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In this paper we study second order differential inclusions with nonlinear bound-
ary conditions. Our formulation is general and incorporates as special cases well-
known problems such as the Dirichlet (Picard), Neumann, and periodic problems.
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WL(T, RV)-norm (strong relaxation theorem). Finally we examine the Dirichlet
problem when the multivalued right-hand side does not depend on the derivative
of x and satisfies a general growth hypothesis and a sign-type condition. For this
problem we prove existence results and a relaxation theorem.  © 1998 Academic Press
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INTRODUCTION

In [17], Kandilakis—Papageorgiou obtained some existence theorems for
second-order differential inclusions in R" with boundary conditions involving
a maximal monotone operator. In that paper the authors developed the
L?-theory (1 <p < o) for the problem and their approach was based on
the theory of maximal monotone operators. In this paper we consider the
same multivalued boundary value problem and present the L!-existence
theory for it. At the same time we weaken some of the hypotheses
employed by Kandilakis—Papageorgiou. Moreover, since the use of maxi-
mal monotone operators is no longer possible, we need to develop a
different approach, which nevertheless culminates to the eventual use of the
Leray—Schauder alternative theorem (in both its single-valued and multi-
valued formulations). Our work also extends those of Pruszko [26],
Frigon—-Granas [11], Erbe-Krawcewicz [9], Kravvaritis—Papageorgiou
[22] and Frigon [29]. Of these works, only Erbe-Krawcewicz use non-
linear boundary conditions. However they work within L? and their solutions
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belong in the Hilbert space W2 ?(T, RY). In addition they limit their study
to the “convex” problem (i.e., the multivalued right-hand side has convex
values). In contrast, here we examine both the convex and the nonconvex
problems. However, we go beyond these problems and establish the exist-
ence of “extremal” solutions (i.c., solutions moving through the extreme
points of the multivalued right-hand side). We also show that the extremal
solutions are dense in the solution set of the “convex” problem (relaxation
theorem). Only Kravvaritis—Papageorgiou [22] considered the problem of
existence of extremal solutions and proved a relaxation theorem. Our
results here extend the corresponding results of Kravvaritis—Papageorgiou.
Our formulation is general enough to incorporate as special case problems
which have been studied previously, like the Dirichlet (Picard) problem,
the Neumann problem, the periodic problem, and the Sturm-Liouville
problem. In a series of corollaries we indicate how the above mentioned
problems can be obtained as particular cases of our formulation. Finally in
the context of a single-valued right-hand side, our results here extend those
by Erbe-Palamides [10], Granas—Guenther-Lee [12], Knobloch [20],
and Knobloch—Schmitt [21].

2. PRELIMINARIES

In this section we fix our terminology and notation and briefly recall
some basic definitions and facts from multivalued analysis that we shall
need in the sequel.

Let X be a Banach space. By Pj(X) (resp. Py (X)), we denote the
collection of all nonempty, closed (and convex) (resp. nonempty, compact
(and convex)) subsets of X. If X is separable, then a multifunction
F:T=[0,b]— Py(X) is said to be “measurable,” if for all xeX, the
R, -valued function ¢—d(x, F(¢))=inf[|x—v| :veF(¢)] is measurable.
In fact due to the completeness of the Lebesgue o-field #(T) with respect
to the Lebesgue measure on 7, this definition of measurability is equivalent
to saying that GrF={(t,v)e Tx X:ve F(1)} € #(T) x B(X), where B(X)
is the Borel o-field of X (graph measurability). In general, however, we can
only say that measurability implies graph measurability. For details we
refer to the survey paper of Wagner [ 28].

Given F:T— P(X) and 1 <p < oo, by S% we denote the selectors of
F(-) which belong in the Lebesgue-Bochner space LZ(T, X); ie.,
St={feL”T,X):f(t)eF(t) ae. on T}. In general this set may be
empty. However a straightforward application of Aumann’s selection
theorem (see Wagner [28, Theorem 5.10]) proves that S% is nonempty if
and only if inf{|v| :ve F(z)} € L?(T). The set S% is closed, and is also
convex if and only if for almost all ze T, F(t) is convex and bounded if
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and only if |F(¢)| =sup[|jv[| :ve F(¢)] belongs in L?(T). Finally the set S%
is decomposable in the sense that if (f;, f5, 4)eSEL xS x L(T), then
a1+ xacf2 €8T

On P/(X) we can define a generalized metric, known in the literature as
the “Hausdorff metric,” by setting

h(A, B)=max[sup inf ||a—b|,sup inf |b—al], A, Be Py(X).

acA beB beB acAd

It is well-known (see Klein—Thompson [19]) that (P,(X), &) is a complete
metric space and that (P,(X), &) is a closed and separable subspace of it.
In addition (P,(X), h) and (P,(X), h) are closed subspaces of (P,(X), 1)
and (Py(X), h), respectively. A multifunction F: X — P(X) is said to be
“Hausdorff continuous” (“A-continuous”) if it is continuous from X into the
metric space (P,(X), h). Let Y, Z be Hausdorfl topological spaces and let
G:Y-2\{}. We say that G(-) is upper semicontinuous (usc) (resp.
lower semicontinuous (Isc)), if for all C < Z nonempty closed, G~ (C) =
{yeY:G(y)nC#J} resp. GT(C)={yeY:G(y)=C}) is closed in Y.
When Z is regular, for a closed valued G(-), upper semicontinuity implies
that the graph of G(GrG={(y,z)e YxZ:zeG(y)}) is closed in YxZ
with the product topology. The converse is not true in general. It is true if
G(-) is locally compact. If Y, Z are both metric spaces, then the above
definition of lower semicontinuity is equivalent to saying that for all ze Z,
y—odyz, G(y))=inf[dy(z, v) :ve G(y)] is upper semicontinuous as an
R -valued function. Also, lower semicontinuity is equivalent to saying that
if y,—yin Y as n— oo, then G(y)<SlimG(y,)={ze Z :limd,(z, G(y,))=0}
={zeZ:z=limz,, z,€G(y,), n>1}. For further details on these and
related concepts, we refer to DeBlasi-Myjak [5] and Klein—-Thompson
[19].

3. EXISTENCE THEOREMS

Let T=[0,b]. We consider the following nonlinear, multivalued,
second-order boundary value problem
{x”(l)eF(z, x(1), x'(t)) a.e. on T} ()
(x'(0), —x'(b)) € &(x(0), x(b))
Here F: Tx R¥x RY - 28"\ { ) and ¢ : RV x RV — 28" *®" {5 a maximal
monotone map. We are looking for solutions of (1) in the Sobolev space
W2 YT, RY). We prove existence theorems for both the convex and non-
convex problems.
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We start with a nonconvex existence theorem. Previously, only Pruszko
[26], Frigon—Granas [11], and Kravvaritis—Papageorgiou [22] studied
the nonconvex case, but only for the Dirichlet problem and with overall
more restrictive hypotheses on the data. There is also the interesting work
of Frigon [29] who examined problems with linear boundary conditions
and established existence results under slightly weaker conditions on the
multifunction F(¢, x, y). Our hypotheses on the multifunction F(z, x, y) are
the following.

H(F),. F:TxRYxRY— P(RY) is a multifunction such that

(1) (¢, x,y)—> F(t, x, y) is graph measurable;
(1) for almost all teT, (x, y)— F(t, x, y) is Isc;
(i) for almost all te T, all x, ye RY, and all ve F(t, x, y)

(0, )gv = —a ||Ix[> = B x|l [ ] —e(t) |1x]

with a, =0 and ce L\(T) , ;

(iv) there exists M >0 such that if | xo|| > M and (xq, yo)ry =0, then
we can find 0 >0 and ¢ >0 such that for almost all te T, we have

inf[ (v, X)gv+ | II? v e F(t, X, p), [x=Xol + [y = yoll <61 =¢;

(v) |F(t, x, y)|=sup[|v] :ve F(z, x, p) ] <yt X))+ 722 [ x]) [l
ae. on T, with supg<,<;71(t,r)<ny (1) ae on T, ny,eL (T) and

SUPg <, <k V21, 1) <o 4(2) ae. on T, ny 4 € L=(T).

Remark. Hypothesis H(F), (iii) weakens hypothesis H(F); (iv) of
Kandilakis—Papageorgiou [17]. Also note that when F(¢, x, ) is single-
valued and continuous in all three variables, hypothesis H(F); (iv) reduces
to the well-known “Nagumo—Hartman condition.”

The hypotheses on the multifunction &(-, - ) are the following.

