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Abstract

Hartwig, Larsson and Silvestrov in [J.T. Hartwig, D. Larsson, S.D. Silvestrov, Deformations of Lie al-
gebras using o-derivations, J. Algebra 295 (2) (2006) 314-361] defined a bracket on o-derivations of a
commutative algebra. We show that this bracket preserves inner derivations, and based on this obtain struc-
tural results providing new insights into o -derivations on Laurent polynomials in one variable.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In [16,23-25] a new class of algebras called quasi-Lie algebras and its subclasses, quasi-hom-
Lie algebras and hom-Lie algebras, have been introduced. An important characteristic feature of
those algebras is that they obey some deformed or twisted versions of skew-symmetry and Jacobi
identity with respect to some possibly deformed or twisted bilinear bracket multiplication. Quasi-
Lie algebras include color Lie algebras, and in particular Lie algebras and Lie superalgebras, as
well as various interesting quantum deformations of Lie algebras. Let us mention here as signif-
icant examples deformations of the Heisenberg Lie algebra, oscillator algebras, sl and of other
finite-dimensional Lie algebras, of infinite-dimensional Lie algebras of Witt and Virasoro type
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applied in physics within the string theory, vertex operator models, quantum scattering, lattice
models and other contexts, as well as various algebras arising in connection to non-commutative
geometry (see [3—14,16-21,26-29,34] and references therein). Many of these quantum deforma-
tions of Lie algebras can be shown to play the role of underlying algebraic objects for calculi
of twisted, discretized or deformed derivations and difference type operators and thus in corre-
sponding general non-commutative differential calculi.

Considering these deformed differential calculi, vector fields are replaced by twisted vec-
tor fields when derivations are replaced by twisted derivations. In [16, Theorem 5], it was proved
that under some general assumptions these twisted vector fields are closed under a natural twisted
non-associative skew-symmetric multiplication satisfying a twisted 6-term Jacobi identity. This
identity generalizes the usual Lie algebras 3-term Jacobi identity that is recovered when no twist-
ing is present (see Theorem 2.2.3). This result is shown to be instrumental to the construction
of various examples and classes of quasi-Lie algebras. Both known and new one-parameter and
multi-parameter deformations of Witt and Virasoro algebras and other Lie and color Lie algebras
have been constructed within this framework in [16,23-25].

In this article, we gain further insight in the particular class of quasi-Lie algebra deformations
of the Witt algebra. These were introduced in [16] via the general twisted bracket construction,
and associated with twisted discretization of derivations generalizing the Jackson g-derivatives to
the case of twistings by general endomorphisms of Laurent polynomials. In Section 2 we present
necessary definitions, facts and constructions on o -derivations that are central for this article. In
Proposition 2.3.1 we observe that inner derivations are stable under the bracket defined in [16].
In the last part of this section, we present a characterization of the set of inner derivations for
UFD (Proposition 2.4.1), and also general inclusions concerning sets of inner derivations and
image and pre-image subsets with respect to the twisted bracket (Proposition 2.4.6). In Section 3
we develop the preceding framework for a particular important UFD, the algebra A = C[t*!] of
Laurent polynomials in one variable. For this specialization more deep and precise results can
be obtained. We shall focus here on the fact that in the present paper we deal with an endo-
morphism o of A which is NOT assumed to be an automorphism. The space of o-derivations
De (A) endowed with the twisted bracket mentioned above is the deformation of the Witt alge-
bra within the class of quasi-hom-Lie algebras in the sense of [16]. In Theorem 3.2.1 we show
that the space of o-derivations can be decomposed into a direct sum of the space of inner o -
derivations and a finite number of one-dimensional subspaces. In Theorem 3.3.4, we show that
for arbitrary o the Z-gradation of this non-linearly g-deformed Witt algebra with coefficients in
C becomes a Z/dZ-gradation with coefficients in C[T*"] for some element T of A. The usual
g-deformed Witt algebra associated to ordinary Jackson g-derivative corresponds to the auto-
morphism o : t — gt, and appears as a “limit case” where d = 0 and all o -derivations are inner.
In Subsection 3.4, we provide a more detailed description of what relations for the bracket in
the non-linearly ¢-deformed Witt algebra become modulo inner o-derivations. Finally, in Sub-
section 3.5, we describe normalizer-like subsets in detail for the non-linearly g-deformed Witt
algebra.

Throughout this article, A will denote an associative, commutative and unital algebra over
the field C of complex numbers. We will sometimes mention more general results concerning
non-commutative algebras, and we will precise our assumptions on A in these cases. In the last
section the algebra A will be the algebra of Laurent polynomials C[r+!].
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2. Some general facts on o -derivations
2.1. Definitions

In this section we do not assume that A is commutative, and as in the rest of the paper the
endomorphism o is not assumed to be an automorphism. We recall here some basic definitions
and facts concerning o-derivations. On this subject and more generally on Ore extensions one
may see the reference books [30] or [22, Section 1.7].

Definition 2.1.1. Let A be an algebra, and let o be an endomorphism of A. A o-derivation is a
linear map D satisfying D(ab) = o (a)D(b) + D(a)b for all a, b € A. We denote the set of all
o -derivations by D, (A).

Example. It is easy to check that for any p € A, the C-linear map A, defined by A,(a) =
pa —o(a)p for all a € A is a o-derivation of A. Note that if A is commutative, then we have
A, =p@d —o).

Definition 2.1.2. The map A, defined above is called the inner o-derivation associated to p.
The set of all inner derivations of A will be denoted Inn, (A).

For any map 7 : A — A denote Ann(t) = {a € A | at(b) =0 Vb € A}, the left annihilator
ideal of 7. In particular if A is commutative then this is a two-sided ideal, and also A, = A, &
(p —q) € Ann(id — o).

The o -derivations play a crucial role in the definition of Ore extensions.

Definition 2.1.3. Let A be an algebra, o an endomorphism of A, and A a o-derivation. Then the
Ore extension R = A[X; o, A] is the algebra such that:

e A is a subalgebra of R;
e R is a free A-module with basis {X", n € N};

o the multiplication is defined in R by the rule Xa =o(a)X + A(a) forall a € A.

