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Abstract

Let U (1) denote the class of all analytic functions f in the unit disk A of the form f(z) =z + a2z2 +---
satisfying the condition

2
V4

"o =) -1
f(z)(f(z)>

In this paper we find conditions on A and on ¢ € C with Re ¢ > 0 # ¢ such that for each f € U (}) satisfying
(z/f(@)* F(1,c;c+1;z2) #0 forall z € A the transform

b4
@/f@)* F(l,c;e+1;2)°
is univalent or starlike. Here F(a, b; c; z) denotes the Gauss hypergeometric function and * denotes the
convolution (or Hadamard product) of analytic functions on A.
© 2007 Elsevier Inc. All rights reserved.

<A, z€eA.

G()=G%() = z€ A,

Keywords: Univalent, starlike and convex functions

* The work was initiated during the visit of the first author to the University of Turku, Finland. The visit was supported
by the Commission on Development and Exchanges of the International Mathematical Union and this author thanks CDE
for its support.

¥ Corresponding author.

E-mail addresses: obrad@grf.bg.ac.yu (M. Obradovi¢), samy @iitm.ac.in (S. Ponnusamy).

0022-247X/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2007.03.020


https://core.ac.uk/display/82051207?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

M. Obradovié, S. Ponnusamy / J. Math. Anal. Appl. 336 (2007) 758-767 759

1. Introduction

Let A :={z € C: |z] < 1} be the open unit disk in the complex plane C and A be the set
of all functions analytic in A with the usual normalization f(0) =0 = f'(0) — 1. Also, we let
S ={f € A: fisunivalentin A}. If f € S maps A onto a starlike domain (with respect to
the origin), i.e. if rfw € f(A) whenever ¢ € [0, 1] and w € f(A), then we say that f is a starlike
function. The class of all starlike functions is denoted by S*. A necessary and sufficient condition
for f € A to be starlike is the inequality [3,5]

/
Re ( zf'(2)
(@)
Let /(1) denote the class of all functions f € A satisfying the condition

/ < z
f(@(m) —1‘<)», 7€ A.

We set U = U(1). We remark that from f € U(}) it follows that f(z)/z # 0 for z € A. It is
well known that &/ C S (see [1,10]) and so, for 0 < A < 1, one has &/ (A) C S. In a recent pa-
per [9, Corollary 1.1] the authors have obtained the largest r € (0, 1] such that for each f € S
the function z — r~! f(rz) is included in &. More precisely, the authors have proved that
max{r € (0, 11: r~' f(rz) eU forevery f € S} = 1/v/2. 2)

For the proof of our results, we need the following lemmas.

>>o, Le Al (1)

Lemma 1. (See [8].)If f eUA), a:=|f"(0)]/2<1and 0 < A < 7'2_;2_” then f € §*.

Recently, Fournier and Ponnusamy [4] have indicated a proof for the sharpness part of
Lemma 1 by stating that there exists a nonstarlike function f € U such that with a = | f”(0)|/2

it holds that
2
z
! — ) -1
S (z)( f(z)>

2—a’—a
A careful analysis of results in [4] implies that Lemma 1 is actually sharp (see also [15] for a

0<——— <sup <1 —a.
detailed proof). For a general result, we refer to [13,14].

2 zeA

Lemma 2. (See [12, Corollary 3.2].) If f(2) =z + anp12" T 4+ -+ (n > 2) belongs to U(L) and

ocaic "=t
Vin—1)2+1

then f € S8*.
We observe that for n =2 (i.e. f € U()) with f”(0) =0), Lemma 2 gives Lemma 1.

Lemma 3. Let ¢(z) = 1 + Y oo | byz" be a nonvanishing analytic function on A and let f be of
the form

fl@)=

Z _ Z
d@)  1+D00 by

Then, we have the following:

3)
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(1) IF Y025 (1 — Dlbal < k. then f € UK.
@) IF Y0201 — Dlbal < 1—[by], then f € S*.