H(&),. &:RVxRY - 2RRY is 4 maximal monotone map with (0,0) e
£(0,0) such that one of the following holds: (1) for every (d', p')eé(a, f5),
(d,a)gv=0, (B, gy =0; or (ii) dom(&) = {(a, f) e RY x RN :a = f}.

THeOREM 1. If hypotheses H(F), and H(&), hold, then problem (1) has
a solution xe W* (T, RY).

Proof. Let D={xeW>! (T, R"):(x(0), —x'(h))€&(x(0), (b))} and
let L:D<=LYT,RY)— LYT,RY) be defined by L(x)= —x". Then let
L=I1+L.
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Claim 1. L:D< LT, RY)— LYT, RY) is one to-one.

Suppose L(x;)=L(x,). Then —x{(z) +x,(t)= —x5(t) + x,(¢) ae. on T
and so (x,—x;)" (1) =(x,—x1)(z) a.e on T. We take the inner product
with (x, —x;)(¢) and then integrate over 7. We have

b
L (x5(2) = X(2), x5(1) — x4 (1)) gy dt = | x5 — X1 3> 0. (2)

On the other hand for Green’s identity we have with z=x, — x,,

fb (2"(2), 2()) gy dt = (2'(b), (D)) gy — (£'(0), 2(0)) ey — I']3. (3)

0

But (x1(0), —x3(b)) €<(x,4(0), x4(b)) and (x3(0), —x5(b)) € £(x5(0), x5(b)).
So exploiting the monotonicity of £, we have — (x5(b) — x1(b), x,(b) — x1(b) ) gy
+ (x5(0) — x1(0), x5(0) — x,(0))gv=—(2'(D), 2(b))ry + (z'(0), 2(0)) gy = 0.
Using that in (3), we obtain

b
J, (30— (1) x0) = xi(1)) o dr <0, (4)

Combining (2) and (4), we conclude that |x; —x, ||, =0, hence x; = x,,
which proves the claim.

Claim 2. R(L)=R(I+L)=LYT, RY) (ie., L is onto).

To prove this claim, we need to show for every # e LY(T, RY), the boundary
value problem
{—x"(l) x(1)=h(t) ae. on T} (5)
(x'(0), —x'(b)) € <(x(0), x(b))

has a solution xe W2YT,RY). If he C(T, RY), then the existence of
a solution for problem (5), follows from the work of Kandilakis—
Papageorgiou [ 17]. In the general case let he L'(T, R") and let {%,},-, <
C(T, RY) be such that 4, —» hin L'(T, RY) as n — oo. Let x, e W> (T, RY)
be the unique solution (5) corresponding to /,,. Taking the inner product
with x,(7) and integrating over 7, we have

t
fo (—=x0(2), (1)) dt + [, 13 < 1 1 1%, o (6)
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Apply Green’s formula on the first term of (6). We obtain

b
J, (=m0, (1))
= = (3(0), X))+ (40, X, (O + [, 132 [, 13 (7)

since (x,,(0), —x,,(b)) € &(x,(0), x,(b)), n=1, and (0, 0) e £(0, 0). Using (7)
in (6), we have

I 15+ 1, 3= 1,03 2 < M lly Il o n>1, (8)

where by |-|;., we denote the norm of the Sobolev space W' * T, RY). But
recall that W%(T, R") is embedded continuously in C(7, R"). So we can
find p >0 such that |x,|l,, <plx,l| , for all n=1. So from (8) it follows
that ||x, |, »<psup,s, [Ih,[l, < oo for all n>1. Hence {x,},~, is bounded
in Wh*(T, R"). From this and Eq. (5), we see at once that {x)},>; is
uniformly integrable. Therefore {x,}, -, is bounded in W?>!(T, R"). Recall
that W2 YT, RY) is embedded compactly in W' (T, RY). From this, the
Dunford—Pettis theorem, and by passing to a subsequence if necessary, we
may assume that x! - g in LY(T, RY), x, - x in WL YT, RY), x/ (1) >
x'(t) a.e. on T, and x,(t) > x(¢) for all te T as n —» oo. From these we infer
at once that x"=g and so xe W2YT, RY). Moreover we have that
x,(t) > x'(¢t) for all te T as n — co. Indeed, we know that x,,(z) — x'(¢) for
all te T\Z, with Z being a Lebesgue-null subset of 7. For teZ, we can
find {7,,} ,»=1 = T\Z such that 7,, — ¢ as m — co. For every m > 1, we have
x(t,,) = x'(t,,) as n— oco. Since x’' e C(T, R"), we have x'(¢,,) — x'(t) as
m— oo. Invoking Corollary 1.18 [1, p. 37 of Attouch], we can find
n— m(n) increasing (not necessarily strictly) to infinity such that x;(z,,.,))
—x'(t) as n— . So we have |[x,(¢)—x"(£)] < [x,(£) = x,(£en)ll +
X5 ) — X (O] < T4 13 (5) | s+ 53 Ey) —X'(1)[ >0 a5 0= o0
since {x},>; is umformly integrable. Note that &(-,-) being maximal
monotone, has closed graph. So in the limit as n — oo, we obtain

{—x”(l) +x(t)=h(t)ae.onT }
(x(0), =x'(b)) € &(x(0), x(b))

which proves the claim.
From Claims 1 and 2, it follows that L='=(I+L)~': LYT,RY)> Dc
LT, RY) exists.

Claim 3. L=':LYT,R")->D<c W"“YT,R") is compact (i€, con-
tinuous and maps bounded sets in L!(7, RY) into relatively compact sets
in WUt 1(T, RY)).
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Let y, »y in LYT,R") as n— co and let x,=L"%(y,), n>1. Then
X, €D and —x, +x,=y,, n=1. From the proof of Claim 2, we know that
x,—>x in WEYT,RY) as n— oo and —x"(¢)+x(t)=y(¢) ae on T,
(x'(0), —x'(b)) e &(x(0), x(b)). Moreover, it is clear from that argument
that L~! maps bounded sets into relatively compact set, hence is a com-
pact operator.

Next let N:WLY(T, RY) - 28R be the multivalued Nemitsky
operator corresponding to —F and defined by

N(x)={ve LT, R"): —u(t)e F(¢, x(t), x'(¢)) a.e. on T}

The next claim establishes the properties of N(-). Analogous results
can be found in Frigon [29], Kandilakis—Papageorgiou [17], and
Papageorgiou [23].

Claim 4. N(-) has nonempty, closed, decomposable values and is Isc.

The closedness and decomposability of the values of N(-) are easy to
check. For the nonemptiness, note that if xe Wbt Y(T, RY), then ¢(t, v) =
(t, x(1), x'(t), v) is a measurable map from 7'x RY into 7'x RY x R x RY.
Because F(-, -, -) is graph measurable, we have ¢ ~'(GrF)e £(T) x B(R").
But note that ¢ ~}(GrF)=GrF(-, x(-), x'(-)). So we can apply Aumann’s
selection theorem (see Wagner [28, Theorem 5.10]) and obtain v : T— RY
a measurable map such that —u(z) € F(¢, x(¢), x'(¢)) a.e. on 7. By virtue of
hypothesis H(F), (v), ve LY(T, RY). Therefore for every xe WL (T, RY),
N(x)# . To check the lower semicontinuity of N(-), we need to show
that for every ue LY(T, RY), x — d(u, N(x)) is an upper semicontinuous
R -valued function defined on W' (T, RY). To this end, we have

d(u, N(x))=inf[ ||lu —v|, :ve N(x)]

b
=inf“ lu(t) —v(2)| dt :ve N(x)
0

=Lb inf[ u(t) — v]| : —ve F(z, x(1), X'(1))] dt
(see Hiai-Umegaki [ 15, Theorem 2.2])
- job d(u(t), —F(1, x(1), X'(1))) dt.
We shall show that for every 4> 0, the superlevel set {xe W" (T, R"Y):
d(u, N(x))= 2} =U, is closed. For this purpose let {x,},-; = U, and

assume that x, -»x in WLY(T, RY). By passing to a subsequence if
necessary, we may assume that x/(z) - x'(¢) and x,(¢) - x(¢z) a.e. on T as
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n— oo. By virtue of hypothesis H(F), (ii), (x, y) — d(u(t), —F(¢, x, y)) is
an upper semicontinuous R, -valued function. So via Fatou’s Lemma, we
have

J < T d(u, N(x,) =T [ d(u(e), —F(t, (1), %,(1))) dr
0
<fbmd(u(r), —F(t, x,(1), x,,(1))) dt
0

<fb d(u(t), —F(t, x(1), X'(¢))) dt = d(u, N(x)).
0

Therefore x € U, and this proves the lower semicontinuity of N(-).

