@all]. Alternatively, the
update of the velocity of the particle can be performed througimémtia weightvariant of the algorithm
[4,26,27]

Vicrr=wV;c +c1ri(BPi g — Xi.6) + c2r2(BPy.6 — Xi6), (12)
wherew is called thanertia weight The position of theth particle in iterationG + 1 is computed by,
XiG+1= Xi.6 + ViG+1. (13)

Both the constriction factoy, and the inertia weighty, are mechanisms for the control of the magnitude
of velocities. However, there are some major differences regarding the way these two are computed and
applied. The constriction factor is derived analytically through the forrf8]la

2K
1= s
12— ¢ —/¢? — 49|

for ¢ > 4, whereg = c1 + ¢, andx = 1. Different configurations of, as well as a thorough theoretical
analysis of the derivation of Eq. (14), can be found3B1]. The inertia weightw, in Eq. (12), is
employed to manipulate the impact of the previous history of velocities on the current velocity. Therefore,
w resolves the trade-off between the global and local exploration ability of the swarm. A large inertia
weight encourages global exploration (visiting unexplored areas of the search space), while a small one
promotes local exploration, i.e. probing the current search area. A suitable valuprovides the desired
balance between the global and local exploration ability of the swarm, and consequently improves the
effectiveness of the algorithm. Therefore, it is preferable to initialize the inertia weight to a large value,

(14)
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giving priority to global exploration of the search space, and gradually decrease it, so as to obtain refined
solutiong26,27] This finding is intuitively very appealing. In conclusion, an initial valuexairound 10
and a gradual decline towards 0 is considered a proper choige Tdre initialization of the swarm and the
velocities, is usually performed randomly in the search space, although more sophisticated initialization
techniques can enhance the overall performance of the algdi®im

Thorough theoretical investigations of the convergence properties of PSO through analyzing the tra-
jectories of the particles are provided8)31]. These studies are based on analyzing initially a simplified
deterministic model of the algorithm in order to provide an understanding about how it probes the search
space, and then continue on to analyze the full stochastic sy3i8dj. Generalized models of the al-
gorithm are proposed, and techniques for controlling the convergence properties of the particle system
through the fine-tuning of the parameters are analyz¢8i, 81].

3.3. Differential evolution

Storn and Pric§9] introduced a novel minimization method, called differential evolution (DE), capa-
ble of handling nondifferentiable, nonlinear and multimodal objective functions. DE expfmisidation
of NP potential solutions, calleiddividuals that aren-dimensional vectors, to probe the search space.
At each generatior(, of the algorithm three operators, nameatytation recombinatiorandselection
are performed in order to obtain more accurate approximations to a sofgfiprAll individuals are

uniformly initialized in the search space. At the mutation step, for éaet, ..., NP, a new mutant
vectorV; ¢+1 is generated by combining a number of vectors from the population of the current genera-
tion. Specifically, for each individuat; ¢, i =1, ..., NP, a new individuaV; ¢+1 (mutant individual)
is generated according to one of the following equations,
Vi.6+1=XbestG + OQ(Xr.6 — X15.6)» (15)
Vic+1=X11.6 + O(X1p.6 — X13,6)s (16)
Vi.c+1=Xi,¢ + OQ(Xpestc — Xi,G) + Q(Xr1.6 — X1,.6), (17)
Vi.G11=Xbestc + O(X,1.6 — X1p,6) + Q(Xr3.6 — Xr4.6)- (18)
Vig41=Xr.6 + O(Xr,.6 — Xr3.6) + QX146 — X1s5.6), (19)
Vi.6+1=(Xr1,G6 + X1p.6 + Xi3,6)/3+ (p2 — p1)(Xr1,.6 — X1p.6)
+ (p3— p2)(X1p.6 — Xrg,5) + (P21 — P3)(Xr3.6 — X11.6), (20)

