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PART 1

1. INTRODUCTION

In this paper, we study some systems of nonlinear functional-differential
equations of the form

X(t) = AX(£) + B(X,) X(t — 1) + C(2), =0, ()
which were introduced in Grossberg ([1], [2], [3]). We will choose (1) so
that X = (x,, x5 ,..., x;,) is nonnegative, B(X,} —= || B;;(¢) || is a matrix of

nonnegative and nonlinear functionals of X(w) evaluated at all past times
we[— 7, t],and C = (I, I;,..., ;) is a known nonnegative and continuous
input function. We will show that for appropriate choices of .4, B, and C,
ratios such as

n ~1
Xu(t) =30 ( X wal0)
m=1
have limits as t — oc, forallj, & = 1, 2,.., n.

For these choices of A, B, and C, we will be able to interpret (1) as a
prediction theory. The goal of this theory is to discuss the prediction of
individual events, in a fixed order, and at prescribed times. The theory is not
homogeneous in time. A system which produces random predictions at ¢ = 0
can be gradually transformed into a system whose predictions become deter-
ministic as ¢ — oc. Similarly, a system which produces deterministic pre-
dictions at t = 0 can be gradually transformed into a system whose predic-
tions become random as ¢t — co. The factor which primarily determines if a
system becomes random or deterministic in its predictions as £ — o0 is the
system’s input function C(t). C(¢) is the “environment” or “experience” of
the system, and we will make precise the statement that these systems ‘“‘adapt
to their environment” or “learn from experience.”
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Our systems can also be interpreted as cross-correlated flows on networks,
or as deformations of probabilistic graphs. They often have the property
that the average input

1 n
I(t) =~ 2 ()
k=1
is related to the average output

H0) = 3 5t

k=1

through a system of linear difference-differential equations. This property
is crucial to our proofs. Another important property is the nonnegativity of
initial data. When mixtures of positive and negative initial data are chosen,
the results are not true in general.

2. THE SysTEMS AND THEIR Basic PROPERTIES

4 and B are chosen in the following way. Let us be given any positive
integer n; any real numbers, o, #, 8 > 0, and 7 > 0; and any » X 7 semi-
stochastic matrix P = || p;; || (i.e., p;; = 0 and 37_; psz = 0 or 1). Then we
let

5(t) = — axft) + B3 wlt — ) yult) + 1), @
330) = 2anlt) (2, 2imintt) (3 *
and
() = [— wz(t) + Bt — ) ()] 02, )
where

gl i p>0
=% i <o

and 7,7, k = 1, 2,..., n. If for example all p;, are positive, then in (1),

A,’j(i) = — aéﬁ
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and

Pii [zji(o) + ft evx(v — 1) x,(v) df’]
By(t) = n ‘: .
2. Pom [30(0) + [ eoniw — ) () do]

m=1

All of our results require that the initial data of (*) be nonnegative. We also
require the initial data to be continuous and for convenience let 2;,(0) > 0
iff p;; > 0. When we say the initial data is chosen “‘arbitrarily,” we will always
mean “arbitrarily subject to these constraints.”

The following theorem guarantees that (*) makes sense when its initial
data are chosen in this way.

THEOREM 1. Let (*) be given with arbitrary initial data. Then the solution
of (*) exists and is unique, continuously differentiable, and nonnegative in (0, o).
If the initial data of a given variable x; or z;, is positive, then this variable is
positive in (0, c0).

PROOF. (*) can be written in vector form as

U(t) =f(t, U@), Ut — 7)) (*)
with
U = (%1, X yeees ¥ , B11 5 312 5000» Bt > Fnnds
f=C(fsSernsfasfins fraseees famet s fan)s
fi=—ox; +8 él Xt — 7) Pri®ui (vi_lpkmzkm:)—l + I,
and ) "

fie = [— uzg + Byt — 7) 2] 0(Pix)-

Let r = 0. Then U(¢) = g(t, U(t)), where g(t, w) = f(t, w, w). By the con-
tinuity of g, a solution U(#) exists in an interval with O as its left-hand end-
point. If moreover,

| g(t, UD) — g(t, UD | < k(t) | U — U® |

for some continuous function k(¢) and any two solutions U and U, then
this interval is (0, o0) and the solution is unique and continuously differen-
tiable [5]. First we show that such a A(#) exists if all x, and z;, are nonnegative.
The only terms for which this is not obvious are the terms

£ —1

XDk ( i Pimza'm)

ms=1

409/21/3-12
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We use nonnegativity to estimate x; above by a continuous function m(t).
By nonnegativity, &; > — ax; and #;, > — uz;,, or x(t) = e>x,(0) and
2;;(t) = e t2;(0). Thus nonnegativity implies positivity if the initial data
is positive. In particular,

=0 if Y pm=0

n n m=1
Z P;imz:im(t) > et Z Pimzjm(o)
m=1 m=1 n
>0 if Y pm=L
m=1
This implies
Z ylm(t) = Z Pim = 0 or 1, (5)
m=1 m=1
from which we find that
t<(B—)x+ 1,
where
x=—l—zn:x and I:—l—il.
ni" =
or
x(t) < 1 m(t)
; <
where

m(t) = nelb—=t [x(O) + J’t e(~B](7) dw] .
0

By nonnegativity,
xi(2) <[nx(t)'<Im(2).

We can now prove the required Lipschitz condition. Obviously

1) 1) @)

9‘} kazak _ x Pﬂczﬂc
(1} (2)
Z p]m Jm Z p)mzym
m=1 m=1
) (2)
PJAka Pszalc

< Ixj(l) . xj(:?) ' + m(t)

sl )
Z p)m im Z P]m im

m=1
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It therefore suffices to show that
) (2)

zzk

(1) 2(2)
amzjm Z ij jm

<ht) Y 1aE — 2

m=1

for some continuous k(). When Y7 _, p;,. = 0, the choice A(t) = 0 suffices.
Suppose >~ _; ps,. = L. Then

Q) @)
zik 2k

M) (2)
im am 2 pymzjm

( (
(=P — 22 Z Pimar + 22 z Pim(22 — 22

(Z Pimd (1)) (E P:mz(2))

m=1

= Pix

E R IR TRE

< 1)
1
z PimZim
m=1
eut W _ @ W _
g n lz ‘ + Z Iz Zim ’)
) =1
Y, P (0) "
m=1
P 2eut 1) (2
= n z ’ "}:}1 - z],,, P

Z mz’(}n)(()) m=1

Letting

. -1

h(t) = et ( Z P;nIN;rln) )

=1

completes the proof when 7 = 0 except for the demonstration that x; and
%j, are nonnegative.
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By (4) and the nonnegativity of initial data, 2,,(¢) cannot become negative
until either x;{f) or x(¢) becomes negative. Otherwise if 2;(t) is zero at
t = T, then

25(To) = %5(To) x(Ty) = 0.

Let t = T, be the first zero of any function x,(¢). Suppose in particular that
%(Ty) = 0. Then by (2) and the nonnegativity of C(¢),

(1)) =8 Z ®(11) yiu(17) + I(Ty) = 0.
k=1

x; can therefore never become negative, and all solutions are nonnegative.
This completes the proof when + = 0.

Suppose = > 0. The existence of a solution of (*) follows by a standard
“‘step-by-step”” construction in each interval of the form (nr, (n + 1) 7],
n =0, I,... [7]. To prove the remaining assertions, it suffices to show that
[ (& sn) —F(éa,m) | <<K(E)| & — & | for every %, and this can be done
just as in the case 7 = 0. The proof is therefore complete.

Theorem 1 implies a property of averages of the inputs J; and the outputs
x; that is used repeatedly in proving our results. To state this property, we
inductively define a sequence of subsets S(r) and T'(r) of {1, 2,...,n} by

S(r)=3k: y pk,-:lg

ieS(r—1)

and

T)=k: % pki=0§, r=1,2..k

1€S(r—1)

where S(0) = {1, 2,..., n} and & is the least positive integer such that each
S(r) and S()\S(r — 1) is nonempty, r =1, 2,..., &k — 1. We also let

xpy= 3 % and Iy = Y I.

ies(r) ieS(r)
COROLLARY 1. The vectors V = (%(g) youey ¥u—1)) @nd W = (I (g) .--» L(a—1))
obey a linear equation
V(t) = — aV(t) + BDV(t — 7) + W(¢) (6)
if
S(ryv I'(r) = S(0), r=1,2,.,k4
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When S(k) = S(k — 1),

0 1
0010
D=
00 0 1
00 01
When S(k) = ¢,
010 .
0010
p=|:
00 . . .01
00 . . .00

If moreover P is stochastic (i.e., 3% i pim = 1 for all i), then (6) becomes
() = — ox(t) + Bx(t — ) -+ I(2). @)

Proor. To prove sufficiency, sum (2) over all ie S(r), for any
r=20,1,.,% — 2. Then

x(r)(t) == 0‘x(r)(t) + B %‘, xp(f — T) Z ym-i(t) -+ I(r)(t)'
m=1 €S(r)
Since S(0) = S(r)v T(r),
x(r+1)(t - T) == Z xm(t - T) z ymi(t)

m=1 ieS(r)
and
X((t) = — ax@)(t) + Bresny(t — 7) + Ln(2).
Let r — k — 1. If S(k) = S(k — 1) % ¢, then
#)(t) = — axg1)(#) + Bra—(t — 7) + Lpe—p(®)- (3)
If S(k) = ¢, then
%g-1)(t) = — axen)(t) + La-n)(2),

which completes the proof of sufficiency.

Necessity follows from the observation that at least one y,,(t) is not
summed to 0 or 1 in Y5 x.(t — 7) Y ics() Vimi(t) if S(0) & S(r) U T(r),
and thus the system is nonlinear,
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If P is stochastic, then S(1) = S(0) and by (8),

o)1) = — ax)(t) + e — 1) + Lo)(®)- ©)
Dividing both sides of (9) by # gives (7).

RemARK. The vector C = (1, ,..., I,,) can be viewed as inputs fed into the
machine (*) by an experimenter, and X = (%, ,..., &,) can be viewed as the
outputs produced thereby. By Corollary 1, the average input and output
of the machine often obeys a simple system of lnear equations. It is therefore
natural to ask what new information the experimenter gains by studying the
nonlinear interactions of (*) within itself. It is easily seen by nonnegativity of
solutions that if lim,.,, #(#) = 0 and # > 0, then also

lim x,(t) = lim 2;,(¢) = 0

for all 7, j, and k. Thus the individual variables x; and 2;;, need not carry any
more information than the average output x as # — 00. The new information
of (*) is contained, instead, in ratios such as

7 -1
Yir(t) = pazinl?) (Z pimz.’im(t))

m=1

and

%5(2) = pywer(t) (i pjmxm(t))—l as t— 00,

m=1

We will show, moreover, that such ratios can have a substantial effect on the
actual size of the outputs x,(¢), even when they have no effect on the average
output x(¢), if the inputs C(¢) are properly chosen.

