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A canonical map from the Burnside ring £(C) of a finite cyclic group C into the
Burnside ring ©2(G) of any finite group G of the same order is exhibited and it is
shown that many results from elementary finite group theory, in particular those
claiming certain congruence relations, are simple consequences of the existence of
this map. In addition, it is shown that this map defines an isomorphism from (C)
onto the subring Q4(G) of (G), consisting of those virtual G-sets x which have the
same number of invariants for every two subgroups U, V of G of the same order,
if and only if G is nilpotent. Finally, a rather natural extension to profinite groups
is indicated. € 1992 Academic Press, Inc.

1. INTRODUCTION

In this note we want to point out a simple fact concerning Burnside rings
which can be viewed as a surprisingly compact and transparent structural
reformulation in Burnside ring theoretic terms of the various ideas and
tricks introduced by G. Frobenius [Fr1] and H. Wielandt [Wi] to prove
the existence and further properties of Sylow p-subgroups and used later on
by L. Solomon [So] (see also [Wa]) to establish further elementary results
in finite group theory.

To be more precise, let G be a finite group of order »:=|G| and let
C :=C, denote the cyclic group of the same order n. The sole purpose of
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this note is to establish and to discuss some consequences of the following
theorem!:

THEOREM 1. There exists a ring homomorphism
a=0"=af,:Q(C)—> Q(G)

which we call the Frobenius—Wielandt homomorphism from the Burnside
ring Q(CY of the cyclic group C into the Burnside ring Q(G) of G such that
Sor every subgroup U< G of G and every x € 8(C) the number ¢, (a(x)) of
U-invariant elements in the virtual G-set w(x) coincides with the corre-
sponding number @, (x) of Cy-invariant elements in x, where, of course,
C\y, denotes the unique subgroup of order |U| in C.

Remark 1. This theorem gives a precise conceptual interpretation of
the observation (cf. [Fr3, p. 395; Hu, p. 34; Wa]) that many elementary
group-theoretic results can be derived from the fact that various invariants
of an arbitrary group are closely related to the same invariant evaluated for
the cyclic group C of the same order.

Remark 2. In the context of the theory of Mackey (and Green) functors
developed in [Dr2-47] Theorem 1 has the surprising consequence that for
any Mackey functor M, defined on the category G of finite G-sets, the
value M(G/U) of M on the transitive G-set G/U can be considered in a
canonical way as an Q(C,, )}-module and that for any (multiplicative)
Green functor G, defined on G*, the ring G(G/U) can be viewed as an
Q(C,,)-algebra.

The outline of this note is as follows: in Section 2 we introduce notations
and collect some well-known facts about G-sets and Burnside rings, in
Section 3 we prove Theorem 1, in Section 4 we apply Theorem 1 to derive
Sylow’s and Frobenius’ theorems, in Section 5 we discuss functorial proper-
ties of the Frobenius—Wielandt homomorphism, in Section 6 the kernel and
the image of this homomorphism are studied, and in Section 7 we extend
our results to profinite groups.

2. SoME FAcTs ABOUT BURNSIDE RINGS

Before proving Theorem 1 let us recall shortly the basic concepts and
notations from Burnside ring theory we have used in its formulation or will
use in its proof or its applications.

! Notations will be explained in detail in Section 2.
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For a finite group G we define its Burnside ring 2(G) to be the Grothen-
dieck ring of finite G-sets, which is generated as an algebra over Z by the
(isomorphism classes of) finite (left) G-sets X, Y, ..., relative to the relations

X—Y=0 i X=V,
X+Y—(XuY)=0,
X-Y—(XxY)=0.