where Xpestg denotes the best individual of the previous generat@m; O is a real parameter, called
mutation constantwhich controls the amplification of the difference between two individuals so as to
avoid the stagnation of the search process;ane, r3, r4, rs € {1, 2, ..., NP}, are random integers
mutually different and different from the running indexThe mutation strategy of Eq. (20) is known
as thetrigonometric mutation strategyand has been recently proposedSh This strategy performs a
mutation according to Eq. (20) with probabilityy and a mutation according to Eq. (16) with probability
(1—1p). The values op;, i € {1, 2, 3} andp’ are obtained through the following equations,

pi=fXr )/ P,
p2=IfXn.e)l/P,
p3=|f(Xr3,G)|/P/a
P'=1fXr, )+ 1 f (Xrp )| + 1 f (Xrs,6)]-
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At this point it is worth noting that performance differences caused by the selection of the mutation
strategy for DE will be provided in Section 4.

The resulting mutant vectors are mixed with a predetermined vector, taigertvector. This operation
is calledrecombination(crossover), and it gives rise to tiwal vector. At the recombination step, for
each component = 1, 2, ..., n, of the mutant vector, a random numbek [0, 1] is generated. If is
smaller than the predefineecombination constanCR < [0, 1], thejth component of the mutant vector
Vi.c+1 becomes thgh component of the trial vector. Otherwise, jilecomponent of the target vector,
Xi.G, is selected as thigh component of the trial vector, which is defined by,

Uig+1= 1i1,64+1, 4i2,G+1s - - - » Uin,G+1),
where

. _ ) vij.G+1, if (randl(j)<CR) or j =rnbr(i),
UG+ = \xij 6, if (randl(j) > CR) and j # rnbr(),

wherej =1, 2, ...,n; randl;) is thejth evaluation of a uniform random number generator within the
range[0, 1]; and rnbii) is a randomly chosen index from the $&t2, ..., n}.

Finally, at the selection step, the trial vector obtained after the recombination step is accepted for the
next generation, if and only if, it yields a reduction of the value of the objective funcfion, relative to
the previous vectoLy; ¢; if not, X; ¢ is retained,

X s VUG, 1f fUig+1) < f(XiG),
6171 X, 6, otherwise

3.4. Detecting more than one minimizers

The most simple technigue to compute more than one minimizers of a functioultistart [30]. In
this approach, as soon as a minimizer is detected the algorithm is reinitialized in the search space. This
approach, however, does not guarantee that the algorithm will not converge to one of the previously
detected minimizers.

Thedeflectiontechnique, proposed [d1], is an alternative technique that allows multiple minimizers
to be obtained in a single run of an optimization algorithm. fet S — R, S C R”", be the original
objective function under consideration. Letatgoi =1, . .., m, bemminimizers off. Then, thedeflection
technigue defines a new functi@ix) as follows,

F(x) = To(x; x1, 20 e+ T (65 X, ) "L (), (21)
where);, i =1, ..., m, are relaxation parameters, afid . . . , 7,,,, are appropriate functions in the sense
that the resulting functiofr has exactly the same minimizers faexcept at points 7, ..., x;,. The
functions,

Ti(x; xi, ) =tanh(; || x —x[ ), i=1,...,m, (22)

satisfy this property, known as thleflection propertyas shown irfl1]. Therefore, when the optimization
algorithm detects a minimizer;", of the objective function, the algorithm is restarted and an additional
T; (x; x;, 4;) is included in the objective functiof (x).
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Alternative configurations of the parameteresult in different shapes of the transformed function.
For larger values of the effect of the deflection technique on the objective function is relatively mild.
On the other hand, using< 1 results in a functiorr with considerably larger function values in the
neighborhood of the deflected minimizer. Deflection has been effectively used with PSO for detecting
periodic orbits of nonlinear mapping@0].

