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Abstract

We are dealing with the concept of d-dimensional orthogonal (abbreviated d-orthogonal) polynomials, that is to say
polynomials verifying one standard recurrence relation of order d + 1. Among the d-orthogonal polynomials one singles
out the natural generalizations of certain classical orthogonal polynomials. In particular, we are concerned, in the present
paper, with the solution of the following problem (P): Find all polynomial sequences which are at the same time Appell
polynomials and d-orthogonal. The resulting polynomials are a natural extension of the Hermite polynomials.

A sequence of these polynomials is obtained. All the elements of its (d + 1)-order recurrence are explicitly determined.
A generating function, a (d + 1)-order differential equation satisfied by each polynomial and a characterization of this
sequence through a vectorial functional equation are also given. Among such polynomials one singles out the
d-symmetrical ones (Definition 1.7) which are the d-orthogonal polynomials analogous to the Hermite classical ones.
When d = 1 (ordinary orthogonality), we meet again the classical orthogonal polynomials of Hermite.

Keywords: Appell polynomials; Hermite polynomials; Orthogonal polynomials; Generating functions; Differential
equations; Recurrence relations

AMS classification: 42C99; 42C05; 33C45

0. Introduction

The orthogonal polynomials in general and the classical orthogonal polynomials in particular
have been the object of extensive works. They are connected with numerous problems of applied
mathematics, theoretical physics, chemistry, approximation theory and several other mathematical
branches. In particular, their applications are being widely used in theories as Padé approximants,
continued fractions, spectral study of Schrodinger discrete operators, polynomial solutions of
second-order differential equations and others.

The notions of d-dimensional orthogonality for polynomials [14], vectorial orthogonality as
defined and studied in [19] or simultaneous orthogonality in [7] are obviously generalizations of
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the notion of ordinary orthogonality for polynomials. Such polynomials are characterized by the
fact that they satisfy an order d + 1 recurrence relationship, that is a relation between d + 2
consecutive polynomials [19]. All these new notions of d-orthogonality for polynomials and,
equivalently, 1/d-orthogonality [5] appear as particular cases of the general notion of bior-
thogonality studied in [6]. Recently they have been the subject of numerous investigations and
applications. In particular, they are connected with the study of vector Padé approximants
[19, 207, simultaneous Padé approximants [7] and other problems such as vectorial continued
fractions, polynomials solutions of the higher-order differential equations, spectral study of
multidiagonal nonsymmetric operators [4].

Otherwise, according to a point of view based only upon the d-orthogonality conditions,
especially the (d + 1)-order recurrence relation, some studies which look for generalizations of the
orthogonal polynomials properties in general and the classical orthogonal polynomial ones in
particular, are made in [5, 8—11, 15]. In this paper we present the results in this direction.

It is well known that the Hermite polynomials (up to a linear change of variable) form the only
sequence of polynomials that are simultaneously orthogonal and Appell polynomials. This charac-
terization of the Hermite polynomials was first given by Angelesco [2], and later by other authors
(see, e.g., [18] and for additional references [1]).

Let {H,},- o be the sequence of Hermite polynomials and {H,}, o the corresponding monic
polynomials, i.e., H,(x) = 27"H,(x), n = 0.

The previous property is translated by the fact that the sequence {H,}, > o verifies:

(a) the three-term recurrence relation

~

H,,+2(x)=xI-AI,,+1(x)—%(n+ 1)ﬁn(x)’ n>0,
ﬁo(x)=1, ﬁ1(x)=x

and
(b) the Appell character

o~

Ho () =@+ 1DH,(x), n>0.

Our main objective in this paper is the investigation of sequences { P, }, > o of monic polynomials
which are simultaneously Appell polynomials and d-orthogonal.

Section 1 is devoted to some preliminaries and notations necessary for the sequel. In particular,
the exposition of the definition and characterizations of the d-orthogonal polynomials. In Section
2, we state and solve the problem (P). The proofiis based only on the (d + 1)-order recurrence where
an explicit expression for each of its elements is obtained. In Section 3, we give some characteriza-
tions of these polynomials. First, by using the (d + 1)-order recurrence and the Appell property, we
obtain a generating function and a (d + 1)-order differential equation of the polynomials P,(x),
n = 0. Next, by introducing the d-dimensional functional with respect to which the sequence
{P,}. >0 is d-orthogonal, we give a characterization of this novel sequence through a vectorial
functional equation. Lastly, we express the derivative of the product of two consecutive poly-
nomials in the form of a differential relation which generalizes McCarthy’s characterization of
a Hermite classical polynomials.
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1. Preliminaries and notations

Let 2 be the vector space of polynomials with coefficients in C and let 2’ be its dual. We denote
by <u, f > the effect of u € 2’ on f€ 2. In particular, we denote by (u), =(u, x"), n > 0, the moments
of the functional u. Since a linear functional is uniquely determined by its action on a basis, u is
uniquely determined by the sequence of constants (u),.