In consequence, its elements are the virtual G-sets, 1.e., the formal differen-
ces X — Y of (isomorphism classes of) finite G-sets X, Y, and one has

X—-Y=X-YsZuXuY=2ZouoYuX

for some finite G-set Z (which in turn is well known to be equivalent
with X Y=Y v X’). For every subgroup U there exists a canonical
homomorphism ¢, : Q(G)— Z which maps every finite G-set X onto the
cardinality @, (X):= # XY of its subset

XV:={xeX|u-x=xforall ueU}

of U-invariant elements, in particular ¢,(X)= #X if 1 = {15} denotes the
trivial subgroup of G. For U, V<G one has ¢, = ¢, if and only if U~ V
(that is, U and V are conjugate in G) and for x, x' € 2(G) one has
@y(x)=@,(x") for all U< G if and only if x = x". Hence, identifying each
x € Q(G) with the associated map U ¢ (x) from the set Sub(G) of all
subgroups of G into Z, we can consider £2(G) in a canonical way as a
subring of the ghost ring

-~

.Q(G) = ZSubiG)/~

of G, consisting of all maps from Sub(G) into Z which are constant on each
conjugacy class of subgroups.

Finally recall that the (isomorphism classes of the) transitive G-sets of
the form G/U :={gU| ge G} (U a subgroup of G, the G-action on G/U is,
of course, defined by left multiplication: G x G/U — G/U: (h, gU)+— hgU)
form a Z-basis of Q(G), while for U, V< G we have G/U=G/V if and only
if U~ V. Hence every x e Q(G) can be expressed as a linear combination
in the form

x= Z’ ty(x)-G/U

UG

with uniquely determined integral coefficients u,(x)eZ, satisfying
Uy (x)=p, (x) for U~®V, and where the prime attached to the summa-
tion symbol ¥’ indicates that the sum does not actually extend over all
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subgroups of G, but only over a system of G-representatives, that is, one
out of each conjugacy class of subgroups of G.

For U, V<G one has ¢,(G/U)#0 if and only if V< U (that is, there
exists g € G with gVg ~' < U) in which case one has

¢, (G/U)=#{gUeG/U| VgU=gU}
=(Ng(U):U)-#{U <G| VU ~°U},

where, as usual,

No(U)={geG| g 'Ug=U}={geG| UgU=gU}
={geG| gUe(G/U)Y}

denotes the normalizer of U in G. Hence, given x € Q(G), a subgroup UK G
is a maximal subgroup with p,(x)#0 if and only if it is a maximal
subgroup with ¢, (x)#0, in which case one has

Py(x)=pp(x) -9y (G/U)= py(x)- (Ng(U):U).

From the fact that every x e Q(G) can be expressed uniquely in the form
x=2"1y<c My(x)-G/U it follows, in particular, that for every p-group G we
have

(Pl(x)z ZI ﬂ(,/(x) . (GU)

UG

= pig(x) = @s(x) (mod p).

Hence if V is a p-subgroup of an arbitrary finite group G and if U is
a subgroup of G with an index (G:U) which is prime to p, then
0, (G/IU)=0,(G/U)=(G:U)#0 (mod p) and therefore V<S;U. In
particular, if Sylow p-subgroups exist in G, they all must be conjugate in G
and every other p-group must be subconjugate in G to each of them.

3. PROOF OF THEOREM |

This 1s all (and actually quite a bit more than) we need to know to prove
Theorem 1.

Let us observe first that the properties of «§, described in Theorem 1
determine this map uniquely. Indeed, let y¢, denote the map from Sub(G)
into Sub(C) which associates to every subgroup U of G the unique
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subgroup C,, of C which has the same order as U. Then clearly, 75,
induces a ring homomorphism

d=389,:Q(C)> Q(G):s—>s-75,
on the level of ghost rings and Theorem | just claims that & maps the
subring Q(C) of &(C) into the subring Q(G) of Q(G).
To prove this claim we recall that for every finite G-set X and every

natural number ¢ the set (}) of all subsets ¥ of X of cardinality ¢ is also
a finite G-set relative to the G-action

GX<X>—></‘):(g, Vilbg-Yi={g-y|yvet}
q q

Using these G-sets for X :=G/1, the regular G-set, Theorem 1 follows
immediately from the following two observations:

LEMMA 1. & maps ()') e Q(C)= Q(C) onto (9') e Q(G) < Q(G).

Lemma 2. If Div(n) := {de N | d divides n} denotes the set of divisors of
n (and hence corresponds canonically in a one-to-one fashion with the set of
subgroups of C via d— C,), then the family (') (de Div(n)) of C-sets
forms a L-basis of Q(C).

