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Introduction

Some associative algebras admit finer algebraic structures. Dendriform algebras were introduced
by J.-L. Loday in [7] as associative algebras whose product splits into two binary operations satisfying
some relations. In particular, any associative product induced somehow by the shuffle product is an
example of dendriform structure. The algebraic operad describing dendriform algebras is regular, so it
is determined by the free dendriform algebra on one element, which is the algebra of planar binary
rooted trees described in [9]. The natural question which arises is the existence of a regular operad
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such that the free algebra spanned by one element has, as underlying vector space, the space spanned
by all planar rooted trees. Here are two examples of such an operad:

(1) In [4], Frédéric Chapoton defined a C-algebra as a differential graded dendriform algebra
equipped with an extra associative product and a boundary map, satisfying certain conditions.
When considering the free K-algebra on one element, the differential homomorphism on planar
trees coincides with the co-boundary map of the associahedron.

(2) In a joint work with J.-L. Loday, see [10], the second author introduced the notion of tridendriform
algebra, which is an associative algebra such that the product splits into three operations.

In fact the free KC-algebra is the associated graded algebra of the free tridendriform algebra.

In this paper, we define the notion of g-tridendriform algebra which is a parametrized triden-
driform algebra. The advantage of this notion is that it permits us to deal simultaneously with
tridendriform algebras (when q = 1) and the notion of K-algebras (obtained when q = 0). Mimicking
the definition of dendriform bialgebra given in [15], a g-tridendriform bialgebra is a bialgebra such
that the associative product comes from a g-tridendriform structure, which satisfies certain compati-
bility relations with the coproduct.

Our main motivation to study this type of bialgebras are the following examples:

(1) Given a positive integer n, let [n] denote the set {1,...,n}. We define a g-tridendriform bialgebra
structure on the space spanned by all surjective maps from [n] to [r], for all positive integers
r < n, which we denote by ST(q). As a vector space ST(q) is spanned by all the faces of the
permutohedron.

(2) In [12] and [11], J.-C. Novelli and ].-Y. Thibon define the 1-tridendriform bialgebra PQSym* of
parking functions. This structure is generalized to any g. The natural map which associates to any
parking function a surjective map is called the standardization, its dual induces a monomorphism
of g-tridendriform bialgebras from ST(q) to PQSym*(q), which differs from the one defined in
[11] for g =1. In a forthcoming paper, we apply this homomorphism to prove that PQSym*(q) is
free as a tridendriform algebra, as was conjectured in [11].

(3) The bialgebra MMR of big multi-permutations defined by T. Lam and P. Pylyavskyy in [6] comes
from a 1-tridendriform bialgebra structure, which may be generalized to a g-tridendriform bial-
gebra MMR(q), for any q. We prove that the g-tridendriform bialgebra MMR(q) is a quotient
of ST(q).

Any dendriform algebra H may be equipped with a brace algebra structure (see [14]), in such
a way that whenever H is a dendriform bialgebra the subspace Prim(H) of primitive elements of H is
a sub-brace algebra. Moreover, the category of conilpotent dendriform bialgebras and the category of
brace algebras are equivalent (see [3] and [15]). We extend these results to g-tridendriform bialgebras
by introducing the notion of g-Gerstenhaber-Voronov algebras, denoted GVg-algebras, which are brace
algebras (B, M1,) equipped with an associative product - which satisfies the distributive law:

Mun(x-y;z1,...,20) = Z @TIM(X 21, Zi)  Ziger Zj - Miq—-j(¥s Zj+15 - - Zn)-
o<ijsn

As any g-tridendriform bialgebra has a natural structure of dendriform algebra, we show that we can
associate to any g-tridendriform algebra a GVj-algebra which has the same underlying vector space.
Following the results described in [15], we prove that:

(1) the subspace of primitive elements of a g-tridendriform bialgebra H is a sub-GVg-algebra of H,

(2) the free g-tridendriform algebra spanned by a vector space V is isomorphic, as a coalgebra, to
the cotensor coalgebra of the free GV;-algebra spanned by V,

(3) the category of conilpotent q-tridendriform bialgebras is equivalent to the category of GVg-
algebras.
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Our result gives a good triple of operads for the theory of generalized bialgebras studied by Loday,
cf. [8].

Let us point out that, applying Chapoton’s results, the operad of GVg-algebras may be equipped
with a differential in such a way that we recover the operad S, described in [16], also called homotopy
G-algebra in [5].

The paper is organized as follows. The first section gives the definition of g-tridendriform bialgebra,
illustrated by some examples. In the next section we prove the structure theorem for conilpotent g-
tridendriform bialgebras and GVg-algebras, which generalizes the Cartier-Milnor-Moore Theorem in
our context. In the last section we describe the g-tridendriform structures of the bialgebras of parking
functions and of big multi-permutations and prove that there exists a diagram of g-tridendriform
bialgebras:

PQSym*(q) <> ST(q) - MMR(q)
Notations

All vector spaces and algebras are over a field K. Given a set X, we denote by K[X] the vector
space spanned by X. For any vector space V, we denote by V®" the tensor productof V® ---®V,
n times, over K. In order to simplify notation, we shall denote an element of V®" indistinctly by
X1 ® - ®Xp Or (X1,...,Xn).

A coalgebra over K is a vector space C equipped with a linear homomorphism A:C — C® C
which is coassociative. A counit of a coalgebra (C, A) is a linear homomorphism € : C — K such that
no(e®ldc)o A=idc =po(ldc ® €) o A, where 1 denotes the action of K on C. The kernel of € is
denoted by C.

For any coalgebra (C, A) the image of an element x € C under A is denoted using the Sweedler’ s
notation A(x) =Y x1) ® X2).

Let (C, A, €) be a counital coalgebra such that C =K @ C, an element x € C is primitive if A(x) =
X ® 1g + 1g ® x. The subspace of primitive elements of C is denoted Prim(C). There exists a natural
filtration on C given by:

e F1(C) =Prim(C),
o Fp(C):={xeC|A() € Fr-1C® Fo1C},

where A(X) = A(X) — Tk @ X —x® 1k.

Definition. The counital coalgebra C is said to be conilpotent if

C=Ka® U FpC.
n>1

Given a vector space V, we denote by T¢(V) the space T(V) = @@0 V" equipped with the
coalgebra structure given by deconcatenation:

n
A @ ®X) =Y (1@ ®X)® (Xip1® - ®Xn),

i=0
for x1,...,x, € V.
Let n be a natural number, the ordered set {1,...,n} is denoted by [n]. If J = {j1,..., jk} € [n]
and r > 1, we denote by J +r the set {j; +7,...,jx +1}. A composition of n is an ordered set
n=(n,...,ny) of positive integers such that Y !_;n; =n; while a partition of n is a sequence of

non-negative integers A = (I1, ..., ) such that Z;Zl li =n.
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The symmetric group of permutations of n elements is denoted by S,. Given a composition
n=(ny,...,n;) of n, an n-shuffle is a permutation o € S;; such that o(ny +---+nj+1) <--- <
oy +---+njy1), for 0<i <r—1. We denote by Sh(ny,...,n;) the set of all n-shuffles.

Consider the set of maps between finite sets. We identify a function f : [n] — [r], with its image
f, ..., fm)).

Given a map f :[n] —> [r] and a subset ] = {i; < --- < ik} C [n], the restriction of f to ] is the
map f|; = (f(i1),..., f(i)). Similarly, for a subset K of [r], the co-restriction of f to K is the map
1= (FG0. ... FGD), where {ji <--- < ji}:={i € [n]/f(i) € K}.