The following facts can be easily checked [15, Lemmas 1.5, 2.4].

Lemma 2.1.4. Let o be an endomorphism of an algebra A.
(1) Let p € A, and A € Inng (A). Then the identity map on A extends to an isomorphism t

between the Ore extensions A[X; 0, Ap] and AlY; o], such that ©(X) =Y + p.
(2) Assume A is commutative. Then for all A € D, (A), and for all a,b € A one has

(a — a(a))A(b) = (b — a(b))A(a).

The first statement of this lemma provides one of the reasons why we get interested in o -
derivations up to inner in the following sections.
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2.2. A bracket on o -derivations

Henceforth, A is supposed to be a commutative algebra. Then D, (A) becomes a left A-
module by (aA)(r) =aA(r) for all a, r € A. Note that in the non-commutative case this opera-
tion makes D, (A) a left module only over the center of A.

Now we fix a o-derivation A, and consider the cyclic left A-submodule of D, (A) gener-
ated by A. The interest of considering cyclic submodules is reinforced by the following result
proved by Hartwig, Larsson and Silvestrov in [16, Theorem 4], in the case where A is a unique
factorization domain.

Theorem 2.2.1. (See Hartwig, Larsson, Silvestrov [16].) Let o be an endomorphism of a unique
factorization domain A, and o #id. Then D, (A) is a free A-module of rank one with generator

o
Ag=——2 with g = ged((id — o) (A)).
g

Remark 2.2.2. We do not know of any example of a commutative algebra A such that D, (A) is
an A-module of rank greater than 1.

The authors also define in [16, Theorem 5] a bracket (i.e. a non-associative antisymmetric
multiplication, but not of Lie type in general) on this cyclic submodule and prove the following
results.

Theorem 2.2.3. (See Hartwig, Larsson, Silvestrov [16].) Let o be an endomorphism of a com-
mutative algebra A, and o #1id. Let A € D, (A) be a o-derivation such that:

e o(Ann(A)) C Ann(A);
e 35 € A such that Aoo =0 o A.

Then the map
[]e : AA X AA — AA
defined by setting
[aA,bAls = (0(a)A) o (bA) — (5 (b)A) 0 (aA), fora,beA, ()

where o denotes composition of functions, is a well-defined C-algebra product on the C-linear
space A A, satisfying the following identities for a, b, c € A:

[aA,bAl, = (0(@)A(b) — o (b)A(@)) A, )
[aA,bAly = —[bA, aAl,. 3)

In addition,
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[0(@)A,[bA,cAl, ], +68[ad,[bA, cAl],
+ o)A, [cA,aAls], +8[bA.[cA all],

+[o(@A,[ad, bA)], +5[cA,[aA,bAl,], =0. (4)
Remark 2.2.4.

(1) The condition o (Ann(A)) € Ann(A) is clearly satisfied if Ann(A) = {0}, which is the case
for non-zero A for instance if A is a domain.

(2) The existence of § such that A o 0 = 8o o A, with the extra assumption that § = g € C*,
is the definition of g-skew derivations given in [15]. These particular o -derivations play an
important role in quantum groups, see for instance [2,31] or the book [1] and references
therein. Note that in this case (4) can be written as a 3-term Jacobi-like identity, showing that
(AA,[-,-]¢) is a hom-Lie algebra and thus in particular also a quasi-Lie algebra [16,24].

(3) The identity (2) is just a formula expressing the product defined in (1) as an element of
AA. Identities (3) and (4) are expressing, respectively, skew-symmetry and a generalized
((o, §)-twisted) Jacobi identity for the product defined by (1). Theorem 2.2.3 shows, that
under stated conditions, (AA, [-,-]5) is a quasi-hom-Lie algebra and thus also a quasi-Lie
algebra [16,23]. For special choices of A,o and A the algebra (AA,[-,-],) may belong
to the class of hom-Lie algebras, a subclass of quasi-hom-Lie algebras with 3-term twisted
Jacobi identity.

If A is a unique factorization domain then the space of o-derivations is a free A-module
of rank one generated by a o -derivation which satisfies the hypotheses of Theorem 2.2.3, with
§= % (see Theorems 2.2.1, 2.4.1 and [16, Theorem 4]). Nevertheless note that even if a o -
derivation A may satisfy these hypotheses, that may not be the case for any o -derivation in the
cyclic module AA. More precisely, for a € A one has aA o 0 = ado o A which may not be
written in the form 8’c o (aA), that is §’o(a)o o (A), if a does not divide o (a). Let us have a
look at an example of a non-integral ring.

Example 2.2.5. Let A = C[X, Y]/(XY) be the quotient of the commutative polynomial alge-
bra in 2 variables by the ideal generated by the product XY. This commutative algebra is not
an integral domain, and as a vector space is isomorphic to C @ XC[X] & YC[Y]. Consider
the endomorphism o defined by o (X) =Y and o(Y) = X. Then it can be easily seen that any
o -derivation A has to satisfy A(X) 4+ A(Y) = 0. Conversely, any linear map A on CX @ CY sat-
isfying A(X) = —A(Y) can be uniquely extended to a o -derivation of A. So D, (A) is generated
as an A-module by the o-derivation Ag which is defined by Ag(X) = —Ao(Y) = 1. Consider
the o-derivation A = X Ag. Then A(X) = X and A(Y) = —X. The conditions of Theorem 2.2.3
are not satisfied. Indeed, Ann(A) = YC[Y] yields o (Ann(A)) = XC[X] C Ann(A). The con-
dition Ao = 8o A is not satisfied either for any choice of § € A, since assuming existence of
such § and applying this relation to X one gets —X = XAg(Y) = A(Y)=Ac(X) =60 A(X) =
80 (X Ap(X)) =80 (X) =Y, which is impossible for § € A. For any element a € A let

deg P, deg O,

a=pg+ XPa(X)+YQu(V)=pa+ X Y PasX*+7 Y Qui¥*
k=0 k=0
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be the unique representation of a with respect to the direct sum decomposition A = C® XC[X]®
YCIY]. In A the following equalities hold for any a, b € A:
Ao(X)=x1 4yt A (YR = (XYY fork > 1
AXF)=X2a0(X)=x5,  A(YF)=XA0(Y") =—X* fork>1;

deg P, deg Py
A(Py(X)) = A( > Pa,kX") = Y PasX*=Pi(X) = Pag;
k=0 k=1

o (X)A(P.(X)) =Y A(Py(X)) =0;

deg Q, deg Q4
A(Qa(1)) = A( > Qa,kY") == Y QuiX ==0u(X)+ Qa0
k=0 k=1
= —A(Qa(X));