The first part of Lemma 3 is from [7,8] whereas the second part is obtained from [16, Theo-
rem 1]. At this place it is important to present the following example: Consider the function

Z
f@)= L +ibz + (e%P)2)73"

Then, for |b| < 1/2 and B a real number, we have (with by =ib, b» =0, b3 = ¢*# /2 and b, =0
forn > 4)

Re(%) >1—|b| - % >0 and Y (- Dbyl =1

n=2
and so, by Lemma 3(1), f €/ C S. On the other hand f is not in §* when 0 < b < 1/2 and
0 < B < arctan(2b), because
(Zf’(z)) [sin 8 — 2bcos B]sin B
Re = - -
f@) /=1 [14ib+ (e%8/2)?
This example shows the sharpness of the condition in part (2) of Lemma 3.

<0.

2. Results

If f and g are analytic functions on A with f(z) =Y 2 janz" and g(z) = Y v byz", then
the convolution (Hadamard product) of f and g, denoted by f * g, is an analytic function on A
given by

(f*@)@) =) aby2", z€A.

n=0
For f(z) =z+ Y o, ayz" in A, we have a natural convolution operator defined by

o (@n—1 (D)1
tFabicid)x f(2)i=) ————a", c¢-N, z€A, )

; ©@n-1(Dn-1
where (a), denotes the Pochhammer symbol (a)g =1, (a), :=a(a+1)---(a+n—1) forn € N.
Here F(a, b; c; z) denotes the Gauss hypergeometric function which is analytic in A. As a special
case of the Euler integral representation for the hypergeometric function, one has

r 1 X
F(l,b;c;z):r(b)r((cc)_b)/ l_tztb_l(l—t)‘_b_ldt, ze A, Rec>Reb > 0.

Using this representation we have, for f € A,
z
zF(1,c;c+1; z)*f(z)—z(F(l ce+1; z)*&)
b4

and therefore, we obtain the following form:

(tz)

F(l,cie+1;2) % f(2) =z¢ /f 1“"'dt, zeA, Rec>D0. (5)
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Now, we state and prove our results.

Theorem 1. Let f € U(A) and ¢ € C with Rec > 0 # ¢ such that
(z/f(z)) *F(l,c;c+1;2)#0 in A,
and G = G? be the transform defined by

Z

&= @ Flcer o)

z€ A. (6)

7O | < 1. Then we have the

Further, let A be a nonnegative real number such that A = |C+L1 >

following:

(1) G eU\c|/|c + 2|). The result is sharp especially when | f”(0)/2| < 1 — A. In particular,
G e U whenever 0 < A < [(c +2)/c]|.

(2) G € S* whenever 0 < A < |62ﬁ| (W2 — A2 — A).

In particular, if » =1, f”(0) =0 and |c — 2| < 2+/2 withRec >0, then G € S*.

Proof. We consider the function

z z
——=——xF(,c;c+1;z2), ze€A. @)
Gk [
Differentiating z/ G(z) shows that
2 /
z z z z
c+1)— — [ — G’z:c—+z<—), 7€ A. 8
( )G(Z) (G(Z)> @ G(2) G(2) ®
Further, using the series expansion of F (1, ¢; ¢ 4 1; z) from (4), we have
o0 (C) o0 ¢
F(l,c;e+Li)=1+) ———7"=1+ ', zeA, 9
( ) n; (c+ 1), ; c+n ©)

which yields

cF(l,c;c+1;z)+zF’(1,c;c+1;z)=IL, ze A,
—Z

from which in combination with (7) and (8), one obtains
2
z z z
(c+1)——(—> G'()=c—, ze€A. (10)
G(2) G(2) f @)

Now, we set

2
< /
p()= <—G(z)> G'(2).

Then p(z) is analytic on A (with p(0) = 1 and p’(0) = 0); for one has the relations (7) and,
by (10),
Z Z
@D=(C+1)— —c——, z€A,
d G fE

and z — z/f () is analytic on A, as by assumption f € U (A) and so f(z)/z # 0 on A. From (8),
(10) and (11) one then obtains that

(11)
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. /_ 2 L (% /
cp(z)+zp(z)—(c+1)cG()~|—(C+1)Z<G(Z)) Cf(z) CZ(f(z))
Z < '
= 1 -
C[(C+)f() ‘@ Z(f(z))}
o7
=C|———2Z\ —
f@ f@

12
(f( )> ' @). (12)
Now, as f € U(A), it follows that

1
p(z)+;zp/(z)—l <A, z€A, (13)

and so (because p’(0) = 0), from the work of Hallenbeck and Ruscheweyh [6] (see also [11]),
we deduce that

lp(2) — 1] <

A
] —_|z]%, zeA.