4. The proposed approach and experimental results

4.1. Proposed algorithm

The proposed algorithm for detecting several Nash equilibria, can be summarized in the following
three steps:

Stepl: Apply one of the aforementioned optimization methods to detect a global minimizer (Nash
equilibrium) of the objective function.

Step2: Once a global minimizer is detected store it.

Step3: If the number of restarts allowed is not exceeded, apply multistart or deflection and go to
Step 1. Otherwise, terminate the algorithm and report the results.

4.2. Test problems

The performance of the algorithm on finding Nash equilibria, was studied on six benchmark problems
which are included in the latest stable version (ve97@.5) of the state-of-the-art GAMBIT software
suite[14] (GAMBIT is freely available fromhttp://econweb.tamu.edu/gambit/ ). All games
were characterized by more than one Nash equilibria. In all problems, the main goal was to detect several
(and if possible all the) equilibria. To obtain the list of Nash equilibria of each game, the GAMBIT routine
PolEnumSolve was used. Next, the test problems used are reported. For games with more than three
players the payoff matrices are not reported due to space limitations. The name of the GAMBIT file that
corresponds to each game is mentioned so that the reader can obtain all the information about these game
from GAMBIT.

Test Problem 1. This is a four-person, normal form game, with 2 pure strategies available to each player.
The game is characterized by three equilibria. The GAMBIT file that corresponds to this game is named
2x2x2x2.nfg

Test Problem 2. This is another four-person, normal form game, with 2 pure strategies available to each
player. The game is characterized by five mixed equilibria. The GAMBIT file that corresponds to this
game is named3.nfg

Test Problem 3. This is a five player game, with two pure strategies available to each player. The
game is characterized by five Nash equilibria. The GAMBIT file that corresponds to this game is named
2x2x2x2x2.nfg

Test Problem 4. This is a normal form game with three players and two pure strategies available to each
player[12]. The payoffs of this game are givenTable 1 This game has a total of 9 Nash equilibria,
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Table 1
Payoff matrices for Test Problem 4

S31 SZl A\‘22 AS‘32 S2]_ S22
$11 9,812 00,0 s11 0,0,0 34,6
512 0,0,0 98,2 512 3,4,4 0,0,0
Table 2

Payoff matrix for Test Problem 6

$21 $22 $23 524
511 3,2 0,0 0,0 0,0
512 0,0 2,2 0,0 0,0
513 0,0 0,0 14 0,0
514 0,0 0,0 0,0 4.7

Table 3
Number of restarts for each test problem

Test problem 1 2 3 4 5 6
Restarts 8 10 10 15 18 20

four pure strategy equilibria, three mixed strategy equilibria, and and two full support strategy equilibria.
The GAMBIT file that corresponds to this game2is2x2.nfg

TestProblem 5. Thisis athree player coordination game with three strategies available to each player. The
gameis characterized by 13 equilibria. The GAMBIT file that corresponds to this gapw #333.nfg

Test Problem 6. This is a two-player game with four strategies available to each player. This game has a
total of 15 Nash equilibria. The GAMBIT file that corresponds to this gantedsd4.nfg  (Table 2.

4.3. Experimental setup

Numerical experiments were performed using a DE, a PSO, and a CMA-ES, C++ Interface developed
under the Fedora Linux @ operating system using the GNU compiler collection (gcc) versidi2 3For
the singular value decomposition performed by the CMA-ES algorithm the C Linear Algebra PACKage
(CLAPACK) 3.0 and the Automatically Tuned Linear Algebra Software (ATLAS).2 libraries were
used.

