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Abstract

In this paper, we describe the monophonic sets in the join and composition of two connected graphs. We also determine the
monophonic numbers of the join of any two connected graphs and the composition G[ K] of a connected graph G and the complete
graph K. Lower and upper bounds are obtained for the monophonic number of the composition G[H], where G is connected and
H is a connected non-complete graph.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Given a connected graph G = (V(G), E(G)) and vertices u and v of G, we call any u—v path of length dg (u, v)
(length of the shortest path connecting u and v) as u—v geodesic. Any chordless path connecting # and v is called a
u—v m-path. The monophonic closure of a subset S of V(G) is Jg[S] = Uu,veS‘]G[u’ v], where Jg[u, v] is the set
containing # and v and all vertices lying on some u-v m-path. If Jg[S] = V(G), then we call S a monophonic set
in G. A monophonic set in G of minimum order is called a minimum monophonic set in G. The order of a minimum
monophonic set in G is called the monophonic number of G and is denoted by mn(G).

It is easily verified that every monophonic set in G contains every extreme vertex (a vertex in G whose neighbors or
vertices adjacent to it induce a complete subgraph of G). For example, for any positive integer n > 1, the endvertices of
the path P, are elements of every monophonic set in P,. In fact, the set containing the endvertices of P, is the unique
minimum monophonic set in P,; hence, mn(P,) = 2. For n >4, it can be shown that mn(C,) = 2, where C,, is the
cycle of order n. For any connected graph G of order n > 1, it is routine to show that mn(G) = n if and only if G is the
complete graph K,, of order n.
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The geodetic counterparts of the concepts of monophonic set and monophonic number of a graph had been considered
by Chartrand, Harary, and Zhang in [4] and [5]. Recently, Canoy and Cagaanan also studied those concepts for the join
and composition of graphs (see [2,3]).

The concepts of monophonic set and monophonic number of a graph have not yet been fully explored and investigated.
These concepts appeared in [1] and were studied by Pelayo et al. in [7] and [9].

In this paper, the authors consider these two monophonicity concepts of a graph. In particular, the monophonic sets
in the join and composition of two connected graphs will be characterized. Furthermore, lower and upper bounds of the
monophonic number of some of these graphs will be determined. The authors of this present paper, however, neither
characterized the monophonic sets in the cartesian product of graphs nor determined their monophonic numbers.It is
still unknown if the monophonic number of the cartesian product of connected graphs has an upper bound involving the
monophonic numbers of each of the graphs. Hence, determination of upper bounds (or exact values) of the monophonic
number of the cartesian product of graphs remains an open problem.

A subset S of V(G) is said to be m-convex if, for every pair of vertices x, y € §, the vertex set of every x—y m-path
is contained in S. It is easy to verify that S is m-convex if and only if J[S] = S.

Recently, Paluga and Canoy [8] characterized the m-convex sets in the join, composition, and cartesian product of
graphs.

Throughout this paper, G = (V(G), E(G)) is a simple undirected connected graph. For other graph theoretic terms
which are assumed here, readers are advised to refer to [6].

2. Monophonic number of the join of graphs

Definition 1. The join of graphs G and H, denoted by G + H, is the graph with V(G + H) = V(G) U V(H) and
E(G+H)=EG)UEH)U{uv:ueV(G)andv € V(H)}.

Our first result characterizes all monophonic sets in the join G + K.

Theorem 2. Let G be a non-complete graph. A subset S C V(G + K,) is a monophonic set in G + K, if and only if
S N V(G) is a monophonic set in G.

