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INTRODUCTION

Let G be a finite group and let p be a prime. We let Irr(G) and IBr,(G)
denote the ordinary irreducible characters and the irreducible Brauer
characters of G. Then p | x(1) for all y € Irr(G) if and only if G has normal
abelian Sylow-p-subgroup. For p-solvable G, this is a well-known result of
Ito. Michler [9] recently proved the general case using the classification of
simple groups. Also G has a normal Sylow-p-subgroup if and only if
plB(1) for all BeIBr(G). This is due to Okuyama [11] for p=2 and
Michler [10] for p odd.

Suppose that G is p-solvable, ¢ is a prime different from p, and ¢} (1)
for all BeIBr,(G). We show that 09(G) is indeed solvable and that the
g-length of G is at most two. In particular, since g-factors of G are
necessarily abelian, it follows that the Sylow-g-subgroups of G are
metabelian. For groups of odd order, these bounds were first obtained by
Manz [8]. We also show that the p-length of 09 (G) is bounded by at most
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76 MANZ AND WOLF

two if (p, g) # (7, 3) and by three in all cases. As a corollary, it follows that
if (1) is a power of p for all f€IBr,(G), then the p-length of G is at most
3. We prove our results for solvable G and then extend them to p-solvable
G via the classification of finite simple groups.

Section 1 concerns a situation where a solvable group G acts faithfully
and irreducibly on a vector space V such that each vector ve V is cen-
tralized by a Sylow-g-subgroup of G. Assuming O7(G)= G, a reasonably
complete description of this situation is given. This uses and generalizes
some results in [2], where it was assumed that ¢° | |G|. In Section 2, we
use the results in Section 1 to prove the results mentioned in the last
paragraph.

1. MODULE ACTIONS

Gluck [1] determines all solvable permutation groups (G, £2) in which
every subset 4 of 2 has a non-trivial stabilizer in G. The following lemma
is a corollary of this. We let D,, denote the dihedral group of order 2n and
let J be the group of all semi-linear mappings on GF(8). Then J is solvable
of order 168 and acts 2-transitively on eight points.

1.1. LEMMA. Let G be a solvable primitive permutation group on £.
Assume that q||G| and for each 4 = Q, stabg(4)= {x€ G| 4" = A4} contains
a Sylow-q-subgroup of G. Then

(a) |2{=3,9=2, and G= Dg;
(b) 12|=59=2,and G=D;
() |Q/=8,9g=3, and G=J.

Proof. Let M be a minimal normal subgroup of G and let I be a point
stabilizer in G. A standard argument shows that MI=G, Mnlil=1,
M = Cy (M), and M acts regularly on Q. Thus |M|=|2| and g||]|. Since
each subset of Q has a non-trivial stabilizer, it follows from Theorem 1 of
[1] that the conclusion of the lemma is satisfied or

(i) |2|=4 and |I|=3, 6;
(ii) || =5 and [ is cyclic of order 4;
(iii) || =7 and [ is cyclic of order 6;
(iv) || =9 and |I] =8, 16, 24, or 48.
In case (iv), we must have ¢ =2. Let Q € Syl,([). Since C,,(Q)=1, Q has

exactly one fixed point in Q (see [4, Hilfssatz 11.2.2]). Since Q must
stabilize a set of size j for all j <9, the orbit sizes of Q are {1,2,2,2, 2} or
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{1,2,2,4}. Let 5 denote the number of subsets of 2 of size 4 that are fixed
by Q and note that s < 6. Since |Syl,(G)] -5 = (3) and since |Syl,(G)| |27, it
follows that [Syl,(G)| =27, and s>35. Thus the orbit sizes of Q are
{1,2,2,2,2} and since Q acts faithfully on @, Q is elementary abelian.
Since |Q| =8 and GL(2, 3) does not have an elementary abelian group of
order 8, we have a contradiction. This eliminates case (iv). Cases (i)—(iii)
are eliminated by counting orbit sizes of Sylow-subgroups, except possibly
when || =7 and ¢ =2. But in this case, counting shows that some 4 < Q
with [4| =3 is not stabilized by a Sylow-2-subgroup. |

1.2. LEMMA. Assume that a solvable group G acts faithfully and
irreducibly on a finite vector space V, that q||G| and q | |G: Cg(x)| for all
x€ V. Assume that C <G is maximal with respect to C & G and Ve is not
homogeneous. Let V|, .., V, be the homogeneous components of V. Then

(a) G/C permutes the V, faithfully and primitively;
(b) n=3,50r8 and (resp.) q=2, 2, or 3;
(c) G/C is isomorphic to Dg, D,q, or J (resp.); and

(d) C/CV,) acts transitively on VP, the non-identity elements of V,
for each 1.

Proof. When g*} |G|, this is [2, Lemma 3.2]. Lemma 1.1 above makes
this additional hypothesis unnecessary. §

If W is a faithful vector space for a solvable group H that transitively
permutes the non-identity elements of W, then the semi-direct product WH
is a solvable doubly transitive permutation group. Such permutation
groups have been determined by Huppert (see [6, Theorem XII, 7.37) and
thus the following corollary holds.