For each test problem, all the algorithms were allowed to perform a number of restarts depending on
the number of Nash equilibria of the game under consideration. Each algorithm was allowed to perform
a prespecified number of iterations per restart. The stopping criterion employed was to achieve a function
value less than or equal to 18 Otherwise, the algorithm was reinitialized when the maximum number
of iterations per restart was reached. The number of restarts for each test problem is illustrated in
Table 3 When the deflection techniqgue was used, the values of the relaxation paramgtefs,

Eq. (21), were set to 1.
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Table 4

Default parameter setting for the CMA-ES algoritfirh

7 n wi=_1,..‘,u Cc Ccov Cq da

4+ (3 In(m)] 14/2] In(25) —InG) 4 (nﬁ 4 |

Table 5

Population size and iterations per restart for DE and PSO

Problem Pop. size Iterations
TP1 20 1000

TP2 20 1000

TP3 50 2000

TP4 10 1000

TP5 20 1000

TP6 10 1000

For each pointX, to be a Nash equilibrium of a game it must be a minimizer of Eq. (6)Xard 4,
as defined in Section 2. To evaluate the function value of each individualie use the following
normalization:

p o lxijdl
oY g 1
withi € 4", andj =1, ..., m;, which ensures that” € 4. Note that this normalization is used only to

compute the objective function of Eq. (6) and not to constrain the populations todi€dnr experience
indicates that if the normalized individual§?, replace the original individual¥, then the diversity of

the population decreases drastically and this in turn causes the premature convergence of the considere:
methods.

For the CMA-ES, the default parameter setup suggestéd was adopted. This setup is illustrated
in Table 4 The initial component-wise standard deviation of the mutation stgpyas set to D for all
games. Moreover, the maximum number of generations per restart was set to 1000.

For the DE algorithm, the values for the mutation const@nand the recombination constant CR were
setto 07 and 09, respectively, following the suggestiongd#9]. Concerning the trigonometric mutation
strategy defined by Eq. (20), the value of the paramgjevas set to (L [5]. Population size, as well as,
the number of generations per restart were problem dependent. The setup used for these parameters we
the same for DE and PSO and their values are reportédbte 5

Concerning the PSO method, the global variant of the algorithm was considered because it exhibited
faster convergence compared to the local variant. In contrast to DE and CMA-ES, the particles were
constrained in the bok—1, 1]", wheren stands for the dimension of the problem, in order to avoid
possible velocities explosion. In the constriction factor version, the values of; thedc, parameters
were set to D5, while y was set to 729 [3]. An upper boundVmax, On the absolute value of the
velocities of the particles was used and set to 1. In the inertia weight version, the inertia weigist
initialized to 10 and it gradually declined towards zero for the 75% of the available iterations. Swarm
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Table 6
Results for Test Problem 1 with deflection
Method Nash equilibria Function evaluations per equilibrium

Mean 1% Min Max Mean 15 Min Max
CMA-ES 2.97 0.18 2 3 8830.08 2048.87 6644.00 17638.00
DE1 2.97 0.18 2 3 21297.67 6006.98 11493.33 44170.00
DE2 2.93 0.25 2 3 25512.56 6892.15 19706.67 49220.00
DE3 2.97 0.18 2 3 22237.22 6631.78 17160.00 52670.00
DE4 3.00 0.00 3 3 21990.89 3364.67 17406.67 29346.67
DE5 3.00 0.00 3 3 25781.78 3448.10 21273.33 32780.00
DEG6 3.00 0.00 3 3 23996.67 3220.54 20340.00 30146.67
PSOc 2.97 0.18 2 3 23219.00 5208.07 18020.00 45530.00
PSOi 3.00 0.00 3 3 30966.67 2170.56 27860.00 34140.00
Table 7
Results for Test Problem 1 with multistart
Method Nash equilibria Function evaluations per equilibrium

Mean 1% Min Max Mean g Min Max
CMA-ES 2.57 0.50 2 3 3344.69 731.87 2234.00 4642.50
DE1 2.43 0.50 2 3 4796.33 1124.29 3400.00 7050.00
DE2 2.70 0.47 2 3 8708.00 2551.35 6046.67 13970.00
DE3 2.43 0.50 2 3 6220.22 1556.19 3793.33 10430.00
DE4 2.77 0.43 2 3 5085.78 1330.14 3660.00 7970.00
DES5 2.57 0.50 2 3 9749.89 2965.66 5793.33 15820.00
DE6 2.70 0.47 2 3 9478.67 2654.48 6793.33 15290.00
PSOc 2.67 0.48 2 3 6265.56 1849.13 4293.33 10020.00
PSOi 2.47 0.51 2 3 23998.56 5630.68 16986.67 32030.00

size and generations per restart were problem dependent and the setup used in the numerical experiment
is summarized ifTable 5

