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1. Introduction

A semigroup is an algebraic structure consisting of a non-empty set S together with
an associative binary operation [14]. The formal study of semigroups began in the
early 20th century. A. Rosenfeld [18] used the idea of fuzzy set previously intro-
duced by L. A. Zadeh [31] to give the notions of fuzzy subgroups. N. Kuroki [15-17]
is the pioneer of fuzzy ideal theory of semigroups. The notion of a I'-semigroup
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was introduced by Sen [24] as a generalization of semigroups as well as of ternary
semigroups. I'-semigroups have a close connection with Morita equivalence of semi-
groups. I'-semigroup have been analyzed by a lot of mathematicians, for instance by
Chattopadhyay [1, 2], Dutta and Adhikari [5-7], Hila [12, 13], Chinram [3], Sen et
al. [24-28], Seth [29], N. K. Saha [19]. S. K. Sardar and S. K. Majumder [10, 11,
20-22] have introduced the notion of fuzzification of ideals, prime ideals, semiprime
ones and ideal extensions of I'-semigroups and studied them via its operator semi-
groups. Dutta and Adhikari introduced and studied the notion of po-I'-semigroup,
i.e., partially ordered I'-semigroup. For some works on fuzzification of I'-structures
we may refer to [8, 9]. Z. W. Mo and X. P. Wang [30] introduced the notion of a fuzzy
regular point and gave a pointwise depiction of fuzzy regular subsemigroups, fuzzy
completely regular subsemigroups in a semigroup. S. K. Sardar et al. [23] studied
properties of fuzzy ideals of po-I'-semigroups. In this paper, we investigate some
properties of fuzzy ideals, fuzzy bi-ideals and fuzzy (1, 2)-ideals and characterize a
po-I'-semigroup which is left (right) simple, left (right) duo, left (right) regular, intra-
regular, regular in terms of fuzzy ideals and fuzzy bi-ideals. Here we will also give a
pointwise characterization of fuzzy regular subsemigroups in a po-I'-semigroup.

2. Preliminaries

In this section, we present some elementary definitions that we will use later in this
paper.

Definition 2.1 [27] Let S = {x,y,z,---}and T ={a,B,7y, -} be two non-empty sets.
Then, S is called a T'-semigroup if there exists a mapping S X I' X § — S (images to
be denoted by aab) satisfying

(1) xayes,
(2) (By)yz = xB(yyz)
forall x,y,z€S,a,B,y€I.

Definition 2.2 [4] A I'-semigroup S is said to be po-I'-semigroup (partially ordered
I-semigroup) if

(1) S andT are posets,

(2) a < bin S implies that aac < bac, caa < cab in § for all ¢ € S and for all
a€erl,

(3) @ <BinT implies that aab < aBb for all a,b € S.

Remark 2.1 Definitions 2.1 and 2.2 are the definitions of one sided I'-semigroup
and one sided po-I'-semigroup respectively. It may be noted here that in 1981 Sen
[24] introduced the notion of both sided I'-semigroups, later T. K. Dutta and N. C.
Adhikari [7] introduced the notion of both sided po-I'-semigroup and also introduced
the notions of operator semigroups of a both sided I'-semigroup. Throughout this
paper unless or otherwise mentioned S stands for one sided po-I'-semigroup.
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Remark 2.2 The partial order relations on S and I are denoted by the same symbol
<.

Example 2.1 [7] Let S be the set of all 2 x 3 matrices over the set of positive integers
and I be the set of all 3 X2 matrices over the same set. Then, S is a I'-semigroup with
respect to the usual matrix multiplication. Also § and I are posets with respect to <
defined by (ay) < (by) if and only if ay < by for all i, k. Then, S is a po-I'-semigroup.

Definition 2.3 [31] A fuzzy subset u of a non-empty set X is a functionu : X — [0, 1].

Definition 2.4 [20] Let u be a fuzzy subset of a non-empty set X. Then, the set p, =
{x € X | u(x) >t} for t € [0, 1], is called the level subset or t-level subset of .