3. GEOMETRICAL INTERPRETATION

Before studying the ratios of (*), we give (*) a geometrical interpretation
which helps to visualize and motivate our statements. This interpretation
also facilitates comparison and contrast of our systems with some known
biological systems to which they are similar in certain ways. This comparison
will be carried out in another place.

Let G be any finite directed graph [4] with vertices V = {v; : i = 1, 2,..., 1}
and directed edges £ ={e;; : 1,7 =1, 2,..., n}. To each v;, we assign the
vertex (or state) function x,(t), and to each e;; , we assign the edge (or inter-
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action) function y;(#), as in Fig. 1. x,(¢) is thought of as a process going on
at v;, and y,(t) is though of as a process going on at the arrowhead of e;; .
With this picture in mind, (*) can be interpreted as a kind of flow on G [6]
in the following way.

Fia. 1

(A) Tre FLow ALONG A SINGLE EDGE. At every time ¢ — 7, a quantity
of size Bx(t — 1) leaves vertex v; and flows along the edge ¢;; at a finite
velocity. This quantity reaches the arrowhead of e;; at time z. When Bx,(t — 7)
reaches the arrowhead of e¢;; at time ¢, it activates the process described by
¥:{(2). As a result of this activation, a total magnitude Bx,(t — 7) y:,(t) is
instantaneously emitted from the arrowhead and reaches vertex ¢; at time r.
This process is illustrated in Fig. 2.

Kift=g) ~ = - = = > BXi(t-T) - - - - > Bty - >
. e
vi e‘lj Vj
FiG. 2

(B) Tue ToraL Frow ARRIVING AT A Fixep VERTEX. The total flow
received by vertex v; from all other vertices o, at time t is the sum of the flows
received from each vertex v; . By (A), this flow is

B Z xi(t — 1) yi(t),

as in Fig. 3. (2) says that the contribution of all vertices to the rate of change
of the x,{(t) process at v; equals this total flow at every time ¢. The rate of
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change of x,(¢) is also proportional to the magnitude of the input function
Iy(¢) controlled by the experimenter, and x,(¢) decays (or diverges) spontane-
ously at an exponential rate a.

(C) TrE TotaL FLow LeaviNG A FIxep VERTEX. By (A), the total flow
received by all vertices v, from a fixed vertex v; at time ¢ is

0 if i P =0

BY x(t — ) yu(t) = i=
=1 .
Brst —7) i Y pu=1.

i=1

Thus v; either sends out no flow whatsoever at any time, or sends out a
total flow which is proportional to its vertex function.

(D) TrE FLow 1s Cross-CoRRELATED. The function y,,(¢) which appears
in the flow magnitude Bx/(t — 7)¥;(t) received by v; from v; at time ¢
itself depends on the vertex functions, as is obvious from (3) and (4). The
term Bx,(t — 7) x,() appearing in (4) has the following interpretation in
terms of the flow along the edge ¢;; . Bx,(¢ — 7) is the size of the flow received
by the arrowhead of ¢, from v; at time £. This arrowhead touches on z;,
whose vertex function has the value x,(¢) at time 2. 2;;(t) cross-correlates the
two quantities Bx,(¢ — 1) and x,(¢) which impinge on the arrowhead at time ¢.
That is, the rate of change of 2,(¢) is proportional to Bx,(t — =) x,(t). 2;(¢)
also decays (or diverges) spontaneously at the rate u.

We form y,,(¢) from the cross-correlating functions 2;,(¢) weighted by the
coefficients py; that is, from p,;2,(t). This is done by dividing p,;2;(2) by
the sum of the functions p;2,(t), £ = 1, 2,..., 7, which belong to any edge
e;, that faces away from wv,, as in Fig. 4. y,;(t) appears in the flow
Bx,(t — 7) y44(t) instead of the unnormalized function p;;z,(¢) to guarantee
that the average output x(z) of (*) obeys a linear equation, as in Corollary 1.
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By way of summary, the process (*) can be geometrically described as a
directed flow on a graph or network. The magnitude of the flow at any time
depends on the magnitude of the vertex functions at this time, on the normal-
ized and exponentially weighted cross-correlations of the vertex functions
at all past times, and on the inputs created bv the experimenter.

(E) DErORMING A PrOBABILISTIC GRAPH. A closely related geometrical
interpretation of (*) can be given if at every time ¢ we think of G as a prob-
abtlistic graph G(t) with weight y,;(¢) assigned to edge e;; [4]. Then (*)
becomes a 1-parameter family of probabilistic graphs 4 = {G(¢) : ¢t == 0},
or a continuously differentiable deformation of the probabilistic graph G(0).
From this perspective, (*) provides a mechanism for continuously deforming
one probabilistic graph G(¢,) into another graph G(t,), t; > t, . In particular,
when 7, = o0, we ask for the existence of a limiting graph G(oo). This
question can also be expressed as: when do fluctuations in the transition
probabilities G(#) converge to stationary transition probabilities G(c0)?

Another probabilistic graph can be constructed from (*) with weight p,;
assigned to edge e;; . This graph, called the “coefficient graph” of (*), is the
“geometry” of (*) over which the cross-correlated flow passes. When C= 0,
we shall study the influence of the “geometry” P on the “limiting transition
probabilities” G(c0). P’s can be found for which this influence is either
negligible or profound.

4. OUTSTARS

In this section, we introduce the simplest example of our prediction theory.
This example is characterized by the coefficient matrix

P (o, 1(n — 1), 1/(n " ..., 1(n — 1)) _

The system therefore obeys the equations

() = — axy(2) + L), (10) ]
2(t) = —oxy(t) + Byt — ) yu(8) +Li(1), j=2,n (11)

() = =y(t) (2 #ult)

k=2

j=2ym,  (12); "

and
2y,(t) = — uzy(t) + Bxy(t — 1) 24(1), J=2..,n (13)
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where all initial data is nonnegative and continuous and 2,,(0) > 0, j 5~ 1.
All other functions are identically zero, and we let 3 ;.. %,(0) > O to avoid
trivialities. The coefficient graph of (*) is given in Fig. 5. (*) is therefore

Fic. §

called an outstar. The vertex v, is called the source of the outstar and each
vertex v; , j 7 1, is called a sink of the outstar. The set B == {v; : j == 1} of all
sinks is called the border of the outstar.

Part I studies (*) from a purely mathematical point of view. Part II gives
these results a prediction theoretic interpretation. Our mathematical discus-
sion will concern itself with the limiting and oscillatory behavior of (*) as
t— oo for special choices of the input vector function C = (Iy,...,I,).
These choices will be interpreted in later sections as the presentation to the
machine which (*) represents of sequences of predictions to be learned.

The choices of C will be divided into three general cases. In the first case,
no inputs reach the border of the outstar at any time. In the second case,
inputs do reach this border and continue to do so even at arbitrarily large
times. In the third case, inputs reach the border but only for a finite amount
of time. All of these cases can be treated by a single method. The success
of this method depends on the fact that (*) can be transformed into a more
tractable system of equations expressed in terms of new unknown variables.
These variables can be classified into two classes. The first class consists of
sums over all vertices v; , j 7% 1, in the border (*). These sums are

2 = Z X, 21 = Z ks and I = Z I.
[} k£l E#l

The second class consists of three 1-parameter families of probability distri-
butions associated with (*). These are X ={X; :j=£ 1}, y ={y,:7F# 1},
and 0 = {0;:j £ 1}, where X; = x,;/xV), y; = z,/2V), and 6; = L/IV.
We will find that the sums x*) and 2" over the border depend on time only
through the known inputs I, and 7®). In particular, they are independent of
the unknown probabilities X' and y. Moreover, (*) can be replaced by a
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system of equations for the time evolution of the probability distributions
X(t) and y(#). The coefficients in these equations depend only on I, IV, and
the known sums x'*) and 2'V'. These facts are summarized in the following
two lemmas.

Lemnia L. The source function x, and the sums x'V) and 'V depend on time
only through the known inputs I, and I'V.

Proor. The assertion is obvious for x; by (10). Sum (11) over j = |
using the fact that 3; .; 3;; = 1. Then

EV = — oV By (t — 1) + I, (14)
and so by (10) the assertion is obvious for ). Summing (13) over j 7= | gives
2M = — W) 4 Bx(t — 1) ¥, (15)

which gives the assertion for 2V by (10) and (14).

LemMMA 2. (*) can be transformed into the following system of equations
for the probability distributions vy and X.

Xa' = Ay(yy; — X;) + By(6; — X)) (16)
and
Y5 = C(X; — 343, (17
where
Bri(t — 7) I%(t)
A4(2) :";W“, By(2) :W(_t)’
and

xM)(¢)

1)
207y

Cyt) = Bry(t — 7)

PrOOF. (16) has the following derivation. Since X, = x,/x™),

X; = I (xj—-

x(l))
x(n *

Jrypadi
i %M

Substituting (11) and (14) into this equation gives

- 1 : xy(t — m
Xy = s [ oo+ Bt — My Ly (o BRI R

- Ax(yn — XJ‘) + 31(9:' - Xi)‘
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(17) is derived in the following way. Since y;; = 2/,
. 1 . )
Y =om (zu — Ry ;(ﬁ) .

Substituting (13) and (15) into this equation gives

Bt —7) x‘”)]

. 1
Y =@ [_ uzy; + Bry(t — ) x; — 3y (* u+ 7@

= Ci(yy; — X))-

5. QutsTarRs WITH AN INPUT-FREE BORDER

We use Lemmas 1 and 2 to study the case in which no inputs reach the
border of the outstar at any time. Thus I; = 0, j 7 1, and we say the border
of (*) is input-free. The main fact needed to carry out our prediction theory
in this case is the following.

THEOREM 2. Let (*) be given with arbitrary initial data, an input-free
border, and any nonnegative and continuous I, . If %, == 0, then y,; and X; are
maonotone in opposite senses and

lim y4,(2) = lim X,(2).

If x, = 0, then y,; and X, are constant.

ProoF. By (16) and the hypothesis ‘1) = 0,
X; = Ay — X)), (16)
where A4,(t) = Bx,(t — 7)/x'V(¢) is nonnegative. By (17),
Vi = C&X; — y15), (17)

where Cy(t) = Bxy(t — 7) »1)(2)/z1)(¢) is nonnegative. From (16) and (17)
we draw the following conclusions.

If x, = O then y,; and X; are constant since y,; = X; = 0. Suppose that
x, = 0. If X(2,) = yu{t), then X;(t) = y,,(¢) = constant for all ¢ > ¢,.
In particular when ¢, =0, X; and y,; are constant. Suppose by contrast
that X(0) 5= ,,(0). By (10), there is a T such that x,(t — ) =0 for
t [0, T;y) and x,(z — 7) > 0 for £ > T, . If X,(0) > 3,,(0), then X(t) and
15(2) are constant for ¢ € [0, 7], but X(¢) is strictly monotone decreasing and
4(t) is strictly monotone increasing for all z € (7, T;), where T} is the
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smallest root, if any, of the equation X,(¢) = y,;(¢). If such a T exists, then
X(2) and y,,(¢) are constant for ¢ == T, . We shall show in the next paragraph
that no such 77 exists. If no such T} exists, then X (t) decreases monotonicallv
for all t > T, and y,,(¢) increases monotonically for all ¢ >» T, . Since X
and y;; are bounded, the limits Q; = lim,,, X,(¢) and Py; = lim,, y1;(¢)
exist. If X;(0) < y,;(0), the same argument goes through with all inequalities
reversed. In all cases, therefore, .X; and y,; are monotone in opposite senses
and | X; — y,; | is monotone nonincreasing.