Claim 4 allows us to apply Theorem 3 of Bressan—Colombo [3] and
obtain g : W4T, RY) —» L(T, R") a continuous map such that g(x) e N(x)
for every xe W (T, R"). Let g,(x)= g(x)+x. Then it is clear that to
finish our proof, we need to solve the following fixed point problem:

x=L""g(x). 9)

Clearly a solution of (9) also solves problem (1). To produce xe D
which solves (9) we shall use the Leray—Schauder alternative theorem.

By virtue of Claim 3 and the continuity of g,(-), L™ g, : Wt YT, RY) —
D< W YT, RY) is a compact map. Next we shall show that the set I'=
{xeD:x=AL""g\(x), 0<i<1} is bounded in W"'(T, R"). To this end
let xel. For some 0 <A< 1, we have

1
L(3¥)=a
= —x"(t)=ig(x)(t)+(A—1)x(¢t)ae.onT
1 1 1 1
<A x'(0), - x’(b)> et </1 x(0), /lx(b)>.

We take the inner product with x(z) and then integrate over 7. So we
have:

[ (=0 xt0)avde =2 (@0, Xt +G=1) 313 (10)

Once again from Green’s identity and the boundary conditions, we have

b
I3 ] (=0 x(0)ar . (1)
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Also from Hypothesis H(F),(iii), we have
b
ijo (g(1), x(1))gv dt <A || x[15+ 28 x5 |x" 1+ 2 el [xX)o. (12)

Claim 5. For all xe D such that x = AL ~'g(x) for some 0 <A< 1, we
have ||x||., <M, where M >0 is as in hypothesis H(F), (iv).

Let r(t) = ||x(¢)||% Let t, € T be the point where r(-) attains its maximum
and suppose that r(¢,) > M?> First assume that 0 <?,<b. Then r'(z,) =
2(x'(20), x(2y))rv =0 and so by virtue of Hypothesis H(F), (iv), there exist
¢, 0 >0 such that for almost all re T,

inf[ (v, X)gv+ [ ¥[? r0€ F(£, X, p), [IX(to) — x|l + [X'(to) — ¥yl < 6] >c.

Since x e CY(T, RY), we can find §,>0 such that if te[¢,, t,+,], we
have

|6(20) = 2(2) || + [|x"(20) — x'(2) [ < 0.

Also — g(x)(t) € F(t, x(2), x'(¢)) a.e. on T. So for almost all € (¢, to+ I, ],
we have

A — g() (1), X(0))ge £ 2 X (1)])? = e
= A0, () (A= 1) [X(0)2 4+ 2 [X(0)]2 = e
. jt’ (x"(5), x(5)) v ds + 4 j: /()2 ds

=Ac(t—ty), te(ty, to+0,] (since 0 <A< 1).

Using Green’s identity on the first integral, we obtain
t
2] (9), xX(s))av ds
Iy
= A(x"(1), x(1)) gy — A(x"(0), x(2) ) v — 4 f 1 (s)112 ds
T

= ) X [ () s

)
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Therefore for all e (¢, to+J,], we have

AX'(2), x(1)) gy = Ae(t —19) >0
=7r'(t)>0

=r(1)> (1),

which contradicts the choice of 7,. So [|x(z,)] < M.

Now assume that 7,=0. First assume that H(¢); (i) holds. Then
(x'(0), x(0))gy = 0. But on the other hand, since 7,=0 is a maximizer of
r(t) on T, we have 2(x'(0), x(0))rv=7"(0) <0. Therefore (x'(0), x(0))ev=0
and so the previous argument applies. Next, if H(&), (ii) holds, we have r(0) =
r(b) and so r'(0) <0, r'(b)=0. But since (x'(0), —x'(h)) e &(x(0), x(b)) and
(0,0)€&(0,0), we also have (x'(b), x(b))gy < (X'(0), x(0))gv =0<r'(b) <
r(0) <0=7"(0)=0 and again the previous argument applies. Similarly we
treat the case t,=5b. So || x(7y)| < M and this proves the claim.

Next using (11), (12), and Claim 5, in (10), we obtain (recall 0 <A< 1)

%113 < 2a [|x[13 4+ AB [1xll5 1x (124 4 lelly 1] o
<aM?b+ M '2b'2 ||xX' ||, + M ],
from which we infer that there exists M5 > 0 such that for all x e I', we have
|x'|, < M,. This proves the boundedness of I" in W' (T, RY). Invoking

the Leray-Schauder alternative theorem, we obtain x = L ~!g(x). Evidently
xe W2YT, RY) is a solution of problem (1). |

Next we present the “convex” result. For this, we shall need the following
hypotheses on F.

H(F),. F:TxRYxRY— P, (R") is a multifunction such that
(i) for every x, ye RY, t— F(t, x, y) admits a measurable selector;
(1) for almost all te T, (x, y)— F(t, x, y) has a closed graph;
(iii) for almost all teT, all x, ye RY and all ve F(t, x, y) we have

(0, x)= —a x| =B x|l [ y] —c(2) x|

with a, >0 and ce L\(T), ;

(iv) there exists M >0 such that if | xo|| > M and (x4, yo)ry =0, then
we can find 6 >0 and ¢ >0 such that for almost all te T, we have

inf[ (v, x) + [ ylI*:vef(t, x, p), [x =xol + |y = o <01 = ¢
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(v) |F(t,x, y)l=sup[ |v] :ve F(t, x, y) 1 <yt [Ix]]) +
Vot X)) |yl ae. on T, with supgc,<x 71(2, 1) <1y 41 (1), ﬂl,kELl(T) and
SUPo <, <k VoL, 1) <115, 1(1) a.e. on T, 1, 4 € L=(T).

Remark. Hypothesis H(F),(i) is satisfied, if for example for all
(x, y)eRY GrF(-, x, y)e #(T)x B(RY). Then the measurable selector is
provided by Aumann’s selection theorem.

In this case, because of Hypothesis H(F), (ii), in general we cannot pass
to a single-valued problem via a continuous selector. Therefore we need the
multivalued version of the Leray-Schauder alternative theorem. For the
convenience of the reader we recall it here:

THEOREM 2. If X is a Banach space, C = X is nonempty, closed, convex
with 0e C and G : C— P, (C) is an usc multifunction which maps bounded
sets into relatively compact sets, then one of the following two statements is
true:

(a) The set I'={xe C:xeAG(x) for some 0 <A <1} is unbounded, or
(b) G(-) has a fixed point (i.e., there exists x € C such that x € G(x)).

Since in the above theorem G(-) is required to have convex values, we
need the following more restrictive hypotheses on &(-, -).

H(&),. &:RVxRY - 2%*® s 4 maximal monotone map with convex
graph, (0,0) e &(0, 0) and such that one of the following conditions holds: (1)
Jor all (d',p)el(a,p), (d,a)pw=0, (B, Blav=0; or (ii) dom(&)=
{(a, ))e RV xR :a=p}.

TueorReM 3. If Hypotheses H(F), and H(&), hold, then problem (1) has
a solution set which is nonempty and weakly compact in W (T, RY).

Proof. The idea of the proof of this theorem is the same as that in
Theorem 1, so we present only those particular points where the two
proofs differ.

In this case the multivalued Nemitsky operator N: W' YT, RY) —
2LMT R has nonempty closed, and convex values in L'(7, RY) and is usc
from W%YT,R") into L'(T, RY) furnished with the weak topology
(denoted by LY(T, RY),). The closedness and convexity of the values of
N(-) are clear. To see the nonemptiness, we proceed as follows. Let x e
WL T, RY) and let {s,},=1, {Fn}n>1 be two sequences of step functions
such that s,(1) > x(1), r,(1) > x'(2), [s,(D)] <[x(2)] and [, ()] < [x'(2)]]
ac. on 7. Then by virtue of Hypothesis H(F),, for every n=1 t—
F(t,s,(t),r,(t)) admits a measurable selector f,(z). From Hypothesis
H(F), (v), it follows that {f,},-, is uniformly integrable. So by the
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Dunford—Pettis theorem and by passing to a subsequence if necessary, we
may assume that £, % fin LY T, R") as n— co. Then from Theorem 3.1
of Papageorgiou [23], we have

S(t)econv im{ f,(1)} ., Sconv lim F(z, 5,(), r,(1))

S F(t, x(1), x'(1)) ac.on T,

the last inclusion being a consequence of Hypothesis H(F), (ii). So f € N(x)
and this proves the nonemptiness of the values of N(-).