Proof. Suppose S € V(G + K,,) is a monophonic set in G + K,,. Let S| = § N V(G). Since S is a monophonic set
in G+ K,, S; # 0. If S = V(G), then we are done. So suppose that S; # V(G). Let x € V(G)\S;. Then there
exists y, z € S such that x € Jg1k,[y, z]. Since x # y and x # z, dg+k, (¥, 2) # 1; hence, dg+k,(y, z) = 2. This
implies that y, z € S;. In this case, any y— m-path containing x cannot contain a vertex of V (K,,). Since every m-path
in G 4+ K, that does not contain a vertex of K, is an m-path in G and x € Jg+k, [y, zl, it follows that x € Jg[y, z].
Therefore, Jg[S1] = V(G). This shows that S; is a monophonic set in G.

Conversely, suppose that S =SNV (G) is amonophonic setin G. Since G is non-complete, the subgraph (S;) induced
by S7 is not complete. This means that there exist vertices a, b € S such that dg(a, b) # 1. Hence, dg 1k, (a, b) =2
and (a, v, b) is an a—b m-path for every v € V(K,,). Therefore, V(K,) € Jg+k,la, b]; hence, V(G + K,) =V (G) U
V(Kn)=JG+k,[S1]. This shows that S| is a monophonic setin G + K,,. Since §; C §, it follows that S is a monophonic
setin G + K,. [

Theorem 3. If G is a graph of order n, then mn(G) = n if and only if G = K.

Proof. Suppose that mn(G) = n. Suppose further that G is not complete. Then there exist a, b € V(G) such that
dg(a,b) # 1. Let ¢ € Jgla, b]\{a, b} and consider S = V(G)\{c}. Then § is not m-convex in G; hence Jg[S] #
S. Since ¢ € Jgla, b], where a, b € S, it follows that ¢ € Jg[S]. This implies that V(G) < Jg[S]. Therefore,
Jc[S1=V(G), thatis, S is a monophonic set in G. Hence, mn(G) <|S|=n — 1, contrary to our assumption. Therefore,
G must be the complete graph K,,.

Conversely, suppose that G is a complete graph. Then every subset C of V (G) is m-convex in G and hence, Jg[C]=C.
Thus, a subset C of V (G) satisfies Jg[C] = V(G) if and only if C = V(G). This implies that C = V(G) is the only
monophonic set in G. Therefore, mn(G) =n. U
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An immediate consequence of Theorems 2 and 3 is the following corollary.

Corollary 4. Let G be a graph of order p. Then

_)p+n ifG=K,,
mn(G + K,) = {mn(G) ifG #K,.
Proof. The first part of the corollary follows from Theorem 3. By Theorem 2, it can be shown that S € V(G + K,)
is a minimum monophonic set in G + K, if and only if S € V(G) and is a minimum monophonic set in G. Thus, the
result follows. [

Lemma 5. Let G and H be non-complete graphs and S € V(G + H). If S N V(G) is a monophonic set in G or
S NV (H) is a monophonic set in H, then S is a monophonic setin G + H.

Proof. Assume that S =S N V(G) is a monophonic set in G. If S| = V(G), then S; is a monophonic set in G + H;
hence, S is a monophonic set in G + H. Suppose S; # V(G). Let x € V(G)\S;. Then there exist y,z € S
such that x € Jgly, z]. Since y and z are different from x, dg(y, z) # 1; hence, dg+u (v, z) = 2. It follows that
V(H) C Jg+HulY, 2] € Jo+Hu[S1]. Further, since x € Jg[y, z] and every m-path in G is an m-path in G + H, it follows
that x € Jg4+m[S1]. Since x was arbitrary, V(G) = S1 U (V(G)\S1) € Jo+u[S1]. Thus, V(G + H) € Jg4+m[S1]. If
V(G) = S1, then we can choose y’, 7/ € V(G) withdg(y', z') # 1. Then, V(H) € Jg+uly', z']. Hence, V(G + H) C
Je+H[S1]. In both cases, we have Jg4+y[S1] = V(G + H). This shows that Sjis a monophonic set in G + H. Since
S1 C S, it follows that S is a monophonic setin G + H.
A similar argument can be used to prove the other case. [J

The following example will show that the converse of Lemma 5 is not true.