By a polynomial set (PS), we mean a sequence of monic polynomials {P,},, in which
deg P,(x) = n for all n, say, P,(x)=x"+ ...,n=0.

Let {P,},> o be a polynomial set; there exists a sequence of linear functionals {u,}, > o, such that

s Pn> =6m,na m,n=0. (11)
The sequence {u,},> o is called the dual sequence of {P,}, o; it is unique [14].
Lemma 1.1 (Maroni [14]). For each ue 2’ and p > 1 integer, the following two propositions are
equivalent:

(@) <u, Pp—1> #0; {u, P,> =0,n=p;
(b) 34, eC,0<v<p—1,4,_1 #0, such that

p—1
u= Yy Au,. (1.2)
v=20

We now consider a polynomial set {P,},, with its derivative sequence {Q,},>, defined by
Q.(x) =[1/(n + 1)] P, +1(x), n = 0. We denote by {v,},5 o the dual sequence of {Q,},> -
Proposition 1.2 (Maroni [14]). We have

Dvn=_“(n+ 1)un-§-1: nZO, (13)
where Du, the derivative of a linear functional u, is defined by {Du, f>=—{u, f'>, Vue ? and
Vfe?.

1.1. The regular orthogonality

Let us recall the definition of regular orthogonality. The linear functional u will be called regular
if we can associate with it a sequence of polynomials {P,},  such that

(uy PyPpy = rnén,ma nm=0, r,#0, n>0.

Then for all n the degree of P,(x) is exactly n and we can always suppose each P,(x) to be monic.
Therefore, the PS {P,},- o is unique. In this case, it is called the orthogonal polynomial set (OPS)
relative to u. Necessarily, u = Aug, 4 # 0.

It is an old result that such OPSs are characterized by the fact that they verify a three-term
recurrence relation, namely:

Pn+2(x) = (X - ﬁn+l)Pn+l(x) - '))n+1Pn(x), nz 0 (mOHiC form); (14)
Po(x) =1, Py(x) = x — Po; (1.5)
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with
yn+ 1 ;é O, h 2 0

Definition 1.3. The OPS {P,},5 o will be called classical if {Qu}nso is also an OPS [13].

This gives (1.4), (1.5) and
Ons2(X) = (X — Ups1) Qs 1(x) = 8ns1Qulx), n20; (1.6)
Qo) =1,  Qi(x)=x—; (1.7
with
5n+ 1 '-Ié O, n > 0~
Theorem 1.4 (Geronimus [12]). The sequence {Py}s5 o, orthogonal with respect to u, is classical if
and only if there exist two polynomials ¢ and with deg ¢ =t <2, degy = 1, such that
yu + D(¢u) =0 (¢ monic),

writing Y (x) = ayx + ao, we must have agN* ift =2
1.2. The d-orthogonality
Let us consider d linear functionals I'*, ..., I (d = 1).

Definition 1.5. A polynomial set {P,}, o is called a d-dimensional orthogonal polynomial set or
simply a d-orthogonal polynomial set (d-OPS) with respect to r=(?, .., 'Y ifit fulfils [191:

(I, PP,y =0 nzmd+a m=0, (1.8)
(% PpPuica-1) #0, m20, (1.9)
for each integer « with 1 <a < d.
Remark 1.6. The inequalities (1.9) are the regular conditions equivalent to the ones given in [14, p.
1107 or [20, p. 142]. They are a natural generalization of those given in the regular orthogonality

case. In this case, the d-dimensional functional I is called regular. It is not unique.

Indeed, from Lemma 1.1, we have

a—1 v+1
r~= Yy Au, Ai—1#0, 1<a<d < uy= Y 0l w1 #0, ogsv<d-—1
v=0 a=1
Therefore, from now on, we shall work uniquely with the dual functionals u, ..., 41, thatis to
say % = (ug, ... »Ua-1 )T: it is the canonical regular d-dimensional functional with respect to which

the PS {P,}.5 o is d-orthogonal.