Next we shall show that N(-) is usc from W' (T, R"Y) into L'(T, R"),,
(Again analogous results can be found in Frigon [29], Granas—Guenther—
Lee [30], Kandilakis—Papageorgiou [17], and Papageorgiou [23].) To
this end let C be a nonempty and weakly closed subset of LY(T, RY). We
need to show that N=(C)={xe W" (T, R"):N(x)n C# &} is closed.
To this let {x,},>; =N ~'(C) and assume that x, - x in W"'(T, R") as
n— oo. At least for a subsequence we can have that x/(f) - x'(¢) aec. on T
and x,(7) - x(¢) for all te T as n— oo. Let f, e N(x,,) n C, n=1. Then by
virtue of hypothesis H(F),(v) and the Dunford—Pettis theorem, we may
assume that f,, %% fe Cin LY(T, RY) as n — co. As before we have

J(1) €TOTY T { £,(1)} =, S TORY lim F(1, x,(1), x,(1))
c F(t, x(1), x'(1)) ac.onT
=feNx)nC;

(ie., N=(C) is closed in W (T, RY).

This proves the upper semicontinuity of N(-) from W!(T, R") into
LN(T, RY),.

We consider the following fixed point problem, which is equivalent to
problem (1):

xeL7'N,(x), (13)

where N,(x) = N(x) + x. Recalling that L=!: LY(T, R¥) > D<= W' (T, RY)
is compact (see the proof of Theorem 1), we see to L™N,; : W T, RY) -
P, (WYY(T, RY)) is usc and maps bounded sets into relatively compact
sets. Moreover, because of the convexity of the graph of & (see Hypothesis
H(&),), we easily check that L~'N, has convex values. Set I';={xeDc
WENT, RY) :xe AL™'N,(x) for some 0 <A< 1}. Then arguing as in the
proof of Theorem 1, we can show that /', is bounded. Invoking Theorem 2,
we infer that the fixed problem (13) has a solution xe D < W2 (T, RM).
Evidently this is a solution of (1).

Let S denote the solution set of (1) From the a priori bounds obtained
in the proof of Theorem 1, we know that S is bounded in W2 (T, RY).
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Then if {x,},>; =S, we, have that {x"},., is uniformly integrable and
{X,} n>1 is relatively compact in W (T, RY) (recall that W2 (T, RY) is
embedded compactly in W' (T, R")). So as in the proof of Theorem 1, we
can show that x,— x in W>!(T, R"Y) and via Theorem 3.1 of [23] we
can check that x e S. Therefore we conclude that S is weakly compact in
WY T, RY). |

If we strengthen the unilateral growth condition H(F), (iii) (resp.
H(F), (iii), we can drop Hypothesis H(F); (iv) (resp. H(F), (iv) (the
Nagumo—Hartman condition) and also conditions (i) and (ii) from

hypothesis H(&), (resp. H(&),). So for the nonconvex problem our
hypotheses on F are the following:

H(F);. F:TxR¥xRY— P(RY) is a multifunction which satisfies
hypotheses H(F), (1), (i), (v), and

(iii)"  for almost all te T, all x, ye RN and all ve F(t, x, y), we have
(v, X)pv=a || x]1> =B llx] |y —e(2) | x|

with a, f =0, ce L'(T) and f <min{a, 1}.

The hypotheses on &(-, - ) are now the following:

H(&)s. &: RYxRY - 2% <R is 4 maximal monotone map with (0, 0) e

THEOREM 4. If hypotheses H(F); and H(&)5 hold, then problem (1) has
a solution xe W>(T, RY).

Proof. Again we are led to the fixed point problem x =L~ 'g,(x) (see
the proof of Theorem 1). To apply the Leray-Schauder alternative
theorem, we need to show that I” is bounded in W' (T, RY). To this end,
for x e I' we have

—x"(t)=Ag(x)(t) +(A—1)x(t)ae.on T

<ix'(0), —ix’(b))eé(ix(O),ix(b)), 0<i<l

Take the inner product with x(7) and then integrate over 7. Using
Green’s identity and Hypothesis H(&);, we obtain
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b
VI3[ (X0, X0l <7 [ (g0)0) 31

= ¥ [3<AB Ixllo [1X 2+ A llelly Ix]l o — Za x5 (hypothesis H(F), (iii)')
=Ja | x[ 3+ X" 13 <AB Ixlo 155+ 2 lelly 1] -
Let y =min{a, 1}. Then we have
Wy X132 < AB IxI1T 2+ 20 ey lx]ly,

where >0 is such that |-, <6 |-, (it exists since W>! (T, R") is
embedded continuously in C(T, R")). So we have

(y=58) lIxll1,2<0 |cly
= |x], <M, forall xerl

(recall that by Hypothesis H(F5) (iil)’, f<7).

Therefore I" is bounded in W YT, RY) (in fact in W2 (T, R")) and so
by the Leray-Schauder alternative theorem there exists xeD<
W4T, RY) such that x=L 'g,(x). Clearly xe W*YT, RY) solves
problem (1). |1

Similarly we can have an alternative version of the convex existence
result (Theorem 3). In this case the hypotheses on F are the following:

H(F),. F:TxR"xRY— P, (RY) is a multifunction which satisfies
Hypotheses H(F), (1), (i1), (v), and

(iii)"  for almost all te T, all x, ye RN and all ve F(t, x, y), we have
(v, Xy =a [|x]> = B |l x[| [ y] —c(2) x|

with a, =0, ce L\(T) , and B <min{a, 1}.

Also the hypotheses on &(-, -) are the following:

H(&),. &:RYxRY 528" %" is 4 maximal monotone map with convex
graph and (0, 0) € £(0, 0).

THEOREM 5. If Hypotheses H(F), and H(&), hold, then problem (1) has
a solution set which is nonempty and weakly compact in W> (T, RY).

Thus far we have always assumed that (0, 0)e&(0,0). Now we shall
remove this condition so that we can incorporate in our formulation
problems with nonhomogeneous boundary conditions. Now we assume
only that (0, 0) € dom(&). Then, in order to analyze this case, we proceed as



MULTIVALUED BVPs 137

follows: Let (v, w)e&(0,0) and let ke C*(T, RY) be such that k(0)=
k(b)=0 and k'(0)=v, K'(b) = —w. To see how we can generate a function,
let ¢, e C5(R) with sup ¢, =(—b/3,5/3), ¢,(0)=0, ¢,(0)=1. Also let
¢, e C3(R) with sup ¢, =(2b/3,4b/3), ¢,(b)=0, ¢5b)= —1. Define
k(t)=¢,(t)v for te[0,b/3), k(t)=0 for te[b/3,2b/3] and k(z) =¢,(t)w
for 1€ (2b/3, b]. Evidently k € C* T, R") and has the desired properties. We
fix such a ke C* T, RY). Using such a k, we modify appropriately the
hypotheses on the data. First for the nonconvex problem:

H(F)s. F:TxR¥xRY— P(RY) is a multifunction which satisfies
H(F)l (1)9 (11)3 (V)a and

(iii)"  for almost all te T, all x, ye RY and all ve F(t, x, y) —k"(t), we
have

(0, x —k()gv=> —a [x —k(1)|? = B lIx = k@) |y —k'()]| — c(2) | x = k(2)]|

with a, =0, and ce L\(T);

(iv)"  there exists M >0 such that if | xq| > M and (xq, yo)gy =0, then
we can find 6 >0 and ¢ >0 such that for almost all te T, we have

inf[ (v, x — k(1))@ + |y =K' (1)|* s e F(1, x, y) —k"(1),
1x = (xo + K@) + [y = (yo +K (1)) <] =c.

The hypotheses on (-, - ) take the following form:

H(&)s. &E:RY xRN 28" %" is 4 maximal monotone map such that one
of the following holds:

(1) (0,0)edom(&) and for all (a', ') € &(a, B), we have (@' — v, a)gn =0,
(ff—w, f)gn=0; or
(i) dom(&)={(a, p)e R"xR" :a=p}.

THEOREM 6. If Hypotheses H(F)s and H(&)s hold, then problem (1) has
a solution xe W>(T, RY).

Proof. Let &, :RYN x RY - 2B"*R pe defined by &,(a, b) = E(a, f) — (v, w).
Evidently &,(-, -) is maximal monotone, dom(&,) = dom(f) and (0,0)e
£1(0,0). Also let F;:TxRVxRY — Pk(RN) be defined by F(z, x, y)=
F(t,x+k(t), y+Kk'(t)) —k"(t). We consider the following nonlinear multi-
valued boundary value problem:

{x”(r) € Fy(t, x(2), x'(t)) a.e. on T}

14
((0), —x'(b)) €&,(x(0), x(b)) (14)
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Note that from the definition of F;, and Hypotheses H(F); (i), (ii), and
(v), we have that (¢, x, y) — F,(t, x, y) is graph measurable, for almost all
teT, (x, y)— Fy(t, x, ) is Isc and for almost all e T and all x, y € R", we
have |Fy(1, x, y)| =sup[ v] :ve Fi(1, x, y)]<V1(t I+ 7a(2, [1x1) ||yl with
SUPo<r<k (2, ")<’71 «(1) ae. on T, ’71 x€L'(T) and 5uPo<r<kV2(l r)<
772 «(2) ae. on T, 1y, € L*(T).