1.3. COROLLARY. [In Lemma 1.2, C is metabelian or |V,| =32, 3%, 52, 72,
112, or 232 for all i.

Using wreath products with D¢, D4, or J; one can construct examples
where the hypotheses of Lemma 1.2 are satisfied (see [12, Example 4.5]).

1.4, LEMMA. Assume that G is solvable and acts faithfully on a finite
vector space V such that 2| |G: Cgx)| for all xeV. If |G| is even, then
char(V)=2.

Proof. View V multiplicatively and form the semi-direct product
H=VG. For ve V and an involution te H, let y=v!v'e V and note that
y'=y~'. The hypotheses imply that |N,({y>)/Cy(»)! is odd and thus
y~'=1y. Hence char(})=2. |
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We will need to give upper bounds for the orders of solvable linear
groups.

LS. LEMMA. Let V be a finite, faithful, and completely reducible module
for a solvable group G. Then

(@) |GI< V12
(b) If |G| is odd, then |G| < |V1|*/2; and
(c) If |Gl |V| is odd and G is abelian, then |G| < |V|/2.

Proof. Parts (a) and (b) follow from [13, Theorem 3.1]. To prove (c),
an induction argument can be used to reduce to the case where V is
irreducible. But then G is cyclic and |G| | |V]|—1. |}

1.6. THEOREM. Let G be a solvable group that acts faithfully and
irreducibly on a finite vector space V. Assume O7(G) =G, q||G| and ¢* | |G|.
Suppose that q}|G: Co(x)| for all xeV. If V, is homogeneous for all
characteristic subgroups N of G and if all normal abelian subgroups of G are
cyclic, then

(1) O0%G) is cyclic; or
(iil) G=SL(2,3), |V|=9, and g=3.

Proof. This is proved in [2, Theorem 2.3] under the stronger
hypothesis that V', is homogeneous for all N 2 G. But there the condition
on homogeneity is needed only to conclude that normal abelian subgroups
are cyclic and that V,, is homogeneous for characteristic subgroups M of
F(G). In particular, the bounds in Step 7(iii, iv) there are dependent only
on the fact that ¥, is homogenous for all Sylow-subgroups L of F(G).
Consequently the same proof is valid for this Theorem. ||

We wish to weaken the hypotheses of Theorem 1.6, not only to allow g¢°
to divide |G|, but also to assume that V,, is homogeneous for only charac-
teristic M and allow us to use an inductive argument. We must consider
another group.

1.7. PROPOSITION. Assume that F= F(G) is extra-special of order 27 and
exponent 3, that |G : F| =2, |Z(G)| =3, and O*(G)=G. Let V be the unique
Jaithful, irreducible G-module over GF(2). Then |V| =4> and

(a) 2||Cq(x)| for all xeV;
(b) There exists ye V such that |Cgz(y) = 2.

Proof. We many choose C <1 G with C elementary abelian of order 32
Since V. is irreducible, it follows that Vo=V, @V, ® V, with the V,
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homogeneous components of V., |V,|=4, and G/C transitively and
faithfully permuting the ¥V, and also the C(V,). For i#j, CoAV)n
Ce(V))=1. Let 4= {(v,,v,,v;)|exactly two v, are non-zero}. Then
Ce{x)=1 for all xed. A Sylow-2-subgroup Q interchanges two of the V;
and stabilizes the third. Counting yields that each element of 4 is
centralized by exactly one Sylow-2-subgroup. This establishes (b).
Furthermore, if |C,(Q)| =47 then every element of V is centralized by a
Sylow-2-subgroup of G. But this is the case, because if H = Stab(V,), then
|H/C| =2, O,(H/C(V))=1, C=2Z%xCV,), and Z< Z(H). |

The next theorem is the main result of this section.

1.8. THEOREM. Let G be a solvable group acting completely reducibly and
Saithfully on a finite vector space V such that q}|G: Cg(v)| for all veV.
Assume that 09(G)=G, q||G|, and V , is homogeneous for all characteristic
subgroups N of G. Then V is an irreducible G-module and one of the
Sfollowing occurs:

a) 04G) is cyclic;
b) G=SL(2,3),q=3,and |V|=9; or

(c) OUG) is extra-special of order 3* and exponent 3, g=2=
1G: 0G|, 1Z(G)| =3, and |V| =4

(
(

Proof. We argue by induction on |G| |V|. If V is not irreducible, we
may write V=X@® Y for faithful G-modules X and Y with X irreducible.
Applying the inductive hypothesis, we may assume G and X satisfy the
conclusion of the theorem. If OYG) is cyclic or G=SL(2,3), then
Cg(w) e Syl (G) for all 0# we X. By Proposition 1.7, we may choose xe X
with Cg(x) e Syl (G). Now choose ye Y such that Cy(x) does not cen-
tralize y. Now the vector (x, y) is not centralized by a Sylow-g-subgroup of
G. Hence V is an irreducible G-module.

We let K=0%G). For S£ G and Qe Syl (G), we have that On
SeSyl,(S). Hence g/ |S: C4(v)| for all ve V. Since G acts faithfully on V,
0,G)=1 and F(G)< K. We let F=F(G) and Z = Z(G). The hypotheses
imply that every characteristic abelian subgroup of G is cyclic. Hence Z is
cyclic and central in G’ > K. We may assume that F> Z, since otherwise
K<G <CyF)<F=Z and conclusion (a) of the theorem holds. We
proceed in a number of steps.