4.4. Presentation of the results

To evaluate the comparative performance of CMA-ES, DE, and PSO, on each test problem, we com-
pared the performance of each algorithm with respect to the number of (different) Nash equilibria detected,
as well as, with respect to the mean number of function evaluation required to compute a different Nash
equilibrium. Moreover, on each test problem we investigated the performance differences caused by the
choice between the deflection and the multistart technique. For each test problem, and for each choice
between deflection and restart, 30 numerical experiments were performed for each of the considered
algorithms. All results are reported Ffables 6—17Each table reports the mean, the standard devia-
tion (¢), the minimum (min), and maximum (max) number of different Nash equilibria detected, and
the corresponding values for the number of function evaluations required to compute a distinct Nash
equilibrium.
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Table 8
Results for Test Problem 2 with deflection
Method Nash equilibria Function evaluations per equilibrium
Mean G Min Max Mean a Min Max
CMA-ES 4.27 0.45 4 5 9588.79 1395.51 6927.80 11692.50
DE1 4.73 0.45 4 5 22657.00 3933.48 15432.00 29865.00
DE2 4.30 0.47 4 5 32609.63 4529.02 24388.00 40230.00
DE3 4.63 0.49 4 5 25435.27 4164.88 19844.00 32955.00
DE4 4.33 0.48 4 5 28687.27 4971.97 19860.00 36610.00
DE5 0.87 0.51 0 2 — — — —
DE6 4.47 0.51 4 5 34362.23 5270.18 26620.00 43985.00
PSOc 4.67 0.48 4 5 24504.73 4703.46 19288.00 34285.00
PSOi 4.90 0.31 4 5 30276.07 2628.65 28120.00 37910.00
Table 9
Results for Test Problem 2 with multistart
Method Nash equilibria Function evaluations per equilibrium
Mean a Min Max Mean g Min Max
CMA-ES 3.33 0.76 2 5 3090.94 736.69 1991.40 4873.50
DE1 3.37 0.85 2 5 7069.79 2063.60 4072.00 11046.67
DE2 2.73 0.74 1 4 35206.72 16168.87 17480.00 97740.00
DE3 2.83 0.65 2 4 15888.28 6360.15 7766.67 29800.00
DE4 3.30 0.84 2 5 29414.12 13156.15 7408.00 75290.00
DES5 0.97 0.41 0 2 — — — —
DE6 2.87 0.73 2 4 43101.39 1422491 25795.00 71750.00
PSOc 3.40 0.86 2 5 11973.08 3660.57 7348.00 20610.00
PSOi 3.23 0.73 2 5 39025.94 10225.40 24516.00 69670.00
Table 10
Results for Test Problem 3 with deflection
Method Nash equilibria Function evaluations per equilibrium
Mean o Min Max Mean o Min Max
CMA-ES 3.03 0.89 2 5 19778.25 7116.49 9223.80 30626.50
DE1 3.10 0.55 2 4 218134.03 62594.70 118787.50 369475.00
DE2 1.20 0.71 0 3 — — — —
DE3 3.17 0.75 2 4 227278.33 78168.94 137712.50 377850.00
DE4 3.03 0.72 2 5 253272.33 85881.17 108470.00 432625.00
DE5 1.63 0.76 0 3 — — — —
DE6 2.57 0.82 1 4 376246.53 207052.30 160337.50 941800.00
PSOc 3.00 0.69 2 4 255346.25 91762.29 107550.00 422075.00
PSOi 3.37 0.72 2 5 255715.97 70688.00 139450.00 451250.00
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Table 11
Results for Test Problem 3 with multistart