A(@) = Apa + X Po(X) + Y Qu(Y))
= AX)Pa(X) + 0 (X)A(Pa(X)) + AY) Qu(Y) + 0 (V) A(Qa(Y))
=X P,(X) — X Qua(X) = X (Py — Q0)(X);
bA@) = (b + X Po(X)) X (Pa — Qa)(X)
= (X + X2 Pp(X))(Pa — Qa)(X).

Then, using the definition or Proposition 2.3.1, one gets

[aA,bAly = A(b)a — A(a)b
= X(Pp — Qp)(X)(a + X Pa(X)) — X (Py — Q) (X) (s + X Pp(X))
= X (1a(Ps — 0p)(X) — 116 (Py — Qa)(X)) + X*(Qu Py — Qp Pa)(X).

There are several questions coming to mind concerning this example, which will be treated
in further details in a forthcoming paper. For instance, does there exists a non-zero linear sub-
space of AA which is closed under the bracket and where (4) holds? For the linear subspace
By={a=pa+XPu(X)+YQua(Y)€A|Pa=0Qu}={a=ha(Pa(X)+ Pa(Y)) €A |2, €C}
of A, the linear subspace BopA of the linear space AA is closed under the bracket [-,-]5,
since [aA,bA]l, = 0 for all a,b € By. Since the bracket is identically zero on By, the Ja-
cobi identity (4) trivially holds for any § € A. As results from the formulas above we have
Bo = Ker(A). Actually, it follows directly from (2) that the bracket is identically zero in general,
on the whole space Ker(A) A for any commutative algebra A.

2.3. Inner o-derivations

We recall from Definition 2.1.2 that a o-derivation A is inner if and only if there exists an
element p € A such that A(a) = pa — o (a)p for all a € A. Because A is commutative, it is easy
to see that if A is inner, then a A is inner for all a € A, so that AA € Inn, (A). So we mainly get
interested in the case where A itself is not inner.
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Now we prove, that when defined, the bracket [-,-], of two inner o-derivations is an inner
o -derivation.

Proposition 2.3.1. Let o be an endomorphism of a commutative algebra A, and A € Dy (A).
Then A(b)o(a) — A(a)o (b) = A(b)a — A(a)b, and hence for the bracket satisfying (2) the
following statements hold.

1. The equality [aA,bA)y, = (A(b)a — A(a)b) A holds for all a, b € A.

2. Let a,b € A be such that aA and bA are inner, that is aA = p,(id — o) and bA =
pp(d — o) for some p,, pp € A. Then [aA,bA]; is inner and [aA,bAl, = c(id — o),
with c = A(b)p, — A(a) pp.

3. Let a € A be such that aA is inner, that is aA = p,(id — o) for some p, € A and let b € A.
Then o (a)A(b) = (pa — A(a))(b — o (b)).

Proof. 1. The equality A(b)o(a) — A(a)o(b) = A(b)a — A(a)b is equivalent to the equality
(a—o0(a)AD) = (b —o))A(a) from Lemma 2.1.4, and both are just two different ways of
rewriting the equality

A(a)b + o (a) A(b) = A(ab) = A(ba) = A(b)a + o (b) A(a)

using the o-Leibniz rule for A and commutativity of A.
2.So0,ifaA = p,(id — o) and bA = p,(id — o) for some p,, pp € A, then

[aA,bAl, = (A(b)a — A(a)b) A = A(b)aA — A(a)bA
= A(b) pa(id — 0) — A(a) pp(id — 0) = (A(b) pa — Aa) pp)(id — 0).

3.If be A and aA = p,(id — o) with p, € A, then using the equality (b — o(b))A(a) =
(a —o(a))A(b) from Lemma 2.1.4 and commutativity of A one gets o (a)A(b) =aAb) — (b —
o) A(a) =ps(b—0o(b)) —(b—o0(b))Aa) =(ps — Ala))(b—0o(b)). DO

Remark 2.3.2.

(1) Inthe UFD case, let 0, g and A = Ag be defined as in Theorem 2.2.1, and aA = p,(id — o)
and bA = pp(id — o) for some p,, pp € A. Then a = gp, and b = gp,,, and one gets ¢ =
0 (8)(A(pp) pa — A(Pa) Pb)-

(2) Note that if 0 (Ann(A)) € Ann(A), then [-,-], defined by (1) is a well-defined bilinear
multiplication, and (Jnn, (A) N AA,[-,-]5) is a subalgebra of (AA,[-,-],) according to
Proposition 2.3.1. However, we will see later that it does not need to be an ideal (see Re-
mark 3.4.3). Note also that when A is UFD and o # id, there exists A such that any
o-derivation is of the form aA according to Theorem 2.2.1, that is D, (A) = AA. Then
IJnn, (A) NAA =TInn, (A).

(3) In the non-commutative case, with the notations of Definition 2.1.2, one can proof in
the same way as in the proof of Proposition 2.3.1 that if aA = A,, and bA = A}, and
[aA,bA)ls = (A(b)a — A(a)b) A holds, then [a A, bA], = A, with t = A(b) p, — A(a) pp.
Moreover, under the assumption that A sends the center Z(A) of A to itself, we can still
prove, that (2) implies [aA,bA]l, = (A(b)a — A(a)b)A for a,b € Z(A). Actually, even
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without the assumption A(Z(A)) € Z(A), this implication holds for all a, b € A such that
A(b) commutes with o (a) and A(a) commutes with ¢ (b). Thus it holds for all a, b € A also
if any element of A(A) commutes with any element in o (A). Note that we assume that o is
just an endomorphism of A and thus might not be surjective, thus making the last condition
more general than A(Z(A)) € Z(A).