Note that if d = 1, we meet again the ordinary orthogonality, say, {P,}50 is an OPS.

The remarkable characterization of the d-OPSs is the one given by Van Iseghem in her
thesis [19]: A polynomial set {P,},s0 is d-OPS if and only if it satisfies the (d + 1)-order
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recurrence relation:

Ppiasr1(x) = (X — Bm+a) Pmra(x) — Z an+1d_v Ppia—1-4(x), m=0, (1.10)
with the initial conditions

Po(x) =1, Pi(x) = x — Bo

and if d > 2: (1.11)

Pn(x)=(x_ﬂn—l)Pn—l(x) Z yn an 2- v(x) 2<n<d’

and the regularity conditions
Yme1 #0, m=0. (1.12)

Now, when the derivative PS {Q,}, o is also d-OPS with respect to ¥~ = (vg, ..., v4-)", the
polynomial set {P,}, o is called a “classical” d-OPS [8, 9].

Then, both {P,},- o and {Q,}, o satisfy an order d + 1 recurrence relation. Consequently, the
recurrence (1.10) with (1.11) as well as the following recurrence relation verified by {Q,}, o hold
simultaneously:

Qm+d+ 1(X) = (x - am+d) Qm+d(x) Z 5m+d va+d 1- v(x) m > 0, (113)

with the initial conditions
Qox)=1, QGi(x)=x—0p
and if d > 2;

On(x) = (x — otp—1) @ 1(x) — Z 8571V 0-2-4(x), 2<n<d, (1.14)
Oo+1#0, m=0.

1.3. d-symmetric polynomials

Let k be an integer with 0 < k < d. By &, k=0,1, ...,d, we denote the d + 1 roots of unity,
namely: &, = exp(ikn/(d + 1)), f"“
Definition 1.7. The sequence {P,}, o is called d-symmetric if it fulfils:
Pn(ikx) = él?Pn(x)a nz 0, (115)
foreachk=0,1, ...,d.
When d = 1, then £, = 1 and &; = — 1, this means that the sequence {P,}n 5 0 is symmetric, that
is P,(— x)=(—1)"P,(x),n > 0.
Definition 1.8. The d-dimensional functional % = (uo, ... ,u;—1)7 is called d-symmetric if it fulfils:
W)a+1n+, =0, u=01,....d pu#v, n=0, (1.16)
foreach0<v<d-—1.
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When d = 1, then % = u, (% is reducible to a linear functional), we find again the symmetrical
functional: (4g)2.+1 = 0, n = 0 (all the moments of odd order vanish).

It is of interest to interpret the d-symmetrical property (1.15) in terms of the moment conditions
(1.16). That is given in

Theorem 1.9 (Douak and Maroni [9]). Let {P,}, o be a d-OPS with respect to U = (ug, ... ,tg—1)"-
Then the following propositions are equivalent:

(a) % is d-symmetric.

(b) {Pu}ns o is d-symmetric.

(©) {Pu}n> o satisfies the recurrence relation:

P,,(x)=x", OSI’ISd,
(1.17)
Porar1(X) = XxPyig(x) —va+1Pu(x), n=0

that isto say B,=0,n=0,y,,,=0,n>0, foreachv=1,...,d — 1.

Corollary 1.10. Moreover, if {P,},s o is a “classical” d-OPS, then {Q,},> o is also d-symmetric.

2. Statement of the problem

Now we pose the problem (P): Find all d-OPSs {P,},> o which are also Appell PS.
Thus, the polynomial sets {P,}, o necessarily must enjoy the two properties:

(a) the (d + 1)-order recurrence relation (1.10) with (1.11), and

(b) the Appell character:

On(x) = Pu(x), n=0. (2.1)

The following remark is in order here: The d-OPS {P,}, o is necessarily a “classical” one.
Indeed, from the equality (2.1) its derivative PS {Q,}, o again forms a d-OPS. Then, the two
(d + 1)-order recurrence relations (1.10) with (1.11) and (1.13) with (1.14) hold simultaneously.
Before solving the problem (P), it is very important to recall the following well-known character-
izations of Appell polynomials [3]:
(i) A polynomial set {P,},5 o is an Appell PS if and only if the polynomials P,(x), n = 0, are
defined by the generating function

tn
At = ¥ P¥) 5, A= Y at’, a0=1, 2.2)
nz0 : nz0
which we denote by G(x, t), that is G(x, t) = A(t)e*.
(ii) {P,}.5 o is an Appell PS if and only if there exists a sequence of numbers {a,}, > o, such that

n

Px)=Y (Z)an_kx", n=0,1, ..., with ao = 1. (2.3)

k=0
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Examples of Appell polynomials are: The sequence of powers {x"}, o, the Hermite polynomials
{A,),-0 and the Bernoulli polynomials {B,}, . Their corresponding generating functions are
given, respectively, by e*, e~/ and [t/(e' — 1)]e™.