For any map f : [n] —> [r], let max(f) be the maximal element in the image of f. If g € Fy;,; is
another map, then fg is the element in 4 such that

f@, for1<i<n,
g@i—n), forn+1<i<n+m.

fe) = {

We denote by N(f, g) the cardinal of the intersection Im(f) NIm(g).
1. Tridendriform bialgebras

We introduce the definition of g-tridendriform algebra in such a way that specializing in ¢ =1
we get the definition of tridendriform algebra given in [10], while for ¢ =0 we get the definition of
KC-algebra described in [4]. Our main goal is to study the tridendriform algebra structures of the space
of parking functions defined in [11] and of the space of multipermutations introduced in [6], which
we treat in the next sections. We give in the present section some other examples. The first one is
described in [10] for g =1 and in [4] for ¢ =0, while the second one is studied in [13] for ¢ =1 and
in [4] for ¢g=0.

1.1. Definition. A q-tridendriform algebra is a vector space A together with three operations
<ARA— A, -:A®A— Aand »: A® A — A, satisfying the following relations:

(1) (@a<b)y<c=a<(b=<c+b>c+qb-0),
(2) (@a=b)<c=a>(b=<o),

3) @a<b+a=b+gqa-b)y>c=a= (b>c),
(4) @-b)y-c=a-(b-o),

(5) (@a=b)-c=a> (b-0),

(6) (a<b)-c=a-(b>o),

(7) (@-b)y<c=a-(b~<o).

Note that the operation * :=< +q - + > is associative. Moreover, given a g-tridendriform algebra
(A, <, -, >), the space A equipped with the binary operations < and > :=q -+ > is a dendriform
algebra, as defined by ].-L. Loday in [7].

1.2. Examples. a) The free tridendriform algebra. Let T, denote the set of planar rooted trees with
n+ 1 leaves. For instance,

o=, T=]Y | T2=[ h W N }

The tree with n + 1 leaves and a unique vertex (the root) is called the n-corolla, and denoted by cj.

Given trees t!,....t", let \/(t',...,t") be the tree obtained by joining the roots of t!,...,t", or-
dered from left to right, to a new root. It is easy to see that any tree t € T,, may be written in a unique
way as t = \/(tl, ..., t"), with the Ty, and Z,fﬂ n; +r—1=n. On the space K[T] spanned by the
set Too := Un>1 T, we define operations <, - and > recursively as follows:
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t>=|=t-|=|-t=|<t=0, forallte Ty,
|>~t=t<|=t, forallte Ty,
t<w=\/(t".....t 7"t % w),
t~w:=\/(tl,...,tr_l,tr*wl,wz,...,w’),

t>w::\/(t*w1,wz,...,wl),

for t = \/(tl, oot and w= \/(w1, el wl), where * is the associative product % =< +q - + > pre-
viously defined.

Note that, even if we need to consider the element | € Ty as the identity for the product * in order
to define the tridendriform structure on K[T], the elements | < |, | - | and | < | are not defined.

Following [4] and [10], it is immediate to verify that the data (K[Ts], <,, >) is the free q-
tridendriform algebra spanned by the unique element of Tj.

For any vector space V, the g-tridendriform structure of K[T ] extends naturally to the space
Tridendq(V) := @, >, K[Tn] ® V®" as follows:

(t®VI® - QVp)o(WQUI®  QUp) :=(toW)RVIQ  @Vi®UI Q" QlUm;
where o is replaced either by >, or <, or ., respectively. In this case, Tridendq(V) is the free g-
tridendriform algebra spanned by V (see [4] and [10]).

b) The algebra of surjective maps. Let ST}, be the set of surjective maps from [n] to [r], for 1 <r <n,
and let ST, := J;_; ST. Given f :[n] —> [r] there exists a unique surjective map std(f) € ST}, such
that f(i) < f(j) if, and only if, std(f)(i) < std(f)(j), for 1 <1i, j <n. The map std(f) is called the
standardization of f.

For example if f =(2,3,3,5,7), then std(f)=(1, 2,2, 3, 4).

Let x : ST, x ST, —> ST, be the map

(@, B)—>axp:=(a),...,am), ) +r,..., (M) +r).

Let ST(q) be the vector space ST := @Dl KI[ST,] equipped with the operations >, - and < defined
as follows:

frg= Y "k

max(h) <max(k)

f gi= Z qm(h’k)_lhk,

max(h)=max(k)

f<gi= Y ok

max(h)>max(k)
where the sums are taken over all pairs of maps (h, k) verifying that hk is surjective, std(h) = f and

std(k) = g, for f € ST, and g € STp,.
For example, if « = (1,2,1) € ST3 and 8 = (2, 1) € ST, then

a>=01,2,1,4,3)4+q(1,2,1,3,2)+q(1,2,1,3,1) + (1,3,1,4,2) + (2,3, 2,4, 1),
a'ﬁ:q(172715271)+(173715372)—'_(21372»351)»
a<p=q(1,3,1.2,1)+(1,4,1,3,2) +q(2,3,2,2,1) +(2,4,2,3,1) + (3,4,3,2,1).

To check that (ST(q), >, -, <) is a g-tridendriform algebra we refer to [4] and to [13].
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c) Rota-Baxter algebras. Let (A, -) be an associative algebra over K. A Rota-Baxter operator of weight q
on A (see [1]) is a linear map R : A — A verifying that:

Rx)-R(y)=R(R(x)-y)+R(x-R(¥)) +qR(x- y),

for x, y € A. The data (A, -, R) is called an associative Rota-Baxter algebra of weight q.
Any Rota-Baxter algebra A of weight q has a natural structure of g-tridendriform algebra with the
associative product - and the operations < and > given by:

Xx<y:=x-R(y),

X>y:=R(X-y,
for x,y € A.

Let (A, <,-,>) be a g-tridendriform algebra and let A} := A & K. We denote by € : Ay — K
the projection on the second term. For any x € A, we fix x> lgx =x-Igx =1g - x=1g <x=0 and
Ixk =x=x=x<1k.

1.3. Definition. A g-tridendriform bialgebra over K is a g-tridendriform algebra H equipped with
a linear homomorphism A : Hy — H, ® H verifying the following conditions:

(1) A(lg) =1g ® 1k,

(2) (e®Id)oA(X) =1g ®x and (Id® €) o A(x) =xQ® 1k, for all xe H,
(3) A >y) =) (xq) * Y1) ® X2) > Y2))»

(4) AX-y) =21 * Y1) ® X@) - Y2)»

(5) Ax<y) =21y * Y1) ® X2) < Y2

where A(x) =) x) ® x(2) for all x € H, and by convention:

e Xxy)®(Ig > 1g) == (x> y) ® 1k,
e Xxxy)®(Ik-1g) == x-y) ® Ik,
e (xxy)® (g <1g):=(kx=<Yy)® 1k, for x,y € H.

Note that if (H, <, -, >, A) is a g-tridendriform bialgebra, then (H,, %, A) is a bialgebra in the
classical sense.

We describe the bialgebra structure of the g-tridendriform algebras described in Examples a) and
b) of 1.2.

a) Let V be a vector space.

Given elements x' = (t!; v%,...,v;i) € Tp, ® VO, for 1< i <r and vectors wy, ..., wr_1 € V, let

(VA x!,....x) =

1 ry. ,,1 1 2 r—1 r r
(\/(t ,...,t),vl,...,vnl,wl,vl,...,vnH,wr_l,vl,...,vnr),

in T, ® V®", where n=>"[_ nj+r—1.
The coproduct A on the free g-tridendriform algebra Tridendg(V) is the unique linear homomor-
phism satisfying that:

(1) A(lg) =1k @ 1k.
(2) Alcns v, e Vi) == (s VI, - -, V) @ Ik + 1k @ (€3 V1, ..., V), for n > 1.
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3) A=Y (xgyxxxp))®  \/ (X X)) FX® 1k,

b) For any « € ST;,, define:

A(f)=Zf(r1)®f(rz),
j

where the sum is taken over all 0 < j < n, such that there exists §; € Sh(j,n— j)~! with f =
(f(]) X f(rz)) - 8.
For example
A(2,1,3,5,3,4,4,1) =1k ®(2,1,3,5,3,4,4, 1D+ (1,1) ®(1,2,4,2,3,3)
+2,1,1)®1,3,1,2,2) +(2,1,3,3, 1) ® (2,1, 1)
+@2,1,3,3,44,1)®(1)+(2,1,3,5,3,4,4,1) ® 1Ik.