Lemma 1 in turn is an immediate consequence of the well-known fact
that for every finite group G, every subgroup U< G of G, and every ge N
the value of @, ((%")), that is, the number of U-invariant subsets of car-
dinality ¢ in G/1, depends only on ¢ and the orders of G and of U; that is,
it follows from the following more explicit

LemMma 1. For every finite group G, every subgroup UG of G, and
every g€ N one has

0 if |U| does not divide q.

‘”((Gf;l»: ((G:U»

q/\U|

in particular, if |U| =g, then ¢ ((“/"))=(G:U) and therefore

G (G0 gy
#U<< q >>—(NG(U);U)_(G'NG(U)).

) otherwise;

Proof. Indeed Ye(%') is U-invariant if and only if Y is the union of
right cosets Ug = G of U in G: hence such Y exist only if (U] divides ¢ in

607:91/1-3
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which case the set (') of U-invariant subsets ¥ in (%" corresponds in a

one-to-one fashion to the set () of subsets of U\G :={Ug | ge G} of

cardinality ¢/|U|. So its cardinality is of course ('), as stated. 1

The proof of Lemma 2 is equally simple: For every d,d" € Div(n) we

have integers
/1
Haa=Hc, d €Z

C/1
(;)’-‘ Z Baa C/Cy

d’ e Div(n)

such that

and we have to show that the determinant of the matrix

M = (14 u)aa e Divin)

is a unit in Z. But in view of Lemma 1 we have ¢, ((}'))=0 unless d’
divides d and, hence, we have also p,, =0 unless d' divides d, so M is
triangular (relative to the obvious ordering of Div(n) according to which d
comes before d’ if d is smaller than 4'). In addition, we have

/1
/"‘dvdzllcu<< cé >>=(C:NC(Cd))= 1,

so the main diagonal of M consists of ones, only, and hence its determinant
is indeed 1. |

Remark. Rather than using exterior powers of G-sets, that is, the G-sets
of the form ('), introduced by H. Wielandt in this context, we could as
well have used the symmetric powers, that is, the G-sets of the form

) f(x)=q},

xeX

SUX) = {f:X—aNO

where for a G-set X the group G acts on S9(X) via
G x S4X) > SUX): (g f)—(g-f: X > No: x> f(g ™' x)),

used by Wagner in this context [Wa] (see also [Frl1]). As before, the
value of ¢, (S9(G/1)) depends only on ¢, |G}, and |U| and vanishes unless
|U| divides g, since fe€ $4(G/1) is U-invariant if and only if it is constant
on the U-cosets of the form Ug (g G); so |U| must divide g =3 .. ¢, f(x)
if £is U-invariant, and in this case there are exactly as many U-invariant
maps f in §%G/1) as there are elements in S?/YI(U\G) (that is, there are
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precisely (‘99 @1Y1~1) U-invariant maps in $Y(G) if |U] divides g, but
we will not need this detailed information). So, as above, we have
a(S(C/1))= S4(G/1). Moreover, if |U| equals g, then there are exactly
(G:U) U-invariant elements in S?(G/1), that is, we have also

(G:U)

A(SYG/ - 7
1o (SUG/)) (No(0):0)

=(G:N(U)):

in particular we have ,qu(S"(C/l)) =1 if d divides n, so the C-sets SY(C/1)
(de Div(n)) also form a Z-basis of Q(C). Hence the same arguments as
above yield Theorem 1.

It is well known that both exterior powers as well as symmetric powers,
provide a A-ring structure on the Burnside ring (cf. [Si]) and the above
discussion implies that a: Q(C) —» Q(G) is a A-ring homomorphism for both
of them.

