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but including non-perturbative terms up to the complete dimension-six condensate contributions. This
approach allows to fix more precisely the value of the QCD continuum threshold (often taken ad hoc) at
which the optimal result is extracted. We use double ratio of sum rules (DRSR) for determining the SU(3)
breakings terms. We also study the effects of the heavy quark mass definitions on these LO results. The

Keywords: SU(3) mass-splittings of about (50-110) MeV and the ones of about (250-300) MeV between the lowest
QCD spectral sum rules ground states and their 1st radial excitations are (almost) heavy-flavor independent. The mass predictions
Four-quark and molecule states summarized in Table 4 are compared with the ones in the literature (when available) and with the
Heavy quarkonia three Y.(4260, 4360, 4660) and Y,(10890) 1™~ experimental candidates. We conclude (to this order

approximation) that the lowest observed state cannot be a pure 1~ four-quark nor a pure molecule but
may result from their mixings. We extend the above analyzes to the 07+ four-quark and molecule states
which are about (0.5-1) GeV heavier than the corresponding 1~ states, while the splittings between the
0"+ lowest ground state and the 1st radial excitation is about (300-500) MeV. We complete the analysis
by estimating the decay constants of the 1-~ and 0** four-quark states which are tiny and which
exhibit a 1/Mq behavior. Our predictions can be further tested using some alternative non-perturbative
approaches or/and at LHC, and some other hadron factories.

© 2012 Elsevier B.V. Open access under CC BY license.

1. Introduction and a short review on the 1*+ channel BaBar [12], CDF [13] and DO [14]. If it is a (cq)(cq) four-quark or
D-D* molecule state, one finds for m¢ = 1.23 GeV [1]°:

A large amount of exotic hadrons which differ from the “stan-  Xc = (3925 +127) MeV, M
dard” cc charmonium and bb bottomium radial excitation states
have been recently discovered in B-factories through J/ymw+m~
and Y7t~ processes and have stimulated different theoretical
interpretations. Most of them have been assigned as four-quarks
and/or molecule states [3]. In previous papers [1,2], some of us Vtc = (4.15+0.03) GeV, (2)
have studied, using exponential QCD spectral sum rules (QSSR)
[4]® and the double ratio of sum rules (DRSR) [7],* the nature
of the X(3872) 1*+ states found by Belle [11] and confirmed by

corresponding to a t.-value common solution of the exponential
Laplace (LSR) and Finite Energy (FESR) sum rules:

while in the b-meson channel, using m, =4.26 GeV, one finds [1]:

Xp = (10144 4+ 104) MeV  with v/fc = (10.4 + 0.02) GeV, (3)

where a similar result has been found in [15] using another choice
of interpolating current. However, in the case of the X.(3872), the
previous two configurations are not favored by its narrow hadronic
width (< 2.3 MeV), which has lead some of us to propose that

* Corresponding author.
E-mail addresses: rma@if.usp.br (R.M. Albuquerque), fanfenos@yahoo.fr
(F. Fanomezana), snarison@yahoo.fr (S. Narison), achris_01@yahoo.fr

(A. Rabemananjara). it could be, instead, a A-J /v -type molecule [2] described by the
T FAPESP CNPg-Brasil PhD student fellow. current:
2 PhD student.
3 For reviews, see e.g. [5,6]. -
4 For some other successful applications, see [8-10]. 5 The two configurations give almost a degenerate mass-value [2].
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2
I = (5) €yt c) @raysa), (4)
A/ eff
where Aq is the color matrix, while g and A are coupling and
scale associated to an effective Van der Vaals force. In this case, the
narrow width of the X, is mainly due to the extra-gluon exchange
which gives a suppression of the order a? compared to the two
former configurations, if one evaluates this width using vertex sum
rules. The corresponding mass is slightly lower than the one in
Eq. (1) [2]:
X A
r= X 096+0.03 = X;=(3768+127)MeV, (5)

mol
c

which (within the errors) also agree with the data. By assuming
that the mass of the radial excitation X/Q ~ ./t¢, one can also de-
duce the mass-splitting:

X{ — Xc >~ 225 MeV ~ X; — X; > 256 MeV, (6)

which is much lower than the ones of ordinary charmonium and
bottomium states:

Y(2S) —¢¥(15) =590~ 7 (2S) — T (1S) ~ 560 MeV, (7)

and suggests a completely different dynamics for these exotic sta-
tes. Comparing the previous results with the observed Z,(10610)
and Z,(10650) states by Belle [16] whose quantum numbers have
been assigned to be 1+, one can conclude that these observed
states are heavier than the 1st radial excitation of the X},(10.14)
expected from QSSR to lowest order in o [1].

2. QCD Analysis of the 1-~ and 0** channels

In the following, we extend the previous analysis to the case
of the 1=~ and 0™ channels and improve some existing analysis
from QCD (spectral) sum rules in the 1=~ channel [17]. The results
will be compared with the experimental 1~ candidate states:

Y(4260), Y (4360), Y (4660), Y,(10890). (8)

The Y. have been seen by CLEO [18], BaBar [19], Belle [20] and
CDF [21], in the decay into J/ym*m~ while Y, is seen from
Ymtmw~ by Belle [22] around the 7(5S) mass. These states can-
not be identified with standard cc charmonium and bb bottomium
radial excitations and have been assigned in the literature to be
four-quark or molecule states or some threshold effects.