For almost all te T, all x, yeR"Y and all ve F,(¢, x, y), by virtue of
hypothesis H(F)s (ii1)’, we have

(0, )= —a || x]> =B x] [y —c(t) [1x].

Finally, if [xo||>M and (xq, yo)gv=0, by virtue of Hypothesis
H(F)s(iv)’, we have
inf[ (v, x)gv + [ Y2 0 Fy(t, x, p), [x = X0l + |y — yol <]
=inf[ (v, X)pv + | ¥|? 10 € F(t, x + k(1), y +K'(1)) = K" (1),
lx=xoll + 1y —yoll <d]=c

So we have checked that F(¢, x, y) satisfies Hypotheses H(F),. Similarly
by its definition and because of Hypotheses H(&)s, &q(a, f) satisfies
Hypotheses H(¢),;. So we can apply Theorem 1 and obtain xe W2 (T, RY)

which solves problem (14). It is easy then to check that (x+k)
W2 YT, RY) solves (1). |

Similarly we can have the other nonconvex existence result, in which the
unilateral growth condition is strengthened, but we drop the Nagumo-
Hartman condition and the alternative extra conditions on & are also
removed. More precisely the hypotheses on F and &, are the following:

H(F)s. F:TxRYxRY— PJRY) is a multifunction which satisfies
Hypotheses H(F), (1), (ii), (v), and

(i) for almost all te T, all x, ye RY and all ve F(t, x, y) — k" (1)
(v, x=k(t)gv=a ||x = k(1) [|> = B l|x = k()| |y —K'(2)] = () |x = k(2)]

with a, f =0, and ce L'(T) and f <min{a, 1}.

H(&)g. E:RY xRN 28"*®Y i 4 maximal monotone map with (0,0) e

dom(¢&).

THEOREM 7. If Hypotheses H(F)¢ and H(E)g hold, then problem (1) has
a solution xe W>(T, RY).
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In an analogous manner, we can have the corresponding “convex”
results. For the first, the hypotheses on F are the following:

H(F);. F:TxRYxRY—> P (RY) is a multifunction which satisfies
Hypotheses H(F), (1), (i1), (v) and hypotheses H(F)s (iii)" and (iv)'.

THeEOREM 8. If Hypotheses H(F); and H(&)s hold, then problem (1) has
a solution set which is nonempty and weakly compact in W (T, RY).

For the second result, the hypotheses on F are the following:

H(F)g. F:TxRYxRY— P, (RY) is a multifunction which satisfies
Hypotheses H(F), (1), (i1), (v) and Hypothesis H(F)g¢ (iii)'.

THEOREM 9. If Hypotheses H(F)g and H(&)g hold, then problem (1) has
a solution set which is nonempty and weakly compact in W (T, RY).

Now we will present some special cases of interest, which are incor-
porated in our general formulation.

Case a. Suppose K, K, € P,(R") with 0e K; nK, and consider the
following multivalued boundary value problem:

x"(t)e F(t, x(t), x'(t))ae.on T
x(0)e K, x(b)e K, . (15)
(x(0), x(0))pv =0(x'(0), Ky),  (=x'(b), x(b)) =a(—x"(D), K)

Here for every ve RV and Ke P, (R"), a(v, K)=sup[ (v, k)gv:keK].
Also in what follows for every k € K, by Ng(k) we denote the normal cone
to K at the point k; ie., Ng(k)={veR"(v,k)gv=0(v, K)}. Recall that
Ng(k)=Tg(k)~ =the negative polar cone of the tangent cone T(k).
Finally by dx(-) we denote the indicator function of K; i.e.,

5= 0 if xeKk
K40 if x¢Kk

For prOblem (15) let é(a9 ﬁ) :5K1><K2(a’ ﬁ) = NleKz(aa ﬁ) = NKl(a) X
Ng,(B). Note that if (a', ') €<(a, B), then we have (@', a)pv=0(d’, K;) =0
and (S, f)rv=0a(pf’, K,) = 0. Moreover if both K, and K, are closed con-
vex cones, then &(a, f) =K, x K5 and thus Gré is convex. In addition in
this case we have (x'(0), x(0))gy=0 and (—x'(f), x(f))rgv=0. So when
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K,, K, are closed convex cones in R?, problem (15) takes the following
form:

x"(t)e F(t, x(t), x'(t))ae.on T
x(0) e K, x(b)e K, . (16)
(x(0), x(0))gv=0,  (x'(b), x(b))gv=0

Then the previous theorems give us the following corollaries:

CoroLLARY 10. If Hypotheses H(F), or H(F)s hold and K, , K, € P (R")
with 0e K, n K,, then problem (15) has a solution xe W (T, RY).

CorOLLARY 11. If Hypotheses H(F), or H(F), hold and K,, K, are
proper closed, convex cones in RY, then problem (16) has a solution set
which is nonempty and weakly compact in W (T, RY).

Remark. With the exception of the work of Kandilakis—Papageorgiou
[17], none of the other papers mentioned in the introduction can accom-
modate problems with set theoretic boundary conditions.

Case b. Consider the classical Dirichlet problem:

{x”(t) e F(t, x(t), x'(t)) a.e. on T}
. .

(0) = x(b) =0 (17

For this case K;=K,={0} and =00k ,x, = Ng x Ng, =R xR"Y. So
there are no constraints on x'(0) and x'(b). Therefore we can state the
following corollaries:

COROLLARY 12. If Hypotheses H(F), or H(F)5 hold, then problem (17)
has a solution x e W (T, RY).

CorOLLARY 13. If Hypotheses H(F), or H(F), hold, then problem (17)
has a solution set which is nonempty and weakly compact in W (T, RY).
Case c¢. Consider the classical Neumann problem:
{ x"(t) e F(t, (t) x'(t)) a.e. on T}

"(0)=x'(b) = '

For this problem, we take K; =K, =R" and ¢ = 00k, xk,=Ng, X Ng,=
{(0,0)}. So we have the following corollaries:

(18)

COROLLARY 14. If Hypotheses H(F), or H(F)5 hold, then problem (18)
has a solution x e W (T, RV).
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COROLLARY 15. If Hypotheses H(F), or H(F), hold, then problem (18)
has a solution set which is nonempty and weakly compact in W (T, RY).

Remark We can also treat the nonhomogeneous Dirichlet problem
with x'(0) = x'(b) =v. In this case K; = K, =R" and { =00 ¢ + (v, —v) =
(v, —v). Then we use Hypotheses H(F)s or H(F)¢ (nonconvex problem) and
H(F), or H(F)g (convex problem), with w= —v and ke C¥ T, RY) as before.

Case d. Consider the periodic problem:

{x”(l) € F(t, x(1), x'(t)) a.e. on T}
. )

1
(0)=x(b),  x'(0)=x'(D) (19)

In this case let K={(x, y)eR":x=yp}. Set {=00x=K"={(v,w)e
RY x R :v= —w}. Then the following corollaries hold:

CoRrOLLARY 16. If Hypotheses H(F), or H(F)5 hold, then problem (19)
has a solution x e W (T, RY).

COROLLARY 17. If Hypotheses H(F), or H(F), hold, then problem (19)
has a solution set which is nonempty and weakly compact in W (T, RY).

We should point out that for Cases (b), (c¢), and (d) above, when
Hypotheses H(F), or H(F), are in effect, existence results with slightly
more general conditions can be found in Frigon [29].

Case e. Let g, g,:RY—>RY be two nonexpansive maps such that
g1(0) = g,(0) =0. Consider the following boundary value problem:

{x”(t)eF( x(t), x'(t))ae.on T }
¥'(0)=x(0)+g(x(0)),  —x'"(b)=x(b)+ g(x(b))}

Recall that I+ g; and I+ g, are maximal monotone maps on R" and if
E=(I+g;, I+ g,),then&(-, -)is a maximal monotone map on RY x RY, with
(0,0)=¢&(0,0). Note that if (¢, f') =&(a, ), then (¢, a)gv=(a+ g1(a), a)gy
= |lal?— llg (@) llall = ||la||*>=0. Similarly (8, f)gv=0. So we can state the
following corollary:

(20)

CoroLLARY 18. If Hypotheses H(F)5 or H(F)s hold, then problem (20)
has a solution x e W (T, RY).