Now, we are ready to sketch the solution.

Let {P,}.> o be d-orthogonal and satisfies the equality (2.1). First, by differentiating (1.10) and
shifting m - m + 1, we get

Ppiar1(x)=m+d+2)Quniar1(x) —(m+d+ )X — Brn+a+1) Qm+a(x)
a-1
+ Z (m+d—")?fn_+{11v1—v m+d—1—v(x), mZO (24)
v=0

Lastly, writing P, +4+1(x) + (m + d + 1) Qp+4+1(x) and making use of (1.13), we obtain

Puia+1(%) = Quia+1(X) +(m+d + 1)(Bnra+1 — %m+a) Gm+alX)
d-1
+ z [(m + d - V)y‘rin_%—ld:—‘i—v - (m + d + 1) 5.:'1_-\‘-%1::] Qm+d—1—v(x), m 2 0

v=0
Likewise, differentiating the initial conditions (1.11) and making use of (1.14), we get
Po(x) = Qo(x),
Pi(x) = Q1(x) + (B1 — 2%0) Qo (x)
andifd =22, 2<n<d: (2.6)
Pa(3) = 0u(9) + 1By — oa-1) Q-1 (9 + :>::z[(n — 1= Wy = noE TR O oo,

Otherwise, since Q,(x) = P,(x), n = 0, we have necessarily
Oy = By, m=0;
Om+1 =Ym+1,m=0, foreachvwith0<v<d—1,
so that, the two relations (2.5) and (2.6) take, respectively, the forms:

Ppias1(X) = Pprge1(x) +(m+d + 1) (Bnta+1 — Bm+a) Pm+a(X)
a-1

+ Y m+d—vyaiadi-y—m+d+ D)ymii 0] Prra—1-4(x), m=0
v=0

@.7)

and for any integer n with 0 < n < d, we have

n—2
Pn(x) = Pn(x) + n(ﬁn - ﬂn—l)Pn—l(x) + Z [(n —-1- M)Vﬁ:;_" - n?ﬁ:}:ﬁ] Pn—Z—u(x)’ (28)
u=0

with P_,(x)=0and ¥ "=0for n > 1.
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Since {P,}, o is a basis of 2, then from (2.7) and (2.8) it is easy to obtain
Bn+1=Pn, n=0,
m+d—v)yi iy =m+d+1D)yi347Y m>0,v=0,1,...,d —1,
(mn—1—pyaZ*=nydZiZt, 0<Spu<n-—2,2<n<d,

it follows that

ABn = ﬂO, n > 07
m+d—v
Y1 =7 >0; v= eyd — 1
Vm+1 ))1( d—v >, m/O, v 0,1, ,d 1,
y9 #0.
It is a matter of simple calculus. We can always choose o = 0 and y? = 1/(d + 1) for d fixed, then
m+d
Pm+d+1(x)"‘XPm+d(x ; <v+1>Pm+d—l—v(x)
_(m+d
—d+1) i P,(x), m=0 (2.9)

and the initial conditions
Po(x) =1, Py(x) =x
and if d = 2: (2.10)

n—2 -1
Pn(X)=XPn_1(X)_ Z .y(i—l—v<:l+ I)Pn—Z—v(x)a 2<n<ds
v=0

where y1, 7%, ...,y ! are d — 1 arbitrary constants.
The two relations (2.9) and (2.10) can be written in the form

d—1
Pris(9 = xPy(9) — T v‘i‘l—V(V ! 1)Pn_l_v(x), n>0, @11)
with Po(x) =1, P_,(x)=0forn>=1land (})=0if v > n.