2.4. The UFD case

We present here some general statements concerning o -derivations in the UFD case. In the
next section we will give some more precise and deep results in the particular case A = C[r*!].
One can first precise Theorem 2.2.1 in the following way.

Proposition 2.4.1. Let o # id be an endomorphism of a unique factorization domain A. Set
g = gcd((id — 0)(A)). Then

(1) Dy (A) = AA, with A =122,
(2) the o-derivation a A is inner if and only if g divides a. In other words, Jnn, (A) = gAA. In
particular, A itself is inner if and only if g is a unit.

Proof. The first point is just Theorem 2.2.1. Then for any o-derivation A=aA with a € A.
Obviously, if a = bg then a A = b(id — o) is inner.

Conversely, assume that a A is inner. Then there is an element b € A such that aA(r) =b(r —
o (r)) for all r € A. Multiplying by g one obtains agA(r) = bg(r — o (r)), i.e. a(r —o(r)) =
bg(r — o (r)) by definition of A. Now one can choose r such that r — o (r) # 0 (existing by
o #1id), and conclude that a = bg using the fact that A is a domain.

Finally, when a = 1, that is aA = A, the condition that g divides a = 1 means precisely the
same thing as g being a unit (an invertible element in A). O

We aim now to use the bracket [-,-], to understand what is “between” D, (A) and Inn, (A).
So we define some subspaces of D, (A), which will be more precisely described in the next
section for A = C[r*'].

Recall that D, (A) = AA and Inn, (A) = gAA.

Definition 2.4.2. We define the following subspaces of D (A).

(1) ' = Spang[Inn, (A), Inng (A)]o;
2) Si={AeDs(A) |4, "], S Inny (A)};
(3) Si={AeDs(A)|[4; S, S}

Remark 2.4.3.

(1) The space S! would be the usual derived Lie algebra of Jnn, (A) for o = id.

(2) It follows from Proposition 2.3.1 that one always has S 1 C Inn, (A).

(3) Because S! C Inn, (A) it follows from Proposition 2.3.1 that ﬂng(, A) C §1. As we will
see in Theorem 3.5.2, in the case of g-deformed Witt algebras, S; is the whole space of
o-derivations. This is why we introduce the “smaller” space ;.
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(4) It is also clear that §1 C §1 , and S is the normalizer of S! in D, (A) with respect to [-,-]5.
We consider this space rather than the normalizer of Jnn, (A) because it will appear in Corol-
lary 3.4.5 of Proposition 3.4.4 that this normalizer is just the space of inner o -derivations for
the context of the main specific example considered in depth further in the article.

Lemma 2.4.4. Let A be a UFD. The following inclusion S' C o (g)gAA holds.

Proof. This inclusion relies on Remark 2.3.2. We are in the UFD case, and if a, b € A are such
that aA,bA € Inn, (A), then a = gp, and b = gp;, for some p,, pp € A, and [aA,bA], =
0 (8)(A(pp)pa — A(pa) pp)g A. Hence [Inng (A), Inn, (A)]s S o(g)gAA. O

The following corollary is a direct consequence of the preceding lemma and part (2) of Propo-
sition 2.4.1.

Corollary 2.4.5. Let A be a UFD.
(1) The strict inclusion o(g)gAA C Inng (A) holds if and only if o (g) is not a unit in A (i.e.
not invertible element in A).
(2) Ifo(g) is not a unit in A, then the strict inclusion s! C Inng (A) holds.
Proof. (1) Since Ann(A) = {0} and there are no zero divisors in A for any a, b € A:
o(g)gad=gbA <& (U(g)a — b)g =0 <& o(ga=hb.
The equality o (g)gAA = Inn, (A) holds if and only if a solution a € A for o (g)a = b exists for
any b € A, which is equivalent to o (g) being invertible, i.e. a unit in A.
(2) By Lemma 2.4.4, stc o(g)gAA.Bypart(l),ifo(g) isnotaunitin A, theno(g)gAA C
Inn, (A). Thus S' C Inn, (A) as well. O
We can summarize the preceding inclusions as follows.

Proposition 2.4.6. Let A be a UFD. Then S' € Inn, (A) € S; € 5.

Proof. Only the inclusion Jnn, (A) C S is left to prove. Set Ae Inny (A). Since S! C Inn, (A),
we have

[A,8'], €[4, Inns (A)], S [Inng (A), Inn, (A)],, S S
because A € Inn, (A). By definition this means that Ae S1. O
All these spaces will be considered in more detail in the case of Laurent polynomials
A = C[t*!] in the last section of the paper.
The following statement is an extension of a result proved in [33] for A = Clt*! to arbitrary

unique factorization domains.

Proposition 2.4.7. Let A be a UFD. Then S = Dy (A).
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Proof. Since g = ged((id — 0)(A)) divides g — o (g) it also divides o (g). Hence, o (g) = gw
for some w € A, and thus o (o (8)) =0(g)o(w) =gwo (w), in particular meaning that g divides
o (0 (g)). Therefore, for any A=aAe Dy (A) and any A = o (g)ghA € st using the part (1)
of Proposition 2.3.1 and commutativity of A, it follows that

[A, Avly = [aA, o(g)ghA] = (A(o(g)gh)a — Ala)o(g)gh) A
= (g(A(o(9)b)a — Ala)a (g)b) +a (0 (g)) Alg)o (b)a) A
g( (a(g)b)a — Aa)o (g)b + wo(w)A(g)a(b)a)A € Jnn, (A) = gAA,

which proves that S1 =Dy (A) for any unique factorization domain A. 0O

3. Non-linearly ¢g-deformed Witt algebras

We develop now the preceding framework for a particular algebra A, namely C[r*'], in order
to obtain some more deep and precise results. In this case, D, (A) with the twisted bracket is the
deformation of the Witt algebra in the sense of [16]. The deformations of the Witt algebra are of
importance in mathematical physics (see [16] and references therein, and the introduction of the
present work). Note that as C[r*!] is a UFD, Proposition 2.4.1 and Proposition 2.4.6 apply.

