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For all known locally conformally flat compact Riemannian manifolds (M,, g) 
(n > 2), with infinite fundamental group, we give the complete proof of Aubin’s con- 
jecture on scalar curvature. That solves the Yamabe Problem for these manifolds. 
There exists a metric g’ conformal to g, such that vol,. = 1 and whose scalar cur- 
vature R’ is constant and satisfies R’ < n(n - 1) we/“, where W, is the volume of the 
sphere S, with radius 1. 0 1986 Academic Press, Inc. 

1. INTRODUCTION 

Let (M, g) be a smooth, n-dimensional, compact Riemannian manifold 
with scalar curvature R. Let J be Yamabe’s functional, defined by 

and set ,u = Inf J(q), for all cp E H,(M), cp 3 0, cp f 0, 

THEOREM 1 [ 1, p. 289; 2, p. 1291. For every Riemannian manifold ,u 6 
n(n- 1)~ :I”. If p<n(n-I) n IZO~/” there exists a strictly positive solution 
vo E C”W) of 

4(n - 1) &+&,=Q,‘“+2)/‘“-2’ 
(n-2) 

with R’= p and Jjqo(lN = 1. Then, g’ = ‘p. 4/(n-2)g is a metric of volume 1 
whose scalar curvature R’ is constant and R’ < n(n - 1) oi/“. Here N = 
2n/(n - 2) and CD,, is the volume of the unit n-dimensional sphere. 

It is also established in [ 1, 21 that p = n(n - 1) &I” for the sphere, and 
some suflicient conditions are given for ,U to be strictly smaller than 
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n(n-l)w, . 2/n According to this results, the Yamabe Problem remains open 
only in the following cases: 

(a) Nonlocally conformally flat manifolds of dimension 3, 4, or 5. 
(b) Locally conformally flat manifolds, with infinite fundamental 

group and admitting a metric of everywhere strictly positive scalar cur- 
vature. 

The only known examples of the last class of manifolds are 

(i) 3, ~, x S1, where s,-, is a quotient of the sphere S+ 1. 

(ii) s,(c) x H&-c), ( p > q), where A,( -c) is a compact quotient of 
the hyperbolic space, whose sectional curvature is -c. 

(iii) Fibre spaces over s,(c) (resp. ii,( -c)) with fibre py( -c) (resp. 
q(c)). 

(iv) The connected sums of manifolds above with a compact locally 
conformally flat manifold. 

We are going to prove here that p < n(n - 1) 0:” for these particular 
manifolds. The method was announced in [3]. For another approach 
covering case (a) and (b) see [6]. 

2. THE PRODUCTS 

(1) We shall consider first the manifold (S,(a) x S,(p), g), where 
Si(p) is the sphere of radius l/p and dimension i, and g is the Riemannian 
product metric; a and j? will be taken such that its volume, Vol,(S,(a) x 
S,(p)) = 1, that is 27~fl-~a -%.I, = 1. 

THEOREM 2 [3]. For every CC, fl E Iw +, the infimum of Yamahe’s 
functional for the Riemannian manifold (S,,(a) x S,(p), g) is strictly lower 
than n(n + 1) o f$“: ‘) There is a metric g’ conformal to g, such that its . 
volume Vol,.(S,(a) x S,(p)) = 1 and whose scalar curvature R’ is constant 
and satisfies R’ < n(n + 1) wT;‘y,+ ‘1. 

Proof. Fix yO an element of S,(p) and take r(x, y) = d,,( y, y,) for 
(x, y) E S,(a) x S,(b); we define u(x, y) = u(r) = (cash ar)(‘Pn)‘2, then 

(u’)~ du + R j u2 dv 
.%(a) x s,cfir 
~ (n ~~ I )/(?I + 1) 

+ + 1 )/(n - 1' dv 
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= (2C”o,,)*‘(“+ ‘) (u’)* dr + R i”‘” ~2 dr] 
0 

-(n- ‘)/(n+ 1) 

X 1 
It is easy to see that u satisfies the equation 

4n - -uu”+Ru=n(n+ 1)&&“+3)/(“--1) 
n-l 

and consequently 

J(u)=(2a-“o,)*/(“+‘) n(n+ l)a* j.‘~~*(nil),~.-1)dr]2’iniii 
0 

But, 

and 

a(l-n) I~‘~IpL- 2 [(cash ar)-“sinh arl;/bO 

& + 1 )/(n - 1) d,. = (cash ar)-(“+‘)dr 

=2 n+l (ear+e-ar)-(n+‘)dr 

2” =- a [T (t+ 1)-b+‘) t(“- “I* dt. 