Remarks 2.1. (a) By differentiating k times the polynomial P,(x) and taking (2.1) into account, we get

(n M

Ppy(x) =——PP(x), 0<k<n nz0, (2.12)

where P®(x) = D"P,,(x) =@+ 1) PE I (x).
(b) In 27, the equality (2.1) becomes
v,=u, fornz=0, (2.13)
where {u,},> o (resp. {v,}a50) is the dual sequence associated to {P,}, o (resp. {Q,}n> o). Hence,
v =U, (2.14)
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where % (resp. ¥7) is the canonical regular d-dimensional functional with respect to which the
polynomial set {P,}, o (resp. {Qn}.> o) is d-orthogonal.
Otherwise, by making use of (2.13), we obtain from (1.3) the relation:

Du,=—(n+ Hu,+q, n=0.
By recurrence, it follows that

u, = (_n'l) D"uy, n =0, (2.15)

which is another characteristic of the Appell polynomial sets.
Example. For the powers {x"}, o, 4o = 6 (Dirac delta function) and u, = [(— 1)*/n!]D"5,n > 0.

In order to produce a d-OPS analogous to the Hermite PS, we have to choose the arbitrary
constants y] =0 forany v =1, ... ,d — 1 (choice is always possible, because orthogonality is kept
through a shift), then {P,}, o is reducible to a d-symmetric PS.

In this case, {P,},> o is a “classical” d-OPS analogous to the Hermite OPS {H,}, > o. It will be
called the Hermite-type d-OPS. One reason for giving this name is that these polynomials have
some properties that are analogous to those of the Hermite polynomials (that is the object of the
next section).

Therefore, from now on, we denote this d-OPS of type Hermite by {ﬁ,,(-;d)},,> o and for the
corresponding nonmonic PS we adopt the notation {H,(- ; d)}, o, such that A, (x;d) = k,H,(x; d),
n = 0 where k, is a normalization constant which will be determined below.

Thus the recurrence (1.17) becomes

Hyigi1(x;d) = xHpilx;d) —(d + 1) <m ; d>ﬁm(x; d), mz0,
X (2.16)
H,(x;d)=x", n=0,1, ....,d.
Otherwise, since {H,(-;d }ns o is also d-symmetric, we can write [9]:
Hyt1yniu(x;d) = x*REXTY), n>0, 0< pu<d, (2.17)

where {Ri}, 50, 0<u<dared+1 polynomial sets which are not d-symmetric. Such PSs are
called the d + 1 components of the d-OPS {H,(-;d)},>o. They are defined by the system

Pn+1(X) = — Q,(x) py(x), n=0, (2.18)
with
RY(x)

Pn (x) = :
Ri(x)
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and
Wyt 0 0 0 — X
Dp+1 Wp+2 0 0 —X
Q,(x) = ,
Wp+1 Wpv2 WOpisz - 0 — X
Wn+1 Wpt+z Wy+3 0 Wpig - X
Wyt Wpiz Wpe3z 0 Wpyg — X+ Opegsn
where

nz0,1<t1<d+ 1.

fd+Dn+d+
wn+r=y81+1)n+r=(d+ 1) 1<( )n r),

d

According to [9, Théoréme 5.2], each component {R4},., is d-OPS. Moreover, the first
component {R{},. o is a “classical” one (see [9] for further details).

When d =1 (ordinary orthogonality case), we find again the Hermite PS {FI,,}DO with
its two quadratic components {L{™'?}, .o and {L{}?}, ., where {L{},50, « > — 1, are the
Laguerre PS.

3. Some characterizations of the sequence {P,}, o

At last, it is interesting to show that some properties satisfied by the d-OPS {P,}, > o (solution of
the problem (P)) and, in particular, those satisfied by the Hermite-type d-OPS {H,(.;d)},> o are
a natural extension of the Hermite classical OPS. This is given by the following results.

3.1. Generating function

Theorem 3.1. Let {P,},- o be a PS with the generating function G(x,t) =Y, o Pa(x)t"/n!. Then
{P,}, 0 is a solution of (P) if and only if G(x, t) has the form G(x, t) = A(t)e™ with

tv+2

d—1
At) = exp< - goy‘{_l_vm) (3.1)

Proof. The necessity. Let {P,}, o be a solution of (P), i.e,, it satisfies the (d 4+ 1)-order recurrence
relation (1.10) with (1.11) and the equality (2.1).