Example 6. Consider the graphs G = Py = (1,2,3,4) and H = P4 = (a, b, ¢, d) and the graph G + H = P4 + P4
illustrated in Fig. 1. The set S={1, 3, b, d} is clearly a monophonic setin P4+ Ps. However, S;=SNV(G)={1, 3} and
S> =SSNV (H)={b, d} are not monophonic sets in G and H, respectively. One can easily verify that mn(Ps + P4) =2.

The following result characterizes the monophonic sets in G + H for non-complete graphs G and H.

Theorem 7. Let G and H be non-complete graphs. A subset S of V(G + H) is a monophonic set in G + H if and only
if at least one of the following conditions holds:

(a) S1 =S8N V(G) is monophonic in G,
(b) S2 = SN V(H) is monophonic in H; or
(c) Thereexistx,y € Si=SNV(G)andu,v € So =SNV(H) such that xy ¢ E(G) and uv ¢ E(H).

Proof. Suppose S € V(G + H) is a monophonic set in G + H. If (a) or (b) holds, then we are done. So, suppose
(a) and (D) are not satisfied by S. Then Jg[S1] # V(G) and Jy[S2] # V(H). Let h € V(H)\Jg[S>]. Since S
is a monophonic set in G + H, there exist x,y € S such that h € Jgygl[x,y]. Since h # x and h # y, it
follows that dg 4+ (x, y) = 2. This means that either x, y € S or x, y € S». Now, since h ¢ Jy[S>], x, y ¢ S2; hence,
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x,y € S1. Moreover, xy ¢ E(G). Similarly, there exist u, v € S, such that uv ¢ E(H). This shows that condition (c)
holds.

For the converse, suppose first that (c¢) holds. Then, clearly, V(H) C Jg+nul[x, y] and V(G) € Jg+nlu, v]. These
inclusions imply that V(G + H) C Jg1+g[S]; hence, S is a monophonic set in G + H. If (a) or (b) holds, then S is
monophonic in G + H by Lemma 5. [

Theorem 8. Let G and H be non-complete graphs. Then mn(G + H) = min{4, mn(G), mn(H)}.

Proof. Consider the following cases:

Case 1: Assume that mn(G) =min{4, mn(G), mn(H)} and therefore, mn(G) <4. Assume also that S is a minimum
monophonic set in G. Then mn(G) = |S|. By Lemma 5, S is a monophonic set in G + H. Suppose that there exists
a monophonic set " of G + H such that |S’| < |S|. Because S is a minimum monophonic set in G, S N V(G) is not
a monophonic set in G (otherwise, we get a contradiction). Furthermore, since |S’| < |S| <4, S’ does not satisfy the
condition (c¢) in Theorem 7. Thus, by Theorem 7, $* = S’ N V(H) has to be a monophonic set in H. This implies
that mn(H) <|S*|<|S’| < |S|<4. This contradicts the assumption that mn(G) <mn(H). Therefore, S is a minimum
monophonic setin G + H and mn(G + H) = mn(G).

Case 2: Assume that mn(H) =min{4, mn(G), mn(H)}. Arguing as in Case 1, we obtain that mn(G + H) =mn(H).

Case 3: Assume that 4 =min{4, mn(G), mn(H)}. Choose x, y € V(G) andu, v € V(H) suchthatxy ¢ E(G) and
uv ¢ E(H). By Theorem 7(c), the set S = {x, y, u, v} is a monophonic set in G + H. Therefore, mn(G + H) <|S| =4.
Suppose that there exists a monophonic set S” in G + H such that |S’|<3. Since S’ does not satisfy the condition
(c) in Theorem 7 and because of this theorem, either S| = S’ N V(G) is a monophonic set in G or S» = §' N V(H)
is a monophonic set in H. As a consequence, we get either mn(G) <|S1| <3 or mn(H) <|S2| <3, contradicting our
assumption that 4 = min{4, mn(G), mn(H)}. Thus, mn(G + H) =4. O

3. Monophonic number of the composition of graphs

Definition 9. The composition of two graphs G| and G, denoted by G = G [G3], is the graph with V(G) =V (G) x
V(G») and (u1, u») is adjacent to (vy, vp) if either ujv; € E(G1) or u; = vy and usvy € E(G»).