Step 1. Let P\/Z, ..., P/Z be the distinct Sylow-subgroups of F/Z and
let C; = C4x(P;/Z). Then

(a) P,/Z is elementary abelian of order p?™ for a prime p, and integer

1

n,;

481,/115'1-6
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(b) Let e*=|F:Z|, let W be an irreducible Z-submodule of V and
let X be an irreducible F-submodule of V. Then e|dim(X)/dim(W). In
particular, dim(V) = te dim(W) for an integer t; and

() If C;<H<G and Z< Z(H), then H/C, is isomorphic to a subgroup
of the symplectic group Sp(2n;, p,).

Proof. Let PeSyl (F). Every characteristic abelian subgroup of P is
cyclic and thus central in K< G’ and central in F. This step now follows
from [14, Proposition 1.6, Lemma 1.7]. We note an omission in the
conclusion of [14, Lemma 1.7]. It should read dim(V)=me dim(W). We
also note that P is a central product of an extra-special p-group and Z(P),
and provided P #1, p||Z|.

Step 2. Assume Z<M 2 G and q||M|. Then

(@) ISyl (M) = |W|"", and
(b) ISYL(M)| = |W|“? if g=3 or if 2* | | M| and Z £ Z(M).

Proof. Let Qe Syl,(M). Since g | |M: C,,(v)| for all ve V, we have that
ISYL(G)] |CAQ) = V] = |W]". Let Qg < Q with Q| = g. Since F> C4(F)
and Q, £ F, we may choose a Sylow-subgroup E/Z of F/Z such that
Qo & CG(E). Since Z=Z(E), we apply Lemma 1.7 of [12] to conclude
IC Qo) <|VI*? and furthermore |C,(Qo)l <|V|"? unless g=2 and Q,
centralizes Z. Since C(Q)< C(Q,), this step follows.

Step 3. Cg4(F/Z)=F/Z.

Proof. Assume not and let D/F be a chief factor of G with D<) C;
(see Step 1). Then D £ C4(Z) = K, since otherwise [D, D, D, D] =1 and
D < F. Since Z is cyclic, it follows that D/F is cyclic of order q. A Sylow-
g-subgroup M/Z of D/Z is normal in D/Z and G/Z. We apply Step 2 to
conclude that

| W12 < ISyl(M)I < | Z].

Since W is a faithful module for the cyclic group Z, e=1. This is a
contradiction since F> Z.

Step 4. We may assume that K> F.

Proof. Suppose K= F. We first assume all normal abelian subgroups of
G are cyclic. Let 0#ve V. We may choose Q €Syl (G) with Q< Cq(v).
Then Q < Ng(Ci(v)). Since F/Z is abelian and C,(v)=1, we have that
ZxCx(v) & FQ=KQ=G. Thus C(v)=1. Since K is nilpotent but not
cyclic and since K acts fixed-point-freely on V, it follows that K=Sx T,



BRAUER CHARACTERS 81

where S is a quaternion 2-group and T is cyclic of odd order (see [4,
Hauptsatz V.8.7]). Since T < Z, it follows that |F: Z| = 4. Because G/F acts
faithfully on F/Z, =3 and 3%} |G|. We now apply Theorem 1.6 to show
that the conclusion of this theorem is satisfied. Thus we now assume that G
has a non-cyclic abelian normal subgroup.

Choose C £ G maximal such that V- is not homogeneous. Since G/K is
a g-group and K is nilpotent, it follows from Lemma 1.2 that G/C = D,, for
r=3or 5, that g=2, and V=V, ® --- @V, for C-modules V, that are
transitively permuted by G/C. Since Z centralizes C, it follows that
Z<C<K, rle, and r||Z|. Choose K<H £ G with |H:K[=2. Since
|H/K|=2 and K is not abelian, H/K does not induce a fixed-point-free
automorphism on X and thus |Syl,(H)| < |K]/3. Since | Z| < | W], it follows
from Step 2 that

2> | W) if Z<Z(H)
or

A3 WY i Z £ Z(H).

If |W] =16, both inequalities yield that e <3, a contradiction as rle. By
Lemma 1.4, char(W)=2. Since r||Z| and |Z|||W]|—1, it follows that
r=3=|Z|, |W|=4, and K is an extra-special 3-group. Let |V,|=2% By
Lemma 1.2(d), 29— 1 is a power of 3. Thus |V,| =4 and |V|=4%=|W|>.
Hence e = 3.

Since |V;| =4, it follows that C/C(V;) is cyclic of order 3 for all i or
isomorphic to Dy for all i. In the latter case, 2{|C| and a Sylow-2-subgroup
of C centralizes one non-zero vector in each V; and thus centralizes exactly
one vector of {(v,, vy, v;)|all v; #0}. Then, since C & G, |Syl,(C)| =27, a
contradiction since |Syl,(C)| < |Fn C|=9. Thus C/C(V,) is a 3-group for
each i and C is a 3-group. Hence 22} |G|. Since 0% (G) = G, an involution
of G acts fixed-point-freely on F/Z, but not on the non-abelian group F.
Hence, as (Z| =3, Z< Z(G). The conclusion of the theorem is satisfied,
once it is established that F has exponent 3. But this follows from a
theorem [4, II1.13.10] of P. Hall, since every characteristic abelian
subgroup is cyclic.