We now show that T does not exist and that P, = Q;, j == 1, if x, = 0.
Subtracting (16) from (17) gives

(yy — X5) = — Dy(yny — X)) (18)

where

1 o)
Dy =4, +C, = Bry(t —7) (W + z(l))
Integrating (18), we find
Yult) — K1) = (31,(0) — X(0)) £4(2), (19)

where

£2,(t) = exp [f— B f; x (v — 1) ( xu}(‘v) + ;iiit:; ) dw] .

To show that 7| does not exist, note that £,(¢) >0, ¢ = 0. Thus
110) 7~ X(0) implies y,;(2) 7= X,(t). To show that P;; =Q,, we must
show that lim, ., £,() = 0, or that

ot D)
limJ x(v — + 2 (v)
10 0

7) ( x (o) 2 D7)

)dv = 00,

Since x1 /203 is positive, it suffices to show that

. xl(v — 7)
%L‘Efo M dv

Fort =0,
8 J' Mo —71) Bxy(v — 1)

Ty U [o - [xm(o) + 3J‘v‘\-l(w — 1) e dw] *

= f: dii; log (x(”(O) + 8 f: xw — 1) v dw) dv

:log(l +wa5—f:xl(-v ;T)e”d'v).
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By (10) and the nonnegativity of I, , # = — ax, . Thus

J‘O xl.x(fl );))T) @

diverges at a logarithmic rate as t — o0, and P;; =Q;, j 5~ 1.

Theorem 2 is summarized in Fig. 6. It shows that the limits lim,,, v;(z)
and lim,,, X; do not vary continuously as a function of the initial data
xy(v), v € [— 7, 0]. This theorem is picturesquely called the “speck of dust”

Xj{o) or yjj(o)

yijlo) or Xj{o)

N — [\ — >
XI(Q—T)=O xl(t-'r)>o
Fic. 6

theorem, because it describes an alternative which depends on whether or
not the source function x; is identically zero. Since I; is nonnegative, the
positivity of x,(¢,) for any £, implies the positivity of x,(z) for all z > ¢, . Thus
if the initial data of x; is identically zero, then w,(t) remains zero until a
positive value of I;(¢), no matter how small—that is, a “speck of dust’—
reaches the source v; . Thereafter x,(¢) remains positive at all times.

By Theorem 2, if X;(0) = y,,(0) then X,(t) = y,;(t) = constant for all
¢t = 0 and any choice of I; . This means in particular that arbitrary probability
distributions can arise as limits lim,,,, X;(2) = lim,,, y;(t), j 7 1. The
coefficient matrix P of an outstar thus does not uniquely determine the
limiting distributions when the border of the outstar is input-free. That is,
the “geometry” P has little effect on the “limiting transition probabilities”
G(0).

Theorem 2 contains all the information required for our simplest prediction
theoretic needs, and we therefore recommend that the reader interested
primarily in the prediction theory go on immediately to the next section.

More information is available concerning an outstar with input-free
border than is contained in Theorem 2, because (*) can be explicitly inte-
grated in this case to give precise information about the relative rates at
which the probability distributions associated with different vertices and edges
approach their limits as # — co. A brute force integration of (*) by an expo-
nential change of variable seems to indicate that each x;(¢) and 2,;(¢) depends
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on all its past values x(v) and z;(2), 0 < v < ¢, in a complicated way, This
1s, however, not so.

'THEOREM 3. x; and z,; obey equations of the form

x{(t) = X,(0) a(t) + (31A0) — -X,(0)) b(2) (20)

and
2y(t) = X{0) e(t) + (¥1,(0) — A5(0)) d(2), (20

where a, b, ¢, and d are nonnegative and continuous functions that depend only
on I, and the initial data x,(0), x'1(0), and z'1)(0).

Proor. (19) can be written as
Bu Yo g, (22)

where E; = k2, and k; = y,,(0) — X,(0). E; is a known function, since by
Lemma |, £, can be written as an explicit integral which depends on time
only through I, and on the initial data only through x,(0), ¥(0), and
#1(0). By (22),
2y = Ux; 4 V4, (23)
where U = z®/x1) and V; = 2'VE; are known functions. Differentiating
(23) we find
gy = Un; 4+ Ust; + 1.

7

(13) provides another expression for 2,; . Identifying these two expressions
and rearranging terms gives

Us; + U + U — Bxy(t — 7)) a; -+ (ulV; 4- V) = 0.

Since U > 0, division by U is permissible and we find

&+ Px; +0; =0 (24)
where
. d r Byt — )
P~u—{—(—l,?10gL —
Q; = k0,
and

0= [u + % log ') — B (t — 7) (—1— -+ ;%ﬂ x 10,

The coefficients P and Q appearing in (24) are known functions which depend
on time only through I, , (24) can therefore be integrated. We find

x,(t) = x,0) exp [— J"l P(u) du] K f " 0() exp [» [t P(u) du] do.  (25)
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(25) can be simplified by noticing that

g — By (t — 1) a® Bv (¢
Q= (” + 2 lxu )xu)gl

— uzl) %, (t — 7)
— (u + . B lfxu) T) ) #0Q

= PN

= —Bx(t —7)&,

and that
B Byy(t — 1) x)
=utz log D o Py
W — Bxy(t — 7) 2V d
=u -} A 2151) ) ~ log xtV)
d
_— /(1)
T log x12,
Hence
ot . W) 1 xO(@)
exp [ fo P(u) du] = exp [log =0(0) ] = Z@(0)
and

exp [— f: P(u) du] = % .

Substituting these simplified expressions into (25) gives
x0t) ' =0(t)
t + Bk 2 v,
vf( ) xi(o) (1)(0) 13 ) J.o xl(‘v T) 1(7)) (1)( ) dv (26)

Let a(t) = x1(¢) and

b(t) = Bx(2) f; o — 1) 2(v) 4

x (o)

in (26). a(t) depends only on [; and on the initial data x)(0). 5(¢) depends only
on I; and the initial data x,(0), x®(0), and 2‘2)(0). This completes the proof
of (20).

We now use (20) to derive an equation for 2, . By (20) and (23),

Ry = ij + I/rj

— Us® (X,0) + by | ﬁ(l—u—,?%{l(l) dv) + k02,
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Since U = zM[x1),

( 1 — T Ql
s =20 [%0) 4 (0 - 8 [ MOGRE )] e
Letting
o) ==V and d(r) = =0() [24() +8 | (—T)’f—@d]

in (27) completes the proof of (21) once we observe that ¢(¢) and d(z) depend
only on 7, and on the initial data x,(0), x'1)(0), and z2(0).

Theorem 3 can be used to show that the probability distributions at dif-
ferent vertices and edges approach their limits at the same rate, except for a
multiplicative factor that depends on their initial data, as we prove in the
next corollary. We already know that y,(0) = .X,(0) implies

y1(t) = X(t) = constant,

t >0, and that y,,(¢) and X,(t) are constant whenever x(t — 1) = 0. We
consider therefore only the remaining case in which v;,(0) £ X,(0) and
x(t — 1) > 0.

CoROLLARY 2.  Suppose y1(0) 7 X,(0), ¥,,(0) 7= X;(0), and x,(t, — v) > 0.
Then
y1t) — Xi(0) _ Xi(t) — Xi(0) _ yui(t) — Xi(2)
yult) — X0)  Xy(1) — X,(0)  yy,{t) — Xt)
Proor. The proof of Theorem 3 shows that ¢ = ¥ and ¢ = 2®. Thus
(20) and (21) can be written as

= constant, t>=1,.

Xt) = X,0) = (52(0) — X,(0)) 53,

d(t)
e(t)’
where b(t)/a(t) > 0 and d(t)/c(t) > 0 for ¢ > ¢, since x,( — 7) > 0. Thus

Xi(t) — Xi(0) _ 3140) — X(0) _ 34:(t) — Xi(0)
Xi(t) — XH0)  31,(0) = X;(0)  3(1) - X,(0)

and

$i(t) — X4(0) = (3,(0) — X;(0)) =<

for t = t, . By (19) we also know that

yu(t) — Xi(t) _ 14(0) — Xi(0)
yi(t) — Xi(t)  1,(0) — X,(0)

Combining these equalities completes the proof.

4909/21/3-13
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6. OutstaARs WHOSE BORDER NEVER BECOMES INPUT-FREE

In the preceding section, we found that any probability distribution
nit) = X{(t), j 7 1, remains constant for all # >0 when the outstar’s
border is input-free. This fact provides an affirmative answer to the following
question. Given any probability distribution {6; , j 7= 1}, does there exist an
input function C = ({, ,..., [,) for which X,(0) = y,;(0) = 6, and

lim Xj(t) = Lim y,,(¢) = 6,

Any nonnegative C with I; =0, j 7= |, accomplishes this goal. A natural
generalization of this question is the following question. Given any three
probability distributions 8, 8, and 6{¥, j 54 1, does there exist an input
vector function C for which

X0 =67, 540 =07,
and
lim X,(t) = lim y,(t) = 6% ?

We now answer this question in the affirmative and provide a considerable
amount of supplementary information concerning the manner in which the
probability distributions X; and y;; approach their limits. We do this in the
following theorem.

THEOREM 4. Suppose o« > 0 and u > 0. Let the inputs to the border of an
outstar have the form I(t) = 0,1(t), j 7~ 1, where {6, :j 5~ 1} is a fixed, but
arbitrary, probability distribution, and I,(t) and I(t} are arbitrary nonnegative
and continuous functions. Then the functions fi(t) = y () — X{¢t),
gi{t) = X,(t) — 8, , and 9,;(t) change sign at most once, and not at all if
f10) g:(0) = 0. Moreover f;(0)£,(0) > O implies fi(t) g;(t) > 0 for all t = 0.
Suppose furthermore that I,(t) and I(t) are bounded functions, and that there
exist two positive constants ¢ and T, such that

¢
f e =" ()dv = ¢
0
and
i
f e2=](v)dv > ¢
0

Jort = Ty. Then

%{{2 X;(t) = }i_)f;}yu(t) =0, Jj#L
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Proor. The proof is divided into three steps. In step (1) we prove that
fi, &, and ¥y; change sign at most once and, thus, that lim,,, y;,(¢) exists,
J == 1. In step (II), the existence of these limits along with estimates of
Ay(t), By(t), Cy(t), and Cy(t) for large t are used to show that the limits
lim, . X,(t) exist and equal the limits lim,_ y,,(t). In step (III), the common
value of these limits is shown to be §; by estimating .4,(¢), By(t), y(¢), and
By(¢) for large t.