3. Fuzzy Subsemigroup and Fuzzy Bi-idea

Definition 3.1 A non-empty subset I of a po-I'-semigroup S is said to be a subsemi-
group of S if ITI C 1.

Definition 3.2 Let S be a po-T-semigroup. A non-empty subset I of S is said to be a
right ideal (left ideal) of S if

(1) ITS C I (resp. STI C 1),
(2) foralla,be S,aclandb <aimplyb e l.

1 is said to be an ideal of S if it is a right ideal as well as a left ideal of S .

Definition 3.3 A subsemigroup I of a po-T'-semigroup S is called a bi-ideal of S if
(1) ITSTIC 1,
(2) foralla,be S,aelandb <aimplybel.
Definition 3.4 A subsemigroup I of a po-T'-semigroup S is called a (1,2)-ideal of S
if
(1) ITSTITI C 1,

(2) foralla,be S,aclandb <aimplyb € I.

Definition 3.5 Let u and o be two fuzzy subsets of a po-I'-semigroup S. Then, we
define the following:

(1) (uno)(x) = min{u(x),o(x)} forall x € S,
(2) (U o)(x) = max{u(x),o(x)} forall x € S,
3) forallxe S,

{ sup {min{u(y), o(2)}}, if Ay,z €S,y € T with x < yyz,
(o )(x) = { =%

0, otherwise.
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Definition 3.6 A non-empty fuzzy subset p of a po-I'-semigroup S is called a fuzzy
subsemigroup of S if u(xyy) > min{u(x), u(y)} for all x,y € S and for all y € T'.

Definition 3.7 A non-empty fuzzy subset u of a po-I'-semigroup S is called a fuzzy
left ideal (right ideal) of S if

(1) x <y implies u(x) > u(y) forall x,y € S,
(2) p(xay) = u@y)(u(xay) > u(x)) forall x,y € S, forall a € T

W is said to be a fuzzy ideal of S if it is a fuzzy right ideal as well as a fuzzy left ideal
of §.

Definition 3.8 A fuzzy subsemigroup u of a po-I'-semigroup S is called a fuzzy bi-
ideal of S if

(1) u(xBsyy) = minfu(x), u(y)} for all x, s,y € S, forall B,y €T,

(2) x <y implies u(x) > u(y) for all x,y € S.

Example 3.1 LetS ={0,a,b,c} andI" = {«, B, y} and the operation mapping.

a|l0 a b c B0 a b ¢ vy 0 a b ¢
00 0 0 O 00 0 0 O 00 0 0 O
al0 0 0 b al0 0 0 b al0 0 0 O
b0 0 0 b b0 0 0 b b0 0 0 O
c|b b b c c|b b b b c|0 0 0 O

Now, S and I" are posets with respect to the relation < given by 0 < a < b < ¢ and
y < B < a respectively. Clearly, S is a po-I'-semigroup. Moreover the fuzzy set u
: S — [0, 1] defined by u(0) = 0.9, u(a) = 0.8, u(b) = 0.7, u(c) = 0.5 is a fuzzy
bi-ideal of S. It can be checked easily that y is neither a fuzzy left ideal nor a fuzzy
right ideal of S.

Definition 3.9 A fuzzy subsemigroup u of a po-I'-semigroup S is called a fuzzy (1,2)-
ideal of S if
(1) uCrawBlyy2) = min{u(x), u(y), w2} for all x,w, y,z € S, for all a,B,y € T,
(2) x <y implies u(x) > u(y) forall x,y € S.
Definition 3.10 Let u be a fuzzy subset of a set X, a € [0, 1 — sup{u(x) | x € X}] and

B € (0, 1]. Then, a mapping pgn | X — [0, 1] is called a fuzzy magnified translation of
u if/zga(x) = Bu(x) + a forall x € X.

It can be checked easily that u is a fuzzy bi-ideal of S if and only if the fuzzy
magnified translation ,uga of 1 is a fuzzy bi-ideal of S.

Definition 3.11 Let R and S be two po-I'-semigroups. Then, a mapping f : R — S is
said to be a homomorphism of po-T'-semigroups if it satisfies the following properties:

(D) f(xyy) = f(x)yf(y) forall x,y € Rand forall y €T,
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2) x<y= f(x) < f(y) forall x,y € R.