Step 5. e>3.

Proof. Since F>Z, e>1. If e=2, Aut(F/Z)=S,. It follows that
|G/Fl =3 and F=K. We assume that e=3. Since |GL(2, 3)] =2*-3 and
K> F, we have a chain F< T< K< G of characteristic subgroups of G such
that 7/F=0,(G/F) and |K/T|=3. Furthermore T/F £ Z(K/F), since
K=0%G). Since K/FcSp(2,3), it follows that T/F~(Q, and acts
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irreducibly on F/Z. In particular, O*(T)=T. Applying the induction
hypothesis to the action of T on V, we conclude that |7/F| = 2, a contradic-
tion. This step is complete.

Step 6. If Nchar G and q||N|, then N=G. In particular q | |\K| and G/K
is elementary abelian.

Proof. Without loss of generality, N = 0Y(N). If O%(N) is cyclic, then
O4(N) is central in K< G' and OYN)<Z. Now ZN/Z is a normal
g-subgroup of G/Z. Since q | |F|, ZN/Z < Cg,,(F/Z)=F/Z by Step 3 and
we have a contradiction. Hence O4(N) is not cyclic.

Since g} |N: Cp(x)| for all xeV and since V, is homogeneous and
faithful, the inductive hypothesis implies that |V|=9, |Z(N) =2,
|F(N): Z(N)| =4 or that |V| =4, |Z(N)| =3, and |F(N) : Z(N)| =9. Since
Z(N)< Z, this implies that F(G)= F(N) and ¢ <3. Apply Step 5.

Step 7. ¢g<3.

Proof. Assume that ¢>5. Let Q € Syl (G) and note that Q is elemen-
tary abelian. For X < Q with |X| =g, let M = 0% (XK) A G. By Lemma 1.2,
V,s is homogeneous. Since ¢ | |M: C,,(v)| for all ve V, Theorem 1.6 implies
that O9(M)=Kn M is a cyclic normal subgroup of G. Note that X acts
trivially on K/L, where L is the product of all 09%(XK) for all X< Q with
|X|=g¢. Since 09(G)=G, L=K. But L is a product of cyclic normal
subgroups of G and thus nilpotent. Apply Step 4.

Step 8. There is a characteristic subgroup L of G such that Z< L<F,
CAF/LY=F, and F/L is a direct product of minimal normal subgroups of
G/L.

Proof. We let L=2Z.®(G). By a theorem of Gaschiitz (see [4, Satz
111.4.57), F/®(G) is a product of minimal normal subgroups of G/®(G).
Thus F/®(G)= Z/D(G) x Y/P(G) for a subgroup Y of G and Y/P(G) is
a direct product of minimal normal subgroups of G/®(G). Since F/L
is G-isomorphic to Y/®(G), we need just show that C(Y/®(G))=F.
Since Z € Z(K), F < Z{Y/P(G)) = CAF/P(G)) < Cx(F/P(G)). But
C (F/®(G))=F (see [4, Satz I11.4.27). Since K> F, it follows from Step 6
that C4(Y/P(G))= Ci(Y/DP(G))=F.

Step 9. Assume q*||G|. Then

(a) Z=Z(G); and
(b) If e<64, then e =25 or 49.
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Proof. 1f S is a Sylow-subgroup of Z, then K< C4(S) and G/C4(S) is
cyclic. Since ¢2||G|, it follows from Step 6 that S < Z(G). Part (a) follows.

Let P/Z e Syl (F/Z) for a prime p and then |P/Z| = p* for an integer n.
Since g#p, a Sylow-¢g-subgroup of Sp(2, p)=SL(2, p)} is cyclic or
generalized quaternion (see [4, Satz 11.8.10]) and has no non-cyclic abelian
subgroup. If n= 1, it then follows from Step 6 as ¢*||G| that C4(P/Z)=G.
But then a Sylow-g-subgroup of G centralizes P and P< Z(G) by Step 6, a
contradiction. Hence n # 1. Whenever ple, p*|e.

To prove (b), we may thus assume that e =3 or 3* and g=2 or that
e=27% 2% 2% or 2° and g=3. By Steps 6 and 8, the prime divisors of
F(K/F) are all at least 5. By calculating Sp(2n, p) for the appropriate values
and applying Step 1(c), we see that a Sylow-subgroup B/F of F(K/F) is
cyclic or ¢=3 and |B/F] = 5% In all cases, KC;(B/F) has index 1 or g. By
Step 6, B/F and thus F(K/F) are central in G/F. Thus F(G/F)> F(K/F) and
then, by Step 6, G/F is nilpotent. Thus K= F, contradicting Step 4. This
step is complete.

Step 10. g=2.