The coproduct may also be described in terms of co-restrictions as follows:
A(f)= Z f|[]] ® Std(f|[n_]]+]).
j=1

To see that ST(q) with A is a g-tridendriform bialgebra, suppose that hk € ST, are such that
std(h) = f and std(k) = g. It is easy to check that:

(1) if max(h) < max(k), then

A(hk) = Z h(])k(]) [ h(z)k(z),
max(h ) <max(k))
(2) if max(h) = max(k), then
A(hk) = > hayka) ® heke),

max(hz))=max(k))

(3) if max(h) > max(k), then

A(hk) = Y. haka ®heke,

max(hz))>max(k))

where both h k(1) and h()k) are surjective.

Moreover, if hgy = h|[PINIm() ho) = h|la—plpnimd) ke = k|IrInim®) - and ko) = k|ls=r1+rnimd) - then
N(h, k) =N(hay, kay) + N(he), k).
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2. Structure theorem for tridendriform bialgebras

We want to prove that any conilpotent g-tridendriform bialgebra can be reconstructed from the
subspace of its primitive elements. In order to do so we need to introduce the notions of brace algebra
(see [5]) and of g-Gerstenhaber-Voronov algebra. Our construction mimics previous results obtained
for dendriform bialgebras and brace algebras. Whenever the results exposed in the present work are
obtained easily by applying the methods developed in [15], we refer to it for the details of the proofs.

2.1. Definition.

(1) A brace algebra is a vector space B equipped with n + 1-ary operations M1, : B® B®" — B, for
n > 0, which satisfy the following conditions:
(@) Myo =1ds,

(b) Mim(M1in(X; Y1, .-, Yn); 21, - - -, Zm)

- Z Mir(X; 21, o0 Zip My (V15 -, Zj)s oo My (Vs <20 2) s ooy Zm)s
0<iy <Jjr1 < KnSm

for x, y1,..., ¥n, 21, ..., Zm € B, where Iy = jy —iy, for 1 <k <n,and r= ) }_; ix+m— jo+n.
(2) A g-Gerstenhaber-Voronov algebra, GVg-algebra for short, is a vector space A endowed with

a brace structure given by operations M1, and an associative product -, satisfying the distributive
relation:

MinX-yizi,....z)= Y @' My(z1,....20)  Ziga - 2j - Mige (Vi Zjgas - 2Zn),
0<i<j<n

for x,y,z1,...,2zh €B.

In [15] we constructed a functor from the category of dendriform algebras to the category of brace
algebras, we recall this construction. Let (A, <, =) be a dendriform algebra, we denote:

<Y1, YD) =y1< (Y2 < (Vie1 < YD)
0z (Yigts .- Yn) = (Vi1 5 Yig2) = ) S Yn.
The brace operations M1, are defined as follows:
n .
Min(6 Y1, yn) = D _(=D" 0 (1, ..., y)FX < 05 (Yigts .-, V),
i=0
forn>1.

Given any g-tridendriform algebra (A, <, -, =) we associate to it the brace algebra (A, My,;) ob-
tained from the dendriform algebra (A, <, > =q -+ >).

2.2. Proposition. If (A, <, -, >) is a g-tridendriform algebra, then (A, M1y, -) is a GVq algebra.

Proof. We know that (A, My,) is a brace algebra, therefore it suffices to prove that - and My, satisfy
the distributive relation:

Min(x-y;21,...,2n) = Z @I Mi(X 21, ., Zi) - Zigr o Zj - M=y (V3 Zjg1s -2 Zn),s
o<igjgn

for x,y,z1,...,2zh € A.
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As wo(V1,...,vy)-v=v1-(w<(va,...,Vr) > V), forany vq,..., v, v € A, we can split the expres-
sion

D@ Mz, z) zig e 2 Mg jy (Vi Zjgs - Z0),

in three types of terms:

a) Xijii=(0<@,....2)5X <0z (Zr41, ..., Z))
Zigr 2 (0<@Zjga, . 2) > Y <02 (2141, -, Zn)),

with j—i>1,

b) Yiiii=(0<(@i,....2) > X< 0 (Zr41, ..., 2) - (@< Zig1, ... 2) = Y < 0 (2141, - .- Zn)),
O Zrir=(21- (0«22, .., 20) > X< 05 (Zr41, ... 1))
(0<@it1, .. ) = Y <0 (@41, .-, Zn)).

For j—i>1, the term X, ; j; appears in:

o M1i(X;21,...,2i) - Zig1 -+ Zj - M1n—j(V: Zj4+1, - -, Zn) With the coefficient ¢/~ (—1)*,
o My i(X:Z1, ... Zi) Zig1 -~ Zj—1-Min—j(y; 2j,, ..., 2zn) with the coefficient ¢/='=1.q . (—1)i+H1,

So, the coefficient of X, ; j; is ¢/~ 1[(=1)™ + (=1)"*"*1]1 =0, and therefore

quiiMl,i(&leuwzi)'Zi+1""'Zj'Ml,n—j(.VZZj-&-],u«,Zn)
D G R (TR A W G Dy A7

0<r<igI<n 1<r<i<i<n

For r <[, we have that

Yr,i,l = ((a)<(z1, cees Zr) >X) < (a);(Zr+1, ...,z,-)*w<(z,-+1,...,zl))) . (y < a);(le,...,zn))
=(w<(z1,....20) = X) - (0= Zr410 - Z) * O Zig1s .. 2)) > (Y < 0= (2141, - - Zn))).

If r <i, then

Wz (Zry1, .-, 2) *x0<(Zig1, ..., 21)
=ws(Zri1, -5 Zit1) < 0<(Zig2, .-, 2) + 0 (Zr41, - Z) < 0<(Zi1, -5 21)
which implies that:

l
> (Doszi.....z) x 0 (zis1. ... 2)

i=r

= (D (0<(@Zr41,....2) = Zr41 < W< (Zr42, ..., 2))) =0,

Therefore, we get that Zgzr(—l)r“*"Yr,,-,l =0, for r <. So,
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PG Vs ATE B C VI O

0<r<ii<n o<r<n

= Y (Doi@...z) > (- Y) <0 @i, 20).
o<r<n

Applying an analogous argument we get that

> 0z = Y (1 Zer

1<r<igi<n 1<r<n
=(w<(21,....20) - (X Y) < 0 (Zr41. ... Zn))-

We can conclude that:

j—i . .
E @M1 i z1, ..z Zigr 2 M= j (Vs Zjgas - Z0)
0<i<j<n

n
=Y @@, 2R Y) <05 Zrr, - Z) MR- Y3 21 Z0),
r=0

which ends the proof. O

Proposition 2.2 states that there exists a functor F from the category of g-tridendriform algebras
to the category of GV, algebras. Conversely, for a GVg-algebra (B, M1y, -), let

Uqgv(B) :=TriDend(B)/Z

where 7 is the tridendriform ideal spanned by the elements:

n
Min(6 Y1, yn) = D (D" 0 (y1, ..., Y)FX < 05 (Vi1 - V),
i=0

for all x, y1,..., yn € B. A standard argument shows that Uqgy is a left adjoint of F.
The following result shows that the subspace of primitive elements of H is a GV-algebra.

2.3.Lemma. Let (H, <, -, =, A) a g-tridendriform bialgebra. If the elements x, y, z1, . . ., zy of H are primitive,
then M1n(X; z1, ..., zp) and x - y are primitive, too.