2.1. QCD input parameters

The QCD parameters which shall appear in the following
analysis will be the charm and bottom quark masses mcp, the
light quark masses mg;, the light quark condensates (qq) and
(3s), the gluon condensates (g2G?) = (g2G%,Gg" ) and (g°G3) =
(g3fabCGj’wG’3prm), the mixed condensate (GgoGq) = (Ggo ™"
(Aa/Z)waq) and the four-quark condensate p(Gq)2, where p in-
dicates the violation of the four-quark vacuum saturation. Their
values are given in Table 1 and we shall work with the running
light quark parameters:

ﬁls
(—log/TA)~2/B1
(d9)(v) = — 13 (—log /T A) /1,
(40 Gq) (v) = —Mgfig(—log /T A) ™'/, (9)

where 81 = —(1/2)(11—2n/3) is the first coefficient of the g func-
tion for n flavors; i, and fi, are renormalization group invariant
light quark mass and condensate [24,25].

ms(T) =

Table 1

QCD input parameters. For the heavy quark masses, we use the range spanned by
the running MS mass g (Mq) and the on-shell mass from QCD (spectral) sum
rules compiled in pages 602 and 603 of the book in [5] and recently obtained in
Ref. [27]. The values of A and fi4 have been obtained from as(M.) = 0.325(8) [28]
and from the running masses: (i, + mg)(2) = 7.9(3) MeV [30]. The original errors
have been multiplied by 2 for a conservative estimate of the errors.

Parameters Values Refs.

Ay =4) (324 % 15) MeV [28,29,31]
A(ng =5) (194 + 10) MeV [28,29,31]
g (0.114£0.021) GeV [5,30,31]

me (1.26-1.47) GeV [5,27,30-33]
my (4.17-4.70) GeV [5,27,30-32]
Aq (263 +7) MeV [5,30]

Kk = (5s)/(ilu) (0.74 +0.06) [9]

M2 (0.8 +0.2) GeV? [34-36]
(asG2) (7£2) x 1072 GeV* [27,28,37-43]
(g3G3) (8.3+£1.0) GeV? x (asG2) [27]

p = (G939)/(aq)? 2+1) [28,34,37]

2.2. Interpolating currents

We assume that the Y state is described either by the low-
est dimension (without derivative terms) four-quark and molecule
DSD;‘ vector currents J,, given in Tables 2 and 3. Unlike the case
of baryons where both positive and parity states can couple to
the same operator [23], the situation is simpler here as the vector
and axial-vector currents have a well-defined quantum numbers
to which are associated the 1=~ (resp. 171) states for the trans-
verse part and the 0** (resp. 0~~) states for the longitudinal
part. In the case of four-quark currents, we can have two-types of
lowest derivative vector operators which can mix through the mix-
ing parameter b.% Another possible mixing can occur through the
renormalization of operators [25,26] though this type of mixing
will only induce an overall effect due to the anomalous dimension
which will be relevant at higher order in «s but will disappear
in the ratio of sum rules used in this Letter. For the molecule cur-
rent, we choose the product of local bilinear current which has the
quantum number of the corresponding meson state. In this sense,
we have only an unique interpolating current. Observed states can
be a mixing of different states associated to each choice of opera-
tors and their selection can only be done through the analysis of
their decays [2] but this is beyond the scope of this Letter.

2.3. The two-point function in QCD

The two-point functions of the Yo (Q =c,b) (assumed to be
a 17~ vector meson) is defined as:

(g =i / dixel (0| T[j (%)} (0)]l0)
—-n0@) (g - 23 )o@ L, ao)

where J# are the interpolating vector currents given Tables 2
and 3. We assume that the Y state is described either by the low-
est dimension (without derivative terms) four-quark and molecule
DSD;" currents given in Tables 2 and 3. The two invariants, am
and I7©, appearing in Eq. (10) are independent and have respec-
tively the quantum numbers of the spin 1 and 0 mesons. We can
extract 178) and 7@ (g?) or the corresponding spectral functions

from the complete expression of Hg”(q) by applying respectively
to it the projectors:

6 The 1** four-quark state described by the axial-vector current has been ana-
lyzed in [1,2].
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Table 2

QCD expression of the four-quark spectral functions to lowest order in «s and up to dimension-six condensates: Q =c, b is the heavy quark field.