4. SOME APPLICATIONS

COROLLARY 1. For every divisor d of |G| there exists an element
x4,€ Q(G) satisfying

d if d divides (G:U),
0 otherwise;

Ppy(xs)= {

in particular, pu,(x,)=0 unless d divides (G:U) and
pulxg)=(G:Ng(U))=#{gUg "' | g G}
if (G:U)=d.
Proof. Put x,:=a(C/C ;). Then obviously
pylx,)= (P(“L,v|(C/C|G|/d) =(C:Ciga)=d

if C,, is contained in Cg,, that is, if the index d of g, in C divides the
index (C:C ) =(G:U) of C in C, and @, (x,) =0 otherwise and there-
fore also u,(x,)=0 unless d divides (G:U). Finally, if (G:U)=d, then U
is a maximal subgroup of G with u,(x,)#0 and therefore

(Pu(xd) d (GU)

A = = = = Ny
K S R 0) T a0y a0y )

equals the number of subgroups in G which are conjugate to Uin G. |

To derive the next three corollaries we follow essentially the ideas of
B. Wagner, published in [Wa]:
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COROLLARY 2 (Sylow). Every divisor d of |G| is the greatest common
divisor of all indices (G :U) of subgroups U in G which are divisible by d; that
is, we have

d=gc.d.(G:U) | d divides (G:U)).

In particular (or, as well, equivalently), if |G| =d-p* for some prime p, then
there exist subgroups U of G of index d and hence of order p*.
Proof. Write x,€ 2(G) in the form
Xa= Z’ pulxy)-G/U= Z, tufxy)-G/U

UG UG di(G:U)
and apply ¢, to derive

d= Y wlx) (G:Ue Y Z-(G:U) |

UG d|I(G:U) UG, d(G:U)

In case |G|/d is a power of a prime p we can exploit this argument even
further to derive:

COROLLARY 3 (Sylow [Sy], Frobenius [Frl]). If a power p* of a prime
p divides the order |G| of a finite group G, then the number of subgroups V
of order p* must be congruent to 1 modulo p.

Proof. Put d:=|G|/p* and divide the above equation
d= Y px)-(G:U)= Y pu(x)-(G:U)
U<Gd{(G:U) U< G |U|eDiv(p*}

by d to derive

, (G:U)
1= Z .uU(xd)'T
U<G.d|(G:U)
, p*
= pulxy)-
UéG,IU%:eDiv(p’) ¢ ¢ |U|
= Z, toulxy)
U< G, |U|=p*
= Y (G:NgU))

UG |U|=p*

Y #{gUg '|geG}

U< G, |U|=p*

=#{V<G||VI=p*} (modp). |
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Remark. Note that more generally the condition p,(x)=(G:Ng4U))
for |U| =g and py(x)=0 for |U| ¢ Div(g), which holds for x = (%") as well
as for x=8%G/1) and for x =x,g,, implies

x= ) G/U modulo’,

UG |Ul=q

where 1, denotes the ideal in Q(G), generated by all G-sets of the form G/V
with |V| e Div(g)— {q}.

To derive the next corollary let us recall that for every x e Q(G) one has
the Cauchy—Frobenius-Burnside congruence relation

0 (mod |G}).

il

Z ‘p<g>(x)
geC
Indeed, by additivity it is enough to verify this just for x=G/U (U< G) in
which case a standard computation yields

Y 0 (GIU)= ) #{hUeG/U| ghU=hU}

geG gel

- T o

2eG.hUe G/U

= Y #{geG|ghU=hU}

hleG/U

= Y |hURY
hUeG/U

=(G:U)-|U|=|G|=0 (mod |Gl).

Hence together with this Cauchy—Frobenius-Burnside relation Corollary 1
yields

CorOLLARY 4 (Frobenius [Fr2, Fr31). Every divisor m of the order |G|
of a finite group G also divides the number

#{geG|g"=1}
of elements g in G, whose order divides m.