Most of the articles on o-derivations of C[r*!] are concerned with the case where o is an
automorphism (see for instance [21,32]). We do not assume here that ¢ is an automorphism, so
it involves some power s of ¢, which as we will see plays a crucial role in the study of D, (A).

3.1. Some notations

In this subsection we review some notations and definitions that will be used throughout this
article.

Degree, valuation. For a Laurent polynomial f(r) =) L, oot witho, € C, oy #0, ) #0
we denote v(f) = ng the valuation of f and deg(f) =n its degree.

The endomorphism ¢. Because an endomorphism of the algebra A = C[t*!] sends units to
units, the image of 1 by o must be a monomial. So denote o () = gt°, with ¢ € C* and s € Z.
Note that o is injective if and only if s # 0, and surjective if and only if s =1 or s = —1.

Generators of D, (A). If o # id then by Theorem 2.2.1 one has D, (A) = AA with A(f) =
(f —o(f))/g, where g = gcd((id — 0 )(A)). Then one can check (see [16, Example 3.2]) that
g=a 't*"1(t — g¢*) with @ € C* and k € Z. Since g is defined up to a unit, then « and k are
arbitrary. If s > 1 then choose k =0 and o =1, so that g(#) =1 — qts_l. If s < 0 then choose
k=—s+1landa=—q,sothat g(t) = —qg~ ' (t'* —¢) =1— g~ 't'~%. To avoid repetition of
these two cases in future claims, we denote € the sign of s — 1, with the convention that € = 1
ifs=1.Theng(t)=1— qetd is a usual polynomial (v(g) = 0) of degree d = |s — 1| such that
g(0) = 1. For s # 1 one has d > 1. Note that with our conventions, for 0 =1d (i.e. s =1 =gq),
one gets g = 0. It follows easily from the choices we made while defining A that

t ifs>1

—qt® ifs <1. )

At) :{
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The monomial T = gr*~' = qt°? will play a crucial role in the following. Note that g =
1 — g9 =1—-¢qt067De=1— (gt D) =1 — T¢ which is equal to 1 — T if s > 1, and
1 —T'=—-T7'(1 —T) if s < 1. Thanks to Proposition 2.4.1 this means that Inn, (A) is
generated by (1 — 7T)A as an A-module.

We consider the basis (8,),cz of D, (A) defined by 8, = —t" A for all n € Z. Note also that
o(T)=T¢*, and that T “acts” on D, (A) as T, = qé,+s—1. Last, since A(f) #0 and A is a
domain, we have Ann(A) = {0}.

3.2. Decomposition of D, (C[tt1])

If s = 1 then two cases may occur. Firstly, if s = 1 and ¢ =1 then o is the identity map, so
one gets the usual Witt algebra, and we will not consider this case here. Secondly, if s =1 and
q # 1 then g =1 — ¢ is a unit, and Proposition 2.4.1 implies that all o-derivations are inner, so
that D, (A) = Inn, (A) = §1 = §1. Also T is a unit, and we can deduce from Proposition 3.3.3
below and Proposition 2.4.1 that S l=p, (A).

As we are interested in the study of what happens “between” D, (A) and Inn, (A), we shall
assume that s # 1. Note that then g is not a unit in A, so thanks to Corollary 2.4.5 we have
S' ¢ Inn, (A).

The vector space D, (A) is made a non-associative algebra thanks to the bracket [-,-], defined
in Theorem 2.2.3. Since g is not a unit, the set Inn, (A) of inner o -derivations is a proper subal-
gebra of (D, (A), [+,-]5). Moreover, thanks to Proposition 2.4.1 we know that a o -derivation f A
is inner if and only if g divides f, that is Jnn, (A) = gAA. This leads to the following result.

Theorem 3.2.1. Let o be the endomorphism of A = C[t*] defined by o (1) = gt*. From Propo-
sition 2.4.1 we have D, (A) = AA. We denote d = |s — 1|, and 8, = —t" A for all n € Z. Assume
that s # 1. Then

De(A)=Co B CS1 & ---®C8y—1 @ Inn, (A) (6)
=CA®CtAD---®Cr¥ A Inn, (A). (7

Hence any Ae Do (A) can be uniquely decomposed as A= f(@®)A 4+ h(t)(id — o) so that
f € C[t] with deg(f) < d and h(t) € C[t*!].

Proof. Note that for all n € N one has C§,, = (Ct"A We first show that D, (A) =CA+CrA +

-+ Cr ' A 4 Inn, (A). Take any non-zero A= f()A € Dy(A), with f(1) =L Lo ont”,
Wlth v(f) = no and deg(f) = n;. Up to an inner o-derivation we can always assume that
v(f) = 0. If not, consider fi = f — a,,t"°g: we have fA = fiA + o, "8 A, ap t"gA €
Inng (A) and v(f1) > v(f). If v(f1) = 0 we are done, else we repeat | this operation with fi. Then
after at most v(f) iterations we have a polynomial f such that v(f) > 0 and g divides f — f,
thatis (fA — f A) € Inn, (A). So assume that f € C[¢]. Now we can make the usual Euclidian
division of f by g in C[¢], and we obtain f = q(t)g(t) + r(t), with deg(r) < deg(g) =d. Since
Inn, (A) = gAA we are done.

Now we prove that this sum is a direct sum. Set «y, ...,gy—1 in C and f € C[t*'] such
that Y% a;1' A 4+ fgA = 0. Since Ann(A) = {0} this implies Y% a;t' + fg = 0. First we
prove that f must be a non-Laurent polynomial, that is v(f) > 0. Assume on the contrary that
v(f)=no <0, and f has lowest degree term B,,t"° # 0. Then because g =1 — Ard with d > 0,

the term of lowest degree of Z?;ol a;t' + fgis Bnyt™°, a contradiction since Zf;ol ait' + fg=0.
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Now the latest equality is nothing else but the Euclidian division of the 0 polynomial by g in
Clt]. By uniqueness we have o; =0 foralli and f =0. O

In Subsection 3.4 we will give a description of the bracket in D, (A) in terms of this decom-
position, thanks to the brackets computed in [16]. But first we re-interpret these in terms of the
element T = g¢*~! defined in Subsection 3.1, and show that the algebra D, (A) is graded by a
finite cyclic group.