Current Jo= %{[(SZCVS Qp)Gay ysCQT) + (ST Cys Y Qp)GaysCQI + BT CQp) Gay CQT) + (ST CY ™ Qp) GaC Q1)

1= Spectral function £ Im 7 (s)

rert = 57075 Jam o fﬂlmma (1 —a— p)i2my (1= b1 —a — B2Fs — 30+ 621+ + §)Fa +12bmgms(1 — @ - f) (e + H)F3),

(5s) 2(5554 f"‘mr'::x fi"z’ {%H fﬁl,m: ;;2; [b’mq (1 —a — B)(@ + B)Fa +mst¥ﬁ(mé (5-a—B+b2B+a+p)F +2]__2)]}’

() — G o de [ 9 om (1 - B)a (1 —a — §)° = 3mh (1 —a — B)I8a(l +a+ ) — (1-b)2 - p+ (6a — B)(@ + H)IF
+6(1+b%)B(1 —2a —28)F2),

(sCs) 568 {3mq fgme da i B 12p(1 - 20— 2) + (1 - b) Qe+ B) — f(1 = 3 — 3H)IFy
= ms formerdoc [ 8m (14 5%) + (1= o b2 = Ta) o) + fy Gy (64 3 = 56 +52(6 = 30+ 58) + 37 + 61 F)]

(5s)? — LG [l g [dm? — (1~ b2)(2m3 — H1) +mgmg b2,

“ Stids {3 fymee de [ (1 — o — plmf (1262 (1 -0+ B) = (1 = b)Ber(1 + 30 +382) + 28(14 + dar + 110 — (1+ @) (9 +dar + 95))
+30 (14 D)1 o+ B)F1]+mly (1 =b?) [ & f 51— — p)? Ga +4p)s(s — Gm ) ).

ott Spectral function L immaQ)

Pert — gt S L fﬁlmm" 9 (1 — o= )l12my (1~ B2) (@ + B)(1 — o = 2T —2m, (1 — o= B)(7 — 19 — 195 — b7 + 50+ 56))F3
—3(14b%)(7 - 92 — 9p) Fy + 12b?mom; (1 — & — B)* (& + B)(6m} (@ + B) T2 — 7F3)],

s) — e oo de | MR By o i BbPmo (1 — o — B)(@ + B)(Am} (@ + p)Fy — 5F2)
+meap@mb (1-b3)(1 —a — p)(e + ) —m} (7 — 1o — 118 + b2 (1 + 30 + 38)) F1 — 1071},

() — G (e de [ A ot (1 — o — B2t + B) + (1 = B2)(@(5 — 17a — 176) + 32+ + B)
—3my (1 —a — f)Ba(l — 3o — 3p) — 326(ct + ) + (1 — b2)(6 — 2a(8 — 9or — 96) — (3 — 13e — 136)))F1 — 6(1 +b*)B(9 — 100 — 108) F]
—am (1=b7) 3 2 [ L+ (1 - — p)P8(s — Ltfimd )},

(5Gs) S35 (3mq fyre 4 i S @m (o + B) — 3FDQB(1 - 20 = 28) — (1 - b)) 2a(1 —a — B) + B(1 =3 = 3p)) — 2a(1 = b?) F1]
s fometdor [ 2my er(1 = 5b%) — 2 = (1 = b)(1 = 9 Ha) + f 7 F () (43 — dor = 4B) — (1 =b) 3+ +34)) +3(7 +b°) F1)]
—2momfy (1 %) [ % [ 93— 3a — 5B) (@ + P)3(s — fmd)).

(s B g da iy, — (1 = b2y — 3740) + mmob)+ 2mam 2 ) s a(s = i),

(63 S (3 o d [ 9 (1 p)im (1202(@(2 — B) + A1~ B) — (1~ B)Ba2(1 + )2 + B2(10 — (50 + 8) ~ 286~ )
—302(1+b2)(1 =3 —3B) F1l+m} [y % [ 91— a - pP5(s - Hm3)[7202 (e + )
+ (1 =bHBB(7 — 19)0? +2(6 — 52) B2 + (34 — ) ) — 2my T(1 —bz)(l —a— )+ p)Ba +4p)).

with: Fe=[my@+p) —apsl,  Hi=Img —a(—a)sl,  Bnin=amy/(sa—mp),

Omin = %(1 —v), Omax = %(1 +v), v the Q-quark velocity: v = m and z= "1%2*;/3)‘
73(1) — 1<g/w _ qﬂqV> and 7;,(03 _ qMCIv. (11) and of FESR:
3 P w="n

Due to its analyticity, the correlation function, 1719 (q?)
Eq. (10), obeys the dispersion relation:

o
H(l’o)(qz):% / ds

4m?

Im 70 (s
—— (.) (12)
s—q?—ie

where Im I710-9(s) are the spectral functions. The QCD expressions
of these spectral functions are given in Tables 2 and 3. 1/q* terms
discussed in [44,45],which are dual to higher order terms of the
QCD series will not be included here as we work to leading order.

3. 17~ four-quark state mass Y o 4 from QSSR

In the following, we shall estimate the mass of the 17~ four-
quark state (Qq)(Qq) (Q =c,b and q = u,d quarks), hereafter
denoted by Yqg. In so doing, we shall use the ratios of the Laplace
(exponential) sum rule:

te
d 1
— 1og/dte*"— ImaV ), (13)
T b

t<

'Rlbsg(‘[) =—

fe g ¢n L 1 7
s _ e A3 1m0

=k © =1 (14)
Qd tc 11 n ’
ft< deen=1 - Im 1M (t)

where t_ is the hadronic (quark) threshold. Within the usual dual-
ity ansatz “one resonance” + 6(t —t.) x QCD continuum parametriza-
tion of the spectral function, the previous ratios of sum rules give:

Roa(0) =My, ~REFE. (15)

For a discussion more closed to the existing literature which we
shall test the reliability in the following, we start to work with the
current corresponding to b = 0. We shall discuss the more general
choice of current when b is a free parameter at the end of this
section.