Using now that 

s 
; (t+1)- O” (n+‘) t(“-I)/* dt= ’ (t+l)- (n + 1) $” - ‘j/2 df 

we have 

1 
2/(n+l) 

X (t+ l)- (n+‘)t(n-I)/*& 

1 
*/cn + 1) 

=n(n+l) 2n,Jrn (t+l)-(“+I) t(“-‘)‘*dt 
0 1 

= n(n + 1) IS;‘!“: 1 ). 
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That proves the first part of the theorem. The second part follows now 
directly from Theorem 1. 

Let us consider now the Riemannian manifold (n/i,+ i, g), where 
M n+l = S,(a) x S,(b), $(a) being a quotient of the sphere of radius l/or 
and g the product metric. Using the fact that vol(s,(tx)) < a-k,, we can 
obtain, by a similar argument to that used above, the following: 

THEOREM 3. For (M,, , , g) the infimum of Yamabe’s functional is 
strictly lower than n(n + 1) oi’y,+ l) and there is a conformal metric g’ on 
M n+l whose scalar curvature is constant and satisfies R’ < n(n + 1) o;$“~+ I’, 
and such that Vol,.(M,+ 1) = 1. 

(2) We are going to prove the same result for the manifolds (ii). 
Let M, be g,, x if,, p + q = n and p > q. Here 3, (resp. fl,) is a compact 

Riemannian manifold of constant sectional curvature c (resp. -c), c > 0. 
Let g be the product metric on M,, then 

THEOREM 4. For (M,, g) the infimum of Yamabe’s functional is strictly 
lower than n(n - 1) ot/” and there is a conformal metric g’ on M, with 
Vol,.(M,)= 1, whose scalar curvature is constant and satisfies R’ =C 
n(n - 1) 0.1:~~. 

Proof As above we are going to show that p < n(n - 1) CO~‘~ and then 
to apply Theorem 1. p being a conformal invariant [2, p. 1261, and in par- 
ticular invariant by homotheties, we can then suppose that c = 1. Further- 
more, Vol(zP) < oP and we will see that it suffices to make the proof when 
M,=S,xH,. 

Let y, be a fixed element of A, and for (x, y) E S, x A, set r(x, y) = 
dnO( y, yo). We can define the function 

u(x, y) = u(r) = (cash r)(2m-n)‘2. 

This function is uniformly lipschitzian, then u E H,(M,). 
Now the scalar curvature of M, is equal to p( p - 1) - q(q - 1 ), so 

If f is a function which depends only on r we have 

(1) 

jMmf(r)dv=co,s [~P’e’f(r)(sinhr)qP’dr]dR, 
.%-l(l) 0 
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where de is the volume element of the unit sphere and, for 8 E S,- 1(1), p(8) 
is such that the set exp,,(p(t?) 0) is the cut-locus of y, E i?,. 

Let us compute J(u). 

,Vu,‘2y (cash r)-“(sinh r)* 

and then 

iVuj2du=qru,j jP(B)(coshr)-“(sinhr)“+ldrdH 
q-1 0 

(n - 2)2 P(0) 

=Top s,-, 0 s j 
(tanh r)q+‘(cosh r)Iep dr de. (2) 

We have also 

5 u2dv=op s s PC@) 
(tanh r)q- ‘(cash r)’ --p dr de (3) 

M. &-I 0 

and 

I U2n/tn - 2) & = o, 
M” 5 s 

P(O) 
(tanh r)Y-l(cosh r)-lep dr de (4) 

sq-I 0 

Now, on the one hand 

5 (tanh r)q-l(cosh r)‘-Pdr= 
s 

(tanh r)q-‘(cash r)-lep dr 

+ 1 (tanh r)q-‘(sinh r)*(cosh r)-‘-r dr 

= 1 (tanh r)q-‘(cosh r)-l--p dr + j (tanh r)q+ ‘(cash r)lMp dr, (5) 

and on the other hand 

(tanh r)4+ ‘(cosh r)l -P dr = _ (tanh ‘;;T;; r)l -’ 

+jY (tanh r)Y-‘(cosh r)-lep dr. (6) 
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Using (5) and (6) in (2), (3), (4) we see that equality (1) can be written 

(n-l)(n-2)+p(p-l)-q(q-l) 
P-l 

X 
s 

(tanh p(0))Y(cosh p(0))’ --P d8 
s,-I 

+ n(n - 1) s 1”‘“’ (tanh r)Y- ‘(cash r)- ’ p dr dOI] 
s,-, 0 

1 
-(n -2)/Z 

(tanh r)4M-‘(cosh r)-‘-” dr d% 

and hence we have 

J(u) < n(n - 1) op Isqm, j:‘“’ (tanh r)y ‘(cash r)-’ pp dr dO]n’2. 