Proof. Apply the Cauchy-Frobenius—Burnside congruence relation to
x, for d :=|G|/m to derive that |G| =d-m divides

607°911-4
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Z O gr(xa)= Z d

geG geG.d|(G:(g>)

- y d

g€ G, |g|eDivim)

—d -#{geG|g"=1)

and hence, dividing by 4, that m divides #{geG | g”"=1}. 1|

Next recall (cf. [Gl, Yol, Ro]) that for each xe &(G) and each UG
we have

1

v\ = o U, V)-p(x)
Hy(X) N0 EGX( )@, (x)

where for U< V<G we denote by y(U, V) the Euler characteristic of the
simplicial complex of all chains of subgroups between U and ¥ modulo the
subcomplex of ali those chains which do not start with U or end with V,
while otherwise, that is, in case U<V, we put x(U, ¥V})=0. So for
UKV<Gand with [U V] :={W<G|USW<V} we have

WU, V)= Y (—1)H#T

UVeT<[U V]
T a chain
Indeed, again by additivity, it is enough to check the above equation for
x=G/W for every W<G: in case W=U both sides easily give 1 and
in case WA U the left-hand side equals zero by definition while the
right-hand side, multiplied with (Ng(U):U), also gives

Y U V) 0, (G/W)

V<G

= Y (U V)-(No(W):W)- #{WSG|VSW R W}

V<G

=(Neg(W):w)- 3, > U V)

wSwrsw

=(Ne(W):W)- ¥ ¥ ) (~1)!+*#7=0,

w S wVsW UVeT<[UV]
T a chain

. G
since for each W’ < W one has

) Y (-1)*T= Y (=1)*T=0

VW U VeT<[U V] UeT<[U, W]
T a chain T a chain
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in view of the fact that there exists a one-to-one correspondence between
those linear subsets T of [U, W'] with Ue T not containing W’ and those
containing W, given by T Tu { W'} (here we use, of course, U 4 W and
therefore U # W'). Hence we have

COROLLARY 5 (Quillen {Qu], Brown [Br], Yoshida [Yo2]). For each
divisor d of |G| and for every U< G with d|(G:U) one has

(V<G| U<V.d|(G:V)})=1  (mod d(U)),

where for a subset S of Sub(G) we write y(S) for the Euler characteristic of

the simplicial set of all linearly ordered subsets or chains in S and where d(U)
is defined by

d(U) :=(Ng(U):U)/g.cd.((Ns(U):U), d);
in particular for U= 1 and, hence, d(1)=|G|/d=: m we have
x{V<G|1#|V]eDivim)})=1 (mod m).

Proof. For x=x, we must have u,(x,)€Z and therefore

Y @v(x) (U, V)=0  mod(Ng(U):U)),

<o

that is,

Y xU,V)=0  (modd(U)),

ey

where
¥y ={V<G|ddivides (G:V)}.

So it remains to observe that in case d|(G:U) one has

Y WUV =gU U+ Y (U, V)

Very U<Veyy
and that
Y (U V)= > (—D*7
Veyy—{U} Tachainof ¥3— {U}

= —({(Ver U<V} I

Remark. One can of course elaborate on all these results, e.g., by
picking subsets S = Sub(G) which are closed with respect to conjugation
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and for which one knows an integer k=kg such that the element
¥ =y, s€$(G), defined by

k for UeS
0 otherwise,

ey(y)= {
is actually in Q(G) and applying the above considerations to the product
y-x,. Many such subsets S and integers k are known from the theory of
idempotents in Q(G) and, more generally, in R® Q(G) for R any subring
of the field Q of rational numbers (cf. [ Drl, 27]), but we will not detail all
the corresponding consequences here. Let us just mention without proof
one particular consequence which is a variation (and also a consequence)
of the Frobenius Theorem:

COROLLARY 4. For m a set of primes and n:=[],p*eN put
n.:=11,c, p*. Then for every me Div(|G|) and every cyclic subgroup U of
G with |U|,=1 one has

#{geG|g"=1.(g">~U}=0 (modm,).