(I) Subtracting (16) from (17) gives

Ji==Dif; + By, (28)
where D; = A4, + C, . Since (X; — 8;) = X;, (16) can be written as

&=—Big + 4. f. (29)

Equations (28) and (29) are special cases of the following simple but basic
lemma.

LemMA 3. Let the functions f and g satisfy the differential equations

f=af + b
§=¢o + dg,

where a, b, ¢, and d are continuous functions and the off-diagonal coefficients b

and ¢ are nonnegative. Then f and g change sign at most once and not at all if

f(0)g(0) = 0. Moreover f(0)g(0) > O implies f(t) g(t) > 0 for all t = 0.
Lemma 3 can be geometrically visualized by Fig. 7 which shows the (£, g)

plane. The direction of the arrows indicates the path of the (f, g) point
through time.

_I_\n

BRERRR

b 3 O o

Fic. 7

ProoF. Clearly (fz) = (a + d) fg + bg? + ¢f? > (a + d) fg by the non-
negativity of 4 and ¢. Thus for any #, = 0, (fg) (¢,) > 0 implies (fg) (¢) >>0
for all ¢ = t; . More can be said. Let (fg) (¢,) > 0, where f(f) > 0 (say),
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and let ¢ = #; > 1, be the first zero of £, or g, or both (of f, say). Then fand g
are both nonnegative in [t,, 1,], so f = af in [t,, t;], and

0 =£(t) = e*™" £(1,) >0,

which is a contradiction. Thus (fg) () > 0 for all ¢ > ¢, if (fg) (t,) > 0.

Only the case (fg) (0) < O remains, where f(0) < 0 (say). Then either
f(@) <0 < g(t) for all t > 0, or there is a first #; > 0 when f, or g, or both
have a zero. If such a #, exists, we are in a previous case, so that f and g
change sign at most once.

Lemma 3 can be directly applied to (28) and (29) by letting f = f,,
g=gi,a=—D,b=DB,, c=4,, and d = — B, . We conclude that
f; and g; change sign at most once and not at all if ( f;g;) (0) = 0. Moreover,
(f:g;) (0) > O implies ( f;g,) (¢) > O for all t = 0.

By (17),

y=—GCf.

Since C, is nonnegative, J,; also changes sign at most once and not at all if
(f:£;) (0) = 0. In particular, there exists a T, such that y,,(¢) is a monotonic
function for t 2= T . y;; is also bounded and continuous. Thus lim,_ . y4(t)
exists for all j =~ 1.

(IT) Using the facts proved in (I), we now show that the limits lim, . X(z)
exist. The first step in this proof is to establish various estimates for the
coefficients 4, , B, , and C; which appear in (16) and (17). The purpose of
these estimates is to show that ji,(¢) is bounded for sufficiently large ¢. This
fact, in turn, will be needed to prove that lim, . y,,(¢) = 0, from which it
will follow with the help of the estimates that lim, ., X,(¢) exists and equals
lim o ¥15(2)-

The estimates needed for 4, , B, and C; are the following. We shall
find positive constants A;, i =1, 2, 3, 4, 5, and a time T, such that for
t = T,, the inequalities A << Cy(f) <Ay, Ay(t) <Ay, By(t) <Ay, and
| Cy(t) | < As hold. To establish these estimates, we make comparable
estimates on the functions x; , ), and 2 from which 4,, B,, and C,
are constructed. Firstly we establish lower bounds for these functions for
large t.

By hypothesis, there exist positive constants ¢ and T, such that

t
f etV ()dv =c for t>=T,.
0

Thus by integrating (10) we find

() = eix(0) +c = ¢ for t=1,.
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Substituting this inequality into the integrated form of (14) gives for
t=2T,+ 1),

To+r T

*(8) = et (x(0) f e 1) L IV@)do - e f e do)

Tytr

> B:C(l o e—'x(T0+T)) =d>0.

Substituting these inequalities into the integrated form of (15) we find for
t = 3(T, + 7) that

2(Tg+7) t

2W(t) 2 eut (zm(()) + f exy(v — 7) xV(0) do + Ped f e do)
. ;

2(Ty+r)

=—(1 - e"‘(T°+")) =e>0.

Upper bounds for x;, x¥', and 2%’ follow by the boundedness of I; and
I, Letting M == sup{I}(¢) : t > 0} and MV == sup{I(t) : t > 0}, we readily
find that

xy(t) < %,(0) + % =M < o,

A2y < xB(0) 4 % (M +~ M) =N < w0,

and
FA(E) << 24(0) _{_B_Jlg]_\f_ = R < w.

Let T, = 3(T, + 7). Then the following definitions of the A; ,7 =1, 2, 3,4
obviously suffice for t = Ty : A, = Bed|R, A, = BMNle, A, = BM/d, and
Ay =MWd,

%, , 1 and % can also be shown to be bounded by simple estimates of
the above kind. Using these estimates along with those derived above readily
shows that there exists a A; < oo such that | Cy(t) | < A forallt > T,.

These various estimates on the functions 4, , B, , C,, and C‘l suffice to
show that | §i,,(¢) | is bounded for ¢ > T, , since by (16) and (17),

| | = CoX; — y1) + Co(X; — 59) |
S21G I+ G [(A4+C)lyy — X, | + B, 16, — X, ))
K25 + AAe 4 A5 £ Ay)) < o0,
fort > T,.
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To show that lim, ., 7,,(f) = 0, we need the following simple lemma.

Lemma 4. Suppose f(t)— o < 00 as t— 00 and f is bounded. Then
f(t)—~0ast— oo.

Proor. Suppose not. Then for some € > 0, there exists a sequence {z,}
with lim,,_, £, = oo such that | f(z,) | > « for all n. We can suppose f(t,) = ¢
for all n without loss of generality. Since f is bounded, there exists a § such
that f > (¢/2) on infinitely many nonoverlapping intervals I, = [u, , u, -+ 8]
of length 8, where lim,_,, #, = o0. Thus f(u, + 8) — f(%,) = (€8/2) for all
n, and f - o <C 00 as ¢ — o0, which is a contradiction.

Replacing f by 3,; in Lemma 4 immediately shows that lim,, y;;(t) = 0.

We can now show the existence of lim,,,, Xj(t). By (I) we can assume that
y14(t) 2 0 and thus that (X; — vy;) (t) =0 for ¢ > T, without loss of
generality. Also Cy(¢) 2> A, > 0 for ¢ > T, . Thus by (17).

F = CX; — 1) 2 MX; —35) =0
for ¢t = max (T, T,). Since lim,,, y1,(f) = 0, it follows immediately that
lim,,(X;(t) — y14(2)) = 0. We also know that lim,,, ¥,,(¢) exists, by (I).
Thus Q; = lim,_, X,(t) exists and equals lim,_, y,,(2).

(IIT) Letting X* = X, — 0; and Fy; = A,(y; — X;), we integrate (16)
to find for every T >0and ¢t > T that

X;‘”(t) IT 1"[X(9)(T)+f f Bydw a'v]

To establish the equality O; = 6; , we must prove lim,,, X;”(#) = 0. To do
this, we will find positive constants p and v such that for t = T,

u+at < [de\ + at.

From this follows that for every fixed T3 > T,

lim e fo [X“”(T +f f;n BldwF” a’v] —o.

=0

It remains only to show that there exists a T such that

2 v
. =[. Bjdv pt Bydw_, .
lim e [z, 21 f efTo YUF, dv =0,
10 T,



NONLINEAR PREDICTION AND LEARNING 667

Since 4, is bounded and

lim y,,(£) = lim X,(t) < 1,
lim £,,(t) = 0.

Thus for every € > 0 there is a 7, == T\, such that | F;(#) | < eer for
t = Ty, and we find

t v

- Bydv 't Bydw

le Iz, ® ean ! Fl,-dv|<e.
‘Tz

It remains only to estimate [} B; do. Since By = I/x"), we consider x1). We
know that

XxD(t) = gt [x(l)(O) 4 ’; e¥(Bxy(v — 1) + I(v)) dv] ,

where

x(v — 1) = [xl(— T) 4 e7 ' ex¢f () dvu] .

Yo7

Thus

-1
ety(t) = x1(0) + J eI(v) dv
0

b7 X))
+Br(— )t + B | do J el (w) dw.
We estimate extx1)(¢) term-by-term. Since I, is bounded, there exists a
constant C such that

-t
J el (w) dw < Cest.
0

Thus

J"_T do J el (w) dw < C J't_

-7 -7 —r

T Ce—"
20 oy _ [
et do = < (e - 1),

and we can find a constant 4 such that

J

R v
dv j e (w) dw < ket

- —T

Thus for t > T,

J‘:"' do fi, eI (w) dw < —]Ee- f: eI(v) do.
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Also there is certainly a K such that for ¢t > T,
t
<kemi<X [ &Ko) do.
¢ Jo
From these estimates, we readily find constants w, and w, such that
i
ety (1) < wy -+ w,y J' evI(v) do
[}
for ¢t > 0. By the nonnegativity of I; and x,(— 7), it is also immediate that
t
ety (t) > x1(0) + f evI(v) dv.
0
Thus

14 t
Ie~ <B1) < Ie

t t ’
@, + wy _[ elw) do xW(0) + f el() do

or
- ;—t log (wl + f : eI (2) dv) < By(t) < % log (xm(O) + f : e I(o) dv)

Integrating, we find

wlzlog(l +:’T‘:‘f:euv1(v)dv) <f:31 do < log (1 +71—}(Wf:e“”1(v)dv).

Thus for t > T,,

o8 (1 + 2 e) < [ By do < tog (1 + iy ).

from which the existence of constants u and » such that
t
p.+cxt<J Bidvo<v+at
(1}

for t > T, readily follows, and the proof is complete.

The following corollary to Theorem 2 will have a useful prediction theo-
retic interpretation. This corollary discusses the effect of choosing I,(¢) and
I(t) to be periodic successions of “input pulses,” whete an input pulse J(t)
is a nonnegative and continuous function which is positive in a finite interval,
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CoroLLARY 3. Let the functions I,(t) and I(t) of Theorem 2 be defined as
Sollows.

L) = i Jit — k@ + W)  and  I(t)= f: Jolt —w - k(w - W),

where () is an arbitrary input pulse which is positive in an interval (0, A;),
A; > 0,1 =1, 2, and w and W are nonnegative numbers whose sum is posttive.

Then all the conclusions of Theorem 2 hold.

ProoF. Itisobvious that]; and I are nonnegative, continuous, and bounded
functions. It remains only to find positive constants ¢ and T such that,
for example,

t
D(t) = J. e (v)dv =c  for t2=2T,.
0
Writing p = w -+ W, let
Y
F@t)y=| e=v(v)do, t=p.
Yt

Then for any n 2> 1 and t € [np, (2 + 1) p),
B(t) = F(t) + e=F(t — p) + = + e=0DPF(t — (1 1) ).
Clearly F(t) = F(t — p) for all t = 2p, since I}(#) = I;(t — p). Thus

(D(t) = (1 4 %P - oee e—a(n—l)p)F(t — (n — I)P)
=F( —(r—1)p),

for any ¢ € [np, (n + 1) p). Since F,(t) = F(t — (n — 1) p) is a positive and
continuous function of ¢ ¢&[p, 2p], letting ¢ = inf{F,(t) : t € [p, 2p]} (> 0)
and Ty = p completes the proof.