Lemma 10. Let G be a graph. If P = ((u1, v1), (42, v2), (U3, v3), ..., (U, v;)), where r 22, is an m-path in G[K,],
then we have the following possibilities:

(1) If the u;’s are distinct, then (uy, us, ..., u,) is an m-path in G.
(i1) If the u;’s are not distinct, then r = 2.

Proof. (i) Suppose the u;’s are distinct. Since dg[k, (i, vi), (Ui+1, vig1))=1foralli=1,2,...,r—1,dg(u;, uj+1)=
lforalli=1,2,...,r — 1. Since dgk, | ((u;, v;), (uj, vj)) =2 whenever 1 <i < j — 1<r, dg(u;, uj) >2 whenever
1<i<j—1<r.Thus, (uy,us,...,u,)is an m-path in G.

(ii) Suppose u; = uj, for some i, j with i < j and r >3. Then dgk, ((4;, v;), (uj,v;)) = 1. Consequently, i €
{1,...,r—=1}and j =i+ 1. If 1 <i <r — 2, then dg(k, ] ((ui, v;), (U2, vi+2)) =1, a contradiction. If i =r — 1, then
dgik,1((ur—2, v—2), (ur, v;)) =1, a contradiction. Hence, if the u;’s are not distinct, then r =2. [l

Lemma 11. Let it G be a graph and H a non-complete graph. If P = ((uy, v1), (U2, v2), ..., (uy, v.)), where r 22 is
an m-path in G[H], then we have the following possibilities:

(1) If the u;’s are distinct, then (w1, ua, ..., u,) is an m-path in G.
(1) Ifthe u;’s are all equal, then (v1, va, ..., v,) is an m-path in H.
(iii) If the u;’s are not distinct and not all equal, then r = 3.

Proof. (i) This part is proved as in Lemma 10.

(i1) Suppose u| =uz = ... =u,. Since dg[a)((u;, v;), Wiy1, viy1)) =1foralli=1,....,r = 1,dyg(vi, viy1) =1
foralli =1,2,...,r — 1. Since dg[u)((u;, v;), (uj, v;)) =2 whenever 1<i < j + 1<r, dy(v;, vj) >2 whenever
1<i<j+1<r.Thus, (v, vy, ..., v,) is an m-path in H.
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(iii) Suppose the u;’s are not distinct and not all are equal (This is possible since H is non-complete). Let i, j €
(1,2,...,r},i<j,suchthatu; =u;and k € {1,2, ..., r}suchthat dg (u;, uy) = 1. If k < i, then ({(u, vi), (u;, v;),
(uj,v;)}) is a cycle. If k > j, then ({(ug, vr), (u;, v;), (uj, v;)}) isacyclein G[H]. If k>i + 1, ({(u;, v;), (wiy1,
Vit1), (ug, vp)})isacyclein G[H]. If k < j — 1, then ({(u;—1,v;—1), (uj, v}), (uk, vr)}) is a cycle in G[H]. Hence,
in any of these cases we have a contradiction. Thus, k =i + 1 and k = j — 1. Now, if i > 1 and u;_| = u;, then
dom ((i—1, vi—1), (ug, vr)) = Land ({(u;—1, vi—1), (i, vi), (ug, vi)})is acycle. If i > 1 and dg (u;—1, u;) = 1, then
dora)((ui—1,vi—1), (), v;))=land ({(u;—1, vi—1), (u;, v;), (ug, vr), (uj, vj)})isacycle. Again, in both cases we have
a contradiction. Thus, i =1.1f j <randu ;1 =uj, then ({(u;, v;), (441, vj+1), (ug, vi)}) is acycle, a contradiction.
If j<rand dg(uj,ujy1) =1, then ({(u;, v;), (uk, vr), (ug, vi), (ujr1,vj41)}) is a cycle, a contradiction. Thus,
j=r.