3.3. Grading of D (A)
We recall first the following result.

Theorem 3.3.1. (See Hartwig, Larsson, Silvestrov, [16, Theprem 31].) When A is (C[til], the
C-linear space Dy (A) = P,,c;, C - dy, where D = ot~k ;‘i—;fs, d, = —t"D and o (t) = qt*,
s € Z can be equipped with the bracket product

()0 : Do (A) x Do (A) —> Do (A)
defined on generators according to (1) as
[dn: dmlo = q" dnsdm — q" dsdn. ®)
This bracket satisfies defining commutation relations

max(n,m)—1
o [dy,dy]s = asign(n —m) Z " A )~k 1)—1s—1) form,m = 0;

I=min(n,m)

—m—1 n—1
o [dy,dnle = a( Z qn+m+ld(m+l)(s—1)+ns+m—k + qu+ld(‘v—l)l+n+ms—k>
=0 =0

forn>0, m <Q0;

m—1 —n—1
o[dy,dnle =—a < Z qn+lld(sfl)l1+m+ns7k + Z qm+n+12d(n+lz)(s1)+n+msk>
11=0 =0

form >0, n <O0;
max(—n,—m)—1

o[dy,dnle = Sign(n —m) Z qn+m+ld(m+n)s+(s—l)l—k forn,m < 0.

[=min(—n,—m)

Furthermore, this bracket satisfies skew-symmetry [dy,, dnle = —[dm, dy]s and a twisted Jacobi
identity (written explicitly in [16, Theorem 31]).

Remark 3.3.2.

(1) If s =1 then (8) becomes [dy, dinly = q" dndy — q™ dpd, which is the bracket for the usual
q-Witt algebra associated to Jackson g-derivative [16, Theorem 27], reducing further to the
usual commutator for Witt Lie algebraif s =1 and g = 1.
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(2) Note that D and generators d,, are more general than A and generators §,, we defined here,
because we have specially chosen g = ged((id — 0)(A)) so that g becomes a usual (non-
Laurent) polynomial in ¢ for any s € Z both when s — 1 > 0 and when s — 1 < 0, in contrast
to Theorem 3.3.1 not making any distinction of this kind or polynomial requirement on g.

Now for arbitrary s € Z, recall that T = gt* —1 and o(T) = T*. For all n € Z define the
T-integer as a geometric sum, more precisely one has {0}7 = 0, {n}T =i o YTk forn >0
and {n}r =—) ,_, ' Tk for n < 0. Note that with this deﬁmtlon (1 —T){n}y =1—T" for all
n € Z. So, if T # 1 (that is o # id), then the formula {n}7 = ﬁ € C[T*!'] can be used in
computations for all n € Z with this quotient meaning the geometric sums {n}7. We also will use
the following notation

1-7" 1-T"1-T7 1—(T)"

e =T re =17 1-71¢ = 1-71¢
{031, =0, for e = +1;
hay 1Tk,n>0, fore =1;
={€n}T<=w= 37, TK, n>0, fore=—1;

{e}r
_Zk_:ln TK, n<0, fore=1;

Zgan T*, n <0, fore=—1;

which turns out to be handy when treating all s € Z and n € Z in the same time.
Thanks to these notations we shall rewrite the preceding formulas in the following way.

Proposition 3.3.3. For all n, m € 7Z, the following relations hold:
[8ns 8mle = T"8n8m — T" 8dyn = ({n}T;e - {m}T;e)(SrH—m- )
Proof. Recall that g =1 — T€. For all n, m € Z we have
(8. 8mlo = (A(=1")(=1") = A(=1")(=1")) A
5)m —h )"
+(q ) ( t) + (g )(—tm))A

pEnT T

(tm-i-n (T)mtm+n tn+m _ Tntn—i-m)
— A
({

1-T¢ 1-T¢€
=" 1=1" N
7 1oz ) ")

nrie —{mire)uym. O

Let us remark here that the second expression in formula (9) shows that these non-linearly
deformed Witt algebras, constructed a priori in [16] by taking any endomorphism of C[r*']
instead of the automorphism defined by ¢ — g¢, really “look like” the g-Witt algebra. More
precisely, if one takes for o the automorphism ¢ — g, then s =1,s0e =1,d=0and T =gq.
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Then {n}7.,. = {n}r = {n}, are the usual g-integers, and (9) is the usual bracket of the g-Witt
algebra, as defined for 1nstance in [16] or [21], and leading for ¢ = 1 to the classical Witt algebra.

Note that A = EB LACITE is naturally a Z/dZ-graded ring, and that the natural map
A—->AA =D, (A)is an isomorphism of graded Z-modules. Concerning the quasi-Lie structure,
we show that Dy, (A) admits a Z/dZ-gradation with coefficients in C[T*!]. This echoes the Z-
gradation of the ¢-Witt algebra (case d = 0) with coefficients in C.

Theorem 3.3.4. Let o be the endomorphism of A = C[t*!] defined by o (t) = qt*, with ¢ € C*
and s € 7. Recall that D, (A), the space of o -derivations of A, is endowed with the bracket [-,-]»
defined in Theorem 2.2.3. Define d = |s — 1|, and denote Zq = 7./dZ, in particular for s = 1 one
has 7./{0} = Z. For any k € 7 note k = k + dZ € Z.

The non-associative algebra (D, (A), [-,-15) is Zg-graded: D, (A) = @Eezd Dy, with D =
C[T*"18¢ for any k € k.