7. OutstakRs WHosE BorbDER EvEnTuALLY Brcomrs INPUT-FREE

In the previous section, we considered outstars subjected to inputs to
border vertices of the form I(t) = 6,I(t) which take on positive values at
arbitrarily large times. Such an outstar is said to be a G'*® outstar, and we
affix the superscript “(c0)” to each of its functions. For example, we write
I as I, x; as (™, and so on.

The border of G'®) never becomes input-free. In this section, we consider
outstars whose border does eventually become input free. Given any outstar
of type G'*), we shall construct an infinite sequence of outstars GV, G®),...,
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GW),..., each with the same initial data as G, and each with a border
which eventually becomes input-free. We shall then study the limiting and
oscillatory behavior of the functions of G®W) as N and ¢ are permitted to
become large by comparing these functions with those of G’ and of outstars
with input-free borders. G'¥ is defined in terms of a given outstar of type
G'®) and two given functions Uy(N) and U(N) of N == 1 which are positive
and monotone increasing with limy,, Uy(N) = limy,, U(N) =
G'™) has the same initial data as G®). The input functions of G¥’ are

BV =Lt x(t — UN))  and  IV(2) = I(t) x(t — U(N)),

where x(w) = 1 — 8(w). G is called an N-truncation of G'®' because its
functions agree with those of G in the interval [0, min(U,(N), U(N))].
The border of G¥) is also eventually input-free since no inputs reach the
border in the interval [U(N), c0]. We denote the X; and y,; functions of
G™ by X™ and y¥, respectively. The following theorem holds for these
functions.

(7A) THE ProBaBILITY DISTRIBUTIONS OF AN QuTsTAR G'V)
RemaiN EssenTiaLLy Fixep For LarGe TimEs

THEOREM 5. Let GV, G®¥,..., G™),... be any sequence of N-truncations
of any outstar of type G, Then

(I) for every N = 1,2,..., the limits lim,., X®™(t) and lim ., y{'(2)
exist and are equal, j 7 1,

(1) for every N = 1,2,..., and all t > U(N), XN(t) and y{}(t) are
contained in an interval [m{N), M), where

lim m N —hm MN =9, j#1

N-w

In particular

lim th(N)(t)——llm hmyf?”(t) 0, Jj#L

N->0 50

(L) for every N = 1,2,... and j + 1, the functions [}V = y{}’ — X,
g =X™ — 6,, and ¥} change sign at most once and not at all if
f‘N’(O) g‘” (0) > 0. Moreover, fi¥(0) gi™(0) > O implies fV(2) gM'(t) > 0
and y\Y(t) is monotonic for all t > 0. Before proving the theorem, we illustrate
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its claim pictorially in Fig. 8 for the special case of a sequence of G'NVs with

puts
N—1
Mty = Y Lt — k@ + BY)
IRl
and
N—1
I =8, ¥ Jolt —w — k(e + W),
r=0

J == 1. Such a sequence is obviously derived from the G'™ outstar in Corollary 3.
The Figure compares two outstars G'™) and G'N) with M < N.

5m

gtW

i
1
I
I
'
'

L t
N{w+W)

M<<N

Fic. 8

Proor. We carry out the proof in the case f; = 8;, . The same method
goes through in general, but it is more tedious. The idea of the proof is to
try to divide the time interval [0, o) of each G™! into two parts [0, yy)
and [y, , o), where limy_, yy = . In [0, yy), the functions of GV agree
with those of G and we can apply Theorem 4 to them. In [yy , ®©), G™)
has an input-free border and we can apply Theorem 2 to its functions within
this interval. This goal can be accomplished with but one technical reservation
which appears in Case 2 below.

In every G'™), no input pulses reach the border during the time interval
[U(N), o), and we can therefore apply the results of Theorem 2 in this
time interval. Thus, y{¥(f) and X}V(2) are monotonic in opposite senses and
[ ¥7(t) — X™)(t) | decreases monotonically to zero for ¢ > U(N).
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Letting
M™ = max{y{(UN)), X (UN))}
and

mf™ = min{y’ (U(N)), X;™(U))},

we conclude in particular that y{(f) and X{¥(¢) are contained in the
interval [m{™, M{™] for all ¢t > U(N). We must now distinguish two cases.

Case 1. U(N) < UyN). Clearly
XV =x(t)  and AP0 =5 1)
for t € [0, U(N)). By Theorem 4,
lim X)) = im (1) = 8,
j % 1. Since U(N) increases to infinity with NV,
lim XU = fim yi(UN)) = 8, (30)
71, and thus
11\;510 M,SN) — }\}5“1) mj(N) =8,
j 5= 1. In particular,
lim lim X;(t) = lim lim »:0(8) = 8,
J# L

Cast 2. U(N) > Uy(N). In this case, the conclusion of Case 1 still
holds, but we need more information to reach it. By (16) and (17),

M = AMOE - XM + B — X;7) (16)
and

9 = O — 5 an
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where A, BM and C?™ are nonnegative. If 53 <0, then by (17),
P — XM >0 and so, by (16), X > 0. If 3" = 0, then by (17),
X =y In either case it is clear that X{V(¢) and y{3(f) exceed
min{X{M(t,), ¥ (t,)} for any t and t, in [Uy(N), U(N)] with ¢ > ;. In
particular X®(U(N)) and y{V(U(NV)) exceed min{ X (U,(N)), y V(U (N))).
To show that (30) holds in this case, it therefore suffices to show that

lim X,V (Uy(V)) = lim 1) (Gy(V) = L.
This follows readily from Theorem 4 and the identities

XMUANY) = X (UyN)) and 3y (Uy(N)) == 343 (Uy(N)).

In both cases, we have therefore shown that by taking NV and then ¢ suf-
ficiently large, X{¥(¢) and y{3’(#) can be brought as close to | as we please,
and will thereafter remain there, even though no input pulses whatsoever
occur at large times.

The conclusions of (III) follow simply by pasting together the results
from Theorems 2 and 4. That is, we consider G'¥! to be a G'*®! for small times
and an outstar with input-free border for large times.

This completes the proof that as IV is taken increasingly large, the prob-
ability distributions X{* and y!¥" of G™’ approximate the §;, distribution
(or more generally any fixed probability distribution 6;) with increasingly
good accuracy for all large ¢.

(7B) Tue Outputs oF EacH GW) Are Not A Goop INDEX OF
THE STABILITY OF ITs PROBABILITIES

We will now show that in each G'¥), the behavior of the output functions
x{M(t) can differ radically from the behavior of the ratios X{¥(2) as t — o0.
In Theorem 5 we showed that the ratios X*V(¢) remain essentially fixed for
large times ¢ in each G™. Now we show that the output functions x{"(z)
can be made to decay to zero at an exponential rate as ¢ — oo. This contrast
between ratios X" and outputs x{""’, though technically simple to establish,
will have a significant prediction theoretic meaning.

PROPOSITION 1. In each G™), the outputs x\") decay exponentially to zero
tf « >0 and u>0.
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Proor. Since G'™) is input-free in [A(V), o0), where
NN) = max{Uy(N), UN)},
(10) implies that

V) = —ax™(t)  for t=AN),

which proves the Proposition for x{", Similarly, forj # 1 and ¢t = A(N) + r,

#() = — exe) + BVt — ) 31V,
and thus
— () < V() < — wr™(t) + fu™(t — )
Since the behavior as t — oo of x{" is already known, the Proposition follows
immediately for all /™, j 2= 1.

The assumptions a > 0 and # > 0 are realized in those outstars whose
outputs x{V)(¢) eventually die out whenever the inputs I{¥(¢) die out as well,
and whose cross-correlations z{}(t) weight past x,(w — 7) x,(w) values with
an exponentially decaying term e—#!*—*), This is the case for which our equa-
tions have a prediction theoretic interpretation.

(7C) Tue Errect oF Fixep Ratios oN OuTpuTs

In (B) we showed that even though the ratios X{¥(f) remain essen-
tially fixed for large ¢, the outputs x{"'(z) can decay exponentially to zero as
t — oo. It therefore seems that the absolute magnitudes of the ratios and the
outputs are completely unrelated as t — oo. This is not always true, but
we must modify our outstars GV’ slightly to see this. For simplicity we
again restrict attention to outstars G'¥) with inputs

190 = Nz Ju(t — kw + W)

and
N-1

IN(t) = 8, ; Tt — w — k(w + W)).

To modify G'™), let f(f) be any nonnegative and continuous function which
is positive only in the interval [U(N), o). Such an fy is called admissible.
Given any sequence f = (f;, fa - Ju »---) Of admissible fy’s, we shall now
construct a sequence G, G GW.D . of outstars that is closely
related to the sequence G, G#,.. G'W!.. of outstars. For each
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N =1,2,.., G™.J) is defined in terms of G by the following prescrip-
tions: (1) The initial data of G-/ is the same as that of G'™) (and hence
that of G'*)). (2) The input functions of GV are

BN =B 4 fy
and

I](-N'f) — I.’_(N)’ j; 1.
We say that the sequence G, G ., is derfved from f and G'=). Any
derived sequence of this kind obeys the following theorem:

Tueorem 5(f). Let GLH, G5 . GV .| be any sequence of outstars
derived from any G'* and any admissible f. Then all the conclusions of Theorem 5
hold for this sequence with superscripts “(N, f)’ replacing superscripts “(N)".

Proor. Since IV =TI + £, the functions of GV} agree with
those of G™) in [0, Uy(N)]. Since TN/ = [N j—= |, G/ has an input-
free border in [U(N), c0). The rest of the proof is now just as in Theorem 5.

We now consider special choices of f which show some of the effects which
the fixed ratios X{V(#) can have on the outputs x{*/(¢) for large ¢.

(1) fu(@®) = Jt — A(N)) where A(N)> AN). For this choice of f,,
G5 differs from G™) only in the occurrence of an input pulse J(t — A(N))
at the source of G'V-¥) at time ¢ = A(N). In particular, G¥./) is the same
as G™) in [0, A(N)], and so G¥-¥) is input-free in [M(N), 2(N)]. By Proposi-
tion 1, the outputs x™/(t) decay exponentially towards zero for
t € [M(N), A(N)]. Since A(N}> AN), we can assume that all the outputs
&N gre very small at time t = A(N), and we write x{V/'(A(N)) = 0,
j=1,2,..., n This is true for every N == .

By Theorem 5(f), we can by taking N sufficiently large guarantee that
y{¥VO(¢) approximates 8, as closely as we wish for ¢ > A(V). In particular,
we can write y{¥(f) = 8, for t > A(N). We are now ready to discuss the
effects which the input pulse fy(t) = J(t — A(N)) has on the outputs of
G,

The first fact of interest is that fy(¢) has essentially no effect whatsoever
on the outputs x'N, 7 =2 1, 2. By (11), we have for t > A(N)and j=1, 2
that

B8) = — a4 BV — 1)y ()

~ - ax}N,f) -+ Bx{”'”(t . T) -0

_ afo'f) .
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Thus
x](_N,f)(t)% e—a(t—A(N))x}N.f)(A(N))
=~ 0.

