-

View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

ScienceDirect Proced iG

Technology

ELSEVIER Procedia Technology 22 (2016) 662 — 669

9th International Conference Interdisciplinarity in Engineering, INTER-ENG 2015, 8-9 October
2015, Tirgu-Mures, Romania

Modeling and Simulation of the Operation of a Mechanical System
which 1s Affected by Uncertainties

Mircea Dulau™*, Stelian-Emilian Oltean®, Adrian-Vasile Duka®

“bDepartment of Electrical and Computer Engineering, “Petru Maior” University of Tirgu Mures, 1 N. lorga st., 540088, Romania

Abstract

In control engineering, the mathematical model of the studied process plays an important part. In representing the mathematical
model, the inherent errors due to parameter variations define the parametric (structured) uncertainties; therefore there are
differences between the mathematical model used in the design process and the real plant. In most cases, the control system
needs to stabilize the process and also needs to assure certain performances even in the presence of uncertainties, unmodeled
dynamics, disturbance signals and measurement noise, which all make the process vulnerable.

This paper shows a method for behavioral modeling and simulation of a gear system, in which the moment of inertia and the
friction coefficient represent the parameters which are affected by uncertainties, and are expressed by percentages to the nominal
values. For the modeled process, by considering a classical controller, which is tuned experimentally, Matlab is used to represent
the sensitivity functions in both time and frequency domains for the nominal cases, for randomly generated samples and for the
worst case scenarios.
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1. Introduction

There is a large amount of literature which deals with the problem of the mathematical modeling of systems,
which also includes the mechanical systems and their control.
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The problem of uncertainties affecting real systems is discussed in [5,9,13]. The principles for the mathematical
modeling of a series of systems, including mechanical ones, with examples and applications is developed in [2,4,12].
The analytical algorithms, used for quantifying the uncertainties, together with their applications in aerospace
systems are investigated in [14]. General procedures for classical and robust control of the linear and nonlinear
systems affected by disturbances and uncertainties are presented in [6,16] and their applications in robotics are
developed in [3]. As a general approach, in order to develop robust control systems, the general algorithms, the
examples and programs available in [7,11,15,17] are recommended. In [8], a mechanical system which is affected by
bounded uncertainties is considered. For this system the uncertainties are time variant and an adaptive control law is
proposed. Uncertainties also affect knowledge based systems, such as management systems, as discussed in [10].

The remainder of this paper is organized as follows: Section 2 shows the mathematical model of a mechanical
geared system and the simulation schematic based on elementary mathematical blocks. Section 3 develops the
general model of the mechanical system affected by uncertainties, including the corresponding schematic which uses
elementary blocks. The graphical representations of section 4, resulted through simulation done in Matlab, using the
dedicated functions of the Robust Control Toolbox [1]. The Conclusions paragraph discusses the results and the
perspective this paper opens in the field of robust control.

2. The mathematical modeling of a rotary mechanical system

A driving electrical motor generally operates at rotational speeds and torques which are very different from the
rotational speeds and torques needed in applications. Consequently, geared systems are used to ensure the
conversion of high speed and low torque to low speed and high torque (or vice versa).

Fig. 1 shows a rotary mechanical system consisting of a gear ensemble driven by a DC motor (DCM) which
generates the torque M,,. The motor’s torque needs to overcome the momentum of inertia J;, the friction momentum
y; and to generate the driving torque M; for the second gear [2,4,12].

a V\ w M, b n;
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Fig. 1. Rotary mechanical system: (a) geared system; (b) equivalent system.

Considering the number of teeth (n,, 1), the angular movement (6,, 8,) and the torques (M, M;) produced by the
two gears, the following equations stand:

M, _n _6

= . 1
M, n, 6 o
From the equilibrium of torques results:
2
5,80, 4O oy ) aa, ). @

dr’ dt

In a similar fashion, torque M; needs to covers the torques produced by the momentum of inertia J, and friction
V2.

663



664 Mircea Dulau et al. / Procedia Technology 22 (2016) 662 — 669

d292(t)+y do,(t)

T = M), 3)
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By replacing 6, =(n, /n2)91 of (1) in equation (3), we get:

n dzel(t) n d@l(l)
27 72—

J
nz dtz 2 n2 dt

= M,(t). “4)

Likewise, by replacing M, = (nz /nl)M 1 of (1) in equation (3), and then in (2), we get:

2 e ’
5 d 6’1(t)+ylﬂ(t)+h(ﬂ] &l(t)%(ﬂj 260 _yy ), )

dr? dt n, ) di* n, ) dt

n ) |a%6,) n Y |d6,()
J1+J2[iJ d—t12+ 71+72(tJ #:Mm(t)’ (6)

d*6,(¢) d(¢)
dt2 +7/qu dt

=M, (), (7

eqv

where: J,,, represents the equivalent momentum of inertia; y.,, represents the equivalent friction coefficient.
The transfer function from 6, to M,, is simply deduced and has the following form:

1
6,(s) Veqv k
H — 1 — q — m 8
vz (s) M, (s) Jegy | s(T,s+1) ®)
s ——s+
7eqv

where: T, represents the system’s time constant, which mechanical in nature and; k,, represents the system’s gain.
As a remark, the equations (1) to (7) can also be re-written by considering the angular velocities &, = d6, /dt ;
w, =d6,/dt .
The input-output mathematical model in (7) shows the dynamic behavior of the mechanical system and can be
simulated using elementary mathematical operators/blocks as shown in Fig. 2. It is important to notice that the
transfer function from 6, to 0, is given by the teeth ratio of the two gears and is marked in Fig. 2 by the doted block.