It can be checked that if A is a fuzzy bi-ideal of S, then f~(2) is also a fuzzy
bi-ideal of R where (f~'(1))(rys) := A(f(rys)) for all r, s € R,y € T, provided f~'(1)
non-empty.

Now, suppose that u and A be two fuzzy bi-ideals of a po-I'-semigroup S. Then,
puNAisafuzzy bi-ideal of S provided ¢NA non-empty. Again, if 6 is an endomorphism
and p a fuzzy bi-ideal of S, then u[6] is a fuzzy bi-ideal of S, where u[6](x) := u(6(x))
for all x € S. Now, let i be a fuzzy bi-ideal of S. Then, u® is a fuzzy bi-ideal, for
every real number a > 0 where u“ is defined by u(x) = (u(x))* forall x € S.

Now, here we state some significant theorems and propositions on fuzzy bi-ideal
of a po-I'-semigroup. As it is very easy to prove the following theorems and proposi-
tions, we omit the proofs.

Theorem 3.1 Let I be a non-empty subset of a po-I'-semigroup S and x, be the
characteristic function of 1. Then, I is a bi-ideal of S if and only if x, is a fuzzy
bi-ideal of S.

Theorem 3.2 Let S be a po-T'-semigroup and u be a non-empty fuzzy subset of S.
Then, u is a fuzzy bi-ideal of S if and only if y, is a bi-ideal of S for all t € Im p,
where i, = {x € S | u(x) > t}.

Theorem 3.3 Let 1 be a non-empty fuzzy subset of a po-I'-semigroup S. Then, the
following conditions are equivalent:

(1) wis a fuzzy bi-ideal of S .

(2) popu S, ppoyouCu,and x <yimplies u(x) > u(y) for all x,y € S, where y
is the characteristic function of S.

Proof (1) = (2) Let u be a bi-ideal of S and x € S. Then, two cases may arise
namely Case (i): 3y,z € S and y € T such that x < yyz and Case (ii): Ay,z € S
and y € I such that x < yyz. For Case (i): (u o p)(x) = sup minfu(y), u(z)} <
<yyz

sup u(yyz) (since u is a fuzzy subsemigroup) < u(x). For Case (11) (o) (x)=0<
x<yyz

u(x). Hence, oy C p. Again to prove o y ou C u, let a € S. Suppose that 3
x,¥,p,q €S and y, B € I" such that a < xyy and x < pfq. Then,

(p o x o u)(a)= sup {min{(u o y)(x), u(y)}}

asxyy

= sup {min{ sup {min{u(p), ¥()}}, uM}}
asxyy x<pBq

= sup {min{ sup {min{u(p), 1}}, u()}}
asxyy x<pBq

= sup {min{u(p), u(y)}}
a<pPqyy

< sup u(pBqyy) < p(a) (cf.Definition 3.8).
aspBqyy

Otherwise, (1 o y o u)(a) = 0 < u(a). Thus, poyou C p.
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Again from the definition of fuzzy bi-ideal, x < y implies that x(x) > u(y) for all
x,y€S.
(2) = (1) Let (2) hold. Since p o u C , so for x,y € § and y € I" we obtain
plxyy) 2 (o p)(xyy) 2 minfu(x), u(y)}-

So, u is a fuzzy subsemigroup of S. Now, let x,y,z € S and 8,y € I'. Since poyou C
1, it follows that

H(xByyz) = (o x o p)(xByyz)
> min{(u o )(xBy), u(2)}
> min{min{u(x), ()}, u(2)}
= min{min{u(x), 1}, u(2)}
= min{u(x), u(z)}.

Hence, u is a fuzzy bi-ideal of S.

Definition 3.12 A po-TI'-semigroup S is called left (right) duo if every left (resp.
right) ideal of S is a two sided ideal of S. S is called duo if it is left and right duo.