By contrast, fy(t) has a substantial effect on the output x(¥-". By (11), we
have for ¢ = A(N)

¥(8) = — ™) + B — ) 3 (0)

~ — a1y + Bt — 1) - 1,

and thus

at
x;N,f)(t)g xéN.f)(A(N)) g (t-aw) +B JMN) e—a(t—v)xl(N.f)(v — 1) dy

t .
~8 f U= WDy 1) gy, (31)
A{N)

But by (10) we have for ¢ = A(N) that

#VI(8) = — ax{N () + J(t — AN)),
and thus

¢
xl(N.f)(t) _ .’C{N'f)(/l(N)) e—m(t—A(N)) - fA( )e—a(t—-v)](,v . /l(N)) dv

~ f T J(v — A(N)) dv
A(N)

t—A(N)
= emsti=amn [ g0 (0) do. (32)

0
Substituting (32) into (31) gives for ¢ € [A(N), A(N) + 7] that

x{N'f)(t) ~0
and for ¢t 2> A(N) +  that
¢

xéN'f)(t) o~ :B fA(N)+ e-—a(t—v)x{N,)’)(v _ T) do

t—-A(N)
o~ Bemstt-aN)—t) f
[}

T [ e Jw) de.

Thus x{V¥)(¢) grows substantially in the interval (A(N) + 7, AN) + 7 + ),
where A = sup{t: J(¢) > 0}, and then decays once again at an exponential
rate to zero.
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We summarize these statements in Fig. 9.

e a s g

AN AyN) A5(N] AglN)
m %}s\ m y
AN AN A5(N) A4N)
N6
i
%12
t
N,5)
*2
ANFT  ANHT AgNIET AgNrr
Fic. 9

These facts can be stated heuristically as follows. If only the vertices v, and
v, are each perturbed periodically by N input pulses, where N is a large
number, then a later test input pulse to z; creates a large output only from
v,. The inputs to the vertices v; and v, channel most of the mass
" s ¥yt of the edges ey, into the edge e, , and then é;, channels a later
test input pulse to v; along e;, and thence to v, .

Suppose that the probability distribution 8;, is replaced by an arbitrary
probability distribution ; in the inputs Z}¥-?. Then the outputs from each v;
with 8, > 0 are affected by the input pulse fy no matter how large N is
taken. Clearly, for N taken sufficiently large, the output from v, is approxi-
mately 6,/6; times as large as the output from v; .

The ratios ¥5+7(¢) have a curious effect on the outputs x3"-”(t) when both
N and then ¢ are taken sufficiently large. This effect depends on the following
simple fact.

COROLLARY 4. Let GN.1) be chosen with 0; = 8, . Then for all sufficiently
large N and t = m{™, y\¥1)(t) is monotone increasing and y{;*"(t) is monotone
decreasing, j 7 1.

Proor. It suffices to consider ¥{5”(¢). By Theorem 4, y{3'(t) is monotonic
for all sufficiently large ¢. Since y{2(¢) < 1 and lim,,, ¥3'(t) = 1, ¥3'(®)
is monotone increasing for these ¢. Since also the sign of 7{3'(t) agrees with
that of X{'(t) — ¥2(t), X§$*U(t) > yi3(¢) for sufficiently large ¢. Obviously
YNP@) = @) and  XPO(t) = X)) for te [0, mM] where

409/21/3-14
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limy,, m{™ = co. Thus X{VP(m{M) > yN(m{™) for all sufficiently
large N. By (16) and (17) it now follows readily that y3"(¢) > O for t > m{™
and all sufficiently large N.

Using Corollary 4, we consider two derived sequences GV and G2,
N =1, 2,..., which differ only in their choice of A(N), say 4,(N) <€ Ay(N).
In both sequences we can assume that x;-N'fi)(t) ~0fort = A,(N);7i=1,2;
and j = 1, 2,..., n. By Corollary 4, for all sufficiently large N and t > /,(N),
¥i72() > y{579(2). By (10) and (i1) this means that the output created by
Ji(t — Ay(N)) at v, in GP72 will exceed the output created by J,(t — A,(V))
at v, in G2, This fact is remarkable because Jj(¢ — A,(V)) occurs later
in time than J,(t — 4;(N)), and thus after the outstar has had a greater
opportunity to recover from the effect of prior inputs. Speaking heuristically,
we therefore say that after sufficiently many input pulses have occurred at
v, and v, , a new input pulse to ¢, creates outputs from B which “spontane-
ously” seek the 8;, distribution that the prior inputs have sought to establish.
This “spontaneous facilitation” will, of course, be most evident when the
gap | ¥ (UN)) — XVP(U(N)) | is substantial.

@) fult) = Tia Jt — AN, AN) € 4(NV) < A(N)< . In this
case, infinitely many input pulses occur at the source at large time separations
t = A;(N), A4(N),... . For this choice of f; , we again readily conclude that
the output functions {9, j=£ 1,2, are not affected by fy if N is taken
sufficiently large. Again the interest centers in x{"7 for large N.

We can treat x§™” just as we did in case (1) for times ¢ € [0, Ay(N)].
Treating A,(N) as the A(N) of case (1), we conclude that xt™™ grows sub-
stantially in the interval (4,(N) + 7, 4,(N)+ 7 4+ A) and then decays

l(}N,f)
AN] t
o
AN t
(N
Xj
i#L,2
AN !
(N, 1)
"2 m
X(N)+r t

Fic. 10
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exponentially towards zero in [4,(N) - 7 4 A, Ay(N)]. Since Ay(N) > A,(N),
we can suppose xbV(A4(N)) = 0. Now we iterate this process. We treat
Ay(N) as the A(N) of case (1) and A,(V) as the A(V) of case (1). We conclude
that x3™") grows substantially in the interval (A,(N) + 7, Ay(N) -+ 7 4 A)
and then decays exponentially towards zero in [A.(N) + = + X, 13(N)]
This process is iterated infinitely often, and we arrive at Fig. 10. The heuristic
point of this example is that we can perturb the source as often as we wish
with input pulses without distorting the output, just so long as the rate with
which the pulses occur is sufficiently slow. This remark must of course be
qualified by the spontaneous improvement effect noted in (1).

(7D) Tue NONLINEAR TREND IN THE INDIVIDUAL OUTPUTS IS
Not SEEN IN THE LINEAR AVERAGE OUTPUT

In Sections (7A)-(7C), we have shown that there exists a distinctive trend
in the outputs of a sequence G*), G2 . G of outstars if, for exam-~
ple, we let fy(t) = J(t — A(N)), where A(N) > AN). This trend is partic-
ularly evident if we let G'=) have initial data of the form 2;(0) =8 > 0,
and x;(0) =y, for all j == 1, and choose 8; = §;,. Then in every GWV.J,
the output from each vertex of the border is the same at time ¢ = 0, and we
say that the output is uniformly distributed at time ¢t = 0. In GI7), the
distribution of outputs from the border never deviates too far from this
uniform distribution since only one input pulse reaches v, and ¢, . In G,
the distribution of outputs from the border is slightly more peaked at v,
for times ¢ 2= A(2) than it is in GP for times 7 = A(1). By the time we
reach a G'V-/) for which N is very large, practically all the output from the
border comes from vertex v, for times ¢t = A(N). We diagram this trend in an
idealized way in Fig. 11, where we have set e = 7 for simplicity.

We now ask how much of this striking trend is visible in the average output

w1 o o
LW —~=Y ML
n D

of each outstar GV, N =1, 2,... . We will show that this trend need not
appear at all in these averages for large times.

ProrosiTioN 2. For any

R
flt) = Z J@t = L)),
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albh < AT
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where

Ay (N) — Ax(N) = Ayya(M) — A(M) > 0,
and R is any nonnegative tnteger, including oo,
SN - A (M) 2 301+ A(N))
forallt 20and all M, N =1, 2,.....

Proor. We prove the proposition only for the case R = 1. The generali-
zation to other values of R will then be obvious. The proof relies on the fact
from Corollary 1 that the average x‘V-/) obeys a linear equation which is
independent of the probability distribution p{¥”). We omit the subscript
“1” in A;(N) for simplicity. From Corollary 1 we find that

(Z x}N.f))' — & ( y xj(,N.f)) 4 ﬂxl(N‘f)(t — ).

J#l J#1

Since also

x.l(N-f) — e (xxl(N‘f) + ](t —_ A(IV))y

x'(N-f) — ax(N'f) — %x{”‘”(f . ‘r) 4 _11‘_](1 . /1(]\')) (33)
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[ntegrating (33) gives for t = A(N),

l\,(N f)(t) _ x(""f)(/l(N)) e—m(t—A(N))

i —LJt e_a(t—u)[ﬂxl(y.f)(v —7) = J@ — AN do
nJaw

at
B J e Ny 1y de
nJaw

f

U temaan [ )
+ — el J et [(v) dv
: n e 0 ]( ) ’

and since

( ) ( N t—A(N)
.\‘1N', (f) o~ e t—1 N J. e:w](v) d‘Z),
0

—A(N)—7

k\,<‘\".f)(,) ~ % x(t — AN) — 1) J.; dv f: &Y J(w) dw

1 ~t—A(N)
4 L pmatt-amNy ' e J(v) de.
n L

Thus for any ¢ > 0,
WAt 4 A(N)) 2 MOt A(M)).

The heuristic point of Proposition 2 can be stated for the case in which
R = o0 in the following way. Suppose that an experimentalist wants to find
out how outstars work by collecting data from them. A standard rule of
prudence when confronted with an unknown system is to first study the
long time average output of the system. Given the outstar G'¥-/, this average
is

.
17 J XN () do,
0

where t>> 0. The experimentalist will readily observe that each average
output x‘¥*) obeys a simple linear equation. He will also note that

t ot
IT fo x NI () do =~ % ' . x M) do

for ¢ sufficiently large and all M, N = 1, 2,..., since
2V + A(N)) 2 MOt + A(M)),

and an infinite amount of mass f, reaches the source vertex for times ¢ > A(N)
in every GW-9. A plausible inference from this data is that all the outstars
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G, GWN.D L obey a linear equation and that these outstars are essentially
copies of one another. Both of these conclusions are totally wrong!

8. ELIMINATING BACKGROUND Noise IN OUTPUTS:
THE ENTROPY OF AN OUTSTAR

In this section, we will show how the outputs of an outstar can be modified
to eliminate background noise. We again consider the special case of N-trun-
cations G™) with inputs

190) =Y ¢ — hw + W)

k

and

N—1
I =8, ¥ Jo(t —w —k(w + W), j#L
=0

For simplicity, we also require that each G¥ have an initially uniform border;
ie., 2,{0) =8 >0 and x,(0) =y > 0,5 1.