A

7/qu

Fig. 2. Simulation schematic using elementary blocks.
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3. The geared system as a system affected by uncertainties

For the mechanical system affected by uncertainties (A), the general (partitioned) transfer function has the
general form:

H yipe (S ) = ©)

where, the input-output relationship can be expressed in terms of the upper linear-fractional transforms
LFT,(H y5c,A) of the form [7,9]:

0, = (sz +H21A([_H11A)71H12)Mm :LFTu(HMECrA)' (10)

Based on equations (9) and (10), the mechanical system’s parameters which are affected by uncertainties can be
expressed as [7]:

1 1 1 1 4
= = - d, A, (1+d, A =LFT,(H, ,A, ), (11)
T VI R s A, Ady Ay ) (#H,,,.A,,)
yeqv = 7eqvn (l + d;/eqvAquV ) = 7eqvn + }/eqvnd;/eq\, A;/‘,q‘, = LFTu (H;/M ’A;VM )’ (12)
1
—d b
eqv J 0 Y eqvn
HJ _ eqvn ; H — 9 . ( 13 )
eqv 1 Veay d}/ Yeqn
_ dJ eqv
eqv J

where: the index n is used to denote the nominal values of the parameters J,,,,7., ; d, ,d, = represent
o> Vg

disturbances which affect the parameters and -1<A, A, ~<I.
Ve

With the uncertainties described by (11), (12) and the matrixes (13), a simulation schematic results, as shown in
Fig. 3, of which the relations (14) to (16) are extracted:

v
>

Veqv €

Fig. 3. Simulation schematic for the mechanical system affected by uncertainties.
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After eliminating the intermediary variable v, in equations (14), (15) and (16) we get the equations which

describe the dynamics of the mechanical system affected by uncertainties, as shown in (17):

.. . d
6, = 1 Mm—yeqv” 0, - Ve e,~d,; e
‘]eqvn Jeqvn Jeqvn !
1 7. eqvn S d7 eqv
Yo = M, - 0, - e, —d; e; a7
Jeqvn ' ‘]eqvn J eqvn g !
y y = 7. eqve;/

The generalized model of the mechanical system affected by uncertainties highlights the nominal component
(block) and the uncertainties block as shown in Fig. 4. The structure of the control system, having the controller X,
which can be determined using classical or robust design methods is shown in Fig. 5 [7,9,13,17].

a A 0
eqv P
0 A;, b

“ €y —> Y,

e
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m 1
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Mm 91

Fig. 4. The general model affected by uncertainties: (a) based on LFT; (b) input-output.
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Fig. 5. The closed-loop control system.
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4. Experimental results

Real systems are vulnerable to disturbance, noise, parameter variations etc., aspects that cannot be neglected in
control systems engineering. The mathematical modeling and the analysis of such systems which are affected by
uncertainties represents a mandatory and essential part in the design process of control systems which are able to
assure the robustness of the performances.

In order to simulate the operation of the mechanical system, the following nominal values for the parameters are
considered: J,,,, =0.025; 7,,,, =0.25. These values are affected by uncertainties in the following proportions:

eqvn

d Juw = 0.4 (representing 40%), and dn,,v = 0.5, (representing 50%).
Considering these variations of the parameters, expressed as a percentage, in the intervals: J,,, = [0.025 0.035];

Yegr = [O. 125 0.375] , ten randomly generated parameter sets were generated and the behavior of the system for the

nominal and the unfavorable situations was shown.

The Matlab functions available in the Robust Control Toolbox allow the behavioral simulation of systems
affected by uncertainties, by generating sets of characteristics around the nominal values of the parameters [1,7].

As a result, Fig. 6 shows the frequency response of the mechanical system for both the nominal case and the one
which considers the uncertainties. The phase margin of the system is 71.2 degrees.

Due to the presence of the integrative term /s in the transfer function of the mechanical system (8), a classical P
controller (K(s)=k,), tuned experimentally [6,16], is able to stabilize all responses with a null stationary error.

A measure of the closed-loop system performances is given by the sensitivity function shown in Fig. 7 for the
nominal case, the uncertain case (which considers 10 randomly generated samples) and for the worst case scenario.
In the time domain, the sensitivity function indicates the degree of disturbance rejection. Thus, Fig. 8 shows the step
response for the same three scenarios: the nominal case, the uncertain case and the worst possible case.
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Fig. 6. Frequency domain behavior of the mechanical system. Bode diagrams.
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Fig. 7. Frequency domain sensitivity function: (a) nominal and uncertain cases; (b) nominal and worst-case.
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Fig. 8. Time domain sensitivity function: (a) nominal and uncertain cases; (b) nominal and worst-case.
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5. Conclusions

This paper studied the behavior of a rotary mechanical system, having its parameters affected by uncertainties, by
using the existing Matlab functions available in the Robust Control Toolbox. These functions facilitate the
representation of the parameters affected by uncertainties and of the sensitivity functions, in both time and
frequency domains, as methods of analyzing the performances and disturbance rejection of the closed loop.

Based on the classical mathematical model, taken from literature, the dynamic equations and the schematic of the
rotary mechanical system affected by uncertainties were deducted.

In a future approach the effort of the authors will focus on the design of robust controllers using H-infinity, H2
and mixed synthesis, by imposing more cost functions.
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