So that its generating function G(x, t) has the form G(x, t) = A(t)e*". We shall show that A(t) has
the form (3.1). Indeed, by differentiating G(x, t) = ¥, » o P.(x) t"/n! with respect to t, and using the
notation d, = d/0t, we have

n—1

0600 = ¥ P = T Prr)s (32)

t
n=1 -1 5
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Now, in virtue of (2.11), the equality (3.2) can be written

a!G(x’ t)= z [XP,,(X)— i yt{-l—v< " 1>Pn—1—v(x):|%;

nz0 v+
- tv+ 1 n- 1-v
= 1-v P -
XG(X t g (V n 1)' ngo n—1- v(x) V)'
d— - tv+ 1
= xG(x, t)—( Y oy (v+1)!>G(x,t).
It follows that G(x, t) satisfies the partial differential equation:
d—1 g tv+ 1
_ -1-v
0,G(x, t) = <x — vgoyl 0T 1)!> G(x,1t). (3.3)

Otherwise, using the Appell character, i.e., the generating function has the form G(x, t) = A(t)e™
and differentiating it always with respect to t, we get

0,G(x,t) = A’'(t)e™ + xG(x, t). (3.4
From (3.3) and (3.4), it is easy to see that A(z) satisfies the differential equation:

A+ (dily“{“‘“ dak )A(t) =0

(v+ !
(3.5
A0y =1
of which the solution has the form (3.1): A(f) = exp(— Y428yi 17 " %/(v + 2)!). Thus, the
necessity of the condition stated is established.
Conversely, suppose that G(x, t) = A(t)e* is the generating function of the polynomials P,(x),
n > 0, where A(¢) has the form (3.1), we shall show that the PS {P,}, o is a solution of the problem
(P). Since G(x, t) = A(t)e* with (3.1), it is clear that {P,}, - o is an Appell PS and G(x, t) satisfies the
partial differential equation (3.3).
Therefore, it suffices to show that {P,}, o is d-OPS, ie., that the (d 4+ 1)-order recurrence
relation (2.11) holds. Indeed, replacing G(x, t) by .5 0 Ps(x) t"/n! into (3.3), we obtain

tn d—1 de1-v tv+1 tn
Y Pl ——X Y P(x) ( > 7 m) Y Pn(x)a

nz=0 nz0 v=0 nz0

it follows that
- - tv+1 t"
n§0Pn+1(x) = Z xP, x)_._"§0< g 74 Tl)!)P"(x)ﬁ
or
P ! d—1-v n tn
,,;o n+1 ——_ngoljxpn(x)_vgoyl (V+ 1>Pn-1—v(x)j|n_!'

Comparing the coefficients of ¢", the recurrence (2.11) follows immediately.
Hence, the converse statement of Theorem 3.1 is thus established. O
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Remarks 3.2. (a) WhenA yi=0forv=1,2 ...,d — 1, we obtain the generating function of the
Hermite-type d-OPS {H,(;d)},»o:

G(x,t) = A(t)e™ with A(t) = exp <_ W:;;—IT))

In particular, for d = 1, we meet again G(x, t) = e ~*/* which is the generating function of the
Hermite PS {H,},5 0.

(b) Setting x = 0 in G(x, t) = A(t)e*, expanding exp( — t*1/d!(d + 1)) in a power series, and
comparing coefficients of powers of ¢ in both sides of the resulting equation, we find that

((d + )n)!
d + 1> (@d)nV’

H(d+1)n+u(0; d)=0, 1<pu<d

and it is easy to see that 0 is a zero of ﬁ(d+ 1yn+u(x; d) of multiplicity p.

(c) Otherwise, in order to produce a d-orthogonal polynomials of type Hermite {Ho(sd)}nso
analogous to the nonmonic polynomials of Hermite, we have to choose the normalization
coefficient k, = 27", n > 0 with 4 = (d!(d + 1)®)1/¢* D,

Indeed, replacing ¢t by At into

td+1 N t"
exp(xt —m) = Z H,,(x,d)n—!,

nz0

H(d+ a0 d) = (= 1)

we obtain that

exp(Axt —t9t1) = Y i"ﬁ,,(x;d)t—= Y H,,(x;d)%,

nz0 nl 5%

which is the generating function of the Hermite-type d-OPS {H,(-; d)},5 o.
When d = 1, we meet again the generating function of the Hermite polynomials {H,},5 o

exp(2xt —t*) = Y H,,(x)%.

nz0

3.2. (d + 1)-order differential equation

Let us adopt the following notation for a finite differential operator on 2:
LIy()] = a1y P () + 0y P00) + o+ + 22" (x) + 01Xy (x),

where the a,’s, 1 < v <d + 1 are constants.