Proof. If x and y are primitive, then
AX-)=x-yQIgk+x@(Ux- Y +yQ@ X -1x) +Ix @x-y=x-yQIx +1x @x- Y,

because 1x -y =x-1g =0.

To see that My,(x;z1,...,2z,) is primitive, it suffices to note that the brace operation M, on
the g-tridendriform algebra (H, <, -, =) coincides with the brace defined on the dendriform algebra
(H,=<,*:=q-+>) in [15]. Since (H, <, =, A) is a dendriform bialgebra, it suffices to apply the result
of [15]. O

Let (H,<,-, >, A) be a g-tridendriform bialgebra, we say that H is conilpotent if (Hy, A) is a
conilpotent coalgebra. For n > 1, define linear maps >": H®" — H and A" H — H®" as follows:
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== >=""To(1d®" 2 @ »), )
Al=1d, 3)

A" = (1d®" 2 @A) o A"

Note that in this case H = H.
Let ey : H—> H be the linear map given by

e(x) =y (=" =" 0A"(x).

n>1
For any element x € H, we have that eqi(x) =x — ) x(1) > eui(X(2)), for A(x) = > x1) @ x2). The
previous equality implies that:

(1) If x € Prim(H), then egi(x) = X.
(2) Whenever x =y > z € F;(H) for elements y,z € F-(H) with r <n, a recursive argument on n
shows that eqi(x) = 0.

So, we may consider e as a projection from H to Prim(H). Moreover, the proposition below shows
that any element x € H may be described in terms of the operation > and primitive elements.

24. Proposition. Let (H, <, -, >, A) be a conilpotent q-tridendriform bialgebra. Any element x € F,(H) sat-
isfies that:

x=eqi(X) + 3 ewi(xn) = (X)) + o+ Y0 (enitx)). .- ewiem))
= Z(Z o> (emi(X1)), -+ em‘(X(r)))),
r=1

where A’ (X) = Y x1y ® - - ® X(r) and
. (etri(x(l))v el etri(x(r))) = (((etri(xﬂ)) > em'(X(z))) > etri(x(3))) P ) > E'tri(x(r)).

Proof. Since H is conilpotent, any element x belongs to F,(H), for some n > 1. We have also that
X —egi(X) = )_X(1) > eqi(X(2)). The result is clear for n=1.
Forn>2, A(x) =) x(1) @ X2), with x(1y and x(3) in F,_1(T). By a recursive argument, we get that

n—1

X)) = Z(Z w5 (eri(X)1))s - - - €m’(X(1)(r))))-

r=1

So,

n—1

X =eqi(x) + Z( Z(Z s (eai(Xaym)s - - e (X)) > €m’(><(2)))>
=1

n
= Z(Z [0} (em‘(Xu)), cees em‘(X(r)))>7
r=1

which ends the proof. O
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2.5. Remark. (See [15].) If the elements X1, ..., X, belong to Prim(H), then
n
MA@ (1o X)) = D 0 (X1 XD) @ 05 (Kip1, -, X)),
i=0

where w, (9) := 1.

Note that Proposition 2.4 and Remark 2.5 imply that for any conilpotent g-tridendriform bialgebra
(H, <, -, >, A), the linear homomorphism from (H, A) to the cotensor coalgebra T¢(Prim(H)) which
sends an element x € F,(H) to Zf:1 Q" eni(X(1)(1)) ®- - - ®ei(X(1y(r))) is an isomorphism of coalgebras.

We have proved that the subspace of primitive elements of a g-tridendriform bialgebra has a nat-
ural structure of GV algebra. In fact, there exists an equivalence between the category of conilpotent
g-tridendriform bialgebras and the category of GV algebras. The last part of the section is devoted to
this result.

2.6. Proposition. Let V be a K-vector space. The primitive part of the free q-tridendriform algebra
Tridendq (V) is the free GV algebra over V.

Proof. To prove the result we may assume that V is a finite dimensional space over K, the general
case follows by taking a direct limit.

Suppose that dimg(V) =m and that B is a basis of V. We know that a basis for the space
Tridendq(V),, of homogeneous elements of degree n of Tridendy(V), is given by the set T, x B"
whose cardinal is C,m", where C, = |T,| is the super-Catalan number. But the vector space
Tridendq (V') is isomorphic to the tensor space T (Prim(Tridendg(V)), which implies that the dimen-
sion of Prim(Tridendq(V)y,) is Ch_qim".

The paragraph above implies that there exists a bijection between the set T,_1 x B" of elements
(t;b1,...,by) € Ty x B" such that t =\/(|,t2,...,t") and a basis of the space of primitive elements
of Tridend(V). Let T,” denote the set of all trees in T, of the form \/(t!,...,t") with |t'| > 1. We
have that for any t = \/(|,t2,...,t’), ewi((t; b1, ...,bp) = (t; by, ...,by) + z where z belongs to the
subspace spanned by T, x B", which implies that the set of elements es;((t; b1, ...,by), with t € T
form a basis of Prim(Tridendy(V)).

On the other hand, the free GV, algebra GV¢(V) spanned by V has a basis GV4(B) whose elements
of degree n may be described recursively as follows:

(1) GVq(B)1 =B,
(2) GV4(B)y is the set of all elements of the form

Mlm(b]?J’%,---’yrl“) """ Ml”r(br;yIi""’y;lr)’
where bq,...,br € B, y& € GVq(B)ny;, with njj <n, and 0<n; for 1 <i<r.

To end the proof it suffices to note that there exists a unique bijective map ¢ from GV (B) to T, x B"
such that:

(1) @1(b) = (c1,b), for b e B,

(2) @m(M1n(b; y1,...,¥n) = (c1,b) < @x(Pm; (¥1)s .-, @m,(Yn)), Where w, (x1,...,%) = (((x1 >
X2) > X3)...) > Xp.

() emWY1s - Yn) = Omy (Y1) -+ ©Om, (Yn).

Since Prim(Tridendg(V)) is a GVq algebra which contains V, it must be isomorphic to GV (V). O

Applying the previous results we may show that the category of conilpotent g-tridendriform bial-
gebras is equivalent to the category of g-Gerstenhaber-Voronov algebras.
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2.7.Theorem. Let (H, <, -, >) be a g-tridendriform bialgebra.

(1) If H is conilpotent then H is isomorphic to the enveloping tridendriform algebra Uqgy (Prim(H)).
(2) Any GVq algebra B is isomorphic to the primitive algebra Prim(Uqcv(B)) of its enveloping algebra.

Proof. We give the main line of the proof, for the details we refer to the analogous result for conilpo-
tent dendriform bialgebras proved in [15].

If H is a conilpotent g-tridendriform bialgebra, we know that H is isomorphic as a coalgebra to
T¢(Prim(H)). To prove the first statement, it suffices to verify that the composition:

H — T¢(Prim(H)) = Tridend (Prim(H)) —> Uqgv(Prim(H)),

is an isomorphism of g-tridendriform bialgebras, which is straightforward to check.

For the second point, it is clear that B C Prim(Uqcy(B)). On the other hand, we have that
Prim(Tridendy(B)) = GVq(B). Since in enveloping algebra Ugqcv(B) we identify the elements of
Prim(Tridendq(B)) with elements of B, we get the result. O

Proposition 2.6 gives an easy way to compute the free g-Gerstenhaber-Voronov algebra spanned
by a vector space V. Let X be a basis of V, we know that Tridend, (V) is isomorphic, as a coalgebra,
to T¢(GVq(V)). We know that the underlying vector space of Tridendq(V) is the vector space spanned
by the set |J,~q Tn x X" of all pairs (t,x1 x --- x X5), where t is a rooted planar tree and x1, ..., Xy
are elements of X.