Proof. The case s = 1 is straightforward. So assume s # 1. Then T = g¢¢?, with d > 1. So
Cle*h = @d Iy IC[T*!] as vector spaces. Now the direct sum in the theorem follows from this
and from the fact that Ann A = {0}. The grading results directly from formulas (9) and from the
fact that ("1 = (" tm—dg—<T¢

Remark 3.3.5. The homogeneous part of degree 0 is a quasi-Lie subalgebra, with linear basis
(=T"A, n €Z), and the relations

[—T"A, _TmA]a = ({(s _ 1)”}T;€ _ {(S _ 1)m}T;€)(—Tn+mA),
proven as follows:

[-T"A, -T"A] = (o (-T")A(-T") —o (-=T™)A(-T"))A
_ <Tsn Tm _ Tsm om " — Tsn) _ Tsn+m _ Tsm+n

_rsm__ -
1-T¢ 1-T¢ 1-T¢

= ({(s — 1)n}T;€ - {(s — l)m}T;e)(—T"'H"A).
3.4. The bracket “modulo inner o -derivations”

Motivated by the previous results we are interested next in obtaining a more detailed descrip-
tion of what the relations for the bracket in Theorem 3.3.1 become modulo inner o -derivations.

Notation. We will use the following notation for congruence of two o -derivations modulo inner
o-derivations: VA, Ac De (A), the expression A= Ameans that A — A € Inn, (A).

Motivated by Theorem 3.2.1, and since [Inn, (A), Inn, (A)], € Inn, (A) and the bracket is

skew-symmetric, computation modulo Jnn, (A) of the brackets of the following two types are of
a special interest:

[61,6m]le, WithO<n<m<d—1;

[6n, &8mlo, withmeZand0<n<d—1. (10)



L. Richard, S.D. Silvestrov / Journal of Algebra 319 (2008) 1285-1304 1299

Recall we denote by € the sign of s — 1 with convention € = 1 if s = 1. As noticed in Subsec-
tion 3.1, for all s € Z one has IJnn, (A) = gDy (A) = (1 = T)Dy(A) = (1 — T)Dy (A).

Lemma 3.4.1. For all n,m € Z, one has:

(1) [6n,0mle =€(n —m)dpim;
(2) m=q “bm—a-

Proof. (1) We know that [6,, 8l = ({n}7.e — {m}1.¢)8n4+m according to Proposition 3.3.3.
Since IJnn, (A) = (1 — T)AA, we must compute the remainder of the Euclidian division of the

polynomial F(T) = {n}7.c — {m}r.c by 1 — T. This reminder is F (1) =e(n —m).
(2) For any m € Z we have

S =—t"A=—t"" A =195,y =1C"V8,_4 = ¢ (q° ) Sm_u
=q Tn-a=9 Sn-a—(1-T)g Sn-a=9 6m-a—89 Om-a=9 Bm-a
modulo inner o -derivations Jnn, (A). O
The following properties follow directly from Lemma 3.4.1.
Proposition 3.4.2. The following statements hold.

(1) Foralln,m € Z suchthat 0 <n,m <d andn +m < d:

[8n, 0mlo =€ —m)Spqm:

[0, 6mle = —eméy,, + Z where A € Inn, (A).
(2) Foralln,m € Z suchthat 0 <n,m <d andd <n+m < 2d:
(81, Omlo = €(n —m)q™ Snm—ds
(80, 8mle = —€mq Spm_a + A, where A € Inng (A).
) Forn,m, p € Z such that pd <n+m < (p+ 1)d:
(60, 8mlo = €(n —m)q ™V 8nsm—pa;

[0, 6mlo = _émqiepfsm—pd;

(80, 8mle = —€mq™ P 8—pa + A, where A € Inn, (A).
Remark 3.4.3. Note that in the first formula, there is no more g appearing, just like in the
classical Witt algebra. This however does not induce such a formula on the quotient space

Do (A)/Inn, (A) because Inn, (A) is not an ideal for the [-,-], bracket, as results from the next
proposition.

For the other type of bracket in (10) we have the following properties.
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Proposition 3.4.4. For all n,m € 7Z the following formulas hold.

(81, 88mlo = [8ns mlo — G [8n, Sm+dlos (1D
[8n. &0mlo = €d5n+mv (881, Omlo = —€ddnim: (12)
[ m] [gr(?n,éim] =0 forallr,n,m €7 such that r > 2; (13)
[ ”,,,g (Sm] =0 forallu,v,n,m e Z suchthatu,v > 1; (14)
(8, &8m)o = €d8pim =€dq™P8uim—pa = (s — D)q~ P Sppm—pis—1

foralln,m, p € Z such that pd <n+m < (p + 1)d, 15)
[n. 880lo = —[8n, 8 Ale = —€ddy = —€dq™P8y_pa = —(s — 1)g~ P8y pjs—1

foralln, p € Z such that pd <n < (p + 1)d, (16)
[60, 88mlo = —[A, g8mlo = —€dby = —€dq™ P 8y—pa = —(s — 1)g~ P8 pjs—1|

forallm, p € Z such that pd <m < (p + 1)d; 17
[80. 8800 = [A., g Al = eddy = —ed A. (18)

Proof. The formula (11) follows from bilinearity of the bracket, g =1 — 7€ and T¢§,, =
q8m+q- The formulas (12) and (13) are obtained using part (1) of Proposition 3.4.2, part (2)
of Lemma 3.4.1 and binomial theorems as follows:

[6n.8"6m], =[6n. (1 = T°)" Z(—l)k( ) 0 T8,

=Y (-1} (k)q“‘[an,amm]a_Z(—l) ( ) “en —m —dk)Su itk

k=0
=) (-D* <k>q€k6(n —m —dk)g~ 8 m

k=0
= (Z(_l)k (r>6(” -—m— dk)>8n+m

k=0 k
r r r r
- <e(n - m)( (=¥ (k)> - ed(Z(—l)k <k>k>)8n+m
k=0 k=0

_ o, forr > 2,
" | edSyym, forr=1.

The other two formulas in (12) and (13) follow from the first ones by the skew-symmetry of
the bracket. Then (14) follows from the fact that the bracket of two inner o -derivations is still
inner.