Case f. Our formulation also incorporates vector-valued Strum-Liouville
boundary value problems:

{x”(t) € F(t, x(2), x'(t))ae.on T }
ol

Ax(0)— Bx'(0)=0,  Cx(b)+Dx'(h) = (21)
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Here 4, B, C, — D are nonnegative definite N x N-matrices. We assume
that B, D are invertible and furthermore that B~'4=A4AB ! and D~ !C=
CD~!. We set &a, B)=(B~'4a, —D~'CP). Since 4,B~',C, —D~'>0,
from the commutativity hypothesis and Halmos [ 14, p. 141], we have that
B~ '4>0and —D~'C>0. Therefore &(-, - ) is maximal monotone. Hence
we can have the following two corollaries:

CoOROLLARY 19. If Hypotheses H(F), or H(F); hold, then problem (21)
has a solution x e W (T, RY).

CorOLLARY 20. If Hypotheses H(F), or H(F), hold, then problem (21)
has a solution set which is nonempty and weakly compact in W (T, RY).

Remark. Theorems 6-9 allow to deal with the nonhomogeneous Strum-—
Liouville problem.

4. EXTREMAL SOLUTIONS

In this section we examine the following problem:
{x”(t) eext F(t, x(t), x'(t)) ae.on T } (22)
x(0) =x'(0)=0, —x'(b)e&(x(b)))

Here ext F(t, x, y) denotes the extreme points of the set F(z, x, y). Recall
that the set ext F(t,x, y) need not be closed and the multifunction
(x, y) > ext F(t, x, y) need not have any continuity properties, even if
(x, y)— F(t, x, y) is regular enough. So the existence of solutions for
problem (22) can not be deduced from one of the existence theorems in
Section 3 and a new approach is necessary.

For simplicity in our calculations, throughout this section we assume
b=1, ie., T=[0,1]. Our hypotheses on F(z, x, y) and &(x) are the
following:

H(F)y. F:TxR¥xRY- P, (RY) is a multifunction such that
(1)
i)

(11

for every x, ye RY, t —» F(t, x, y) is measurable;
for almost all te T, (x, y)— F(t, x, y) is h-continuous;

(ili) for almost all te T and all x, yeR", |F(t, x, y)| =sup{|v| :ve
F(t, x, y)} <a(t)+ B(|Ix| + | y]), with ae L\(T), < 5.

H(&),. &:RY 2% is a maximal monotone map with (0, 0) € Gré.
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THEOREM 21. If Hypotheses H(F)q or H(E), hold, then problem (22) has
a solution x(-)e W (T, RY).

Proof. First we derive some a priori bounds for the solutions of (22),
when ext F is replaced by F. So let xe W2 (T, R") be such a solution. By
definition we have

f(t)ae.on T=[0,1] }
0, —x(1)ed(x(1))

with fe LT, RY), f(t)eF(t, x(t), x'(t)) ae. on T. We take the inner
product with x(¢) and then integrate over T=[0, 1]. Using Green’s for-
mula, we have

—N

= =

= %

o —

~ ™
N

Iy

=

—~

(=)

=

Il

XI5 < ILf 1 1l oo

Note that for every te T, x(t jo (s)ds= x|l o < [|X'[|; < [ X'] 5 (recall
b=1). So

o ll2 < 1Ll -

Using Hypothesis H(F)o (iii), we have | /], < all, + (] x[l, + [x"[l,) <
lally + (1 xll2+ [x"12) and |[x], < [x]o < [X'[l,. Hence |1, <llal,+
2B |x'll, and so [x"[,<1/(1—28) Halh—Ml (recall B<3). Also |x|l,<
%[l o < |X']l, < M. Since for all te T, x'(t so ds:Hx lo<Ifl:<
llally + M, = M,. Therefore, without any loss of generahty, we may replace
F(t,x, y) by E(t, x, y)=F(t, Far(X), Fag,( V), where 1y, (-) is the M,-radial
retraction in RY; i.e

z if |zl <M,

ry(z)=< M note M, <M,).
Mz( ) : 2”2 it |zl > M, ( 1 2)
z

Observe that |F(t, x, y)| =sup{|v] :ve F(t, x, y)} <a(t)+ M,=¢(t) ae.
on T, with ¢ e LX(T).

Let V={ue LT, R"):|lu(t)| <¢(t) ae. on T}. From the arguments in
the proof of Theorem 1, we know that for every u € V, the boundary value
problem

{x"(z)zu(t) ac.onT=[0,1] } (23)

¥(0)=x(0)=0,  —x'(1)ed(x(1))

has a unique solution. Moreover, |x'|,<|al;+ M, and |x]|,<|x'|,.
Therefore | x|, ,<2|all, +2M,= M.
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Now let K=B(0O, M) (=the closed M-ball in WI*T, RY)). Since
WL 2(T, RY) is embedded compactly in C(T, RY), K is also compact and con-
vex as a subset of C(T, R") (in fact it is easy to see that the weak-W*(T, RY)
topology is induced by the metric of C(T, RY)). Let G : K — P,(L'(T, R")) be
the multifunction defined by G(x) = S}( ) Invoking Theorem 1.1 of
Tolstonogov [27], we can find g:K— LL(T, RY) a continuous map such
that g(x) € ext G(x) for all x € K. Here LL(T, R") denotes the space L'(T, RY)
furnished with the “weak” norm | f,, —sup[l\j f(s)ds|:0<t,<t,<1].
Let pg: WU3(T, RV) - K be the metric projection on K in W2(T, R¥). It
is well-known that pg(-) is nonexpansive. Let §=gopg and ¢, =g+ pg:
WA(T, RY) - L) (T, RY). Evidently g, is continuous.

Let D={xe W>!(T,R"Y):x(0)=x'(0)=0, —x'(1 )ef 1))} and let
L:Dc LY T, RY)— LYT, R") be defined by L(x)= Set L=1I+L.
From the proof of Theorem 1, we know that L_l :LI(T, RY) - Dc
W'2(T, RY) is compact (the argument remains valid although here we
consider W 2(T, R") instead of W' (T, R") as the range of L™'; see the
proof of Theorem 1). We consider the map g,-L~':LYT, RY)—
LY(T, RY). Our claim is that §; - L~!(-) is weakly continuous. To this end
let {va}aEJ_L (T, RY) be a net such that v, v in LYT, RY). Then
L' (v,) = L™ (v) in WI’Z(T, R"). So pK(L_l(Ua)) - px(L7'(v)) in
WLAT,RY) and (L~ '(v,)—&L""(v)) in LT, R"Y). Note that
{L7Y(v,)} 4es is bounded in W?!(T, RY), hence is bounded in C'(7, RY)
(recall that W2 (T, RY) is embedded continuously in C}(T, RY)). So there
exists M5 >0 such that ”L_I(UQ)HCI(T) rY < M; for all aeJ. Also from the
multivalued Scorza—Dragoni theorem (see, for example, Kisielewicz [ 18,
Theorem 3.7, p. 45]) given ¢ >0 we can find T, =T compact such that

MNT\T,)<e and F|TXRNXRN is h-continuous. So F(T, xBM ><BM) E is
compact in RY (here By, ={zeR":|z| < M,}). Since g(L (v ))(l)eE
for almost all e T, and all aeJ, we can apply the theorem of Gutman
[13] and have that §(L~'(v,)) - &L '(v)) in LY(T,R"). So g, -L~":
LY (T, RY)— LY(T, R") is weakly continuous as claimed. Recalling that K
viewed as a subspace of C(T, R") is compact, we can find M, > 0 such that
lpe(x))| <M, for all xe W'3T,RY) and all teT. So for all
ve LT, R), we have |g,(L~Y(v))(¢)| <¢4(t)+M, ae. on T, hence the
range of g,oL~" in L'(T,R"), is relatively compact, being uniformly
integrable (Dunford—Pettis theorem). So we can apply Tichonov’s theorem
and obtain v,e LY T, RY) such that v,=g,-L " (v,). Set x=L " Yv,).
Then we have
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with ve LNT,RY), v=g(pg(x))e 3x£ G(pk(x)) = _S;le:‘(-,pk(x), Pr(x) ()
(see Benamara [2]). So wv(t)e —ext F(t, px(x)(t), px(x)'(z)) ae. on T.
Take the inner product with x(#) and then integrate over 7=[0, 1]. Using

Green’s formula, we obtain
213+ (x5 < vl Ix] o + 2 ()2 1115

Recall that || x|, < [|x'|, and it is immediate from the definition of pg(-),
that || pg(x)||. < ||x[|,. So we have

Ix 2 < lolly < Mgl < llally + M.