Theorem 3.3. Let {P,}, o be a PS. A necessary and sufficient condition that {P,}, ¢ is a solution of
the problem (P) is that each polynomial P,(x), n =0, 1, ..., satisfies the following (d + 1)-order
differential equation of type:

d—1
1

1!

yae y

L PO(x) + - +

1
P+ D(x) 4+ (dy—l P!(x) — xP.(x) + nP,(x) =0, n3>0, (3.6)

- 1!
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i.e., using the previous differential operator notation:
L[P,(x})] = nP,(x), n=0

with
ay =1

and
d+1—v

S S
' (v—1

foreach2 <v<d+1.

Proof. The necessity of (3.6). Let {P,}, o be a solution of (P), so that it satisfies the (d + 1)-order
recurrence relation (2.11) and the Appell character (2.1).

In virtue of (2.12), replacing P,_(x),n 2 0,k =0, 1, ..., d, by the successive derivatives P%%"(x)
into the recurrence (2.11), the (d + 1)-order differential equation (3.6) follows immedi-
ately.

Conversely, suppose that the sequence {P,}, o satisfies the differential equation (3.6). It is
verified that Qo (x) = Py(x) = 1.

Assuming that Q,,(x) = P,,(x)form = 1,2, ... ,n — 1, we shall prove it for m = n. Differentiating
(3.6), we get
y_? PY*2(x) + y—}P“’+ Dix)+ -+ + ﬁ_—l P3(x) — xP)(x) + (n — 1) Py(x) =0
" d-n" o " ! ’
n=0. (3.7

!

Changingn —n + 1 and P, (x) by (n + 1) Q,(x), we find that the sequence {Qn}n> o also satisfies
a (d + 1)-order differential equation of type (3.6):

[

-1

1!

0
% Q¢ V(x) + —H——, QO(x) + - +1 7(x) — xQU(x) + n0,(x) =0, n >0, (3.8)

d-1
that is

L[Q.(x)] =nQu(x), n=0.

Hence, since the differential operator L is nonsingular, we have Q,(x) = ¢, P,(x).

But, the polynomials @,(x) and P,(x) are monics, comparing coefficients of x", we find that ¢, = 1,
therefore Q,(x) = P,(x) for all n > 0, i.e, {P,},5 o is an Appell PS.

Now, making use of (2.12) and P{P(x) by the corresponding expression of P,_,(x), 0 < k <n, in
the differential equation (3.6), it is easy to obtain the (d + 1)-order recurrence relation (2.11). Hence,
{P.}n> o is at the same time d-OPS and Appell PS, then it is a solution of the problem (P). This
proves the converse. [
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Remarks 3.4. (a) The differential equation (3.6) is a particular case of the one given in [17].
(b) For the d-symmetrical case, ie., the Hermite-type d-OPS {H,(;d)}.> 0, the differential
equation (3.6) becomes

A Y(x;d) — (d + 1)!xA;(x;d) + (d + 1)!nA,(x;d) =0, n=0. (39

In particular, fqr d = 1 we get again the second-order differential equation satisfied by the Hermite
polynomials {H,}, s o:

A;(x) — 2xH,(x) + 2nH,(x) =0, n>0.
3.3. A vectorial functional equation and moments

We now consider the d-dimensional functional % = (u, ..., us_1)" with respect to which the PS
{P,}» > o is d-orthogonal.
We begin by recalling the following characterization of the “classical” d-OPS [10].

Theorem 3.5. A d-OPS {P,}, ¢ is “classical” if and only if there exist two d x d polynomial matrices
V=) 0, @ =(0))i Lo with degy}, < 1, deg ¢, < 2, such that

YU + D(®%)=0 (3.10)
with conditions about regularity (see [10, Théoréme 3.1]).

Here the action of the d-dimensional functional % = (ug, ..., 44— ;)T on a polynomial f as well as
the left-multiplication of a functional by a polynomial are defined, respectively, by

uo,

Cug, f5

UA(f) = and <hu,f) =<u, hf), Vue?';, Vh fe?.

Qug-1, 1>

According to the above theorem (which we adopt to our situation), we obtain easily the following
result.

