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A convex function f given on [ —1,1] can be approximated in L,, | <p <,
by convex polynomials P, of degree at most n with the accuracy o(n~>7). This
follows from the estimate |f—P,|,<c-n 7. w%(fin" "), where 1 <p<ec,
p g =1, p(x)=(1—x)'? and w¥(f. ) is the Ditzian-Totik modulus of
smoothness in the uniform metric. ' 1995 Academic Press. Inc.

One of the peculiarities of convex functions is that they can be
approximated in L,[ —1, 1] by algebraic polynomials of degree at most »
as O(n *) when p=1 (Ivanov, [2]), and as o(n %”) when l<p<
(Stojanova, [6]). The estimates remain valid if the convex function f is
approximated by convex polynomials (see Nikoltjeva-Hedberg [S] for
p=1, and Remarks below for 1 <p < oo). In the uniform metric, a convex
function f can be approximated by convex algebraic polynomials of degree
at most n with the accuracy O(w%(f,rn™"')), estimated in terms of the
Ditzian-Totik modulus of smoothness w{(f, 1) (Leviatan, [3]). The
estimate presented in this note naturally embraces the results indicated
above.

Let

wl(f.yi= sup |45, f(x)],

O<sh<t
—I<x<l
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where ¢(x)=(1 —x?)'? and
A7, [(x) = f(x — ho(x)) = 2f(x) + f(x + hp(x))

if x+hp(x)e[—~1,1], and 42, f(x)=0 elsewhere.

heopl{x)
We prove the following theorem:

THEOREM. For a convex function f defined on [ —1, 1] there exist convex
polynomials P, of degree at most n such that

“f_Pn“pSC.n‘Z/P.Cl)zw(f;n\l)l/q’ (])

where 1/p+1/g=1, and 1 <p < o, and c is independent of » and p.

Remarks. (1) It follows from the Theorem that a convex continuous
function f can be approximated in L,[—1,1], 1<p<oo, by convex
polynomials of degree at most n with the accuracy o(n 7).

(i) The formula ¢=c,-6(f)'", where 6(f):=max ., f(x)—
min, .y f(x), shows how the constant in (1) depends on the function
/- Being inherent in results of Ivanov’s type, this dependence disappears in
Leviatan’s estimate when p = oc.

Proof of the Theorem. 1t suffices to prove the theorem for a non-
decreasing function f satisfying the conditions f(—1)=0 and f(1)=1, and
polynomials P, of degree at most 81 where n is large enough.

We use the method of shape-preserving approximation developed by
DeVore and Yu [1], and Leviatan [3,4]. For a convex function f this
method provides convex polynomials P, of degree at most 8 satisfying the
condition

Hf—Pong(‘"w(zp(j;n_l)' (2)

We will prove that the polynomials P, approximate the function f in the
L, -metric so that

If=Pli<en 2 (3)
The estimate (1) immediately follows from (2) and (3).

We use the following properties of the partition —1=¢,<¢&, < - <
£,=1 defined in [3]:

() &oi—&<en (1=,

(i) sinz, ;<c-(1-¢&)"72

where j=0,..,n—1 and ¢,=iz/n. These inequalities follow easily from
[3, Lemma A].
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Let S be the piecewise-linear function interpolating f at the points
Eos o &, Then

n—1|

S(x)= Y a,0,(x), (4)

j=0

where ag= [0, &1/ ;=01 =& &0, ¢ & ] fforj=1, . ,n— 1,
@, (x)=(x—-¢;),, and [ -] f are divided differences of f. Observe that
Yol )—S(l) =f{1)=1, and convexity of f implies that «;> 0.

We claim that

1f= Sl <en™ (5)

Denote by /; the linear functions interpolating f at £, and £,,,. Then
Llx)=ap(x+1), and l{x)=1_(x)+a,(x—¢)) for j=1,..,n—1. Since f
is convex and satisfies the conditions f(—1)=0 and f{1}=1, we obtain
that 0< flx)<l(x) for xe[&o.¢,], and /,_, r)<f )< li(x) for
xel&,¢,,) By (i), |1f“S“L1[:U,¢,}<“10||L,[.:n.:,) cyn- olo(l"éo) and
1= SU ity SWb—d\legon S €12, (1=Z)). Therefore, || /— S|, <
cn (1 — é)—(,n 2

The polynomials P, are defined by the formula P (x)}=3""J a,R,(x);
here Ry(x)=1+x and for every i=1,..,n—1 the polynomials R,( x} of
degree at most 8n approximate the truncated powers ¢, with the accuracy

g (x)—R,(x)|<entsint, ,d, (t)77, (6)

where d (1)=1+n |t —t,|, t, =kn/n, and x =cos t (sece [4, Lemma 6] with
J=2i—n).
We claim that

|S—P,l,<en=? (7)
Indeed, by (6)

n—1

HS—PHNI <Cn7] Z aiSin tnwi'ai’

i=1

where a,= {7 d,(1) 7’ sin t dt. Integrating over the intervals [¢.t;4,] and
using the estimate sin r <n(1 +li—j])sint, ., f;<t<1t,,,, we obtain that
a,<c,n 'sint Therefore, by (i),

n—i

n—1

IS=P,lly<eyn™ 3, a1 =) =crn 2

i=0

The estimates (5) and (7} yield (3). {
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