Moreover, | x|, < ||x|,. Therefore |[x|, , <2lall, +2M,=M.Sopx(x)=x
and

x"(t)= —v(t)eext F(t, x(t), x'(t)) ae.on T=[0,1]
{X(0)=X’(0)=0, —x'(1)ed(x(1)) }

ie, xe W2 YT, R") is a solution of (22). |1

Remark. The study of extremal solutions for first order Cauchy
problems was initiated by DeBlasi—Pianigiani in a series of remarkable
papers [6-8], in which they developed the so-called “Baire category
method.” Their method inspired Tolstonogov to prove his selection
theorem, which was crucial in the above proof.

5. RELAXATION THEOREMS

In the previous sections we proved existence theorems for the convex,
nonconvex, and extremal problems. In this section we examine to what
extent the convexification of the right-hand side of the inclusion introduces
new solutions. More precisely, we want to find out if the solutions of the
nonconvex (resp. of the extremal) problem are dense in those of the convex
one. Such a result is known in the literature as “relaxation theorem” (resp.
“strong relaxation theorem”) and has important implications in optimal
control theory. It is well-known that in order to have optimal state-control
pairs, the system has to satisfy certain convexity requirements. If these con-
ditions are not present, then in order to guarantee existence of optimal
solutions we need to pass to an augmented system with convex structure
by introducing the so-called relaxed (generalized, chattering) controls. The
resulting relaxed problem has a solution. The relaxation theorems tell us
that the relaxed optimal state can be approximated by original states,
which are generated by a more economical set of controls that are much
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simpler to build. In particular “strong relaxation” theorems imply that this
approximation can be achieved using states generated by bang-bang
controls.

As in Section 4, in order to simplify our calculations, we assume that
b=1, ie., T=10,1]. In conjunction with (22), we consider its convexified
counterpart:

{ "(t)e F(t, x(t), x ())a.e.onT=[(),1]}. (24)

x(0)=x(0)=0,  —x'(1)ed(x(1))

In what follows, we denote the solution sets of (22) and (24), by S,
and S, respectively. Our goal is to investigate under what conditions S, is
dense in S, for the W*(T, R"Y)-topology. It is well-known that simple
h-continuity of F(¢, -,-) is not enough. So we introduce the following
hypotheses on F(z, x, y).

H(F)y. F:TxRYxRY— P (RY) is multifunction such that

(1) for every x, ye RY, t— F(t, x, y) is measurable;

(ii) for almost all teT and all x, y,x,, y,€RY, h(F(t,x, y),
F(t,xy, y)) SK@OLx = x| + [y =111 with ke L=(T), k] o <33

(ii) for almost all teT and all x, yeRY, |F(t,x, y)| =sup{|v| :
ve F(t,x, y)} <a(t)+ p(Ix| + | I) with ae L\(T), f<3:

TueoreM 22. If Hypotheses H(F),, and H(¢), hold, then S,=S, the
closure taken in W-2(T, RY).

Proof. From Theorem 21 we know that S, # (J. Let x € S,.. By definition
we can find fe L\(T, RY), f(¢)e F(¢, x(¢), x'(#)) a.e on T, such that

{x”(l) =f(t)ae.onT=[0,1] }
x(0)=x'(0),  —x'(1)e&(x(1)))
From the a priori estimation conducted in the proof of Theorem 1, we

know that we may assume that |F(z, x, y)| < ¢(¢) a.e.on T, g L(T). Also
let K be as in that proof. Given y € K, define 4, : T— 2%\ { &} by

= {ve RV |f(0) — vl <e+d( /1), F(t, y(1). y'(1))).
ve F(t, y(1), y'(1)}.
Let y:TxRM—> R, be defined by y(z,v)=|f(¢)—v|—df(2),
F(1, p(1), y'(1))). From Hypotheses H(F),, (i) and (ii) and from Theorem 3.3

of Papageorgiou [24], we know that ¢ — F(¢, y(¢), y'(¢)) is measurable.
Hence y(-, -) is a Caratheodory function (i.e., measurable in ¢, continuous
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in v), thus jointly measurable. So Grd,={(t,v)e TxRY :y(t,v)<e} €
2L(T)x B(RY) where £(T) is the Lebesgue o-field of T and B(RY) is the
Borel o-field of RY. Then Aumann’s selection theorem (see Wagner [28,
Theorem 5.10]), implies the existence of a measurable function v: 7T — RY
such that v(¢) e 4,(7) a.e. on T. So if we define R, : K — 2T R by

R(y)= {UES}:(.,y(.), V() - Hf(t)_U(Z)H
<e+d(f(1), F(t, y(t), y'(1))), a.e. on T},

we see that R,(-) has nonempty and decomposable values. Moreover, from
Proposition 4 of Bressan—-Colombo [3], we know that R(-) is Isc. There-
fore y— R,(y) is Isc and has closed and decomposable values. So we can
apply Theorem 3 of Bressan—Colombo [3] and produce u,: K — L'(T, RY)
a continuous map such that wu,(y)e R/ (y) for all yeK Also from
Theorem 1.1 of Tolstonogov [27], we know that we can find v,: K—
LL(T, R") a continuous map such that v,(y)(¢) e ext F(¢, y(t), y'(1)) a.e on
T and |ju(y)—v(y)l, <e¢ for all ye K.

Now let ¢,|0 and set u,=u,, v,=v,. We consider the following
boundary value problem:

{x,’,’(l):vn(xn)(t) ac.on T=[0,1] } (25)

x,(0)=x,(0)=0,  —x,(1)el(x,(1)))

Working exactly as in the proof of Theorem 21, via Tichonov’s fixed
point theorem, we obtain a solution x,e W>YT, RY),n>1, of (25).
We see that {x) },-, is uniformly integrable and also {x,},~,; =K. So by
passing to a subsequence if necessary, we may assume that x, —> £ in
W4T, R"Y) and x, —» % in W"*T, R") as n— co. Moreover, arguing as
in the proof of Theorem 1 (see the proof of Claim 2), we can check that
£(0)=x'(0)=0 and —x'(1) e &(X(1)).

We have

= (f([) _Un(xn)(t)a Xn([) _x(t))RN ae.onT

= [} 0 = 3500, 50 = X0

b
=L (S(1) = v,(3,)(1), x,(1) — (1)) e . (26)
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By virtue of Green's formula, we have
¥ =313 [ (70 = 00, 50— X0l @7)
Also we have
[ (0= 0,500, 5,0 = X0
= [ 0 = 5,00, %00 = )

b
] 0000 = 0,00, 3,1) —x() .

By construction |u,(x,)—v,(x,)|,<é&,, hence u,(x,)—v,(x,) —0 in
LY(T,RY) as n — 0. As before, via Gutman’s theorem, we also have that
u,(x,)—v,(x,) = 0in LYT, RY) as n — 0. So

[ (600 = 0,50 50— X dr >0 s ns oo, (28)
0

Also we have

[0 =000 5,00 = x(1 )
< [ 10 =) Ol () = w0
< [ G BP0, X0, P 3,00, 54000 150 =0 e
< [t KON () = 3,01 + ¥ (0 = X0 (1) = x,(0)]

= [ ko = sl
+ xX'(0) = XD [x(1) =%() || dt =~ as n— o0. (29)
Using (27)—(29) in (26), in the limit as n — oo, we obtain

X" =23 < Well o 1x =213 + 1l oo X" =215 x = 2]l (30)
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Note that x(z fo s)) ds. Hence ||[x — X[, < [x — X[, <
Ix" =2, < Hx — X H2 Usmg thls in (30) we have

I =23 <2 Ikl X" = 2115

Since |k||, <3, we infer that x'=4%', but x(0)=%£(0)=0, so x=x%.
Finally, note that x,eS, for all n>1. Therefore S,<S, (closure in
W'-2(T, RY) and since S, is already closed in W' 2(T, RY), we conclude
that S,=S,. |

Remark. 1t is clear from the above proof that we also have S,=S,, the
closure in C(T, RY).

6. THE DIRICHLET PROBLEM

In this last section of the paper, we prove existence and relaxation results
for the Dirichlet problem, when F is independent of y, but it satisfies a
general growth hypothesis and a generalized sign-type condition (see
Hu-Papageorgiou [ 16]). With the exception of Kravvaritis—Papageorgiou
[22] no other work deals with the relaxation problem. In Kravvaritis—
Papageorgiou [22] although F depends on x', the Lipschitz and growth
conditions are more restrictive.