On the other hand, define the product / on the graded vector space K[Too x] = @@1 K[T, x X™]
by setting that (t,Xx1 X --- X X3)/(W, y1 X --+ X ¥jp) is the element (t/w,Xx] X -+ X X3 X Y1 X +++ X Ym),
where t/w is the tree obtained grafting the root of t to the first leaf of w. For example,

MR

The product / is graded and associative. Moreover, (K[T« x],/) is the free associative algebra
spanned by the colored trees of the form (t,x; x --- x x), with t = \/(|,t2,...,t'). Given a tree
t=\/(,t%,...,t"), the tree t' € T,_; is defined as follows:

tf.:{\/(tz,...,rf), forr > 2,
. t2, forr=2.

The map t — t’ gives a bijection from T, to T,_; U T,_1, where t maps to t’ in the first copy of
Tn_1UTy_q for r>2 and t maps to t’ in the second copy of T,_1 U Ty,_q for r = 2. So, the vector
spaces K[To x] and K[X] & @rgz(K[Tnfl x X" ® K[Tp—1 x X"]) are isomorphic. Proposition 2.6
states that the set Tp_1 x X" U Tp_1 x X" is a basis of the subspace of homogeneous elements of
degree n of GVq4(V), for n > 2.

We identify the element (t,x; x --- x X,) in the first copy of T,_; x X" with the tree t, with its
leaves colored by the elements xi,...,x, from left to right and the root colored with -, while the
element (t,x; x --- x X,) in the second copy of T,_1 x X" is identified with the same colored tree
excepted that the root is colored by the letter M. For instance

X1 X2 X3 X4 X5

(W )"
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Let us denote by -(t,x; x --- X X) the tree t with its leaves colored by the elements x; and its
root colored by -, and by M(t,x; X --- x X,) the same colored tree but with the rooted colored M

instead of -. Given planar rooted trees (t!,...,t"), let Comb(t!,...,t") be the tree (t' Vt2) v .--) v '
It is easy to see that for any planar rooted tree t there exist unique integers m,r and unique planar
trees t1,...,t" such that t = Comb(cm_1,t!, ..., t"), here cy;_1 is the tree with m leaves and a unique
vertex.

We want to define a bijective map o, from T,_1 x X" UK[T,_1 x X" to a basis of the subspace of
homogeneous elements of degree n of GVy(V). For n =1, the set By := X is a basis of GVy(V);. We
identify each element of x € X with the pair (cp, x), that is the tree with a unique leaf, colored by x,
and no vertex.

For n=2, the set By :={x-y|x,y e X} U{My1(x; ) | X, y € X} is a basis of GV4(V),. We define

az(+( Y ,Xxx y)):=x-y,and az(M(-( Y ,X X Y)) == Mi1(x; y).

For n > 2, the definition of GV, algebra implies that the set

By = [z1 ----- zr | zi € By, Zni:n} U{M1r(x;z1,...,zr) |x€ X, zi € By, Zni:n—l},

is a basis of the vector space GV4(V),. Define o, recursively as follows:

an (-6 X1, X)) 1= o (M(E, X1, . X)) e otn, (M(E", Xnny 415 -+ Xn) ),

fort=\/(t".....t").
ot (M(t; X1, ..., X)) := Map(x13 0tmy (-1 %20 o  Xng 1)) oo Oy ((6 Xnmnp 1 -5 %0)))s

for t = Comb(co, t', ..., t"),

Oln(M(t? X150 7Xn)) = er(xl s Xm—1; Ony (’(tl,xmv e 7xm+n]—1)), cees
O, (‘(tr» Xn—np+1s -+ Xn))),
for t = Comb(cpm, t',...,t"), withm>0,
where My, (X7 ----- Xm—1; Ony (1, xm, .. co Xmang—=1))s - - O, (7, Xn—p, 41, - . ., Xp))) May be written as

a sum of elements of B, applying the relationship between the operations M1,’s and -.

The construction above gives a simple description of free g-Gerstenhaber-Voronov algebras. This
description and Theorem 2.7 will permit us to show that the tridendriform algebra of surjective maps
and the tridendriform algebra of parking functions, which we describe in the next section of this
paper, are free. These results are the object of a second paper, under redaction.

2.8. Example. For n > 1, consider the subset Irr, of irreducible elements of ST, defined as Irr :=
ST, \ U?;]l ST; x ST,,_;. The product x defines on the space ST := EBn>1 K[ST,] a structure of free
associative algebra spanned by the set U@l Irry, which implies that the dimension of the subspace
of homogeneous elements of degree n of PrimST(q) coincides with |Irry|.

There exists a natural way to describe a basis of PrimST(q), it suffices to observe that for all
f € STy, the primitive element eqi(f) = f + ) _; fi, with f; € U?:_]l ST; x ST,,_; for all i. So applying
the idempotent ey to the irreducible elements of @@1 ST, we get a basis of PrimST(q).

However, there exist another way to describe a basis of PrimST(q), which generalizes the construc-
tion of a basis of the subspace of primitive elements of the Malvenuto-Reutenauer Hopf algebra given
in [2]. Consider on the set ST, the partial order spanned by the relation f < f-s;, if f(i) < f(i+ 1),
where s; is the permutation of S;; which exchanges i and i + 1. For example
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(2,1,2,3,4 <(2,2,1,3,49) < (2,2,1,4,3) < (2,2,4,1,3) < (2,2,4,3,1)

<(2,4,2,3,1)<(4,2,2,3,1) < (4,2,3,2,1) < (4,3,2,2,1).

Clearly, the Hasse diagram of the partially ordered set (ST, <) is not connected, two elements f
and g are in the same component if, and only if, | f~1(j)| = |g~1(j)| for all 1 < j < n.

For any f e ST, define the element My = Zggf u(g; f)g € K[ST,], where w is the Moe-
bius function of the poset ST,. Applying the same arguments given in [2], we get that A(My) =
ngh:f Mg ® My, so the collection {My} ey, is a basis of the subspace of homogeneous elements
of degree n of PrimST(q).

For instance, consider f = (3,2, 1) € Irr3, the primitive elements associated to f are given by:

eri(3,2,1)=@3,2,1)—-(1,3,2) —(2,3,l)+(1,2,3)+q((1,1,2) —(1,2,1))

=Mg3.21q((1,1,2) = (1,2, 1)).
3. Tridendriform structure on the spaces of parking functions and of multipermutations
3.1. Parking functions

In [11], ]J.-C. Novelli and J.-Y. Thibon defined a 1-tridendriform structure on the space PQSym™*
spanned by parking functions. We show that their result extends naturally to any g, in such a way that
the coalgebra structure on the parking functions gives a g-tridendriform bialgebra on PQSym™. Our
main result is that the g-tridendriform bialgebra ST(q) is a sub-tridendriform bialgebra of PQSym™*(q).
We begin by recalling some basic definitions about parking functions, for a more complete description
we refer to [11].

3.2. Definition. A map f : [n] — [n] is called an n-non-decreasing parking function if f(i) <i for 1 <
i <n. The set of n-non-decreasing parking functions is denoted by NDPF,,.

The composition f := fT oo of a non-decreasing parking function fT € NDPF, and a permutation
o € Sy is called an n-parking function. The set of n-parking functions is denoted by PF.

Note that given a parking function f = f oo, the non-decreasing parking function f* is uniquely
determined but ¢ is not unique. However, if r; = | f~1(i)|, for 1 <i < n, then there exists a unique
(r1,...,mn)-shuffle og such that f = f1 ooy .

3.3. Example. In low dimensions, the sets NDPF,, and PF, are described as follows:

NDPF; = {(1)}, NDPF, = {(1,2), (1, 1)},
NDPF3 = {(1,2,3),(1,1,2),(1,1,3),(1,2,2), (1,1, 1)},

PFy={(1}, PF; ={(1,2),(1,1), 2, 1)},

PF3=S3U(1,2,2)0Sh(1,2) 1 U(1,1,2) 0Sh(2, 1)~ ' U(1,1,3) 0 Sh(2, 1)~ ' U{(1,1, 1)}

Recall that the cardinal of NDPF, is the Catalan number ¢, = % while the number of ele-
ments of PF, is (n+ 1)""1.