Theorem 3.6. The PS {P,},> o is solution of the problem (P) if and only if the d-dimensional functional
% satisfies the vectorial functional equation:

YU + D(®#%) =0, (3.11)
where ¥ and @ are the two d x d matrices
0 1 0 ... 0
1 0 0
0 o 2 .. 0
) .. ) o1 - 0
Y(x)= : Y : , Px)=| . . . .|
0 0O 0 - d-1 0 O ) 1
(d/y(l))x & & o Laa

with {, = — dy§™#/y%, u =1, ..., d are arbitrary constants.
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Proof. It is a particular case of the result given in [10]. O

Remark 3.7. For the d-OPS of type Hermite {A,(; d)},5 0, we have y§ = (d + 1)” ' and y} = 0 for
v=1,..,d—1,then{, =0, u=1, ...,d — 1. In the sequel we consider only this case.

For any polynomial f, the vectorial equation (3.11) leads to

(Yu)(f)+ D(@%)(f) =0,
that is to say

ug, > {ug, [ 0
2{uz, f 7 Cug, f1) 0

d—1D<ug-1, 1> Qug—2, ') 0
d(d + 1) {xuo, f) Sua-1, 1" 0

In particular, for f(x) = x™*!, m >0, we have the recurrence of the moments of the linear

functionals ug, 4y, ... ,us— 1, which we write in the form
r o - 0 0 o) 00 - 00 1 o)
u m m
o L . 9 0 (°) + 10 - 00 ("0)
Ui )m m
mrl | | dretd lor 000
0 0 a-1 0 (Ua-1)m+1 ; 0 - 1 O (Ug=1)m
m+1
0 0 0 did+1) (40)m+ 2 00 - 010 (to)m+1
m+1
Then
(ul)m+1 = (m + 1) (uO)m \
1
U)m+1 = E(m + D) (U1)m
> mz=0. (3.12)
1
(Ua—1m+1 =ﬁ(m + 1) (44— 2)m
1
(U)m+2 = m(’" + 1) (Ug-1)m )

It follows that

(Uo)m+a+r1 =d + 1)1 <m ; d)(uo)m, mz=0. (3.13)
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Corollary 3.8. The moments of the linear functionals uo, ... ,us—, are given by
— for the linear functional u:

(uo)o = 1,
(o m =@ + 1)1 T] <(d + 1{;" + d>, >1, (3.14)
a=0
Uo)a+ ym+p =0, u=1,....d, m=0;
— and for each u, withoo =1, ... ,d — 1:
(= Gt x> = (D, xm
(e
= (Z’)(uo),,,_a, a=12...,d—1, m>0,
which we can write
U+ ymsn = ((d + Um+ “)(uo)(d+1)m, u=0,1,....d;: m>0, (3.15)

where we have taken (ug)_,=0,n> 1
Proof. From (3.13) we have immediately (3.14) and from (3.12) we obtain (3.15). O
3.4. A differential relation
Finally, in order to complete the analogy between the Hermite-type d-OPS and the classical

OPS of Hermite, we conclude this section with the following differential relation which generalizes
the one given by McCarthy [16] in the ordinary orthogonality case for the Hermite polynomials

{Hu}nso-
The derivative of the two consecutive polynomials’ product H,(x; d)H,,(x; d) is given by
" ~ d+1 .
(Bres (s d) Byl d)) = (0 + D A (x5 d) + (’j—d%an+l(x d) Hye -1 (x; d)
nld+1)! . .
T . : =>0. .
(n+d__1)!Hn+1(xad)Hn+d(xad)a n/O (3 16)
Indeed, differentiating the product H,,  (x; d) H,(x; d), we get
(Huv1(x;d) Hy(x; d)) = Hy oy (x3d) B, 06 d) + Hoi o (x;d) Hy(x; d). (3.17)

Hence, since {FI,,(-; d)}n> o is an Appell sequence, we have

Hiri(id)=@n+ 1A, (x;d) and H,(x;d) = nl,_(x;d).
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Now, from the recurrence relation (2.16), it is possible to express H,_(x;d) in terms of
H,.._1(x;d) and H,.4(x; d), substituting into (3.17), the relation (3.16) follows immediately.

When d = 1, the previous identity is reduced to the quadratic diferential relation satisfied by the
Hermite polynomials {H,}, o [16]:

(Hos 1) Ha () = (0 + D AZ(x) + 2xH, 41 (x) Hy(x) — 20741 (x), n>0.
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