All the other formulas follow by (12) and Lemma 3.4.1. O

Corollary 3.4.5. {A € D, (A) | [A, Inng (A)]e < Inng (A)} = Inng (A).
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Proof. We already know that Jnn, (A) is included in the space on the left-hand side of the equal-
ity by Proposition 2.3.1. Conversely, consider a polynomial P € A such that P A belongs to this
space. Then in particular one must have [P A, gA] € Inn, (A). But from formulas in Proposi-
tion 3.4.4 we have [PA, gA]l, =€dP A, and so d P A € Inn, (A), thatis PA € Inn, (A). O

3.5. The spaces Sy and S'

As before, let A = C[t*!], o (f) = q1*, and g = 1 — (g*~")¢, with € = sign(s — 1) and con-
vention € = 1 if s = 1. We have shown previously that D, (A) = AA, Inn, (A) = gAA and
[Inn, (A), Inng (A)]s < Inn, (A). Recall also the following notations from Section 2.4.

Definition 3.5.1.

S' = Spang[Jnn, (A), Inng (A)]

Si={AeDs(A) ][4, 5], SInn,(A)};
Si={AeDs(A)|[4;5'], cs'}.

By Proposition 2.4.6 we have the inclusions § I'< Inn, A CS C §1. Now we can describe
these spaces in the case we are considering here.

Theorem 3.5.2. The following statements hold.

(1) If s =1 then Dy (A) = Inng (A) = S! =~§1 =5.
(2) Ifs =0 then Dy (A) = C® Inng (A) = §; = ), and S' = 0.
(3) If s #0, 1 then 0 # S' C Inn, (A), and S = D, (A).

Moreover, if s # —1 then S| = Jnn, (A).

Proof. (1) This was already noted at the beginning of Subsection 3.2.

(2) The decomposition of D, (A) is Theorem 3.2.1. For the rest, just note that in this case
g=1—¢ 'tand 6(g) =0. So, it follows from Lemma 2.4.4 that S! = 0. Then by definition of
these sets one gets §1 =51 =D, (A).

(3) The strict inclusion 0 # S 1 C Inn, (A) follows from Corollary 2.4.5 since A = Cl*] is
UFD. The equality 51 = Dy (A) was also proved for any UFD in Proposition 2.4.7 and hence
holds in particular for A = C[r*!].

We already noticed (Proposition 2.4.6) that S; 2 Inn, (A) for s # 0, 1, —1. For the inverse
inclusion, we note first that g divides o (g). We shall remark also that considering Remark 2.3.2
for p, =t and p, =1 we get A(t)go(g)A € S1. Recall from (5) that A(z) is always a monomial.
Now the proof will involve several steps, listed below.

Step 1. We first restate our problem. Consider a o -derivation P (1)A € §y. Our aim is to show that
P(t)A € Inn, (A). According to Theorem 3.2.1 one should write P(f) = f;ol ait' +g(t)R(1),
so that g(tr) R(t) A € Inn, (A). We must show that P = Zfz_()l ait! =0.

Step 2. Because of Lemma 2.4.4 we have [P(1)A, A(t)go(g)Al, € go(g)AA. For conve-
nience we denote @ = A(#)go (g). Since Ann A = 0, we have go (g) dividing T = o (P) A(®) —
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A(P)o (D). Buto (@) =0(5(t))o(g)o(o(g)) is a multiple of go (g) because o (g) is a multiple
of g. So go(g) divides o (P)A(®). Since A is a o-derivation we have

A(P) = A(A(ga(9)) =a (A1) A(ga(9)) + A% (1)go (g),

so go (g) divides o (P)o (A(t))A(go(g)). Now remember that A(¢) is a monomial, so a unit,
and o (A(t)) also. We conclude that go (g) divides o (P)A(go (g)).

Step 3. Since A(go(g)) =o(g)A(o(g)) + A(g)o(g), we have that g divides the polynomial
o (P)(A(o(8)) + Ag)).

One has the following formulas concerning g:

g=1 _qetd =1-T¢, o(g)=1 _q€+dtds =1 _qestds =1-T,
2 2 2 sl k
O‘(U(g)) — 1T =1 _qes €S (s—=1) _ ( Z(qetd) )(1 _qetd)
k=0

_ (ﬂi(qftd)k)g _ (Szzlw)g-

k=0 k=0

Step 4. Now we prove that g and Q = A(o(g)) + A(g) = A(g + o (g)) are relatively prime, so
by Gauss’s Lemma g must divide o (P). By definition A = (id —o)/g, and so A(o(g) + g) =
(0(g) —02(g) +g—0(g)/g=1—(6%(g)/g). By the formulas above, Q = —T*¢ 232‘2 Tk
and it is prime with g, as any root fy € C of g satisfies T(zp) =1, so Q(tp) =1 — 52 # 0 (by
hypothesis on s).

Step 5. Finally, the rest of the proof is reduced to the hypothesis that g divides o (P), with P =
fl:_ol a;t'. Note that g = 1 — ¢+ admits exactly d distinct roots (the dth-roots of ¢ —¢) in C.
Let #y be one of these roots. Then o (P)(fp) = ) _a; (qtg)i = Zaﬂé since qt(s)_l = (cftg)6 =1.

So P(tp) =0, and P admits d distinct roots. Thus P = 0, as the degree of P isatmostd —1. O
Remark 3.5.3.
(1) The formulas we use for g in the proof also lead to

_g—a(g)_(l—TE)—(l—T“')_l 1—-T¢
o 1—T¢ o 1—T¢

L—(gt?) _

=1- 1= gerd =1—{es}r.e.

(2) Note that the computation of S; in the last case relies on the fact that s2 # 1, and that is
the reason why we assumed s # —1. When s = —1 things should behave mostly like when
s = 1, but we were not able to solve the technical problems arising in this case.
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(3) The “normalizer-like” sets Sy, §1 bear information on the relation between D, (A) and
Inn, (A). It is interesting that by Theorem 3.5.2, for non-linearly g-deformed Witt algebra,
this chain of sets terminates almost at the start and thus this way one does not get the chain
of subalgebras that one might expect between D, (A) and Inn, (A). It would be interesting
to describe some broader classes of algebras that have or do not have similar properties.
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