The map Park : Un>1fn — U@]PFH (see [12]) is defined as follows. Let f':[n] —> [r] be
a non-decreasing function, the element Park(f") is given by:

1, for j=1,

T
Park(f1) () := {Min{Park( FG=1D)+ 1) = G =1, ), forj=1.
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Suppose now that f = f1 o o, where f! is a non-decreasing function and o is a permutation.
Define

Park(f) :=Park(f1) o 0.

3.3.1. Remark. Let f € PF, be a parking function. It is easy to check that:

(1) f@) = f()) if, and only if Park(f)(i) = Park(f)(j),
(2) f@) < f()) if, and only if Park(f)(i) < Park(f)(j),

for 1 <i,j<n.
There exists a natural embedding xp : PF;, X PFy, < PF, 1 given by:

fxpg:= (f(l),...,f(n),g(l) ~|—n,...,g(m)+n), for f € PF,, and g € PFy,.
Note that it is not the same that the one considered on ST, which is denoted x.

Let PQSym* denote the vector space spanned by the set U@1 PF,, of parking functions. For any
q € K, we endow PQSym* with a structure of g-tridendriform bialgebra, which extends the J.-C. Nov-
elli and ].-Y. Thibon construction of 1-tridendriform bialgebra on this space.

The binary operations <, - and > on PQSym* are defined in a similar way that in the case of ST:

f<g= Y q""Pnk

max(h)>max(k)

f gi= Z qm(h’k)_]hk,

max(h)=max(k)

f>g:= Z q""opk,

max(h)<max(k)

where the sums are taken over all pairs of maps (h, k) verifying that hk is parking, Park(h) = f and
Park(k) =g, for f,ge Un21 PF,.

For example, if f =(1,3,1) € PF3 and g = (1, 1) € PFy, then
f<g=02,4,2,1,1)+ (2, 5,2,1,l)+(3,5,3,1,1)+q((1,3,1,1,1)+(1,4,],1,1)
+(1,5,1,1,1)) +(1,3,1,2,2) + (1,4,1,2,2) + (1,4,1,3,3) + (1,5,1,2,2)
+(1,5,1,3,3) +(1,5,2,4,4),
f~g=(1,3,1,4,4),

f-g=(1,3,1,3,3).
Applying the same arguments that in [11] it is easily seen that (PQSym*, <,-,>) is a g-
tridendriform algebra. We denote by PQSym™(q) the space PQSym™ endowed with the structure of

g-tridendriform algebra.
Define a coproduct A on PQSym* by setting for f € PFy:

AN =Y fherh,
J
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where the sum is taken over all 0 < j < n such that there exist f(j]) € PF;, f(jz) € PF,_j and §; €
Sh(j,n — j)~! with f = (f(jU Xp f(jz)) 0 8. Note that for any 0 < j <n, if the decomposition f =

J j ; j j :
(f(]) X P f(z)) o 8; exists, then the elements f(1)‘ f(z) and §; are unique.
For example,

A((1,5,5,3,6,2,3)) = (1,5,5,3,6,2,3) @ Ig + (1,3,2,3) ® (1,1,2)
+(1,2)©3,3,1,4 1)+ (1) ®(4,4,2,5,1,2) + 1 ® (1,5,5,3,6,2,3).

3.4. Proposition. The g-tridendriform algebra PQSym™*(q), equipped with A is a q-tridendriform bialgebra.

Proof. Let us see that
Af =) =) (fo)*81) ® (f) > &)

for f € PF, and g € PFp,. The other relations may be verified in a similar way.
Let h € F; and k € F, be such that hk € PF,4m, Park(h) = f, Park(k) = g and max(h) < max(k).
Suppose that for 0 < j <n+m, the function hk may be written as:

hk = ((hk),, xp (Rk),)) 0 65,

with (hk)}}) € PFj, (hk)),) € PFom_j and 6; € Sh(j.n+m — j)~1. ' ' ‘ ‘
Then there exists a unique integer 0 <r < j such that (hk){; = h{;k{]", (hk){, = h{, k;', and
8= (6} x 812.) .y, with 6} e Sh(r,n—n)"1, 812. eSh(j—r,m+r—j)~' and y € Sh(n,m)~'. In this

case we have that f = (Park(h(;)) xp Park(h{,))) o 8} and g = (Park(k{;)r) Xp Park(k{z_)r)) o 6]2.. Finally,

it is easy to see that max(hzz)) < max(kg)r). So, to any term in A(f > g) corresponds a term in
(xx =)o (A x A)(f ® g).

Conversely, suppose that f = (ff}, xp f(;)) 0é- and g = (g’a) Xp gl(z)) oy, for parking functions
fly &y gl(l), giz) and permutations 8, € Sh(r,n—r)~! and y; € Sh(,m —N)~'. Let hy € Fy, hy € Fp_r,
k1 € F; and ky € Fy,—; be such that:

(1) h]k] S PF,—H and hzkz [S PFnerfrfl-
(2) Park(h;) = ff; and Park(k;) =g’(i), fori=1,2,
(3) max(h(z)) < max(k)).

The elements h = (h1 xp hy) o8 € F and k = (k1 xp k) o y) € Fiy verify that hk € PF,p, Park(h) = f,
Park(k) = g and max(h) < max(k). O

Note that any surjective map from {1,...,n} to {1,...,r} is a parking function. There exists a nat-

ural map from PF, to ST, given by f + std(f) which is surjective but not injective, and coincides
with the identity map on ST,. The linear map «;, : K[ST,,] —> K[PF;] given by

wm(H= Y. h

hePFy|std(h)=f
is a monomorphism, for n > 1.

3.5. Theorem. The bialgebra ST(q) is a sub-q-tridendriform bialgebra of PQSym™(q).
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Proof. Let f € ST, and g € STy;. Given u € PF,, there exist unique functions u; € F; and u; € Fpp
such that u = uqu», and unique functions h € 7, and k € Fp, such that std(u) = hk. Moreover, we have
that std(uq) = std(h) and std(uy) = std(k).

Note that

am(f ==Y ¢" "y,

uePFpim

where the sum is extended over all the functions u such that std(u) = hk, with std(h) = f, std(k) = g
and max(h) < max(k).
On the other hand,

an(f) =qam(g) = Z g ey,

u€PFnim

where the sum is extended over all the functions u = uqup such that std(Park(uq)) = f,
std(Park(uy)) = g and max(u1) < max(uy).
It is immediate to check that:

(1) std(Park(u;)) = std(u;), fori=1,2,

(2) if u =uquy and std(u) = hk, then N(h, k) = N(uq, uz),

(3) if std(u1) = f and std(uy) = g, then std(uquy) = hk with std(h) = f and std(k) = g,
(4) if std(uiuy) = hk, then max(h) < max(k) if, and only if, max(u1) < max(uy).

We may conclude that apm (f > g) = an(f) > am(g).

Similar arguments show that op;m(f - 8) = an(f) - am(g) and pim (f < &) = an(f) < am(g).

So, ST(q) is a g-tridendriform subalgebra of PQSym™(q).

To prove that « is a coalgebra homomorphism, suppose that h € PF, and 0 <r < n are such that
std(h) = f and

h= (h{y, xp h{y) o8 forhly, €PF, hiy €PFy_;and &, €Sh(r.,n—r)~".

Let f(rU ::std(h[l)) and f(r2) = std(hzz)), we get that f = (f(rl) X f{z)) 0.

Conversely, suppose that f = (f(rU X f(rz)) o &, for some f('U € ST,, f(rz) € ST, and §; €
Sh(r,n—r)~1L.

Given elements h{;) € PF; and h{y, € PFy_, the element h := (h{y) xp h{y)) o 8, € PF, verifies that
std(h) = f.