5. FUNCTORIAL PROPERTIES OF o

For the sake of completeness let us just list the functorial properties of
a. If ¥<aU<G, then for every G-set X the set X" can be considered as a
U/V-set via

UVxXY-> X" (uV, x)—> ux
(which is well defined since wvx=ux for veV and xeX" and since

v(ux)=u(u"'vu)x =ux for ue U, ve V, and xe X"), giving rise to a ring
homomorphism

¢ 0 R(G)->QU/V): x> xV.
One checks easily that for all V=1 U < G the diagram

Q) —25 Q6)

ﬁi},‘,qul l Vs

QCu. 1)) —= QUIV)

commutes, in particular o« commutes with restriction (choose V'=1).
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The situation is not quite as easy with respect to induction: if for UG
we denote by ind{ the additive map from Q(U) into (G) which maps
each basis element U/V in Q(U) onto the basis element G/V, then the
following, slightly twisted diagram commutes for each U < G:

{

QC ) ——— QU)

indi‘[l Ju“t(’/(‘m)ind;"

Q(0) 4, 0(6)
This can be checked in a straightforward fashion, e.g., by computing

@4 (29(C/C ) - ind (2Y(x)))
and

¢1(G/U-%(ind, (x)))
for all xe Q(Cy) and all V< G.
Finally assume N <0G and consider the inflation map Q(G/N)— Q(G)
which is defined by considering every G/N-set X as a G-set via the canoni-
cal epimorphism G —» G/N. Then one can show that the diagram

Q(Cio.m) =25 QG/N)

infl linf
G

QC) —— QG)

commutes if and only if for every U< G we have |Un N| =g.cd.(|U], |N|),
that is, if and only if for every prime p||G| either INl,=1G|, or |N|,=1
or the p-Sylow subgroups of G are cyclic or p=2, |N|, =2 and the 2-Sylow
subgroups of G are (generalized) quaternion groups (the last “if and only

if” statement is a simple exercise in elementary finite group theory and
should be folklore).

6. SOME OBSERVATIONS CONCERNING THE KERNEL AND THE IMAGE OF ¢

It is obvious that «“ is injective if and only if for every m € Div(|G|) there
exists a subgroup of order m in G. It is also obvious that the image of a“
is always contained in

Qo(G) :={xeQ(G) | py(x) =9, (x) for all U, V<G with |U| =|V|}.



40 DRESS, SIEBENEICHER, AND YOSHIDA

So one may ask for those groups G for which € defines an isomorphism
between Q(C) and Q,(G). This is answered by

THEOREM 2. o defines an isomorphism between Q(C) and Q,(G) if and
only if G is nilpotent.

Proof. Invoking a simple and very standard inductive argument it is
easy to see that ¢ defines an isomorphism between 2(C) and Q,(G) if and
only if «“ is injective—that is, for every me Div(|G|) there exists a sub-
group U< G with |U|=m—and for every xe £2,(G) and every maximal
subgroup U of G with ¢ ,(x)#0 one has ¢,(x)=0 (mod(G:U)).

Now if G is nilpotent, then for every me Div(|G|) there exists even a
normal subgroup N of that order. Moreover, if for some x e ,(G) we have
a maximal subgroup U of G with ¢,(x)#0 and if N=<G is a normal
subgroup of the same order, then N is also such a maximal subgroup of G
and so we have indeed

90 (x) = Pu(¥) = (NG(N):N) - py(x)
=(G:U)- un(x)
=0 (mod(G: U)).
Vice versa, if a¢ defines an isomorphism between Q(C) and Q,(G) and if

P denotes a Sylow p-subgroup of G, then one knows (cf. [KT] or [DV])
that the element x,,eﬁ(G ), defined by

p-(Ng(P):P) if U~°P
0 otherwise,

Qu(xp) 32{

is actually contained in Q(G) and so, since every group of order |P| is
conjugate to P, it is contained even in ,(G). Hence, since by definition
P < G is a maximal subgroup of G with ¢ p(x,)# 0, we have necessarily

¢plxp)=p-(Ng(P):P)=0  (mod(G:P))

and therefore (G:P)[(Ng(P):P), that is Ny(P)= G. So every Sylow p-sub-
group of G is normal in G, that is, G is nilpotent. ||

Remark. Elaborating on this argument one can show that for a subset
n of primes and with
b= 1}

02 2, ®C) > L, ®Q(G)

a
_ Z" Z{EGQ

the induced map
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is an isomorphism if and only if for every meDiv(|G|) and every pen
there exists a subgroup U< G of order m with (G:Ns(U)),= 1. So in par-
ticular, G must have a normal solvable Hall n’-subgroup and a nilpotent
Hall n-subgroup, but in general this condition is not enough to ensure that
a¢ is an isomorphism.