Therefore, r =3, u; =uz anddg(uy,up) =1. 0O

Definition 12. Let G be a graph and A € V(G). A point a in A is called a monophonic interior point of A if
a € Jg[A\{a}]. The set of all monophonic interior points of A is denoted by A°.

Example 13. Let G be the graph illustrated in Fig. 2. Let A ={2,4,5,6,7,8}, B={1,4,3}, and C = {1, 7}. Since
2 € Jg[A\{2}], 2 is a monophonic interior point of A. Notice that the vertices 4, 6 and 8 are also monophonic interior
points of A. Thus, A° = {2, 4, 6, 8} and no others. Also, it can be seen from Fig. 2 that B® = {4} and C° = .

Theorem 14. Let G be a graph. Then C = ,.s({a} x T,) is a monophonic set in G[K,], where S € V(G) and
T, C V(H) for everya € S, if and only if S is a monophonic set in G and T, = V (K},) for every a € S\S°.

Proof. Suppose C = Uaes({a} X Ty) is monophonic in G[K,]. Letu € V(G) and v € V(K,). If u € S, then
u € Jg[S]. Suppose u € V(G)\S. Since C is monophonic in G[K,,], there exists an m-path

((Ml, vl)v (I/lz, 02)7 LR} (l/lr, vr)):

where (u1, vy), (ur, v,) € C and (uy, vy) = (u, v) for some k, 1| <k <r.Since u ¢ S, then u # u; and u # u,. If the
u;’s are not distinct, then by Lemma 10, » =2, a contradiction. Thus, u;’s are distinct and by Lemma 10, (u1, ua, ..., u;)
is an m-path in G. Consequently, u € Jg[S]. Thus, S is a monophonic set in G.

Suppose there exists a € S\S° such that 7, # V(K,). Let v € V(K,;)\T,. Then there exists an m-path

((u,v1), (2, v2), ..., (Ur, V),
where (41, v1), (ur, vy) € C and (ug, vg) = (a, v) for some k, | <k<r. By Lemma 10, (u1, ua, ..., u,) is an m-path
inGorr=2and u; =uy. If (uy,us,...,u,)is an m-path in G, a = uy € Jg[S\{ur}l, a contradiction. If r = 2 and

U1 =un, v = v Or v = vy, a contradiction. Thus, T, = V(K,,) whenever a € S\S°.
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For the converse, suppose S is monophonic in G and 7, = V(K,) whenever a € S\S°. Let (u,v) € V(G[K,]).
Suppose u € V(G)\S or u € S°. Since S is monophonic in G, there exists an m-path (uy, ua, ..., u,) such that
uy,ur € Sand uy =u forsome k, 1 <k <r.Letvy € T,,, and v, € T,,,. Then

((ulv Ul)v LR ] (uk—lv Ul), (Mks U)s (Mk-‘rlv v}’)v LR ] (ur» Ur))

is an m-path in G[K,]. Since (u1, v1), (u,, v;) € C, (u, v) € Jg(k,[C]. Suppose u € S\S°. Then T,, = V (K, ); hence,
(u,v) € C.
Thus, (u, v) € Jg[k,][C]. Accordingly, C is a monophonic set in G[K,]. U

The next result follows directly from Theorem 14.

Corollary 15. Let G be a graph. Then
mn(G[K,]) =min{n|S| — (n — 1)|S°|: S is monophonic in G}.