The need to modify the outputs x{"(z) is suggested by Theorem 5. This
theorem says that

Lim lim X{™(2) = lim lim y13"(t) = 85,

or that the outputs from G come increasingly from v, as [V and then ¢ are
taken large. By contrast, if x{V)(f,) > O for any ¢, => 0, then x{"(¢) > 0 for
every ¢t > t,. Thus outputs from vertices o3, v, ,..., ¥, cannot be entirely
eliminated in finite time and produce background noise. We now introduce
one way of modifying the outputs to eliminate this noise and several other
difficulties.

Given any probability distribution p = (p; , pa -y Pn—y), let the entropy
H(p) of p be defined by

n-—1

H(P) = - Z bilnapy

k=1

where it is understood that 0/7,0 = 0. This concept of entropy is familiar
from information theory, and it provides a rigorous measure of the amount
of information in a scheme of events [8]. Using this familiar notion of entropy,
we can define two kinds of entropy in any outstar G, N = 1, 2,..., c0. Let

HEP () = HXN (), X2(1))
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be the zertex (or state) entropy of the border of G'M) at time ¢. Let
(N)
HY(t) = H3 ()., 545 (1))

be the edge (or interaction) entropv of the border of GV at time f. These
entropy functions have the following properties.

ProposITION 3. Let G'™®) be any outstar with an initially uniform border
and input functions

I - f Ji(t — k(w + 1))

L=0
and

Ij(w) =8y Z Lot — w — k(w + W), J# L

k=0

Then the state entropy HY and the interaction entropy H\“ of G'<) attain
the maximum entropy Iny(n — 1) at time { =0 and approach the minimum
entropy 0 as t — co. Moreover, H'“)(t) decreases monotonically from maximal
entropy to minimal entropy as t — oo, and

lim lim HY(¢) = lim lim H¥(¢) = 0.

Noow foa% N-x0

Proof. The maximum entropy of H(p) is Iny(n — 1) and is attained when
p = [1/(n — 1),..., 1/(n — 1)]. By hypothesis, '(0) = v{7(0) = lj(n — 1),
735= 1. Thus

Hf\go)(()) = H;‘”‘)(O) = Iny(n — 1).

The entropy H(p) is also a continuous function of p whose minimum value 0
is attained when p = (1, 0, 0,..., 0) (say). By Corollary 3,

lim X;™(1) = lim 317°(1) = 8, -

Thus

lim HE(t) = lim H&)(1) =0,
=0 o> h
By Theorem 5, we also know that

lim lim HM(t) = lim lim HM(1) = 0,

NG oo N-w -0
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To show that H{™\(t) decreases monotonically, note that

d 1 1 1
2p, (Pl ) "_j(l —p1)s n_——f(l = Pr)eeess ) (1 —Pﬂ)
. 1
I —p <0 if p=
ﬂlog"((n~2)pl) n—1 a4
log,(n — 1)
>0 if p< ﬁ

Since G has a uniformly distributed border at # =0 and I; = 0,7 # 1, 2,

@ o (] 00 1 °s) .
W =P ==Y ad P = -w) j#L2

Thus

0 (] 1 X
HP() = HOAP s —5 (1 = 313 =y (1= 317))-

Differentiating H™ therefore gives

d

*r (0 © 1
H™(t) = WH(J'{2)’

n—2(

o0 1 <0 (]
P s =5 (L= 2i5) 545 (39)

To calculate the sign of 7% consider Theorem 4. Since ¥{3(0) = X;3(0),
{2(¢) is a monotonic function for all £ > 0. Since

»2(0) =

and hmyl‘z”)(t) =1,

(c0)

¥®)(¢) is monotone increasing and ¥{3’(t) > 1/(n — 1). By (34) and (35),
we therefore find that H\(¢) <0, or that H{®'(t) is monotone decreasing.

The decrease of H{™(¢) from maximum to minimum “‘lack of information”
as t — oo will be associated in Part II with the increase in G'®’ from minimum
to maximum “learning” as t — oco.

The modified output 0{™V(¢, I') of x{™(¢) is defined in terms of the entropy
as follows.

0M(t, I') = max{x¥(¢t) A (t) — I, 0},
where

(8]
A =1 — fnlifz it)l) ’

and I'is a fixed positive number called the output threshold, We list several
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properties of 0'(#, I') in a G'™ with initially uniform border and provide
a brief intuitive interpretation of each property.

(1) 0™M(0, ') = 0 for all I' > 0, no matter how large 8 and y are. No
vertex is ‘‘preferred” at f == 0; thus no output occurs.

(2) Only 08M(t, I') ever becomes positive if I" is chosen sufficiently
large. That is, only the “favored” edge e, ever generates an output.

(3) Ot + =+ W, I =07 '), t 0. As inputs to 7, and 7,
concentrate more of the mass Y, _.; ¥i¥’ at ¢;, in successive input periods, so
too does the output from v, become stronger.

(@) If &M(t) == 0, then 0§V'(¢, I') is independent of x{¥(f). A vertex
which has never been ‘‘created” by an input influences no output.

(5 Lim[0;*(t, T) - max(x{®(1) — I', 0)] = 0.
The output from v, becomes independent of the outputs x{*', j 5= 1, 2, as all
edges e); lose mass to e, . In particular, when I" = 0, the modified output
converges to the unmodified output as £ — oc.

In summary, the modified output 05*'(¢, I') behaves essentially like the
unmodified output x3='(¢) when only y{3'(¢) is large, but 0{'(¢, I") >~ 0 when

all y{¥)(t) are comparable, even when the x{)(#)’s are very large.

PART II PREDICTION THEORETIC INTERPRETATION
1. INTRODUCTION

We now give the results of Part I a prediction theoretic interpretation.
Our goal is to construct laws for a machine .# which can be taught to predict
the event B whenever the event 4 occurs. This goal can be stated in several
related ways. We can say that we wish to teach the machine that the transition
A — B is correct, or that we wish to teach the machine the list 4B Phrased in
this way, our task can be described by analogy with the task of teaching
lists of letters to an idealized human subject, who will henceforth be denoted
by . Suppose that we wish to teach & the list of letters AB. A standard
way of doing this is to repeat the list AB to & several times. To find out if &
has learned the list as a result of these list repetitions, the letter 4 alone is
then said to . If % responds by saying the letter B in return, and & does
this whenever 4 alone is said, then we have good evidence that & has indeed
learned the list AB. Thus & learns to predict the event B whenever the
event A occurs as a result of repeated presentations of the list AB.,
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In this section, we suggest one way of translating this intuitive idea of
learning into formal terms. We can easily think of several desirable properties
which a machine that learns a list of events in this way might profitably have.
We state these properties here in a somewhat colorful language to aid the
reader in comparing and contrasting his intuitive concepts of learning with
the particular formal translation table that we will set down for these prop-
erties. The translation table that we shall provide is a very special one, to be
sure, since it is intended to deal with the particularly simple case of an
outstar.

(1) Practice Maxkes PerrecT. The more often the list AB of events is
repeated to the machine .#, the better becomes .#’s prediction of B given A.
Moreover, if the list AB is repeated indefinitely often, then .#’s prediction
of B given A comes as close as we wish to a perfect prediction.

(2) An IsoLaTeD SysTeEM SurFErRs No MEemory Loss. If we succeed in
teaching the list AB to .# to a given degree of accuracy, then .# remembers
the list with approximately this accuracy just so long as no new teaching
occurs.

(3) AN IsorATED SYSTEM REMEMBERS AND SOMETIMES FAcILITATES ITs
MEeMoRy wWITHOUT CONTINUALLY PRACTICING. In everyday life, it is a com-
monplace experience that facts can be remembered for a substantial time
in the absence of continual overt practice. We shall construct a machine that
also has a good memory even when it does not practice. Indeed, its memory
sometimes spontaneously improves even without practice (i.e., “reminis-
cence”’ occurs, [9], p. 509).

(4) TrE Act oF MakiNg A CorrecT PreDICTION CaN Reoccur INDE-
FINITELY OFTEN WITHOUT RETRAINING. Suppose that .# knows the list 4B
of events. It would be most unpleasant if the very act of predicting B, given 4,
erased the record within .# that B is indeed the correct reply to 4. If this
were true, we would have to reteach the list 4B every time a correct predic-
tion occurred. In the present system, the act of recall can occur as many times
as we please without requiring the retraining of ./#.

Properties (1)-(4) show that once a list AB of events is taught to the
machine .#, retention of the list is quite stable. The next property shows that
this stability does not prevent .# from adapting to new experiences.

(5) ALL Errors CaN Be CoORRECTED. Suppose after .# learns the list
AB it is found that really the event C should follow the event 4. Then B is,
by fiat, an error whenever it follows 4. We shall see that this error can always
be corrected if .# then practices the list AC sufficiently often.



NONLINEAR PREDICTION AND LEARNING 687

We now make properties (1)-(5) rigorous by translating them into theo-
rems of Part T about outstars.

2. TBE MACHINE

The machine .# we construct here obeys the equations (10)-(13) of an
outstar. Once this machine is understood, the same basic concepts can be
applied to a system given by any semistochastic matrix P, as defined in
Section 2. ./# consists of n states, namely the » vertices 7; of the outstar, and
these states interact with one another along the directed edges e;; . The
machine .# is manipulated by an experimenter & whose goal is to teach ../
to predict the event B given the event . The experimental manipulations
created by & are represented by the input vector function C = (I, , I, ,..., I)).
The outputs which these manipulations produce are represented by the

output vector function X = (xy, %, ,..., ¥,). In particular, the input function
I; represents the total history of experimental manipulations performed on
state v; .

Suppose for example that

L= Jit—kw+ W)

and

0

L =0, Jit —w—k(w-+ W), j*L

k=0

Then .7 is an outstar of type G'™), as treated in Corollary 3. Each function
Ji{t — k(o + W) and 0, ],(t — w — k(w 4 W)) signifies the occurrence
of an experimentally created event. J,(f — k(e + W)) is an event which
begins at the source vertex v, at time ¢ = k(w + ) and lasts until time
t =k(w + W)+ A, . The function I, = Y% ; J,(t — k(= + W)) signifies
the occurrence at the source ; of a periodic succession of identical events
with the waveform [, at the times t =0, w + W, 2{w 4 W),.... These
events each last A; time units. Similarly, the function

L= 6,3, Jut —w — k(w4 W)

n=0

signifies the occurrence at the border vertices of a periodic succession of iden-
tical events with waveform 0, J, at the times ¢ = w, 2w + W, 3w + 2W.....
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These events each last A, time units. Every vertex v; of the border receives
a periodic succession of events whose waveform is identical except for the
weights 0; . That is, the experimenter distributes a fraction 6; of the wave-
form J, to each vertex v, of the border at periodic intervals. Corollary 3
assures the experimenter that his unceasing labors do not go unnoticed by
the outstar. Indeed the normalized vertex functions X; and the normalized
edge functions y,; are both responsive to the experimenters’s choice of weights
0; and gradually adopt these weights as their own no matter what their
weights were initially.