To tinish the proof we use the fact that for each f3 E S, _ 1, 

I 
p(0) 

’ (tanh r)Y-‘(cosh r)-rep dr = f 
I (1-t) (Y -2)/z +P lli2 dt 

0 (cash ~(0))~~ 

1 rt4/21 f((P + 1 l/2) <- 
2 fl(n + 1)/2) 

and then 

J(u)<n(n-1) O,O,-l~ 
i 

1 f(4/2) f((P + 1 l/2) n’2 

T((n+ 1)/2) 1 
= n(n - 1) w;‘2. 

The last equality holds from the well known expression of the volume of 
the unit sphere in terms of the r functions 

r(1/2)“+( 
wn=2 T((n+ 1)/2)’ 

3. THE FIBRE BUNDLES 

Next, let us consider the known examples of compact, locally confor- 
mally flat manifolds with infinite fundamental group and admitting a 
metric of positive scalar curvature, which are tibre spaces over 3, (resp. 
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pq) with tibre J!?~ (resp. sP) where sP (resp. nr,) is a compact Riemannian 
manifold of constant sectional curvature c (resp. -c). 

Let M, be such a manifold, with p + q = n, p > q and let g be the fibre 
metric. 

THEOREM 5. The infmum of Yamabe’s functional for (M,, g) is strictly 
lower than n(n - 1) oz/” and there is a conformal metric g’ on M,, of volume 
1, whose scalar curvature is constant and satisfies R’ < n(n - 1) oil”. 

Proox The second part follows directly from the first one and 
Theorem 1. As in Theorem 4, we can assume c = 1. 

First Case. (M,, g) is a fibre bundle over pq with libre sP. 

Let 71: M, + Rq be the projection, there exists a finite open cover {U,} 
of Rq such that c’( V,) is isometric to U, x zP with the product metric. If 
y, is a fixed element of Bq, we can define the function on M,, u(x) = 
u(r) = (cash r)(2-nU2, where r(x) = daq(n(x), y,). Then 

‘(‘)= IW2dv+ CAP- I)-dq-111 [Mnu2dv] 

X ill 
-(n--2)/n 

u24(n - 2) dv 
M” 1 

Let (goL} be a partition of unity subordinate to the cover (~-‘(Uol)}, 
where 4, = (~~07~ and ((p,} is a partition of unity subordinate to {U,}. Iff 
is a function on B,, we have 

Using now this formula to compute J(u), we obtain that it is strictly lower 
thann(n-l)o,,, 2’n by an argument similar to that used in Theorem 4. 

Second Case. (M,, g) is a Iibre bundle over ,!?,, with fibre Rq. 

Let 7~: M, -+ ,!?,, be the projection and let G be the group of the fibre bun- 
dle, which is a group of transformations of Es,, suppose that G has k 
elements. There exists an open cover ( VE} of sP and a family of isometries 
(I+$~} from 72-l (V,) onto V, x t?-,. The application 5: M, + RJG given by 
E(x) = qo p2 0 tin(x) if x E c’( V,) is well defined. Here p2 is the second pro- 
jection of the product a/, x fiq and 4 is the quotient map 4: iii, + ii,lG. it is 
a Riemannian submersion with totally geodesic fibres which is a suffkient 
condition for 77: M,, + fi,JG to be a tibre bundle [S]. 
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The quotient Riemannian manifold A,/G is also a compact manifold of 
constant curvature equal to - 1 and we are almost in case one above, the 
only difference being now that the libre is not sP but a disjoint union of k 
copies of that manifold. So, to finish the proof we must only verify that, 
under our conditions, k vol( s,,) < op. 

Let S, --t 3, be the universal covering of 3, and assume that it is a k’-fold 
covering, then k’ vol( 3,) = op. But, G being finite, the principal bundle 
associated to (M,, sP, n, A,, G) is a k-fold covering of 2, and then k <k’ 
and the result holds. 