Example 3.2 Let S = =Z and I' = -2Z. So, clearly S is a po-I'-semigroup with
respect to usual multiplication and usual < of Z. Then, any ideal (left, right or both-
sided) of S is of the form (—nZ] where for any subset A of S, (A] = {x € S | x <y for
some y € A}. Hence, clearly S is duo.

Definition 3.13 A po-T'-semigroup S is called fuzzy left (right) duo if every fuzzy left
(resp. right) ideal of S is a fuzzy ideal of S. S is called fuzzy duo if it is fuzzy left and
Sfuzzy right duo.

Example 3.3 Let S = {0,a,b,c} and I' = {a,B,v}. Then, S and I" are posets with

respect to the relation < given by 0 < a < b < c and y < @ < S respectively. Now, we
define sat for all s,¢ € S and for all @ € T as follows:

a|0 a b c B0 a b ¢ y|0 a b ¢
0/0 0 0 O 0|0 0 0 O 0|0 0 0 O
al0 a a a a|l0 a a a alO0 0 0 O
b|0 a b b b|0 a b b b|0 0 0 O
c|0 a b b c|0 a b c c|0 0 0 O

Then, S is a po-I'-semigroup. Now, any fuzzy left ideal or fuzzy right ideal of § is a
fuzzy both sided ideal as x <y = p(x) > u(y) for all x,y € S. Hence, S is fuzzy duo
po-I'-semigroup. It is easy to check that §' is duo.

Definition 3.14 A po-I'-semigroup S is called left (right) regular if for each a € S,
there exist x € S and «, 8 € I such that a < xaafa (resp. a < afaax).

Definition 3.15 A po-I'-semigroup S is called regular if for each a € S, there exist
x €S and a,B € T such that a < aaxBa.

Theorem 3.4 If S is a regular left duo (right duo, duo) po-TI'-semigroup, then the
following conditions are equivalent:
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(1) wis a fuzzy right ideal (resp. fuzzy left ideal, fuzzy ideal) of S.

(2) wis a fuzzy bi-ideal of S.
Proof (1) = (2) Let u be a fuzzy right ideal of S, x,y,z € S and @, € I'. Then,
p(xay) > p(x) > min{u(x), u(y)} (cf. Definition 3.7)

and

p(xayBz) = p(xa(yBz)) = p(x) = minfu(x), u(z)}-

Now, let x,y € S such that x < y. Then, u(x) > u(y) (since u means a fuzzy right
ideal of §'). Hence, u is a fuzzy bi-ideal of S.

Similarly, we can prove the other cases.

(2) = (1) Let u be a fuzzy bi-ideal of S, x,y € S andy € I'. Since S is regular, there
exist @, € I' and 7’ € S such that x < xaz’Bx. So, x € (A['STx] = {xy;sy2x y1,72 €
Is € S} € (a'S N STx] € (al'S] N (STx] (cf. Proposition 3.12 [23]). Hence,
xyy € (AISTN(STxPIS € (SIS N (STX]TS € (aI'S] N (STx] (since S is left
duo, (STx]['S C (STx]). Hence, xyy € (xI'S] and xyy € (STx], i.e., xyy < xas;
and xyy < spapx for some 51,5, € S and @, a; € I'. Again since S is regular, there
exist @, € T'and z € S such that xyy < (xyy)azB(xyy) < (xa;s1)@z8(s2ax). Then,
by the definition of fuzzy bi-ideal we see that u(xyy) > u((xa;s;)@zB(s2azx)) =
1(xa (s1@2)Bsrarx) = p(xas3Bsrarx), where s3 = sj@z] = u(xa;(s3Bs2)arx) >
min{u(x), u(x)} = u(x).

Now, let x,y € S such that x < y. Then, u(x) > u(y) (since y is a fuzzy bi-ideal of
S). Hence, p is a fuzzy right ideal of S. Similarly, we can prove the other cases.

The following example shows that the converse of Theorem 3.4 is not true.