3.1. The Y.q mass from LSR and FESR for the case b =0

Using the QCD inputs in Table 1, we show the t-behavior of
My,, from RER in Fig. 1(a) for m¢ = 1.26 GeV and for different
values of t.. One can notice from Fig. 1(a) that the t-stability is
obtained from /t; > 5.1 GeV, while the t.-stability is reached for
/tc =7 GeV. The most conservative prediction from the LSR is



132 RM. Albuquerque et al. / Physics Letters B 715 (2012) 129-141

Table 3
QCD expression of the molecule spectral functions to lowest order in «s and up to dimension-six condensates: Q =c, b is the heavy quark field, while g’ and A’ are coupling
and scale associated to an effective Van Der Vaals force.

Current Tot = %(f—;)ﬁﬁuﬁyw)(és) +(Qy"9)6Q)]
1~ Spectral function L Im 17V (s)
Pert — s fame i% ;mm“ %’(1 —a—pFmy (1 —a— )% -3 +a+p)Fi,
(3s) S frmos Ao Hy — [ [ P [m? (5 — @ — B) + 211},
(6?) — B G e da e B m (1 — @ — ) +3m3 (1 — o — BT —a(@d+a + )+ B(1 — 20 — 26)1F1 +65(1 - 20 — 26) F3),
(3Gs) CEZ 3my [ymee dg f1- D@2 — a1+ B) — 287) Fy — ms[ [y % @m o + 2 — @) H1) — [ da [y~ B m? (9 30 — 4p) + TF1)]},
(s)? — B9 e oy [3m2) — (1 — )s],
e} — L {5 S da [y (1 — @ - B)[m} (5 — «(37 — 198) + 14(1 — £)%) — 3(7 + 9 + 9B) Fi]
iy [ da [y We T (1 o — p)l2my T(1 — @ — B — B(5007 — (61~ 856) +35(1 — B)]}.
0+t Spectral function 1 LIm7Os)
Pert - 513 o i% ﬁln;n‘” ;‘7‘2(1 —a—p)12my (@ + )1 —a — B> Fp —2m% (1 —a — B)(7 — 19 — 198) F3 — 3(7 — 9 — 98) F4l,
(3s) — I | frmax oy e fumex da P 4 omd (a+ B)(1 — @ — B) —my (7 — 11 = 118)F1 — 1031},
(G?) — G (e da e Bt (1 — @ — §)* (707 + (5 + 196) +66(1 +26))
+3m (1 — o — F)(3 + (4 +256) — B3 —226) — 3)F1 — 66(9 — 100 — 106) 3] — 2m§ [, dav [ dfp =P ¢~ “rmary
(3Gs) — 875 (3mq [y da [ L amd (1 -« — B)(a + B — 28) + (3 —3a(1 + B) +2B(2 — 34)) F1]
+mg [ne 9 2m o — (2 4+ ) Hal +ms [y dar [y U (3 (9 — 170 — 188) +21F1) + 2mgmy [ dot [y dp HEa=R e
(35)2 B e oy [m? — er(1 - a)s],
(G3) S2C) (5 [ da oy (1 - - ﬂ)[m%2 (5902 — (91 — 1278) + 14 — 2B(41 — 348)) + (33 — 81a — 818) F1]

+m [y de f) "ﬁ(l—a B~ ’"Q’[4mQr @+B) (1 —a— B2 +2mh (1 —a — B)(53® — (38 — 886) — 358(1 — B))
+ B2(100a3 + 1408(1 — B)% — 136:2(23 — 258) + 5a(1 — B)(35 — 73B))1}.

obtained in this range of t.-values for m; = 1.26 GeV and gives in Including different sources of errors, we deduce in MeV?;
units of GeV:

My, = 4814(50); (19)m  (2) A(17)iu (2) g2 (D g2 (13)3(6)
4.79< My, <5.73

=4814(57). (18)
for 5.02 < V& <7 and m = 1.26, Using the fact that the 1st FESR moment gives a correlation be-
5.29 < My, <6.11 tween the mass of the lowest ground state and the onset of con-
tinuum threshold t., where its value coincide approximately with
for 5.5 < /e <7 and me =1.47. (16) the value of the 1st radial excitation mass (see e.g. Ref. [39] and
We compare in Fig. 1(b), the tc-behavior of the LSR results ob- some other examples in [5]), we shall approximately identify its
tained at the t-stability points with the ones from R for the value with the one of the radial excitation. In order to take into
charm quark mass mc = 1.23 GeV (running) and 147 GeV (on- account the systematics of the approach and some eventual small
shell). One can deduce the common solution in units of GeV: local duality violation advocated by [46] which can only be de-
tectable in a high-precision analysis like the extraction of o5 from
My, =4.814 for /t. = 5.04(5) and m. = 1.26, T-decay [28,47], we have allowed t. to move around this inter-
section point. Assuming that the mass of the radial excitation is
=5.409 for /tc = 5.6 and m¢ = 1.47. (17) approximately /t;, one can deduce the mass-splitting:
In order to fix the values of My, obtained at this lowest or- , ™
der PT calculations, we can also refel; to the predictions of the J /v My =My, ~ 226 Mev, (19)
mass using the LSR at the same lowest order PT calculations  which is similar to the one obtained for the X(17+) four-quark
and including the condensate contributions up to dimension six. state [1]. This splitting is much lower than the one intuitively used
We observe that the on-shell c-quark mass value tends to overes- in the current literature:
timate M,y [2,27]. The same feature happens for the evaluation
of the X(1™) four-quark state mass [1]. Though this observation My (2S) — My (15) = 590 MeV, (20)