Proof. We assume that ¢ =3 and arrive at a contradiction. By Step 8
and repeated applications of Lemma 1.5, we have that |K/F| < |F: Z|*%)2
and thus |K: Z| <e'¥?/2. By Step 2, |Z| e'*?/2> |W|*". Since |Z| < |W|,
we have that

€13>|W|18A2. (*)

Since each prime divisor of ¢ divides |Z| and |Z]||W]| — 1, it follows from
() that e #25, 40, 49, 56. Furthermore, since e >3 and |W| >3, t<8 and
e < 64.

By Step 9, 3%} |G|. We apply Theorem 1.6 and Lemma 1.2 to conclude
that there exists C & G such that G/CxJ, Vo=V, @® --- V5 and G/C
transitively permutes the V,. Since t<8, F < C (see Step 1(b)). Since
C<Kand Z<Z(K), Z< C. 1t follows that G/CF is non-abelian of order
21, |F/Fn C| =8, and a Sylow-7-subgroup of K/F acts non-trivially on the
Sylow-2-subgroup of F/Z. By Step 1(c), 8|e. By the first paragraph, we may
assume that e=8, 16, or 32.

Now, by Steps 6 and 8, F(K/F) is a {2,3}'-group whose order must
stimultaneously divide [Sp(10, 2)| and |GL(3, 2)|||GL(7, 2)|. Thus F(K/F)
is cyclic with order dividing 5-7-31 and thus is central in K/F, as K< G".
Since K/F is solvable and O*(G)=G, |K/F||7-31. Hence |K| <28.¢%-|Z]
and by Step 2, 2'%*> |W|°~?>3°"2 Hence e< 16 and |W| <27. Hence
31} |K/F| and Z< Z(G), as |Z|||W] — 1. Thus 7e*> | W] and ¢ =8.

Now G/F, which is non-abelian of order 21, acts on both F/C and C/Z.
Thus |W|*<|Syl5(G)| <7-2% which yields that |W|=3, t=1, and
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|V} =38 In the action of G/C on {V|,.., Vs}, a Sylow-3-subgroup has
orbit sizes 3, 3, 1, and 1. Let 4= {(v,. .., vg)|exactly six v, are non-zero }
and let QeSyl;(G). Then Q fixes precisely four elements of 4. Since
|Syl3(G)| =2*-7 and |4| = 2% .28, the hypotheses of the theorem imply that
2%.7.4>25.28. This contradiction completes this step.

Step 11.  Conclusion.

Proof. By Step 10 and Lemma 1.4, g=2=char(W). First assume
22||G|, so that Z<Z(G) by Step9. Steps6 and 8 and repeated
applications of Lemma 1.5 imply that |K/F|<e*2. By Step2,
e'®>2%.|W|. Since |W|>4, e <64 and Step 9 implies that 5°¢>2°-16%°
or that 7°¢>2%.8%°, Both inequalities are false. Hence 27} |G|.

We may apply Theorem 1.6 and Lemma 1.2 to conclude that there exists
CL G and r=3 or S, such that G/C=D,,, Vo=V, @® ---®V, for
C-modules V', whose non-zero elements are transitively permuted by C. By
Corollary 1.3, C is metabelian. Thus K" =1, K" < Z< Z(K) and hence K’
is nilpotent, whence K’ < F. Since K/F is abelian and |K] is odd, it follows
from Step 8 and Lemma 1.5 that |K/F| <e*/2. Since |Z|||W|—1, we have
by Step 2 that, if Q € Syl,(G), then

=2 |WIt if Q£ Cu(2)

(%)
e'2>2% |W|¢ if Q<C4(2)

First suppose that e=27. Since |W] >4, (*+) implies that O < Cy(Z).
Since K/F is abelian, it follows from Steps 6 and 8 that K/F is a {2,3}'-
group and from Step 1(c) that {K/F||5-7-13. A Sylow-5-subgroup of K/F
has a non-trivial centralizer in F/Z, and a non-trivial Sylow-7-subgroup of
K/F would act irreducibly on F/Z. Hence 35)|K/F]. Thus |Syl,(G)| <
7-13.3%, contradicting Step 2. Thus e#27. If e =15 or 25, then 5|e and
| W) > 16, contradicting (=*). Similarly e #21. Since |W| =4, (**) implies
that e < 30. Since e # 15, 21, 25, or 27, e is prime or e=9.

Since K> F and 0*(G)=K, it follows that G/F is non-abelian, and
furthermore, via Step 1(c), that 5||G/F] if e=9. In either case, we must
have that G/F acts irreducibly on F/Z. Thus every normal abelian sub-
group of G is cyclic. We apply Theorem 1.6 to conclude the proof. |}

Note, in the conclusion of Theorem 1.8(c), that V', is not homogeneous
foral N2 G.
1.9. COROLLARY. Assume the hypotheses of Theorem 1.8 and that O4(G)
is a p-group for a prime p # q. Then
(@) 4*IGl;
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(b) If q=2, then p is a Fermat prime; and
(c) If q=2 and O%G) is cyclic, then G=D,,.