3. RepeaTIiNG THE List AB N TiMzs

Now that we know what an event means in an outstar, it is simple to trans-
late into formal terms the intuitive idea of presenting a list AB of events to
the outstar NV times. Firstly we must assign a state of the outstar to each
symbol of an event. If for example we are given twenty-six symbols 4, B,
C,..., Z, then we assign v, to 4, v, to B, v, to C, and so on down to v, and Z.
Given this assignment of symbols to states, suppose that an experimenter
wishes to teach an outstar to predict B given A. He must indicate to the
outstar in some way that B is the “correct” successor of 4. He does this by
repeating the desired sequence AB several times. The only way to say a
sequence AB to an outstar is to create perturbations at the vertices z; and v,
which stand for 4 and B, respectively. Thus one occurrence of the sequence
AB is translated into an outstar’s mechanism by the arrival of an input pulse
J(t — k(w + W)) at v, and of an input pulse J(t — w — k(w + W)) at o,
w time units later. NV periodic presentations of the sequence 4B, starting
at time zero, is translated into an outstar’s mechanism as an input function

B0 =Y J — w + W)

for vertex v, , an input function
N—-1

V() = ¥ J(t — w — k(w + W)
k=0

for vertex v,, and input functions I}N Y = 0 for all other vertices jFNL, 2;
that is, as an N-trunction G™). GV} is thus the outstar which results when
AB is repeated N times at a fixed rate by the experimenter.

To test whether or not G has learned to predict B given 4, the experi-
menter presents 4 to G™) at a later time and sees whether or not G’ knows
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that B is the correct prediction. That is, the experimenter creates an input
pulse at v, and waits to see if the output created in this way comes only from
v, . As soon as 4 occurs, however, the outstar is no longer of type GV,

Suppose, for example, that 4 occurs in G at time ¢ = A(N). This means
that the input pulse f(t) = J(t — A(N)) occurs at the source v, . The total
input to the source is therefore Y a4 J(t — k(e — 7)) - f(t). This is
the input of an outstar of type G‘V-"). This outstar of type G'¥-/), where
Ity = J(t — A(N)), is thus a machine subjected to .V presentations of the
list B followed by a single presentation of 4 on a test trial.

4. “Practice Makes Perrect”

Suppose now that a machine of type G'¥-7) is given. That is, the experi-
menter has presented AB to the machine N times and then presents 4 alone.
The experimenter wants the machine to predict B after 4 occurs. This
means that the output from the border created by f,, ought to come only from
v, if the machine knows the list 4B. Theorem 5(f) shows that the output
comes increasingly from v, as N increases. This means that the machine learns
to predict B given A with ever greater precision as it receives ever more
trials on which to practice the sequence B. In this sense, the outputs at
large times from the sequence GU-9), G . G'VN./' . of outstars, where
(@) = J(t — A(N)) exemplify the proverb ‘“practice makes perfect” in
our formal translation table.

This proverb is the first property stated in Section 1. The second property
is that ““an isolated system suffers no memory loss.”” An “isolated system”
is manifestly one that is input-free. Property 2 can thus be stated formally
as follows. The probability distributions X{¥/' and v;”’ of an outstar of
type G'V-/) remain essentially fixed for all large ¢. This is proved in Theo-
rem 5(f). The third property is that “an isolated system remembers without
continually practicing.”” This is the statement of Section 5 that the probability
distributions .Y’ and y{) remain fixed even as the outputs x'N) decay
exponentially to zero. A similar remark holds in an outstar of type GV,
Consider an experimenter who is studying G'™V-*) for times ¢ & [A(N), A(N)};
that is, after 4B has occurred NV times and before A alone occurs. He will
certainly observe the rapid exponential decay of all the outputs x{¥-7} and
might well therefore be led to conclude that the effects of saving 4B to the
outstar NV times wear off rapidly. The outstar provides no overt evidence (e.g.,
no “‘overt practice”) to the experimenter during this time that any record
whatever of his having presented 4B endures. Nonetheless, by Theorem 5(f),
shortly after .1 is presented to the outstar at time 7 —= A(N), the output is
produced by B alone if B has been said sufficiently often in the past. We
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also observed in Corollary 4 that if N is taken sufficiently large, y{¥"")(f)
increases for t > m{™. On a later test trial, therefore, the outstar’s memory
can be better than it was immediately after training, even though no overt
practice intervenes. This effect is most pronounced when /V is large but not
so large that | y{Y-P(U(N)) — X{¥-D(U(N)) | is small; i.e., after “moderate”
amounts of practice.

The fifth property of Section | is that ‘“‘all errors can be corrected.” This

property is discussed in the next section.

5. ERROR CORRECTION AND GLOBAL THEOREMS

Suppose that an experimenter has taught an outstar the list AB by pre-
senting this list V times to the outstar at a fixed rate. If IV is taken sufficiently
large, Theorem 5 guarantees that the list can be learned to an arbitrary degree
of accuracy. After accomplishing this goal, suppose that another experimenter
comes upon the outstar. This experimenter wishes to teach the oustar the
list .4C. He tests whether the outstar already knows this list by presenting
the test pulse J;(z — A4,) to vertex v, at time ¢t = A, . The output created
in this way comes almost exclusively from B. Because this experimenter
wants C to be the output instead of B, he interprets the output from B as an
error. To correct this error, he begins at time ¢ = A, to present the list AC
to the outstar M times at a fixed rate of speed, where /{ is chosen sufficiently
large to offset the previous NV occurrences of the “incorrect’ list AB.

The input history of this outstar can be written as

L(t) = Nz_l Ji(# — k(o + W) + jl(t — )

M-1
+ Y it — Ay — k(w4 W),
N-—1
L(t) = Z Jo(t — wy — k(wy + W),

M-1
1(t) = Z Ja(t — Ay — wy — k(wy 4+ 7)),
=0

It)=0, ;+#1,23,

where J; and J; are input pulses that are positive in (0, A;) and (0, A,), re-
spectively, 7 = 1, 2, 3, and w, and W, are positive numbers, i = 1, 2. The basic
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question is: by repeating AC a sufficiently large number of times M, can
the record of previous occurrences of 4B N times be erased from within the
outstar ? The answer is “ves.” This is because of two facts: (1) the outstar
has positive data at time t == 2, + A, and in the interval [, ~ X, , =) the
inputs are

¥

IO = 5yt — .y — (W),

Il
<

M-1

I(t) = j:x(t — Ay —wy — k(wy -+ W),

=0

=

o~
I

and

‘[J'EO’ j~7:1,3;

(2) Theorem 5 is true for anv outstar with positive data and inputs of the
form given in (1).

Thus the possibility of correcting all errors in an outstar depends on two
facts: (1) invariance of the set of all initial data under inputs: no matter what
inputs occur in a finite time interval, just so long as they are nonnegative the
functions of the outstar will remain positive; and (2) the imit of ratios of
solutions is independent of the initial data: Theorem 5(f) is true no matter
what the initial data is, just so long as it is positive.

This discussion completes our formal translation table of the heuristic
properties (1)-(5) of Section 1 in the case of an outstar. We remark in passing
that properties (1)-(5) do not hold for systems characterized by arbitrary
semistochastic matrices P. The way in which a system learns to predict
depends in an essential way on the matrix P that characterizes it; i.e., on its
“geometry.” We will provide another example of this fact in the next paper
in this series.

6. IMPROVING THE ACCURACY OF PREDICTIONS

In Section 5 of Part I, we showed how modifying the outputs of an outstar
by using the notion of entropy removes background noise from these outputs.
This modification of the output can now be interpreted prediction theoreti-
cally. We list the five properties of Section 8 in prediction theoretic termi-
nology for the convenience of the reader.

(1) If no event B, C,... is a preferred prediction, given the event 4, then
no prediction is made.
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(2) A prediction B given 4 is made only when the machine prefers the
transition A — B on the basis of past experience.

(3) The strength of the prediction B given A increases as the machine’s
preference for the transition 4 — B increases with more practice of the list
AB.

(4) If an event C has never occurred in the machine’s past, it does not
influence the prediction of B given 4.

(5) As the list AB is practiced indefinitely often, even events C which
have occurred in the machine’s remote past gradually lose their influence on
the prediction of B given 4.

7. INFORMATION vs. LEARNING

In Proposition 3 we showed that the interaction entropy H{ () decreases
monotonically from maximal to minimal entropy as t — ¢ in any G with
an initially uniform border. From an information theoretic viewpoint, this
fact means that the “uncertainty” or “lack of information” in the scheme of
events described by the probabilities (yU2(2),..., y\Z(2)) decreases as ¢ — co.
A parallel interpretation along prediction theoretic lines is also available;
namely, G'® “learns” that v, follows v; with ever increasing accuracy as
t—>o0. At t =0, G is in a state of minimal “learning” since all
¥7(0) = 1{(n — 1) and no transition v; — v; is preferred over any other.
Also, the “lack of information” H{)(0) is maximal. As t — oo, y{7’(#) — 1
and the learning of the transition v; — v, approaches perfection. At the same
time, the “lack of information” H{"(¢) approaches a minimum.

In the previous section, we showed how the mathematical concept of
“information” can be used to improve the accuracy of “learned” predictions.
A forthcoming paper will show how to modify the very laws (2)-(4) to provide
a comparable improvement in accuracy without directly invoking the entropy
function. This modification will illustrate a considerably closer tie between
the mathematical concept of ‘“‘information” and the idea of “learning”
herein described.

8. SrtaTisTICAL VS. DETERMINISTIC PREDICTION

Our system of equations can be interpreted as a prediction theory in two
different ways. Firstly it is a deterministic prediction theory in which a
machine is perturbed by individual inputs and produces individual outputs
at specified times. Secondly it is a statistical prediction theory which describes
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how the probability of given predictions evolves through time. This double
interpretation is particularly evident when, for example, y45(t) — l as t — oo
in a G outstar with §; = §;, . Then we can say both that the prediction B
given A occurs with probability 1 or that it always occurs upon demand
as t — c0. The former interpretation describes no particular event in time,
whereas the latter does. This is the main advantage of a deterministic theory.

Because of this double interpretation, our theory has a clear limitation,
which can be described using the outstar of Fig. 12, in which the list AB

o V28
V= A

®vy=C

Fic. 12

occurs 4 of the time, the list AC occurs % of the time, and the two lists are
intermixed evenly in time; ie., ABACABACABAC --- occurs. It is then
highly plausible that the averages (1/¢) [} ¥ 45(v) dv and (1/t) [}y 4c(v) dv come
close to } as ¢ becomes large (i.e., “statistical” prediction). In particular, it is
impossible to predict either B or C with perfect accuracy knowing ACA or
ABA has occurred (i.e., ‘‘deterministically’’). Because of this, the present
theory can hope to predict deterministically only lists ABC -+ XYZ in
which no symbol occurs in more than one transition. Otherwise, only
statistical prediction is possible.

The modified laws (2)-(4) discussed in the preceding section can be inter-
preted as a closely related prediction theory which can with some success
predict alternating patterns deterministically as well as fulfill the general
goal of predicting individual events, in a fixed order, and at prescribed times.
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