may not be rigorous as the strength of the radiative corrections
is channel dependent, we are tempted to take as a final result
in this Letter the prediction obtained by using the running mass
mce(me) = 1262(17) MeV within which it is known, from different
examples in the literature, that the PT series converge faster [27].

for fixing the arbitrary value of t. entering in different Borel (expo-
nential) sum rules of the four-quark and molecule states. This dif-

8 We consider this result as an improvement (smaller error) of the one e.g. in [17]
where only exponential sum rules have been used. However, the present error and
- the existing ones in the literature may have been underestimated due to the non-

7 We plan to check this conjecture in a future publication when PT radiative cor- inclusion of the unknown PT radiative corrections and some eventual systematics of
rections are included. the approach.
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Fig. 1. (a) t-behavior of My, (177) from RégR for the current mixing parameter
b =0, for different values of t. and for m. = 1.26 GeV; (b) the same as (a) but for
me = 1.47 GeV; (c) t.-behavior of the LSR results obtained at the 7-stability points

and comparison with the ones from RER for mc = 1.26 and 1.47 GeV.

50 55

ference may signal some new dynamics for the exotic states com-
pared with the usual cc charmonium states and need to be tested
from some other approaches such as potential models, heavy quark
symmetry, AdS/QCD and lattice calculations.

3.2. The Ypq mass from LSR and FESR for the case b =0

Using similar analysis for the b-quark, we show the 7-behavior
of RER(7) in Fig. 2(a) for my =4.17 GeV and for different values
of tc. In Fig. 2(b), the same analysis is shown for my =4.70 GeV.
The most conservative result from the LSR is (in units of GeV) is:

11.0 < My,, <12.4 for11.2 <Vt <14.5and my = 4.17,
< <

12.1 < My,, <134 for12.2 </t < 15.5and mp =4.70,

where the lower (resp. higher) values of t. correspond to the be-
ginning of T (resp. t)-stability. We compare in Fig. 2(b), the t.-
behavior of the LSR results obtained at the 7-stability points with
the ones from REER for the b quark mass my = 4.17 GeV (running)
and 4.70 GeV (on-shell). One can deduce the common solution in
units of GeV:

My,, =11.26 for v/tc = 11.57(7) and m, = 4.17,
=12.09 for +/t; =12.2 and mj, = 4.70. (21)

14 - T
a) _
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15 s
b :
) 4l
% ; LSR 4.17
g 13¢ FESR 4.17
}: 125‘ LSR 4.70
= FESR 4.70
= 11F
10t 1 1 1 1

Fig. 2. (a) t-behavior of My,,(177) from ’RéfiR for the current mixing parameter
b =0, for different values of t. and for m, = 4.17 GeV. (b) t.-behavior of the LSR
results obtained at the 7-stability points and comparison with the ones from RFER
for mp =4.17 and 4.70 GeV.

One can notice, like in the case of the charm quark that the value
of the on-shell quark mass tends to give a higher value My,,
of within this lowest order PT calculations. Considering, like in
the case of charm, as a final estimate the one from the running
b-quark mass my(mp) =4177(11) MeV [27], we deduce in MeV:

My,,; = 11256(45):. (8)m, (2) A (15)iu (12 (1),\,,(2J M3 B)p
= 11256(49). (22)

From the previous result, one can deduce the approximate value of
the mass-splitting between the 1st radial excitation and the lowest
mass ground state:

MYy, — My, ~ My — My,, ~ 250 MeV, (23)

which are (almost) heavy-flavor independent and also smaller than
the one of the bottomium splitting:

My (2S) — My (1S) ~ 560 MeV. (24)
3.3. Effect of the current mixing b on the mass

In the following, we shall let the current mixing parameter b
defined in Table 2 free and study its effect on the results obtained
in Egs. (18) and (22). In so doing, we fix the values of T around the
T-stability point and t. around the intersection point of the LSR
and FESR. The results of the analysis are shown in Fig. 3. We notice
that the results are optimal at the value b =0 which a posteriori
justifies the results obtained previously for b = 0.

3.4. Effect of the current mixing b on the decay constant fy,,

For completing the analysis of the effect of b, we also study the
decay constant fy,q defined as:

(01jglY qa) = froaMy, €. (25)
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Fig. 3. (a) b-behavior of My, for given values of 7 and t. and for m. =1.26 GeV;
(b) the same as (a) but for My,, and for my =4.17 GeV.