4. THE CONNECTED SUMS 

(1) We are going to prove that the infimum of the Yamabe 
functional decreases when taking connected sums of locally conformally flat 
Riemannian manifolds. To do that we need 

LEMMA 6. Let (M, g) be a compact Riemannian manifold of dimension n 
(n > 2). For each p E M and E > 0, there exists a function u E C”(M), u & 0, 
u b 0 such that J(u) < p + E and such that u vanishes on a neighborhood of p. 

Proof By the definition of 11, there is a smooth function ii, ii f 0, U >, 0 
such that J(ii) < p + E. 

Now, let fs: A4 + Iw be a family of smooth functions 0 Q fs d 1, vanishing 
on a geodesic ball of radius 6 and centre p which are equal to 1 outside the 
geodesic ball of radius 26, and which satisfy IVf,\ < 2/d. 

Define us = fsii, we have 

lim J( ug) = J(U). 
6-O 

So we can choose 6 small enough so that J(u,) < p + E. 
It is known that the connected sum of two locally conformally flat 

manifolds, can be endowed with a locally conformally flat metric. We out- 
line the construction. 

(2) If (M, g) is a n-dimensional, locally conformally flat Riemannian 
manifold, for each p E A4 there is a chart defined on an open set U, p E U, 
cp: (U5 g) + WY go), with cp(p)=O, and there is a GE C”(U), o>O, such 
that oq*g, = g, where g, is the Euclidean metric of iw”. 

The metric on U- {p} can be conformally deformed onto a metric 
which agrees with g near the boundary of U, and which finishes with the 
product metric Iw x S,- ,(b) (b, to be choosen) on a neighborhood of p. 

To do so, we must only to take a smooth function h: [b, co) + Iw, b > 0, 
which is zero on [a, co) for some a > b and such that the curve t = h(r) 
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joins smoothly the half line r = b, t 3 to, at the point (b, to). Let G be the 
subset of iR2 which is the union of the graph of h and the set {(b, t); t 2 toI. 

Let 0 be the hypersurface of R! x Iw”- {O} defined by 

~==(t,r,e)~[Wx[W”~{O};(r,t)~G). 

That manifold can be diffeomorphically mapped onto [w”- (0) by @ 0 + 
W-(O) given by 

@(t, r, 0) = (rewtir, 0). 

Hence, q-‘$ is a diffeomorphism of 0 onto U- {p). 
Let nowf(t) be a smooth function which is equal to 1 for t < to and that 

vanishes for t > t, . We define 6: 0 + Iw 

cqt, r, f?)= l-f(t)+f(t)o(q-‘+qt,r, e)). 

Let g’ be the conformally flat metric on 0 given by g = de*“‘@*g,. 
If (t, r, 0) is an element of 8 with r 3 a, t must be zero, consequently 

f(t) = 1 and @(O, r, 19) = (r, 19). Hence 

i?co,,,ej = W, r, 0) 4*go = o(cp-Yr, 0)) @*go. 

On the other hand 

(cp - L 0 @)$I,,,,, g = e*cp -‘*g= @*(4cp-‘(r, Q)) go 
= 4V’(r, 0)) @*go. 

Let us suppose now t > t,, then r = b. In that case f(t) = 0 and @(t, r, 0) = 
(be-‘lb, e), and so 

but a straightforward computation shows that 

@*g,=e -*f/b &2 + b2e-2’/b de2 

and then Et,,,,@, = dt* + b* de*. 
The argument above proves that g agrees with (cp-’ 0 @)* g for r > a and 

with the metric of a cylinder for t 3 t,. 
Furthermore, if the scalar curvature of g is positive, the construction 

above can be made in a suitable way to obtain a new metric whose scalar 
curvature is also positive [4]. 

Let (Mi, gi) i= 1,2, be two manifolds as above, then on the connected 
sum Mr # M2, a family of locally conformally flat Riemannian metrics can 
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be constructed, depending on the choice of the application (pi, the reals 
ai, bi, the function hi (i= 1,2) and on the length of the piece of cylinder 
used to glue the two manifolds together, or equivalently on the radii 6; 
(i = 1, 2) of the removed balls. 

Nevertheless, each metric agrees with g, on MI- qp; ‘(B,(O)) and is con- 
formal to g, on Miwcpi’(B,(0)). So, the conformal class of the constructed 
metric depends only on the reals 6,) 6,. 