Proof. Let S be a monophonic setin G and let x € V(K,,). Set T, = {x} for each a € S§°. By Theorem 14,

Cs=|Jda} x T) = [U {(a,x)}} ul U da} x VK.)

aes aeS° aeS\S°
is a monophonic set in G[K,,]. Clearly, |Cs| = n|S| — (n — 1)|S°|. Therefore, the result follows. [
Definition 16. A vertex of a graph G is an extreme vertex if its neighbors induce a complete subgraph of G. A graph

G is called an extreme monophonic graph if Ext(G) (set containing all the extreme vertices of G) is a monophonic set
in G.

Example 17. Consider the graph G illustrated in Fig. 3. Clearly, the vertices # and v are the only extreme vertices of
G. Also, it is easy to verify that S = Ext(G) = {u, v} is the unique minimum monophonic set in G. Therefore, G is an
extreme monophonic graph.

The following corollary is a consequence of Corollary 15.
Corollary 18. Let G be a graph. If G is an extreme monophonic graph, then mn(G[K,]) = n|Ext(G)]|.

Proof. Let S = Ext(G). By assumption, S is a monophonic set in G. It is easy to show that §° = ¢J. Now let S be a
monophonic setin G. Then § C §; and S7 € S1\S. Hence,
n|Si| — (n = DISTIZnlSi] — (n — DISI\S| = n[S| + [S1] — [S|>n]S].
By Corollary 15, mn(G[K,]) =n|S| =n|Ext(G)|. O
Definition 19. A subset S of V(G) is a monophonic closed set in G if for every a € V(G)\Jg[S] there exists s € S

such that dg (a, s) = 1. A monophonic closed set with minimum cardinality is called a minimum monophonic closed
set. Its cardinality is denoted by m.(G).
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Example 20. Consider the graph G illustrated in Fig. 4. The set A = {a, b, d, e} is the minimum monophonic set
in G, i.e, mn(G) = 4. Set B = {c} is not a monophonic set but is a monophonic closed set since each vertex in the
set {a,b,d, e} =V (G)\Jgl{c}] is of distance one from vertex c. Since B is a minimum monophonic closed set,
m.(G) = 1.

Remark 21. Every monophonic set in G is a monophonic closed set. Thus, m.(G) < mn(G).

Theorem 22. Let G be a graph and H a non-complete graph. If C =\ ,.s({a} x T,) is a monophonic set in G[H],
where S C G and T, C V(H) for every a € S, then S is a monophonic closed set in G.

Proof. Suppose C = |J,.s({a} x T,) is a monophonic set in G[H]. Suppose further that S is not a monophonic
closed set in G. Then there exists a € V(G)\Jg[S] such that dg(a,s)>2 for every s € S. Let b € V(H). Since
C is monophonic in G[H], there exists an m-path ((u1, v1), (42, v2), ..., (ur, v.)) such that (uq, v1), (ur,v,) € C
and (a, b) = (ug, vy) for some k, 1 <k < r. Suppose the u;’s are distinct. Then by Lemma 11, (u1, us, ..., u,) is an
m-path in G. Consequently, a = u; € Jg[S], a contradiction. Suppose the u;’s are all equal. Thena =u; =u; € S, a
contradiction. Suppose the #;’s are not distinct and not all equal. Then by Lemma 11,7 =3, u; =u3 and dg (u1, u2)=1.
Consequently, k =2 and dg(a, u1) = 1, a contradiction. Thus, § is a monophonic closed setin G. [

The graph P3[P3] illustrated in Fig. 5 shows that the converse of Theorem 22 is not true. This is shown in the next
example.

Example 23. Consider the graph P3[P3] illustrated in Fig. 5. Clearly, {x} is a is a monophonic closed set in P3.
However, {(x, y)} is not a monophonic set in P3[P3].

The next result gives a lower bound of the monophonic number of the composition of G and H, where H is non-
complete.

Corollary 24. Let G be a graph and H a non-complete graph. Then m.(G) <mn(G[H)). If G has a minimum mono-
phonic closed set S such that S is monophonic and S° = S, then m.(G) = mn(G[H]).