lc+2|

The conclusion (1) follows and the bound A|c|/|c + 2| is sharp. To prove the sharpness, we
consider functions f in U (A) of the form

z

=, €A,
fO=T—r 2 ¢

where a; = f”(0)/2 and |az| <1 — A, so that 1 —axz + rzZ2 # 0 for all z € A. Moreover, since
Rec > 0, it follows that |c 4+ 2| > |¢ + 1| > |c| and, therefore,

21 #£0

1—a
‘ ? +1 c+2

for all z € A, provided |az| < 1 — A. Then, by (6) and (9), a computation gives
Z

1 —ax(c/(c+ 1)z + (re/(c+2))22

which is analytic on A, z/G(z) # 0 on A and

< Z )ZG()—l— ‘e
G(2) c+2

We have that G e U(A|c|/|c + 2]).
The second part is a consequence of Lemma 1. In fact, it suffices to observe from the definition
of G(z) that

G(z) =

L_|GO_| e /O
o Tle+1 '
Then, by Lemma 1, G is starlike whenever A < 1 and
Alcl \/2 A?
S+ 2| 2

and the result follows from the last inequality. 0O
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Remark. We recall first that if |az| < 1 — A, then it is known that [§8]
1 1
Re(f(Z))> >~ forzeA. (14)
z 14+ |a]+21" 2
Further, from the work of Ruscheweyh [17, Lemma 2], it follows that

1
ReF(l,c;c+1;z)>z, zeA, Rec>0. (15)

From (14), it follows that Re(f(z)/z) > 0, z € A. From this observation and (15), we obtain
(using either the Herglotz representation formula for functions with positive real part or [18])
that

(&*F(lcc+lz)) z€ A, Rec >0,
z
and so, in particular, that (z/f(z)) * F(1,c;c+ 1;z) #0forall z € A,Rec > 0.

Remark. In case Re ¢ > 0, the formula (5) shows that the transform G (z) = G;} (z) defined by (6)
has a second representation in the form

1 -1
G(z):z(c([%t“%lt) , z€EA.

Using Lemma 2, Theorem 1 can be generalized as follows:

Theorem 2. For a fixed n > 2, let f(z) =z + an+1z”+1 + -« belong to U(A) and let ¢ € C
withRec > 0+ ¢ such that (z/f(z)) * F(1,c;c+1;2) #0in A, and G = Gj( be the transform
defined by (6). Then we have the following:

(1) G eU(X|c|/|c + nl). In particular, G € U whenever 0 < 1 < |(c +n)/c|.
(2) G € S* whenever 0 < A < —ltnle=D

lela/(n=1)2+1"
Proof. We note that
z 1
= =1—a [l R
f@ l1+ap12"+--- nt
so that
c
—*Flcc—i—l =1—-a "4
f( ) ( 2) n—H(C—I—I’Z)Z

Thus, G can be written in the form
¢ n+1
G(z)=z+an+1<—)z + -
c+n

and therefore, as in the proof of Theorem 1, the function p defined by

p(Z):(Gi)> G'(z )—1+(n—l)an+1< Cn)zn+...
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is analytic in A such that p(0) =1, p’(0) =--- = p®~D(0) =0. As f € U(}), p satisfies (13).
Consequently (see [6,11]),
Alellz|"
72)— 1| < , eEA,
Ip( ) | |c + n|

and the proof of part (1) is complete. The second part is a consequence of Lemma 2. O
3. Sufficient conditions for functions in I/ or in S*

We recall that I/ C S. Next we consider the following question: Given a univalent function f,
is it possible to generate functions in U or in S*? Our next result actually provides a method of

obtaining functions in .

Theorem 3. Let h(z) =1+ Y v | cu2" be an analytic function on A and a; € C such that

© e 2 1/2 % 12
|c1a2|+<znil> <1 and x::(Z(n—man) < 400. (16)

n=2 n=2
Then for every function f € S with f"(0)/2 = ay the function Hy defined by

z Z
= (=) *h(
Hy(2) (f(z)>
belongs to U(X), and thus to S if A < 1, and even to S* if L. < 1 — |aycy|.