We show the analysis in Fig. 4 giving My,, and the correspond-
ing t. obtained above. One can deduce the optimal values at b = 0:
fr, =0.08 MeV and fy,, ~0.03 MeV, (26)

which are much smaller than f; =132 MeV, f, ~215 MeV and
fp >~ fg =203 MeV [48]. On can also note that the decay con-
stant decreases like 1/Mq which can be tested in HQET or/and
lattice QCD.

3.5. SU(3) breaking for My from DRSR

We study the ratio My, ,/My,, using double ratio of LSR
(DRSR):

LSR
RQd

rs% where Q =c, b.

5

(27)

We show the t-behavior of rf; and rfd respectively in Fig. 5(a), (b)
for mc =1.26 GeV and mp = 4.17 GeV for different values of t..
We show, in Fig. 5(c), (d), the t.-behavior of the stabilities or in-
flexion points for two different values (running and on-shell) of the
quark masses. One can see in these figures that the DRSR is very
stable versus the t. variations in the case of the running heavy
quark masses. We deduce the corresponding DRSR:

reg =1.018(Dm (5)ms )i )au (D s
r2 = 1.007(0.5)m, (2)m, (0.5)¢ (1) (0.3) , (28)

respectively for \/t =5.1 and 11.6 GeV. Using the results for Yo
in Egs. (18) and (22) and the values of the SU(3) breaking ratio in
Eq. (28), we can deduce the mass of the Yqs state in MeV:

My, =4900(67), My, =11334(55), (29)
leading to the SU(3) mass-splitting:
AMSYdC ~ 87 MeV ~ AMZ; ~ 78 MeV, (30)

which is also (almost) heavy-flavor independent.
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Fig.4. (a) T-behavior of fy,, for given values of b=0 and t, and for m; =1.26 GeV;
(b) the same as (a) but for fy,, and for my =4.17 GeV; (c) b-behavior of fy , for
given values of T at the stability and t.; (d) the same as (c) but for fy,,.

4. 17~ molecule masses from QSSR
4.1. The D} Ds) and Bjj o, Ba(s) molecules®

Like in the previous case, we use LSR and FESR for studying the
masses of the DjDy and BBy and DRSR for studying the SU(3)
breaking ratios:

9 Hereafter, for simplifying notations, D and B denote the scalar D§ and Bj
mesons.
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Fig. 5. (a) t-behavior of rgd for the current mixing parameter b = 0, for different
values of t. and for m. = 1.26 GeV; (b) t-behavior of ri’d for different values of t.
and for my =4.17 GeV; (c) tc-behavior of the inflexion points (or minimas) of r;d
from (a); (d) the same for the b quark using rfd from (b).

Mbp;p, B _ Ms:s,
T'sa

D , ) 31
47 Mp:p, Mg, GV
We show their t-behavior for different values of t. and for
me = 1.26 GeV and my = 4.17 GeV respectively in Figs. 6(a), (b)
and 7(a), (b). The t.-behavior of the t-minimas is shown in
Fig. 6(c), (d) for the masses and in Fig. 7(c), (d) for the SU(3)
breaking ratios. Using the sets (m. = 1.26 GeV, /t. = 5.58 GeV)
and (mp = 4.17 GeV, /tc = 11.64(3) GeV) common solutions of

LSR and FESR, one can deduce in MeV:

Mp:p, = 5268(14)m, (3) 4 (19)au (0)¢2 (O)M(Z) (2)3(5)p»
= 5268(24),
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Fig. 6. (a) t-behavior of MD;Dd for different values of t. and for m; = 1.26 GeV;
(b) t-behavior of MB;B,, for different values of t. and for my = 4.17 GeV;

(c) tc-behavior of the extremas in T of Mp:p, and for m¢ =1.26-1.47 GeV; (d) the
same as (c) but for MBgBa and for my = 4.17-4.70 GeV.

Mp;py = 11302(20)¢ (9)m, (2) A(19au (0)g2 (0)p2 (D3 (5) p

=11302(30),
rgi =1.018(1)m (4)ms(0.8) (0.5)3,(0.2) 5 (0.1) g3,
r) =1.006(1)m, (2)ms(1),c(0.5)u (0.2),(0.1)¢s. (32)

Using the previous results in Eq. (32), one obtains in MeV:
Mp:p, =5363(33), Mpzp, = 11370(40), (33)
corresponding to a SU(3) mass-splitting:

AMPP" ~ 95 MeV ~ AMEE" ~ 68 Mev. (34)

These results for Mpp+ are in the upper part of the range given
in [17] due both to the smaller values of m. = 1.23 GeV and
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Fig. 7. (a) t-behavior of rS% for different values of t. and for m. = 1.26 GeV;
(b) t-behavior of rfd for different values of t. and for mp = 4.17 GeV;
(c) tc-behavior of the inflexion points (or minimas) of rgj from (a); (d) the same

for the b quark using rfd from (b).

J/tc =5.5 GeV used in that paper. Though the DD* molecule mass
is above the DD* threshold which is similar to the e.g. the case of
the 7w continuum and p-meson resonance in ete~ to the I =1
hadrons channel, one expects that at the 7-stability point or in-
side the sum rule window, where the QCD continuum contribution
is minimum while the OPE is still convergent, the lowest ground
state dominates the sum rule.