Let us fix one of these metrics (M, # M,, g). By considering the natural 
differentiable structure on the connected sum of two manifolds, we know 
that the sphere where M, joins M2 has an open neighborhood W= U, - 

~r’(4v,W) # UCPD;V&W d-ff 1 eomorphical to the cylinder by the 
application I/I: W + R x S, , defined as follows 

IC/(cp;‘(r, 0)) = (log(~,lr), w, 

H9; Yr, 0)) = (log(rlfi,), 0). 

$ is also a conformal transformation, when the cylinder is supposed 
endowed with the standard product metric, g,.. 

Let 5 be the application of R x S, ~, onto R” w (0) given by $(t, 8) = 
(s,e-‘, t9), then 5 0 $ = (p, on U, and, as it is easy to see, g,. = (e’/6,)* $*g,,. 
Hence 

($*g< )$+,8, = r’I(I*iJ*g, = r2(d9; ‘(r, 0))) -’ gpp,lcr,o) 

and the restriction of $*g,. to U, -cp; ‘(B,,(O)) is conformal to the metric 
considered in this set. By a similar argument we obtain the same result for 
the restriction of $*g,. to U,-(PF~(B~JO)). 

For any E, > 0 we can construct a new locally conformally flat metric g 
on M, # M, by removing cp;‘(B,,(O)) from M, and cp;‘(B,,(O)) from M,. 

PROPOSITION 7. If Ed. E, = 6,. 6, then g is conformal to g. 

Proof. Take now, V= U,-cp;‘(B,,(O))# U2-~;1(Bc2(0)) and J: V-+ 
R x S,- I the conformal transformation, which in this case is given by 

~(cp~‘(r~ 0)) = (log(EI/r)r @I, 

$(rp;‘(r, @)I = (log(r/Edt 0). 

Let @ be the following conformal transformation of the cylinder 

@: Rxs,~,+Rxs,~., 

(6 e)++(t+lOg(~,/E,), e), 
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then I+- i 0 @ 0 I,& is a conformal transformation of V on W. But, for x E V 
and x = cpc’(r, 0) with r> 6, 

+J~qb(x)=(l/-1 O @(log(%/r)Y 0) = ti -‘mw~) + log(~,h), 0) 

= ly(log(6,/r), e) = cp;‘(r, e) =x 

and similarly for x E V and x = q; ‘(r, 8) with r > S, 

I+-‘d?h&+*- lo @&%(~/~2), 4 = ~-‘(bW2) +log(~,h), 0) 
= ti -‘mw,/~,~,), 0) = 4Q -‘mdr/~,), 0) 
=q;‘(r, e)=x. 

Hence, this conformal transformation can be extended to M1 # Mz by 
defining it to be the identity outside V. 

(3) THEOREM 8. Let (Mi, gi) (i = 1,2) be a n-dimensional (n > 2), com- 
pact locally conformally flat Riemannian manifold and let pi (i = 1,2) be the 
infimum of the Yamabe functional for the metric gi. Zf (M, # MZ, g) is the 
connected sum then ,u~ < min(pi , pJ. 

Proof: Let pgM1 be the point involved in the construction of 
(M, # M,, 8). From Lemma 6, for a given E > 0, there is a 6 > 0 and a 
smooth function ug, that vanishes on cp;‘(BJO)) and such that J1(ug)< 
CL1 +c. 

According to Proposition 7 there is on M, # Mz a metric g’, conformal 
to 2 and such that g’ is conformal to g, on M1 -cp;‘(B,(O)). Suppose gi = 
a4’(n-22)jj’, we define ii6 = au6 on M, -cp;‘(B,(O)) and extend by zero out- 
side. 

Jf’(fiJ = J,(u,) < p1 + E 

and then ,hs = ,u~, < ,q + E, for all E > 0. 
In a similar way we can prove pg < p2. 

COROLLARY 9. Let (i@, g) be the Riemannian man$old obtained by tak- 
ing the connected sum of one of the manifolds (i), (ii), or (iii) with any com- 
pact, n-dimensional (n > 2), locally conformally flat Riemannian mantfold. 
Then ,uB < n(n - 1) 0,2/” and there is a conformal metric g’ on fi such that 
vol,, = 1 and whose scalar curvature is constant and lower than n(n - 1) w,2”. 

Proof Follows directly from Theorem 8 and the results in Section 1. 
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