The arguments above imply that:

Alen(H)= Y. A= Y. (Zfﬁn@h?a)

std(h)=f std(hy=f > T

=Z< > hfl)®h€2)>=Z“r(f(r1>)®an—r(f{z))7

T stddh)=£G,
which proves that « is a coalgebra homomorphism. O

Clearly, since any surjective map is a parking function, there exists the natural inclusion homomor-
phism ¢ : ST < PQSym*, but ¢ is not a coalgebra homomorphism. For instance, the element (1, 1, 2) is
primitive in PQSym*. An element x € ST, is such that ¢,(x) = oy (%) if, and only if, x is a permutation.
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Note that (PQSym*, xp) is an associative algebra, too. If we denote by Plrr, the subset of
Un>1PFn of all parking functions f such that there do not exist f; € PF; and f, € PF,_; with
f=fixp frand 1<i<n-—1.So, as a vector space PQSym* is isomorphic to T(K[U@] PIrry]),
which implies that the space of primitive elements of PQSym* of degree n has dimension PIrry,, for
n>1.

3.6. Multipermutations

In [6], T. Lam and P. Pylyavskyy define a big multi-permutation or M-permutation of n as an ordered
partition (B1,..., By) of n such that if an element i, 1 <i <n — 1, belongs to the block Bj, then
i+1¢ Bj. The set of M-permutations of n is denoted S!.

The element B =[(1, 4, 6), (2,7), (3,5)] is an M-permutation of 7, while D =[(1, 6, 7), (2, 3), 5, 4]
is not.

Let W = (Wq,..., W;) be an ordered partition of n, the M-standardization of W is the big multi-
permutation std ¢ (W) obtained by:

(1) delete i +1 if both i and i + 1 belong to the same block W,
(2) if i does not appear in any block obtained applying the rule above, then reduce all numbers larger
than i in (1).

For example std4[(1,6,7), (2,3),5,4] =[(1,5), 2, 4, 3].

Let J be a subset of [n] and let B € S,/,M, the restriction B|; of B to J is the intersec-
tion B with J. If B =[(1,4,6),(2,7),(3,5)] and J = {1,2,4,6}, then B|; = [(1,4,6),2]. Let B =
[(i%, ...,i}l),...,(i’l,...,i’n)] be a big multi-permutation, for any integer k we denote by B + k the
ordered partition [(i} +k,.... i, +k),.... G +k, ..., ilr, +K)].

In [6], the authors define an algebra structure on the vector space MMR spanned by the set of all
M-permutations, as follows:

BeD=Y) W, forBeS)"andDes;",

where the sum is taken over:

(1) all W e S, such that Wi = B and std aq(W |my+n) = D,
(2) all W e st such that Wy =B and stdaq(W |m}4n—1) = D.

For example,

[(13),2] [2,1]=(1,3),2,5,4] +[(1,3),(2,5),4] +[(1.3),5.2,4] + [(1,3,5), 2, 4]
+[5.(1,3),2,4] +[(1,3,5), 2,4)] +[5.4.(1,3),2] +[4. (1, 3), 2]
+[(1,3),5.4,2] +[(1,3,5),4,2] + [5,(1,3),4,2].

For any ordered partition W = (Wq,...,W) e SM such that W]y = B and

n+m

@ and WjN[m]+n#@. It is immediate to check that, if B=(B1,...,B;) and D= (D1, ..., Dy), then
mY{D =r+s—1L

Let B=(B1,...,B;) and D = (Dq,..., Ds). We define binary operations >, - and < on the space
MMR as follows:

(1) B=D:= qu?{D W, where the sum is taken over:
e all W=Wy,..., W) e S, with W|y =B and std yg(W |jm)4n) = D,

n+m
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o all WesM | with Wiy =B and std (W |jmj+n-1) =D,
such that W; N [n] = 0.

(2) B-D:= qug\{l) ~Tw, where the sum is taken over:
e all W= (Wy,...,W) e S, with W|p =B and stdpq(W |ymi+n) = D, such that W, N [n] #¢
and W;N[m]+n#0,
e all We S{l\fm_1 with W = B and std aq (W |[mj+n—1) = D, such that W;N[n] # @ and W; N
[m]+n—1#0.
(3) B<D:= ang{D W, where the sum is taken over:
edll W=Wq,...,W)e Snf‘fr‘m with W) = B and std aq(W |m}+n) = D, such that W ;N [m]+n =
%

e all W e SM

Tem—1 with W =B and std p (W |[imj4n—1) = D, such that W,N[m]+n—-1=4.

Let us denote by MMR(q) the space MMR equipped with the products >, - and <.
3.7. Proposition. The data (MMR(q), >, -, <) is a g-tridendriform algebra.

Proof. Let B=(By,...,B;) € S;', D=(D1,...,Ds) € S;y! and E = (Ey, ..., E;) € Sy'. We prove that
B> (D>E)=(B*xD)>E, and that B- (D > E) = (B < D) - E. The other relationships can be verified
in a similar way.

We have that B> (D > E) =)}, S(W)W, while (BxD) > E=3",, a (W)W, where the both sums
are taken over all the M-permutations W = (W1, ..., W)) satisfying that:

o WesM W= W = B, W? 1= W1

nim) =D, W3 := Wlinyme1,.nymir) = E and

n+m+r> YV -— VWin] =D, VW .= VW iln+1,...,n+m} — Y V¥V .= V¥V {n+m+1,... s
Wi=Et+n+m,
o We Sz"/t\fm+r—l' w!:= Wnm = B, w2 .= Wln+1,..n4my = D, w3 = Wilntm,...n+m+r—1; = E and
Wi =Ei+n+m-—1,
e We Sz{:—tm—o—r—l' wl:= Wilm =B, w2 .= Wiln,...n+m-1; =D, w3 = Wlinsm,...n+m+r—1y = E and
Wi=Er+n+m-—1,
o WesH o Whi=Wlp =B, W2:=Wln__nim-1y =D, W3 = Wlpim-1, _nsmir—2) = E

and W =E;+n+m-—2.

We need to prove that o(W) =8§(W). We give a detailed proof of it for the case W € S,ﬁ\fmw, the
other cases are analogous.
Let V € S, be such that W|jpim) = V and let R € S, be such that W |jmirj4n = R+n. We have

n—+m
that a(W) = ﬂg.D +ﬂVW’E, where ﬂg’D is the number of blocks of V which have both elements in
[n] and elements in [m] + n, while ﬂVWE is the number of blocks of W which have both elements in

[n 4+ m] and elements in [r] +n +m. So, (W) = 21-21 o (W;), where a(W;) =

0, ifW;C[nJorW;C[m]+norW;C[r]+n+m,
1, if W; contains integers in exactly two sets of [n], [m]+n and [r] +n + m,
2, if W; contains integers in all the sets [n], [m]+nand [r] +n + m.

On the other hand, §(W) = mﬁ,E —I—ﬂ?{R, where ﬂg’E is the number of blocks of R which have
both elements in [m] and elements in [r] +m, while ﬂ?fR is the number of blocks of W which have
both elements in [n] and elements in [m + r] + n, which implies that §(W) = Zi’:l a (W) =a(W).

For the second equality, we have that B- (D > E) =Y .¢?WW and (B<D)-E=Yq¢"Ww,
where both sums are taken over all M-permutations W = (W1, ..., W)) such that:

o WeSM . WHi= Wl =B, W2 := W|im4n = D, W3 := Wlj4ntm = E, and W = By U E; +
n—+m,
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e W e s,{‘jm+r_1, W' = W|p = B, W2 := W{m4n = D, W3 := W|jrj4ntm—1 = E, and W, =
BUEi+n+m-—1,

e WesM . Wli=W]p =B, W?:=W|im4n_1 =D, W3 := Wljinym_1 =E, and W, =
B;UE +n+m—1,

e We s,{‘fmrfz, W= Wy = B, W2 := Wlmqn—1 = D, W3 := W{jjsnim—2 = E, and W, =

B;UEi+n+m—2.