4.2. The J /¥ S, and TS, molecules

Combining LSR and FESR, we consider the mass of the J/yS;
and 7S, molecules in a color singlet combination, where S; =

7.0
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Fig. 8. (a) T-behavior of Mj,ys, for different values of t. and for m¢ = 1.26 GeV;
(b) t-behavior of Mys, for different values of t. and for m, = 4.17 GeV;
(c) tc-behavior of the extremas in t of Mj/ys, for me =1.26-1.47 GeV; (d) the
same as (c) but for Mys, for my =4.17-4.70 GeV.

fiu+dd is a scalar meson.'® In so doing, we work with the LO QCD
expression obtained in [17]. We show the results versus the LSR
variable 7 in Fig. 8(a), (b). The t.-behavior of different 7-extremas
is given in Fig. 8(c), (d) from which we can deduce for the run-
ning quark masses for ./t =5.30(2) and 10.23(3) GeV in units
of MeV:

M ys, = 5002(20)¢. (8)mc (2) 4 (19)au (962 (0) 2 (0)g3 (6) p
=5002(31),

10 The low-mass 77~ invariant mass due to the o meson is expected to re-
sult mainly from its gluon rather than from its quark component [49,50] such that
an eventual quark-gluon hybrid meson nature of the Y, is also possible.
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Fig. 9. (a) t-behavior of r;ﬁ for different values of t, and for m. = 1.26 GeV;
(b) t-behavior of r;q for different values of t. and for m, = 4.17 GeV;
(c) tc-behavior of the extremas in T of r;z for m¢ = 1.26-1.47 GeV; (d) the same

as (c) but for rY; for my =4.17-4.70 GeV.

Mrs, =10015(20)¢ (9)m, (2) 4 (16)qu (17)62(0)42(0)63 (5) p
=10015(33). (35)
The splitting (in units of MeV) with the first radial excitation ap-

proximately given by ./t. is:

M)y, —Mjjys, ~ 298,  Mfys, — Mys, ~213. (36)

In the same way, we show in Fig. 9 the T and t. behaviors of the
SU(3) breaking ratios, from which, we can deduce:

v _ Myyss
= =1.022(0.2)m, (5)m, )
"= M s, (0.2)m (5)m, ()i
Mrs
ra=qr o = 101D, @m (0-2)c. (37)

s,

cide with the common solution /t =5.3 GeV from LSR and FESR.
On the opposite, the large value of Mys, = 10.74 (resp. 11.09) GeV
obtained there corresponds to a too high value ./t = 11.3 (resp.
11.7) GeV compared with the LSR and FESR solution +/f; = 10.23
(resp. 10.48) GeV for the singlet (resp. octet) current.

5. 0t four-quark and molecule masses from QSSR

In the following, we extend the previous analysis to the case of
the 0™ mesons.

5.1 YOQ 4 mass and decay constant from LSR and FESR

We do the analysis of the Y2, and Y?, masses using LSR and
FESR. We show the results in Fig. 10 for the current mixing param-
eter b =0 from which we deduce in MeV, for the running quark
masses, and respectively for ./t = 6.5 and 13.0 GeV where LSR
and FESR match:

Myo = 6125(16)m (7)1 (44)au (12)c2 (14),
—6125(51) MeV,
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Myo =12542(22), (13)m, (D) A (7D au (34 c2(2)p
bd
= 12542(43) MeV. (40)
One can notice that the splittings between the lowest ground state
and the 1st radial excitation approximately given by \/tc is in MeV:

— Myo ~ 375, — Myp =~ 464, (41)

! !
Y Yoa
which is larger than the ones of the 17~ states, comparable with
the ones of the J/¢ and 7, and are (almost) heavy-flavor inde-
pendent. We show in Fig. 11 the effect of the choice of b operator
mixing parameter on the mass predictions, indicating an optimal
value at b = 0. For completeness, we show in Fig. 12 the T and b
behaviors of the decay constants from which we deduce:
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Fig. 11. (a) b-behavior of Myod for given values of T and t. and for m; = 1.26 GeV;
(b) the same as (a) but for MYl?d and for my =4.17 GeV.

fYOd ~0.12MeV and le?d ~0.03 MeV, (42)
which are comparable with the ones of the spin 1 case in Eq. (26).

5.2. SU(3) breaking for M?,QS from DRSR

We show in Figs. 13 the 7 and t. behaviors of the SU(3) break-
ing ratios for the current mixing parameter b = 0:

0
oo _ Yos.