Proof. We may assume that O9(G) is cyclic. The hypotheses imply
0,(G)= 1. Since 0?(G) is a cyclic p-group, G is a Frobenius group. Choose
0 < Q, €Syl (G) with |Q| =g and note that Q, is the only Sylow-g-sub-
group of G containing Q. Hence the hypothesis that ¢} |G: C(x)| for all
xeV implies that C,(Q)=C,(Q,). Since G is a Frobenius group and
char(V) | 04G), it follows (see [7, Theorem 15.16]) that Q=Q, and
dim(C ,(Q)) = dim(V)/q. We thus have ¢° | |G| and we assume that g =2.
Using Lemma 1.4, we have that |C,(Q)| = 2“ and | V'] = 2% for an integer a.
Since each non-zero vector of V is centralized by a unique Sylow-2-sub-
group of G, we have that 2“4+ 1 =|Syl (G)| = |0%(G)|. Thus p=|04(G)] is
a Fermat prime. ||

2. BRAUER CHARACTERS

Our purpose here is to investigate the structure of G when ¢ | f(1) for all
felBr,(G), p#q. We will first prove the results for solvable G and then
show that they extend to p-solvable G via the classification of finite simple
groups. Given the nature of the results of the first section, it is not surpris-
ing that the cases ¢ =2, ¢ =3, and ¢ =5 are done differently. For ¢ =2, the
next result is quite helpful. It was originally proved by R. Gow (in
correspondence) using the idea of Lemma 1.4.

2.1. COROLLARY. Let p be an odd prime and assume that 2} B(1) for all
B eIBr,(G). If O*(G) is solvable, then O*(G) is a {2, p}-group.

Proof. The hypothesis on character degrees is inherited by normal sub-
groups and factor groups. Arguing by induction on |G|, we may assume
that O%*(G)= G, that G has a unique minimal normal subgroup M, that
G/M is a {2, p}-group and M is an elementary abelian r-group for an odd
prime r# p. In particular, M =Cg4M). Then 2/|G: I5(A) for all
AeIrr(M). Since Irr(M) is a faithful G/M-module, Lemma 1.4 implies that
r=2, a contradiction. |

2.2. LEMMA. Suppose that O*(G)=G and that G is a {2, p}-group for
an odd prime p. Assume G acts faithfully and irreducibly on a vector space V
such that 21 |G: Cg(x)| for all xe V. If C<G is maximal such that C 2 G
and V ~ is not homogeneous, then

(i) G/C=Dgandp=3;
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(ii) V=V, ®V,®V; for subspaces V, that are faithfully permuted
by G/C;

(i) |V, =4 and C acts transitively on V?*; and

(iv) There is a non-zero vector ve V such that C(v) has a normal-2-
complement.

Proof. Since O*(G) =G, it follows from Lemma 1.2 that for n=3 or 5,
V is a direct sum V, @ --- @V, of subspaces V, that are faithfully and
transitively permuted by G/C=D,,, and that C acts transitively on each
V¥. By Lemma 1.4, |V,| =2/ for some j>2. Since C is a {2, p}-group, we
have that 2/~' = p® for some a. Since p=3 or 5, it follows that n=p=3
and |V,;| =4. This proves (i), (ii), and (iii). For (iv), just let v= (v,, v, v3)
be a non-zero vector with at least one component zero. |

If M & G and p I M|, then Irr(G) and IBr,(G) coincide. For p € Irr(M),
the inertia group of p as a Brauer character and the inertia group of p as
an ordinary character are the same, say I. By Clifford’s Theorem [4,
V.17.3], { = {€ is a bijection from IBr,(I|p) onto IBr,(G|p). In particular,
if g} B(1) for all f€IBr,(G), then g} |G : I|. This will be used repeatedly in
the remainder of this section.

2.3. COROLLARY. Let M be a minimal normal subgroup of a solvable
group G, let D=Cy(M)=M, let p be an odd prime and suppose that
O*(G)=G. Assume that 2} B(1) for all B€IBr,(G) and p | |M|. Then G/D
has two-length at most one and p-length at most one.

Proof. Let V =Irr(M). The hypotheses imply that 2} |G: Cg(v)| for all
ve V (see comments preceding this corollary). We may assume that D <G
and V is an irreducible G-module. If V' is homogeneous for all N char G,
we finish by applying Theorem 1.8. By Corollary 2.1 and Lemma 2.2, we
may assume that G is a {2, 3}-group, M is a 2-group, and there exists a
Aelrr(M) such that I;(4)/D has a normal-2-complement L/D. Let I=
I;(1). We have that { — {“ is a bijection from IBr;(/|4) onto IBr;(G|4). Let
g € IBr;(/]1), so that the hypotheses imply that a(1) is odd. In particular,
g, is irreducible. Thus, as I/L is a 2-group, every u € IBr(//L) is linear (see
[5, Theorem VIi.9.12]). Consequently I/L, which is isomorphic to a Sylow-
2-subgroup of G/D, is abelian. Since G/D has abelian Sylow-2-subgroups,
G/D has two length at most one.