Proof. The inequality follows directly from Theorem 22.

Next, suppose that S be a minimum monophonic closed set such that S is monophonic in G and S° = S. For each
s € S, choose by € V(H). We will show that C = Uses{(s, bs)} is a monophonic set in G[H]. To this end, let
(u, v) € V(G[H]). Since S is monophonic, there exists an m-path (u1, ..., ug, ..., u,;)suchthatuy, u, € Sanduy=u
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for some k. Since S° = S, then we can further assume that 1 < k < r. Note that

((I/l], bul)» R ) (uk—l’ bul)» (l/lk, U), (Mk+1, bur)a R ) (“ra bu,))

is an m-path in G[H] and (u1, by,), (u,, b,,) € C. Consequently, (u, v) € Jgu][C]. Accordingly, C is a monophonic
set in G[H]. Thus, mn(G[H]) <m.(G). Combining this with the first part of this corollary, we obtain that m.(G) =
mn(G[H]). O

Example 25. The graph illustrated in Fig. 6 shows that the conditions in the second part of Corollary 24 are, indeed,
possible.

It is easy to verify that the shaded vertices of G in Fig. 6 form a minimum monophonic closed set in G. Moreover,
this set of vertices is monophonic and its elements are its interior points.

Theorem 26. Let G be a graph and H a non-complete graph. Suppose S C V (G) is a monophonic closed set in G
and T, is a monophonic set in H for alla € S. Then C = Uaes({a} x T,) is a monophonic set in G[H].

Proof. Suppose S € V(G) is a monophonic closed set in G and 7T, is a monophonic set in H for all a € S. Let
x = (u,v) € V(G[H]). If x € C, then we are done. Assume x ¢ C. Consider the following cases:

Case 1: Suppose u € Sand v ¢ T,.

Then T,, is monophonic in H. Thus there exists an m-path (v{, v2, ..., v,) in H such that vy, v, € T, and v = v;
for some s, 1 <s <n. Now ((u, v1), (4, v2), ..., (u, v,)) is an m-path in G[H] where (u, v1), (4, v,) € C. Thus,
x=(u,v)=(u,vs) € Jo a[C].

Case 2: Suppose u € Jg[S1\S.

Then there exists an m-path (ug, us, ..., uy) in G such that u, u,, € S and u = u, for some r with 1 <t <m. Let
v € T, and v, € T,,,,. Note that

((ulv vl)v R (ut—lv Ul)v (ulv U)? (ul+v Um)v ceey (um» Un))

is an m-path in G[H]. Moreover, (11, v1), (U, V) € C and u; = u.

Thus, x = (u, v) € Jou[Cl.

Case 3: Suppose u € V(G)\Jg[S].

Since S is a monophonic closed set, there exists s € S such that dg(u, s) = 1. Since T is monophonic and H is
non-complete, the induced subgraph (7s) ; of Ty in H is non-complete. Let vy, va € T such that dg (v1, v2) > 2. Note
that ((s, v1), (u, v), (s, v2)) is an m-path in G[H] and (s, v1), (s, v2) € C. Thus, x = (u, v) € Jgu[C].

Hence, C is monophonic in G[H]. [

Example 27. The shaded vertices illustrated in Fig. 7 form a monophonic set in Cg[ P3]. But the second component
of these vertices do not form a monophonic set in P3. Therefore, the converse of Theorem 26 is not true.

Corollary 28. Let G be a graph and H a non-complete graph. Then

mn(G[H]) <m.(G)mn(H).
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The graph in Fig. 5 shows that the upper bound in Corollary 28 is sharp. Note that the shaded vertices of the graph
in Fig. 5 form a minimum monophonic set in P3[ P3], that is, mn(P3[P3]) = 2. On the other hand, m.(P3) = 1 and
mn(P3) = 2. Thus, mn(P3[P3]) =2 = m.(P3)mn(P3).
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