We consider the following two problems

{x”(t)eF(t, x(t))ae.on T=[0,1] (31
x(0)=x(1)=0 } )
and its convexified counterpart

x"(t)econv F(t, x(t))ae.on T=[0,1]

st 0 f 32

We shall denote by S the solution set of (31) and by S, the solution set
of (32). We have Sc=S,.< W (T, RY). We start with a nonemptiness
result for S.. Our hypotheses on F(z, x) are the following:

H(F),,. F TxRY— P (R"Y) is a multifunction such that

(1) for all xe R, t — F(t, x) is measurable;
(i) for almost all teT, GrF(t,-)={(x,v)e RN xRN ve F(1, x)} is
closed,
(iii) for every M >0, we can find y,, € L\(T) such that for almost all
teT and all | x| <M we have |F(t, x)| =sup{|v|: ve F(t, x)} <ypl1);
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(iv) there exists 0 € L= (T) such that for almost all te T, all || x| = 0(t)
and all ve F(t, x) we have (v, x)gy = 0.

Remark. Note that in the region |x| <6(z), we do not require F(¢, x)
to satisfy a unilateral condition as is the case in H(F),(iii). Existence
results with F depending also on the derivative of x can be found in Frigon
[29].

ProrosiTiON 23. If Hypotheses H(F),, hold, then S, is nonempty and
weakly compact in W (T, R").

Proof. Set D=W?>*YT,R¥)n WL (T, RY)and let L: D<= LY(T, RY) -
LY(T, R") be defined by Lx = —x". If L=1+ L, we know (see the proof of
Theorem 1) that L= LYT,RY) > D<= Wy 1(T R™) is linear compact.

Let N,: Wy \(T, [RN)—>2L'(T ") be defined by Ny(x)= =S}k 4.y +X
As in the proof of Theorem 3, we can verify that N;(-) has nonempty,
closed, convex values and is bounded and usc into LY(T, RY),. Then
L7'Ny: WEP(T, RY) > P (WENT, RY)) is usc and maps bounded sets
into relatively compact sets.

Now let x e D such that xe AL~'N,(x) for some 0 <1< 1. We have

L(x)= =i +2x,  [€Sk. )
= —x"(t)=—-M(t)+(A—1)x(t)ae.on T
x(0)=x(1)=0.

Take the inner product with x(¢) and then integrate over T=1[0, b]. We
have

W13 <A ] (A0 Xt

=4 (—Sf(1), x(z ))RthJr/lf — (1), x(1)) g dt

{Ixl <6} {Ix| >9}
S|Olloo 1ag I=M (M= [0]| ). (33)

Since |x'[|; is an equivalent norm of W (T, RY), from (33) we infer
that the solutions of xe AL~'N,(x), 0 <1< 1, are bounded in W§ (T, RY)
by M, which is independent of A. Applying Theorem 2, we obtain xe D
such that xe L~'N,(x). Hence x"(¢) e F(t, x(¢)) a.e. on T, x(0)=x(b) =0.
Finally, as in the last part of the proof of Theorem 3, we check that S, is
weakly compact in W (T, RY). |

In a similar way, using the selection theorem of Bressan—Colombo [3]
and the single-valued Leray—Schauder theorem (as in the proof of
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Theorem 1), we can have a nonemptiness result for the set S. The hypoth-
eses on F(z, x) are the following:

H(F);,. F TxRYx — P(RY) is a multifunction such that

(1) (t,x)—> F(t, x) is graph measurable;
(1) for almost all te T, x — F(t, x) is Isc;

(iii) for every M >0, we can find y,, € L\(T) such that for almost all
teT and all | x| <M, we have |F(t, x)| =sup{|v]: ve F(t, x)} <yp(1);

(iv) there exists 0 e L*=(T) such that for almost all te T, all ||x|| = 0(t)
and all ve F(t, x), we have (v, x)gy = 0.

ProrosITION 24. If Hypotheses H(F),, hold, then S is a nonempty sub-
set of W Y(T, RY).

Now we shall prove a relaxation theorem. For this we need stronger con-
tinuity hypotheses on F(¢, x).

H(F);5. F TxRY— P(R") is a multifunction such that

for all xe RY, t — F(t, x) is measurable;

(il) there exists ke L\(T), with k|, <1 such that for almost all te T
and all x, x, € R, we have

h(F(t, x), F(t, x,)) <k(1) [|x =2, [|;

(iii) for every M >0, we can find y,, € L\(T) such that for almost all
te T and all | x| <M, we have |F(t, x)| =sup{|v]: ve F(t, x)} <yul(1);

(iv) there exists 0 L*(T) such that for all te T, all ||x|| = 6(t) and all
ve F(t, x), we have (v, X))y =0.

THEOREM 25. If Hypotheses H(F),; hold, then S.= S8 the closure taken
in WLY(T, RY).

Proof. Let G(t,s) be the Green’s function corresponding to the

operator L(x)= —x", xeD=W?> T, R")n W (T, R") (ie., the one-
dimensional Laplacian with Dirichlet boundary conditions). We know that

Glt, x) = H1—s)1 if 0<r<s<l1
T =01 i 0<s<i<1
It is well-known that for every ve L'(T, RY) the unique solution xe D of
the Dirichlet problem x"(t)=wv(t) ae. on T, x(0)=x(b)=0, is given by
=[5 G( s)ds for all teT. Let K:LYT,RY)— C(T,R"Y) be
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the operator defined by K(v fo (2, 5) v(s)ds. Via the Arzela—Ascoli
theorem, we easily check that thls map is compact.

Now let xeS,. Then by definition x = K(v) with ve Sy . (. Let
£>0 be given. Since K(-) is compact, we can find U a symmetric weak
neighborhood of the origin in LY7, RY) such that if v—wv, €U,
then |x—x,|, <& where x,=K(v,). By virtue of Proposition 4.1 of
Papageorgiou [25], we can take v, ES;(‘,X(, y- By an easy application of
Aumann’s selection theorem (as in the proof of Theorem 22), we can find
v, € SlF(_,xl(_)) such that

lv1(2) = va(2) | = A(F (2, x(1)), F(1, x,(2))) < k(1) [[x(2) —x,(2)] a.e.on T

= oy —vally <kl [x —xy [l oo < 1Ky &
Suppose v, ..., v, € L'(T, RY) have been chosen such that

[0ms1— Ul < IKlIT e, Um+1€S}7(-,xm(-))’ X =K(v,,)

for m=1,2,...,n—1.

Let x,, = K(v,). Since || K|, <1, for every m=1,2, .., n—1, we have

[Xm 41— Xm0 = 1K(Vp11) = K(0) | oo S NVp 1=V l1 < KT e
Therefore we have
n—1 n—1
= Xloo < D X1 —Xmllo<e X KIT  (xo=2).
m=0 m=0

A new application of Aumann’s selection theorem, gives v,,; €S }(_’x )
such that

[V 41(2) = v ()| = h(F (1, x,(2)), F(2, x,,_1(1)))
<k(t) |x,(t)—x,_1(t)] ae.on T

= an+1_vnHl< HkHI Hxn_xn—l Hoo< HkH’fS

So by induction we have generated a sequence {v,},~; = L'(T, R") such
that

an+l U Hl Han Un+1 GS}"(~,xn(.))’ xn:K(vn)7 ’121
Since |[|k|, <1, we see that {v,},-, is Cauchy in L'(T, RY) and so

v, =0 in LT, RY) as n— co. Because of Hypothesis H(F);; (ii), from
Papageorgiou [ 23] we know that x - S }(,’ (- 18 A-continuous from C(7, RY)
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into LY(T, RY). Therefore ﬁeS}(,,x(,)). Moreover, since [x, . ;— X, o <
HKH_? an+l _UnHI < an+1 _UnH1< HkHrltga we see that {xn}n>1 is CauChy
in C(T, RY) and so x, — £ in C(T, R") as n — co. Evidently £ = K(#) and
so £ € S. Moreover, since for every n>1

n—1 n—1

X0 =Xl oo < Y IXmir = Xmlloo <& Y KT (Xo=x)
m=0

m=0

in the limit as n — o0, we have

(recall ||k|, <1).

1% —=xlo <

&
1=kl

Since ¢>0 was arbitrary and £e€ S, we infer that S, =S the closure
taken in C(T, R™). So thus far, we have proved that if xeS,, we can find
{X,} n=1 <SS such that x, - x in C(T, R") as n— oo. Directly from the
equation and using Hypothesis H(F),; (iii), we see that {x,},~ is bounded
in W>YT,R") (recall that y— |y"| + ||, is an equivalent norm on
w2 YT, RY). But W2 (T, R") is embedded compactly in W' (T, R"). So
we also have x,, —» x in W§ (T, R") and this shows that S, = S, the closure
taken in W (T, RY). Since S, is already closed in W} (T, RY), we
conclude that S,=S5. |
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