Example 3.4 LetS ={0,a,b,c}and I = {@, y}. Then, S and I are posets with respect
to the relation < given by 0 < a < b < c and y < « respectively. Now, we define sat
for all 5,7 € S and for all @ € T as follows:

a|0 a b c y|10 a b c
0j0 0 O O 0[O0 O O O
al|l0 a a a al0 0 0 O
b|0 a b b b|0 O 0O O
c|0 a b b c|0 0 0 O

Then, S is a po-I'-semigroup. Now, any fuzzy subset u of § becomes a fuzzy both
sided ideal as x <y = u(x) > u(y) Vx,y € S. Let u be any fuzzy bi-ideal of S. Then,
p is fuzzy right ideal of S and we know a fuzzy right ideal is always a fuzzy bi-ideal.
But here S is not regular as there exists no x € S and 8,7 € I such that ¢ < ¢fxnc.

Theorem 3.5 Let S be a regular left duo (right duo, duo) po-T'-semigroup. Then, the
following conditions are equivalent:

(1) pis a fuzzy bi-ideal of S.

(2) wis afuzzy (1,2)-ideal of S.
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Proof (1) = (2) Let u be a fuzzy bi-ideal of S and x,w,y,z € S, @,8,y € I'. Then,

H(xawB(yyz)) = p((xawBy)yz)
> min{u(xawpy), u(z)} (cf. Definition 3.6)
> min{min{u(x), u(y)}, u(z)} (cf. Definition 3.8)

= min{u(x), u(y), u(2)}.

Again for any x,y € S with x <y, u(x) > u(y) (since u is a fuzzy bi-ideal). Hence, u
is a fuzzy (1,2)-ideal of S.

(2) = (1) Let u be a fuzzy (1,2)-ideal of S and x,w,y € S, y,6 € I'. Since § is
regular, there exist @,8 € I' and z’ € S such that x < xaz’Bx. So x € (xI'STx] C
(xS NSTx] € (xaI'S]N(STx]. Hence, xyw € (xI'S]1N (ST x] (using the second part of
the proof of Theorem 3.4). So xyw € (xI'S ] and xyw € (STx], i.e., xyw < xa;s; and
xyw < spapx for some s1, s, € S and @y, @, € I. Again since S is regular, there exist
@,B €T and z € § such that xyw < (xyw)azB(xyw) < (xa;s1)@zB(sra2x). Then, by
definition of fuzzy (1,2)-ideal we have

p(xywsy) = p(((xay s)@zB(s202x))5y)
= p((xa1 (51@2)Bs202x)5y)
= u((xary 38522 x)0y) (Where 53 = 51&7)
= pu(xary (53852)a2X6y) = pu(xay s402(x6y)) (where s4 = 53352)
> min{u(x), p(x), p(y)} = minfu(x), u(y)}-

Now, let x,y € S such that x <y. Then, u(x) > w(y) as u is a fuzzy (1, 2)-ideal of
S. Hence, y is a fuzzy bi-ideal of S.

Theorem 3.6 Let S be a regular po-T'-semigroup. Then, the following conditions are
equivalent:

(1) S left duo (right duo, duo).
(2) S fuzzy left duo (fuzzy right duo, fuzzy duo).

Proof (1) = (2) Let S be left duo, u be any fuzzy leftideal of S anda,b € S,y €T
Since § is regular and left duo, ayb € (aI'S] N (STa] (using the second part of the
proof of Theorem 3.4). So there exist s € S, @ € I such that ayb < saa. Then, by
definition of fuzzy left ideal we see that u(ayb) > u(saa) > p(a). So u becomes a
fuzzy right ideal of S. So u is a fuzzy ideal of S. Hence, S is fuzzy left duo.

(2) = (1) Let S be fuzzy left duo. Let A be any left ideal of S. Then, the char-
acteristic function y, of A is a fuzzy left ideal of S. Then, by our assumption y, is a
fuzzy ideal of S. So A is an ideal of S. Hence, S is left duo. Similarly we can prove
the other cases.

Theorem 3.7 Let S be a regular po-T-semigroup. Then, the following conditions are
equivalent:

(1) Every bi-ideal of S is a right ideal (resp. left ideal, two-sided ideal) of S .
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(2) Every fuzzy bi-ideal of S is a fuzzy right ideal (resp. fuzzy left ideal, fuzzy ideal)
of S.