To check that B(W) = y (W), for all W, is suffices to do a similar computation that the one in the
previous case. 0O

The coproduct on the space MMR is defined by T. Lam and P. Pylyavskyy (see [6]) as follows:

AB)= Y stdp(W)@stdp(R),
[W,R]=B

where [W, R] is the union of two ordered partitions W and R, such that W is a partition of J and R
is a partition of K with [n]= JUK and J N K =@. In other words, for B=(B1,...,By) and 0 < j<r
define B¢j:=(B1,...,B;) and B, :=(Bjy1,..., By). The coproduct A on B is given by:

1
AB) =) stdpBei ®stdaB-i.

i=0
We have, for example, that:
A() =11® 1k + 1k ®[1],
Af@M]) =[@M]e 1k +[11@[1]1+ 1k ® [(2)(D)].
A([13)@)]) =[13H@D)] @ 1k + 1R [1]1+ 1k ® [(13)(2)],

in the last example, note that [(13)(2)] =[[(13)], [2]] and stda4[(13)] = [1] = std a4[2].

In [6] the authors prove that (MMR(1),*, A) is a bialgebra. We want to show that MMR(q)
equipped with the coproduct A is a quotient of the g-tridendriform bialgebra ST(q).

Let ¢ be the map from the set [J,;ST, of all surjections to the set (J,»; SM of M-

permutations, which sends f € ST, to the element std[(f~1(1)),...,(f~1(n))]. For example, if
f=@,3,3,6,1,5,1,2,4) then

@(f) =stdp[(5.7).(1,8),(2,3),9,6,4] =[(4.,6), (1,7),2,8,5,3].
Note that ¢ is surjective and does not respect the graduation.

3.8.Remark. Let f e ST, be a surjection, and let 1 <I<n be such that std p[(f~1(1)),..., (fT'(n)] €
S{™, then there exists a unique f € ST; such that stdp[(f (D), ..., (f 7T ()] = sth[(j_‘_](l)), s

()_‘_1(1))]. Moreover, for any map h:{1,...,I} —> {1,...,r} such that std(h) = f, there exist a unique
h € F;; such that:

(1) (h(1), ..., h(D) is obtained from (h(1),...,h(n)) by eliminating all integers h(i) which are equal
to h(i—1), for 1 <i<n,
(2) std(h) = f.
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For example, if f =(1,2,2,3,1,4), then f =(1,2,3,1,4). Take h = (4,6, 7, 4,9), we get that h =
(4,6,6,7,4,9).
Applying Remark 3.8 we are able to prove the following result.

3.9. Theorem. For any pair of elements f € ST, and g € ST;; we have that:

(1) o(f <8 =0(f) <),
(2) (f-®=0(f) 98,

(3) o(f =8 =o(f) > p(g),
(4) Alp(f)) = (@ @ P)(A(S)).

Proof. If h and k are two maps such that hk € ST, std(h) = f and std(k) = g, then

stdp (R D)., (RTTO) ] = stdm [(FH D), - (FT )],
stdp[(k7T (D), ..., kT O)] =stdam( (g7 D), ..., (g7 m)],

where max(hk) =r <n+m.
Suppose that max(h) > max(k), we have that:

[((R~1 (D)), ..., (B~ ()]
= [(hi] (Hu (k71 1)+ n)), e, (hil(r —1HU (k*l r—1 _;’_n))’ (hil(r))],

where (h~1(i) U (k~1(i) + n)) denotes the disjoint union of the sets h~'(i) and k~1(i) + n, for
1 <i<r—1. The standardization stda[((hk)~1(1)),..., ((hk)~1(r))] is an M-permutation W =
(W1, ..., W;) satisfying that:

(1) if h(n) # k(1), then W|p = stdp[(f (D)., (FTT)] Wimign = stda[ (g1 (1) + 1), ...,
(g~'(m)+n)] and W, N (m] +n) =9,

(2) if h(n) = k(1), then Wlpy = stdp[(f1 (1), ..., (fF 1)), Wlpmen—1 = stdal(g (1) +n —
1,....(g " (m)+n—"1]and W, N ([(ml+n—1)=0.

Conversely, let W = (W1, ..., W;) be an M-permutation such that W |, = ¢(f) = stdp[(F1(1)),
..., (f~Y(m))] and W, C [n], we have that

(1) if Wlimpsn = stdp[(g71 (1) + 1), ..., (g~ (m) + n)], then there exist maps i and k defined as
follows:
(a) h(i) is the unique integer such that i € W,;(,.).
(b) k(j) is the unique integer such that j+n e W,;(j).
By Remark 3.8, there exist unique elements h € F, and k € F; such that std(h) = f, std(k) = g
and std p[((hk)~1(1)), ..., ((hk)~1 ()] = W.
(2) if Wimmpen_1 =stdpq[(g= (1) +n—=1),..., (g~ (m) +n —1)], then the maps h and k are defined
as follows:
(a) h(i) is the unique integer such that i € W,;(,.).
(b) k(j) is the unique integer such that j+n—1¢ Wiy
Again, there exist unique elements h € 7, and k € F; such that std(h) = f, std(k) = g and
std aq[((hk)~1 (1)), ..., ((hk)~1(r)] = W.

Moreover, since W, N ([m] 4+ n) = ¢, we get that max(k) < max(h) =r in both cases.
We get then that ¢(f < g) = ¢(f) < ¢(g), the proofs of the second and third statements follow
from similar arguments.
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To end the proof of the theorem we need to show that ¢ is a coalgebra homomorphism. For

f €STy, let f € ST; be the unique surjection such that std o([(f~1(1)), ..., (f )] = [(ffl(l)), .

(f_](l))]. It is easy to see that there exists a bijection between the set of elements (r, f(kl)’ f("z)), with
<n, f(kl) € STy and f("z) € ST,_y, such that

f= (f(kl) x f(kz)) od, forsome s, € Sh(k,n—k),
and the set of elements (j, f{w, f{z)), with 0 < j <1, f{l) € ST, and f{z) € ST;_;, such that

f=(Flyx Fig) otis forsome t; < Shiji1 — .

So, it suffices to verify that A(@(f)) = (¢ ® @)(A(f)) for f satisfying that stda([(f~1(1)), ...,
F TN =1(F~1Q)), ..., (f 1)), that is when f(i) £ f(i+1) for 1 <i<n— 1. If for some 0 <
k < n there exist f(kn € STy, f(kz) € ST, and & € Sh(k,n — k) such that f = (f("]) X f(kz)) o 8 and
W=[((fE) M+, .., (fG) T =k +9)].

Conversely, let [(ffl(l)),...,(ffl(r))] =[R, W], with R=[R1,...,Rs] and W =[W1,..., W,_s],
and suppose that R is a partition of {i; <--- < iy} and W is a partition of {j; < --- < j,_¢}. Define
f(k]) and f(kz) as follows:

(1) f§,® is the unique integer 1 for 1 <1<k,

(OX

< fE, (1 <5 such that i € R i,
(2) f(kz) (1) is the unique integer 1 < f(z) () <r—s such that j; e Rfk

(,),forlglgn—k.

It is clear that there exists a shuffle &, € Sh(k,n — k) such that f = (f(k1) X f("z)) o 8. We get then that
(‘P®(P) A(f)) ZQD f(1) ®(P(f(2))

= st [(() 7 ). (7)) )]

®stdu[((fy) V). (fy) (1 =1)]
= Y stdum(R) @stdp(W)=A(p(f). O

e(H=[R,W]

As a consequence of Theorem 3.9, we can assert that MMR(q) is a g-tridendriform bialgebra.

3.10. Corollary. The g-tridendriform algebra MMR(q) equipped with the coproduct A is a g-tridendriform
bialgebra which is a quotient of ST(q).
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