Method Nash equilibria Function evaluations per equilibrium
Mean 15 Min Max Mean o Min Max
CMA-ES 2.43 0.90 1 4 13076.37 6503.76 4426.50 28458.00
DE1 2.40 0.81 1 4 57805.69 59371.86 17075.00 342550.00
DE2 1.67 0.71 0 3 — — — —
DE3 2.37 0.72 1 4 66788.47 36564.10 20487.50 189000.00
DE4 2.77 0.68 1 4 74955.14 48618.67 24600.00 252400.00
DE5 1.47 0.68 0 3 — — — —
DE6 2.50 0.82 1 4 340859.44 222252.48 156475.00 936450.00
PSOc 2.50 0.63 2 4 78288.75 33132.98 38600.00 157825.00
PSOi 2.30 0.60 1 3 226939.72 78364.01 148750.00 495450.00
Table 12
Results for Test Problem 4 with deflection
Method Nash equilibria Function evaluations per equilibrium
Mean T Min Max Mean g Min Max
CMA-ES 7.37 0.93 6 9 4871.85 1597.16 2091.00 8202.50
DE1 6.70 1.09 4 9 8977.96 3176.34 4145.00 17247.50
DE2 7.17 1.05 5 9 9783.33 2956.87 5838.75 17442.00
DE3 7.27 0.87 6 9 9983.27 2640.40 6037.50 15616.67
DE4 7.90 0.76 7 9 7036.02 1814.05 3757.78 11135.71
DES5 6.80 1.13 4 9 14986.52 4051.78 8363.33 30562.50
DE6 7.57 0.90 5 9 9568.29 2586.73 6322.22 18076.00
PSOc 7.03 0.76 5 8 8569.21 1838.82 5630.00 14886.00
PSOiI 6.90 0.96 5 8 15026.70 3084.20 10991.25 21912.00
Table 13
Results for Test Problem 4 with multistart
Method Nash equilibria Function evaluations per equilibrium
Mean a Min Max Mean a Min Max
CMA-ES 2.70 0.65 2 4 3194.14 715.61 2052.75 4408.50
DE1 2.73 0.64 2 4 6281.19 3456.75 2752.50 14680.00
DE2 2.77 0.73 2 4 11211.28 3456.54 6526.67 18205.00
DE3 2.53 0.57 2 4 11934.17 4423.44 6950.00 23745.00
DE4 3.03 0.85 2 4 11633.22 4497.53 6105.00 26060.00
DE5 2.70 0.70 2 4 37830.64 11964.14 19560.00 65805.00
DEG6 2.80 0.81 2 5 16947.42 6346.54 8095.00 32090.00
PSOc 2.93 0.58 2 4 7455.39 1701.89 5442.50 10565.00
PSOi 2.07 0.45 1 4 40458.78 9647.80 18715.00 82550.00
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Table 14
Results for Test Problem 5 with deflection