Proof (1) > (2) Let (1) hold, u be a fuzzy bi-ideal of S, a,b € S and y € T.
Then, (aI'STa] is a bi-ideal of S. So, by hypothesis (al'ST'a] is a right ideal of S.
Since S is regular, a € (aI'STa]. So, by definition of right ideal we have ayb €
(al'STall'S C (aI'STa]. Then, there exist s € S, @, € I such that ayb < aasBa. So
u(ayb) > p(aaspa) > minfu(a), u(a)} = p(a) (cf. Definition 3.8). Hence, u is a fuzzy
right ideal of S.

(2) = (1) Let (2) hold and A be any bi-ideal of S. Then, it follows from Theorem
3.1 that the characteristic function y, of A denotes a fuzzy bi-ideal of S. Hence, by
hypothesis it is a fuzzy right ideal of S. Then, since A is non-empty, A is a right ideal
of S. Similarly, we can prove all other cases.

Now, we obtain below theorems on characterizations on regular, intra-regular po-
I'-semigroup in terms of fuzzy ideals and fuzzy bi-ideals.

Theorem 3.8 Let S be a po-T'-semigroup. Then, the following are equivalent:
(1) S is regular.

(2) uN A =po Aoy forevery fuzzy bi-ideal y and every fuzzy both-sided ideal A
of S.

Proof (1) = (2) Let S be regular, u be a fuzzy bi-ideal and A be a fuzzy both-sided
ideal of S. Since u is a fuzzy bi-ideal, from Theorem 3.3 we can say go y ou C
p (where y is the characteristic function of §). Sopgodou C poyou C pu. Again
podou Cyodoy C A(since A is a fuzzy both-sided ideal). Hence, yodou C una.
Now, let a € S. Since S is regular, 4 x € § and @, € I such that a < aaxBa and so
a < aaxBaaxPa. Then,

(o Ao u)(a)= sup {min{u(u), (A o )()}}

asuyv
> min{u(a), (1 o W) (xBaaxBa)}
> minf{u(a), min{A(xBaax), u(a)}}
> min{u(a), AxBaax), u(a))
> min{u(a), A(a)} (since A is a fuzzy both-sided ideal).

SopunNACpuodou Hence,uNAd=podopu.

(2) = (1) Let (2) hold. So u Ny = p oy opu (where y is the characteristic function
of §'), which means u = p o y o u for every fuzzy bi-ideal y of S. Let a € §. Consider
B(a) = (aI'STa] U (al'a] U ({a}] which is the bi-ideal generated by a in S. Then, .
characteristic function of B(a), is a fuzzy bi-ideal of S (cf. Theorem 3.1). Therefore,
Xow = Xow OX © X Since a € Ba), (K, O X © X5y)@) = Xy (@) =1.S0d x,y €
and @ € I' with @ < xay such that y,, (x) = 1 and (x © x,,)(y) =1.So A p,q € § and
B € I' with y < pBq such that y(p) = 1 and y,,(q) = 1. Hence, we can assert that 3
x,q € B(a), p € S and o, € T such that a < xappfyq, i.e., a € B(a)I'STB(a) which
indicates the regularity of S.



174 Pavel Pal - Samit Kumar Majumder - Bijan Davvaz - Sujit Kumar Sardar (2015)

Theorem 3.9 Let S be a po-T'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is regular.
(2) uNACpo A forevery fuzzy bi-ideal u and every fuzzy left ideal A of S.

Proof (1) = (2) Let S be regular, u be a fuzzy bi-ideal and A be a fuzzy left ideal
of S. Now, leta € S. Since S is regular, 3 x € S and @, € I such that a < aaxfa.
Then,

(1 ° )(a) = sup {min{u(u), A(v)}}

asuyv
> min{u(a), A(xBa)}
> minf{u(a), A(a)} (since A is a fuzzy left ideal).