We now show that G has 3-length at most one. By Lemma 2.2, we may
assume that there exists D < B< C< G with B, C & G, B/D a 3-group, C/B
a 2-group, and G/C isomorphic to S;. We are done if O,(G/D) € Syl,(G/D).
Without loss of generality B/D=0,(G/D). By the last paragraph,
0,(G/B) e Syl,(G/B). This yields a contradiction, since G/B has a factor
group isomorphic to S;. Hence G has 3-length one. ||
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24. LEMMA. Assume O*(G)=G for a solvable group G#1 that acts
faithfully and irreducibly on a finite vector space V and 3} |G: Cz(v)| for all
ve V. Suppose that p #3 is prime and 3 | B(1) for all f€1Br,(G). Then

(a) G has 3-length 1;
(b) G has p-length at most two;

(c) If G has p-length two, then p="T and there exists 0#ve V such
that 2||G: Cg(v)l.

Proof. Applying Theorem 1.8 and Lemma 1.2, we may assume that
there exists C & G such that G/CxJ, that V.=V, ® --- @ V; for sub-
spaces V; that are transitively and faithfully permuted by G/C, and such
that C/C(V,) acts transitively on each V?. The hypothesis on Brauer
characters implies that p = 7. Since GL(2, 7) does not have a solvable sub-
group whose order is divisible by 48.7 and since () C(V,)=1, it follows
from Corollary 1.3 that C is metabelian or 7} |C|. In particular, C has
7-length at most one and G has 7-length at most two. Note that
2]1G: Cv)| whenever v is a non-zero vector of the form (x, 0, ..., 0).

It suffices to show that 3 f |C|. Since 3} |G: C4(x)| for all xe ¥V, O4(C)=
0,(G)=1.

If 7}1C]|, then the condition on Brauer characters implies that every
pelrr(0;(C)) is invariant in O,;5(C) and thus (see, eg, [12,
Proposition 1.57) O4;5(C)=0;3{(C)x O4(C) and 3} |C|. We thus assume
that 7||C|. It follows from the first paragraph that C is metabelian and
31|C.

We may choose a chief factor C/D of G such that C/D is a 3-group and
C/D is not centralized by the maximal normal subgroup K/C of G/C. Let
W =Irr(C/D) so that W is an irreducible G/C-module. The hypotheses
imply that 3} |G: C4(w)| for all we W. Let L/C be the minimal normal
subgroup of G/C. Then |L/C|=8 and L<K By Lemmal2, W, is
homogeneous. Since L/C is not cyclic, L centralizes W and thus
L =C4(W). Since K/L is cyclic, each non-zero vector in W is centralized by
exactly one of the seven Sylow-3-subgroups of G/L. Let Qe Syl;(G/L). If
|W|=3“and |Cu{Q)| =3 then 7(3° —1)=3“—1. This is impossible for
azl. |

2.5. PROPOSITION.  Assume that O (G)= G, that q||G|, that G is solvable
and acts faithfully and irreducible on a finite vector space V such that
q 11G: Cg(x)| for all xe V. If p+# q is prime and q | (1) for all §e1Br,(G),
then glp—1 or (p,q)=(2, 3).

Proof. 1f G satisfies the conclusion of Lemma 1.2, then g=2 or ¢=3
and p=7. Hence, by Theorem 1.8, we may assume that O%G) is cyclic.
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Since 0Y(G)=G and ¢} f(1) for all BelBr,(G), OYG) is a p-group and
glp—1. |

2.6. THEOREM. Suppose that 07 (G) is solvable and that p and q are dis-
tinct primes. Assume that q | (1) for all B €1Br,(G). Then

(a) G has q-length at most two;

(b) Ifqtp—1andif (p,q)#(2,3), then G has g-length at most one;

() (R.Gow) If ¢ =2 and G has 2-length two, then O*(G) is a {2, p}-
group for a Fermat prime p; and

(d) If H=0(G), then H/O,(H) has p-length at most one, except
possibly when q=3, p="1, and H/O+(H) has T-length two. In this exceptional
case, there exists p € IBry(H/O,(H)) with p(l) even.

Proof. We argue by induction on |G|. The hypotheses are inherited by
normal subgroups and factor groups. We may thus assume that 0¢(G)=G
and O,(G)= 1. By the inductive hypothesis, G has a unique minimal nor-
mal subgroup. Hence there is a prime » such that r# p, O.(G)#1, and
0,(G)=1. Choose 1=H,<H, < .--- <H,=0,(G) such that H,/H, , is
a chief factor of G and let C,=Cgx(H,/H; |) for 1<i<n. Since
0.(G)=F(G), it follows via the Hall-Higman Lemma 1.2.3 that
N C;=0,G). Let V,=Irr(H,/H;_,), so that V, is an irreducible and
faithful G/C;-module. The hypothesis on Brauer characters implies
ql1G: Cg(x)} for all xeV,. We apply various results to conclude the
following:

(i) If gtp—1 and (p,q)#(2,3) then each C,=G by
Proposition 2.5;

(ii) If g=2, then Corollaries 2.1 and 2.3 imply that G is a {2, p}-
group, that r =2, and that both the two-length and the p-length of G/C; are
at most one;

(iii) If g=2 and C,; <@, then p is a Fermat prime by Corollary 1.9
and Lemma 2.2;

(iv) If g5, then the p-length and g-length of G/C; are both at most
one by Lemma 1.2 and Theorem 1.8; and

(v) If g=3, then Lemma 2.4 implies that G/C; has 3-length at
most 1. Furthermore, the p-length of G/C, is at most one or else it is two,
p =1, and there exists x e V, such that 2||G: C4(x)|. Since p #r, it follows
in this exceptional case that G has a Brauer character of even degree.