Method Nash equilibria Function evaluations per equilibrium
Mean a Min Max Mean a Min Max
CMA-ES 10.30 0.60 9 12 2303.75 490.27 1556.82 3482.10
DE1 10.40 0.62 10 12 4798.46 1023.89 3511.67 8140.00
DE2 10.57 0.63 10 12 9279.43 1045.27 7665.00 11436.00
DE3 10.47 0.57 10 12 5697.87 1306.27 4121.82 10224.00
DE4 9.10 1.06 7 10 21072.97 7679.69 9866.00 36940.00
DE5 0.73 1.53 0 8 — — — —
DE6 10.17 0.38 10 11 17023.22 3706.66 9872.73 22782.00
PSOc 10.53 0.78 9 12 5598.80 844.73 4290.00 7450.00
PSOi 10.50 0.51 10 11 15116.76 1009.87 13783.64 16912.00
Table 15
Results for Test Problem 5 with multistart
Method Nash equilibria Function evaluations per equilibrium
Mean 1 Min Max Mean o Min Max
CMA-ES 1.77 0.86 1 4 7753.11 3252.50 2863.75 11882.00
DE1 1.30 0.53 1 3 39076.33 11198.85 14360.00 51900.00
DE2 1.70 0.65 1 3 97813.78 41449.85 41866.67 167720.00
DE3 1.33 0.55 1 3 62016.11 18262.06 21433.33 91640.00
DE4 1.93 0.78 1 4 149817.17 75240.08 53565.00 310060.00
DE5 0.27 0.52 0 2 — — — —
DE6 1.53 0.82 1 4 203752.00 74901.93 60800.00 289700.00
PSOc 1.40 0.50 1 2 33819.00 10338.13 20350.00 44820.00
PSOi 1.23 0.43 1 2 134998.00 32606.27 76110.00 160380.00
Table 16
Results for Test Problem 6 with deflection
Method Nash equilibria Function evaluations per equilibrium
Mean o Min Max Mean a Min Max
CMA-ES 13.93 0.58 13 15 2200.47 269.03 1671.21 2787.13
DE1 13.90 0.71 12 15 3863.48 594.87 2939.33 5440.00
DE2 13.80 0.48 13 15 5217.48 609.81 4358.57 6937.69
DE3 13.97 0.61 13 15 5835.41 917.29 4361.43 7510.00
DE4 13.70 0.75 12 15 5054.90 595.60 4272.14 6483.08
DE5 11.87 1.14 8 13 9522.17 2106.37 7140.00 18767.50
DE6 13.60 0.67 12 15 5358.69 682.98 4482.14 7304.62
PSOc 14.20 0.89 12 15 3047.69 347.04 2540.00 3834.62
PSOi 14.33 0.48 14 15 6815.01 237.90 6276.00 7197.86
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Table 17

Results for Test Problem 6 with multistart
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Method Nash equilibria Function evaluations per equilibrium
Mean o Min Max Mean 14 Min Max

CMA-ES 5.90 0.96 4 8 2990.22 531.53 2142.38 4549.00
DE1 6.33 1.12 4 9 6613.78 1598.33 4415.00 12607.50
DE2 6.43 1.28 4 9 11267.65 3036.64 6545.56 18670.00
DE3 5.47 1.38 2 8 14720.26 6609.17 6441.25 41225.00
DE4 6.97 1.16 4 9 12314.96 3164.66 8338.89 20575.00
DE5 6.87 1.25 5 9 20609.33 4637.34 14332.22 32652.00
DE6 6.33 1.03 5 8 12927.57 2583.13 9397.50 18496.00
PSOc 5.33 1.12 2 7 6499.35 2123.42 4395.71 15865.00
PSOi 4.60 1.07 2 6 21526.97 7461.19 14948.33 46365.00
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Fig. 1. Nash equilibria detected with deflection (left) and multistart (right) for TP1.

To obtain a clearer image of the statistical properties of the obtained results, we also provide boxplots,
in Figs. 1-6for the detected Nash equilibria, andkigs. 7—12or the number of function evaluations.
Each box corresponds to an instance of one of the considered algorithms, and it has lines at the lower
quartile, median, and upper quartile values. The whiskers, i.e. the lines extending from each end of the
box, show the extent covered by the remaining values. Outliers appear beyond the ends of the whiskers,
and they are denoted with crosses. Notches represent a confidence interval for the medians for box to box

comparison.