Proof. Let f € S and be of the form (3). Then a, = f”(0)/2 = —by,

Z
LI h@ =1+ bucy
Hy (@) (f(z>>* © +Z e

n=1

and from the well-known Area Theorem [5, Theorem 11, p. 193, Vol. 2] we have
o
D (=Dl < 1. (17)
n=2

Now, by the triangle inequality, we see for all z € A that

. nl
0 > 1—leibi]lz] — HX;(V”_ 1B |)<\/—>| "
21— |cazllz| — Izl Z Vi = 1lbn D(%)

00 /2 / s o2 172
>1—|c1a2||z|—|z|2(2(n—1)|bn|2) (Znﬁl)
n=2

n=2
(by Cauchy—Schwarz inequality)

o lea 2 172
>1—|c1az|—<2nil) by (17)

n=2

>0 by (16).
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Using this and the first inequality in (16), we obtain that z/Hy(z) # 0 in A. Next we find that

Y (= Dleabal =Y (vn = 1|bal) (v'n = Tlcul)
n=2

n=2
1/2

o 172 / o0
< (Z(n— 1>|bn|2> (Z(n— 1)|cn|2)
n=2 n=2

<A by (17) and (16).
Thus, Hy € U(1) by Lemma 3(1), and, in particular, Hy € U C S if A < 1. By Lemma 3(2), we

obtain the last part of the conclusion. 0O

Example 1. Choose h(z) = 1/(1 —az) with |a| =r < 1. Then, according to (16), r has to satisfy
the condition

jaslr +r(log(1/(1=r2)))* <1 and r=r%/(1-r?).

Then for each function f € S with £”(0)/2 = a; the function a~! f(az) belongs to U ()) and
thus to S if A < 1, and even to S* if A < 1 — |az|r. In particular, it is a simple exercise to see that

feS with f/(0)=0 = a 'f(az)eUUNS*

whenever 0 < |a| = r < 1/+/2. At this place it is interesting to compare with (2).

Example 2. Choose h(z) = 1/(1 — az?) with |a| = r < 1. Then, by (16), r has to satisfy the
condition

1 1+7r2
2 1—r 1—r2

Therefore, if f € S then the function z/((z/f(z)) * h(z)) belongs to /(1) and thus to S* if
A < 1 (since A'(0) = 0). In fact, it is a simple exercise to see that the second condition A < 1 is
equivalent to < 1/+/3, while the first condition is equivalent to the inequality

gr)=(1=re*" —1-r>0

which holds if » < 1/+/3. Thus, if @ and ' denote the two square roots of a and if f € S, then
the function Hy defined by

Z hz) = ( we_ 02 )
Hy(2) f (Z) flwz)  fo'7)
belongs to S* for r < 1/4/3.

Corollary 1. Let f € S be of the form (3) with ay = f”(0)/2, and

1
5 (n+Dvn

for some complex constant a, such that

| |+ |al 11<1 d A=]|al 3
c1a a an = \|a _— = =
142 16 6 4

h(Z)—1+C1z+aZ
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Then the function Hy defined by z/Hr(z) = (z/f (z)) * h(z) belongs to U(L), and thus to S if
A< 1, and even to S* if A < 1 — |cray].

Proof. Setc, =a/((n+ 1)s/n — 1) for all n > 2. The condition (16) takes the form

00 1 1/2 00 ! 12
- <1 and A= — .
|61a2|+|a|<’§(n2_1)2> an |a|<n§2(n+1)2>

Recall that

i 1 _ 2 5
n+1D2 6 4
n=2

Now, if we write

1 _1[1 N 1 _<1_1>}
n2—=12 4lm—-D2 m+1)?2 n—1 n+1)|

then it is a simple exercise to see that

- 3] =2 11
Zm 4[22 ‘"E}ZE‘R‘

n=1

The conclusion follows from Theorem 3. O

Finally, it would be appropriate to recall the recent result of the authors in [2] in which a
number of interesting applications are also derived.

Theorem 4. (See [2, Theorem 3.9].) Let f, g € S with the representations
4 > Z >
—— =14 ) by7", —=14) c7".
f@ ; ! g(2) 2 !

If

Z Z
()] = — b,cn 0
=700 +Z e’ #

forevery z € A, then F(z) = % €U, and, in particular, F is univalent in A.
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