Since () C; = 0,(G) for a prime r # p, the theorem follows. |
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2.7. COROLLARY. Assume the hypotheses of Theorem22.6 and let
QeSyl(G). Then Q"=1. Furthermore, Q'=1 unless qlp—1 or
(P, q)=(2,3).

Proof. Let N2 M & G with M/N a g-group. The hypotheses imply
that g} p(l) for all pelrr(M/N) and thus M/N is abelian. Apply
Theorem 2.6. |

We next show that Theorem 2.6 and Coroliary 2.7 remain valid if we just
assume G to be p-solvable. To do so, we invoke the classification of finite
simple groups. We first collect some consequences of the classification. Part
(a) of the next theorem is due to Michler and shows that Ito’s theorem
generalizes from p-solvable groups to all groups (see [7, Theorem 12.33]).

2.8. THEOREM. Let H be a simple non-abelian group and let q be a prime.
Then

(a) If q||H]|, then q|u(1) for some puelrr(H); and

(b) If ql|H|, then a Sylow-q-subgroup of Out(H) is central in
Out(H).

Proof. For (a), see [9, Theorem 2.37; for (b}, see [3, Lemma 1.3]. |

2.9. THEOREM. Assume that G is p-solvable and q| B(1) for all
BelBr,(G) for a prime q# p. Then 09(G) is solvable. In particular, G is
g-solvable and the conclusion of Theorem 2.6 holds.

Proof. We may assume that G= 09(G). Choose a non-solvable chief
factor M/N of G with M as large as possible. Since p}|M/N|, the
hypotheses imply that g} f(1) for all Belrr(M/N). By Theorem 2.8(a),
g I |M/N)|. Since 0¥ (G) =G, it follows that M < G and G/M is solvable. By
the maximality of M, G/M is isomorphic to a subgroup of Out(M/N). If
M/N is simple it follows from Theorem 2.8(b) that G/M is a g-group. But
then a Sylow-g-subgroup Q of G/N fixes every irreducible character of M/N
and thus, as ¢ f |M/N|, Q centralizes M/N (see [12, Proposition 1.5]), a
contradiction.

We may now write M/N=S,x --- xS, for n>1 isomorphic non-
solvable groups that are faithfully and primitively permuted by G/C, where
M<CAG Let j<nandlet 1 #a, elrre(S,) for i< j. Then («, .., a;, 1, .., 1)
is invariant under some Sylow-g-subgroup @ of G/M and note QC/Ce
Syl (G/C) stabilizes {S,,..,S;}. Consequently, every subset of Q=
{8,...,S,} is stabilized by a Sylow-g-subgroup of G/C. Since G/C is
solvable, the conclusion of Lemma 1.1 is valid. Now, choose 1 # 6, e Irr(S;)
for 1 <i<gq and Q, €Syl (G/M) that stabilizes (¢,, ..., d,, 1, .., 1). Since Q,
permutes {S,, .., S,]} transitively, it follows that §, = --- =4,(1). In par-



90 MANZ AND WOLF

ticular, S, has at most two distinct character degrees. Theorem 12.5 of [7]
implies that S, is solvable, a contradiction. |

Assume that G is p-solvable and that g | B(1) for all € IBr,(G). We have
proven that G has g-length at most two. While g-length two can occur (e.g.,
g=2, p=3, and G =S,) for some choices of (p, ¢), this is not the case for
many choices of (p, g). An example of g-length two can only occur if p=2
and g is Fermat or there exist positive integers a and b such that
(g?° —1)/(g® — 1) = p*. Some such examples arise when G is a subgroup of
the affine semi-linear group I'(g**) of GF(q*"). Here G has a normal series
N < K < G, where N has order ¢ and consists of all translations of GF(¢?*),
and where K/N and G/K are cyclic of orders p® and ¢, respectively. If we
apply Theorem 2.9 for all g # p, we get the next corollary.

2.10. COROLLARY. Assume that G is p-solvable and B(1) is a power of p
for all BelIBr,(G). Let K= O(G). Then G is solvable and K/O,(K) has
p-length at most one.

Proof. Without loss of generality, O,(K)= 1. For g # p, we have that
OP(O“'(K))zl and thus Theorem 2.9 implies that 0% (K) is solvable with
p-length at most one. Let L=TT, ., O¢(K). Then K/L is a g'-group for all
q# p, and hence K=0?(K)<L<K. Thus K= L is a product of charac-
teristic solvable subgroups of p-length at most one. Thus K is solvable wtih
p-length at most one. |

Assume that H has p-length 1, O,(H)=1, O’(H)=H, and every
p € IBr,(G) has p-power-degree. It is then straightforward to construct a
group G of p-length three for which every ffeIBr(G) has p-power-degree.
We also mention that the p-solvable hypothesis in Corollary 2.10 cannot be
removed. The groups SL(2,2"), Sp(4,2"), and Sz(2***!') are examples
where all the Brauer characters in characteristic two have degree a power
of two. This was brought to our attention by W. Willems.
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