7. AN EXTENSION TO PROFINITE GROUPS

Using the (completed) Burnside rings Q(G) which have been defined and
studied for every profinite group G in [DS1, 2], one can phrase Theorem
1 in a still more elegant way. Recall that for every profinite group G the
ring §(G) is defined to be the Grothendieck ring of the (virtual) almost
finite G-sets, that is, those G-sets X for which XY is finite for every open
subgroup U of G and G, is an open subgroup of G for every x € X, and that
for an arbitrary group G we write 2(G) for 2(G), G denoting the profinite
completion of G relative to all subgroups U of G of finite index. Then, with
C now denoting the infinite cyclic group, we can state

THEOREM 1. For every profinite group G there exists a canonical ring
homomorphism

satisfying ¢ ,;(d(x)) = @ cc:0(x) for every x e Q(C) and every open subgroup
U of G, where now

CtG:Lr‘i = {glG:L') | ge C}
denotes the unique subgroup of index (G:U) in C.
Proof. One can prove Theorem 1’ by using the fact that

6(G)= lim Q(G/N)

pRity

N =a(G, Nopen

(where for two open normal subgroups N, N, <0G with N, < N, the map
Q(G/N,)— Q(G/N,) being used for the construction of the above projec-
tive limit is, of course, the map BYV w,: X X"?) and applying
Theorem 1 to all factors Q(G/N), using the above established functorial
properties of «. One can also adapt the proof of Theorem 1 to the profinite
situation directly: choose the Haar measure dg on G with [, 1dg=1 and

for every measurable subset Y of G define the index

(G:Y) :=(leg>l.
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Note that for every open subgroup U of G there exist precisely (‘“;”’)
U-invariant subsets Y of G of index (G:U)/d for every de N while there
exists none such U-invariant subset of index (G:U)/d if d is not an integer.
Hence for every rational number ¢ > 1 we have an almost finite G-set

q

N(G):={Y=G|(G:Y)=¢q, Gy is open},

Gy:={geG|g¥=Y}

which satisfies

in view of
) ifd:=(G:U)/qgeN

0 otherwise.

So Theorgm 1 follovys as in the finite case from the additional observation
that the C-sets A (C) (deN) form a (topological) Z-basis of (C). |

Remark 1. Instead of the G-sets A7 (G) we could also have used (again
as in the finite case) the almost finite G-sets

SUG)  (qeQ, ¢>0)

consisting of all f: G > N, such that fis constant on the U-cosets for some
open subgroup U and [ fdg=g ', noting that ¢°(5%(C))=S%G) and
that the $9(C) (g€ N) also form a topological basis of $(C).

Remark 2. For a profinite group G define

C%:= N C¢@UV and (4 :=C/C

U< G, Uopen

Then

2>
jo)
g>
l
2
2

factors through

32\0\'@2 AHC)=0(C) > Q(CIGI): e
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As in the finite case, it induces an isomorphism

Q(C‘m)_’ QO(G)

onto the subring Qy(G) of Q(G) consisting of all xe(3(G) satisfying
@u(x)=g,(x) for all open subgroups U, V<G with (G:U)=(G:V), if
and only if G is pro-nilpotent. Note that ¢ 16| can be considered to represent
the order of G, as defined in the theory of profinite groups (cf. [Se]).

Remark 3. We leave it to the reader to establish the functorial proper-
ties of 4% which do not differ from those established in Section 5.

Remark 4. Note that @(C) coincides with the necklace algebra N(Z) as
defined by Metropolis and Rota and therefore it coincides with the ring of
universal Witt vectors W(Z) (cf. [MR, DSI1, DS27). So, after all, it turns
out that for every finite or pro-finite group G and for every Mackey functor
M or Green functor G, defined on G ", the abelian group M(x) or ring
M(*) is a W(Z)-module or a W(Z)-algebra, respectively, in a completely
canonical way.
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