T :
sd 0
YQd

Q =c,b, (43)

from which we deduce:
r% = 1.011(2)m, (3.8)ms (1.4) (1) (0.7) .
1’?5 =1.004(1)m, (1.7)ms(0.3), (44)

leading (in units of MeV) to:

Myq =6192(59), My =12592(50), (45)

and the SU(3) mass-splittings:

Y 67 AMY ~
AMy ~67~ AM,/ ~50 MeV. (46)
5.3. Mp,p, and Mg, from LSR and FESR

We show the 7 and t. behaviors of the masses Mp,p, and
Mp,p, in Fig. 14. Like in previous sections, we consider as a fi-
nal result (in units of MeV) the one corresponding to the running
masses for +/f; =6.25(3) and 12.02 GeV:

Mp,p,; =5955(24)¢, (14)m,(5) A 36)iu (D) g2 (D 3 (12)p
=5955(48),

Mg, = 11750(12)m, (4) A B3 (7) 2 (3)3(12)p
=11750(40). (47)
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Fig. 12. (a) t-behavior of fyod for given values of b =0 and t, and for m, =
1.26 GeV; (b) the same as (a) but for fod and for my = 4.17 GeV; (c) b-behavior
of fYDd at the t-stability and for a given value of t.; (d) the same as (c) but for sz?d'

One can notice that the splittings between the lowest ground state

and the 1st radial excitation approximately given by \/t. is in MeV:
bdDd—MDdDd~290, ;SdBd_MBdBd%27O’ (48)

which, like in the case of the 1~ states are smaller than the ones
of the J/v¢ and 7", and almost heavy-flavor independent.
5.4. SU(3) breaking for Mp_p_and Mp_p_from DRSR

We show in Fig. 15 the t-behavior of the SU(3) mass ratios
for different values of t. and the t. behavior of their T-extremas.
Therefore, we deduce:
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Fig. 13. (a) t-behavior of r?dc for the current mixing parameter b = 0, for differ-
ent values of t. and for m¢ = 1.26 GeV; (b) t-behavior of rg[? for different val-
ues of t. and for m, = 4.17 GeV; (c) t.-behavior of the extremas in 7 of r?j for
me =1.26-1.47 GeV; (d) the same as (c) but for r% for my =4.17-4.70 GeV.

Mp;p,
=y = 1015 (ms ) (Dau(0.5),
DgDq

roB — Mb.s: _ 1.008(1)m, (4)ms (2 (1) (0.5) 5. (49)
Mp,s,

Using the previous values of Mp,p, and Mg,p,, we deduce in MeV:
Mp,p, = 6044(56), Mp g, = 11844(50), (50)
which corresponds to a SU(3) splitting:

AMBP ~ 89 MeV ~ AMEE ~ 94 MeV. (51)

6. Summary and conclusions

We have studied the spectra of the 1=~ and 0** four-quarks
and molecules states by combining Laplace (LSR) and finite energy
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(c) tc-behavior of the extremas in T of Mp,p, and for m¢ =1.26-1.47 GeV; (d) the
same as (c) but for Mp,p, and for my =4.17-4.70 GeV.

(FESR) sum rules. The SU(3) mass-splittings have been obtained
using double ratios of sum rules (DRSR). We consider the present
results as improvement of the existing ones in the literature ex-
tracted only from LSR where the criterion for fixing the value of
the continuum thresholds are often ad hoc or based on the ones
of the standard charmonium/bottomium systems mass-splittings
which are not confirmed by the present analysis. Our results are
summarized in Table 4. We find that:

e The three Y (4260, 4360,4660) 1~~ experimental candidates
are too low for being pure four-quark or/and molecule DD*
and J/vS, states but can result from their mixings. The
Y,(10890) is lower than the predicted values of the four-
quark and BB* molecule masses but heavier than the pre-
dicted TS, and 7°S3 molecule states. Our results may indi-
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Fig. 15. (a) t-behavior of rs[; for different values of t. and for m; = 1.26 GeV;
(b) t-behavior of rSBd for different values of t. and for mp = 4.17 GeV;
(c) tc-behavior of the inflexion points (or minimas) of rs% from Fig. 7(a); (d) the
same for the b quark using rfd from Fig. 7(b).

cate that some other natures (hybrids, threshold effects, ...)
of these states are not excluded. On can notice that our pre-
dictions for the masses are above the corresponding meson-
meson thresholds indicating that these exotic states can be
weakly bounded.

e For the 17—, there is a regularity of about (250-300) MeV for
the value of the mass-splittings between the lowest ground
state and the 1st radial excitation roughly approximated by
the value of the continuum threshold /. at which the LSR
and FESR match. These mass-splittings are (almost) flavor-
independent and are much smaller than the ones of 500
MeV of ordinary charmonium and bottomium states and do
not support some ad hoc choice used in the literature for
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fixing the t.-values when extracting the optimal results from
the LSR.

e There is also a regularity of about 50-90 MeV for the SU(3)
mass-splittings of the different states which are also (almost)
flavor-independent.

e The spin O states are much more heavier (> 400 MeV) than
the spin 1 states, like in the case of hybrid states [5].

e The decay constants of the 1~ and 07 four-quark states ob-
tained in Eqgs. (26) and (42) are much smaller than fr, f,
and fp g. Unlike fp expected to behave as 1/,/Mgq, the four-
quark states decay constants exhibit a 1/Mq behavior which
can be tested using HQET or/and lattice QCD.

It is likely that some other non-perturbative approaches such
as potential models, HQET, AdS/QCD and lattice calculations check
the previous new features and values on mass-splittings, mass and
decay constants derived in this Letter. We also expect that present
and future experiments (LHCb, Belle, BaBar, ...) can test our pre-
dictions.
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