As we can see fronTable § the DE variants 4, 5, and 6, as well as the inertia weight version of
PSO (PSOQi) are capable of detecting all 3 Nash equilibria of Test Problem 1 in every run. Moreover, no
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algorithm found less than 2 equilibriain a single run. Performing a Kruskal-Wallis statistid&]testhe
results, the null hypothesis that the median performance of all the algorithms is identical, was not rejected
(p-value equal to ®34). It is important to note at this point that this hypothesis was rejected in all the
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other cases. Comparing the result§able 6with those ofTable 7we observe that deflection marginally
improves the capability of all the algorithms to compute different minimizers. CMA-ES proved to be
the computationally cheapest method. This finding, which is also valid for all the other test problems,
was expected since in our experimental setting CMA-ES required the smallest number of individuals

compared to DE and PSO.
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Regarding Test Problem 2, the best performing method with respect to the number of different mini-
mizers detected was PSOi, when deflection was used, and the constriction factor version of PSO (PSOc)
when multistart was used. As can be seen fil@bles 8&nd9, deflection ensured a superior performance
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Fig. 9. Function evaluations for deflection (left) and multistart (right) for TP3.

than multistart, since all algorithms (with the exception of DE5) managed to compute at least 4 out of 5
equilibria. This is more clearly shown Fig. 2 Function evaluations per equilibrium are not reported for
DES5 since the algorithm was incapable of detecting even one equilibrium in some occasions.
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Similar results were obtained for Test Problem 3, as showialohes 10and11. PSOi proved the best
performing method when equipped with deflection. On the other hand, DE4 gave the best results for
multistart. A poor performance was exhibited by DE2 and DE5. On Test Probl@ables 12and 13,



134

NUMBER OF FUNCTION EVALUATIONS

N

2t

=
N
T

[uey
N
T

=
o
T

[eo)
T

(o2}
T

N.G. Pavlidis et al. / Journal of Computational and Applied Mathematics 175 (2005) 113-136

x 10

CMAESDE1 DE2 DE3 DE4 DE5 DE6 PSOc PSOi
ALGORITHM

NUMBER OF FUNCTION EVALUATIONS

=
[}
T

[N
N
T

Juny
N
T

=
o
T

[e¢)
T

[}
T

IN

2+

x 10

:

T =

CMAESDE1 DE2 DE3 DE4 DE5 DE6 PSOc PSOi
ALGORITHM

Fig. 12. Function evaluations for deflection (left) and multistart (right) for TP6.

DE4 proved the best performing method when equipped with either deflection or multistart. The same
was observed for Test Problems 5 and 6 with multistart, while for the deflection case, DE2 and PSOi
performed better, respectively.

Overall, the obtained results suggest that incorporating the deflection technique improves significantly
the ability of the considered methods to detect different minimizers, compared to multistart. DE4 exhibits
the best overall performance when multistart is used. When equipped with the deflection technique, the
best performing methods appear to be DE4, PSOi and PSOc. An interesting point to note is that on
this set of problems, the DE variants that exploit the best individual of the population in the mutation
strategy (DE1, DE3, and DE4) overall exhibited a superior performance. In the context of computational
intelligence methods, this property is known as elitism. Finally, the least computationally expensive
method per computed minimizer, was CMA-ES.

5. Conclusions

The concept of Nash equilibrium is central in game theory. In this contribution the effectiveness of
three computational intelligence methods, namely CMA-ES, PSO, and DE, was investigated on the task
of locating and computing the Nash equilibria of finite strategic games. To employ these methods the
global optimization formulation of the problem of computing Nash equilibria was adopted. To detect more
than one Nash equilibria in a single run, the multistart and the deflection techniques for the computation
of more than one global minimizers of a function, were employed.

In all the test problems, the deflection technique enhanced significantly the performance of the consid-
ered methods compared to multistart. This finding becomes more pronounced as the number of equilibria
increases. In most cases, the methods that exploit the best individuals of the current population to produce
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the population of the next generation, tended to exhibit superior performance. Overall, the two versions
of PSO and the DE variants that exploit the best individual in the mutation strategy, exhibited the most
robust behavior with respect to the number of different equilibria detected. The CMA-ES was the least
computationally expensive method per computed minimizer.
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