Hence,uNnACpuoa

(2) = (1) Let us assume (2) hold, u be a fuzzy right ideal and A be a fuzzy left
ideal of S. Since every fuzzy right ideal is a fuzzy bi-ideal of S, so u is a fuzzy bi-
ideal of S. Then, uNA Cpod. Againpgod CunaA Souod=unA Hence, (cf.
Theorem 3.17 [23]) § is regular.

Theorem 3.10 Let S be a po-I'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is regular.

(2) uNAC Ao uforevery fuzzy bi-ideal u and every fuzzy right ideal A of S.
Proof  The proof is very similar to that of Theorem 3.9.
Theorem 3.11 Let S be a po-I'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is regular.

2) vnunaACvouodforevery fuzzy right ideal v, fuzzy bi-ideal u and every
Sfuzzy left ideal A of S.

Proof (1) = (2) Let S be regular, v be a fuzzy right ideal, u be a fuzzy left ideal
and A be a fuzzy both-sided ideal of S. Now, leta € S. Since S is regular, 3x € § and
a,f € I such that a < awxBa. Then,

(vouo )@= sup (min{v(w), (o D))

aswyv

> min{v(aax), (u o )(a)}
= min{v(aax), sup {min{u(p), A(q)}}}

a<pngq
> min{v(a), min{u(a), A(xBa)}} (since v is a fuzzy right ideal)

> min{v(a), u(a), A(a)} (since A is a fuzzy left ideal).
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Hence,vNnunACvouod

(2) = (1) Let (2) hold, v be a fuzzy right ideal and A be a fuzzy left ideal of
S. Now, y (the characteristic function of S) is a fuzzy bi-ideal of S. Then, vN A =
yvAxyNACvoyodCvold Againvod CvNAd Soved=vn A Hence, (cf.
Theorem 3.17 [23]) S is regular.

Definition 3.16 A po-I'-semigroup S is called intra-regular if for each a € S, there
exist x,y € S and «, B,y € I' such that a < xaafayy.

Theorem 3.12 Let S be a po-T'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is regular and intra-regular.
(2) uNACpo Aforevery fuzzy bi-ideals p and A of S.

Proof (1) = (2) Let (1) hold, u and A be any two fuzzy bi-ideals of S. Now,
let a € S. Since S is regular, 3x € S and @, € I such that a < aaxBa and so
a < aaxBaaxPa. Again since S is intra-regular, 3y,z € § and @1, 81,1 € I such that
a < yajaBay;z. Then, a < aaxByaafayzaxBa. So,

(o A)(a) = sup {min{u(u), AV)}}

asuyv

> min{u(aaxByaa), Aay zaxpa))

> min{min{u(a), u(a)}, min{A(a), A(a)}}
(since p and A are fuzzy bi-ideals)

= min{u(a), A(a)}.

Hence,uNACpuoaA.

(2) = (1) Let (2) hold, u be a fuzzy right ideal and A be a fuzzy left ideal of S.
Then, u and A are fuzzy bi-ideals of S. SouNA C pod Againpgod Cun A So
pod=punA Hence, S is regular (cf. Theorem 3.17 [23]). Again leta € S and
B(a) be the bi-ideal in S generated by a. So B(a) = (al'STa] U (al'a] U ({a}]. Now,
Xi» the characteristic function of B(a), is a fuzzy bi-ideal of S (cf. Theorem 3.1).
Hence, by hypothesis x,, N X, S Yo © Xio- SinCE a € B(a), x,, (@) = 1 whence
Ko O Xsw)(@ =1.803x,y € S, a €T witha < xay such that y, , (x) = 1 = x,,, (),
i.e., x,y € B(a). Then, we will get p,g € S and B,y,n € I' such that a < pBayang.
Hence, S is intra-regular.

Theorem 3.13 Let S be a po-T'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is regular and intra-regular.
2) uNAC (o )N (Aop)forevery fuzzy bi-ideals p and A of S.

Proof (1) = (2) Let (1) hold and y, A be any two fuzzy bi-ideals of S. Then, we
have uNA C poAd Similarly, uNnA=ANp S Adou. Hence,uNAC (uod)N(dop).
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(2) = (1) Let (2) hold and y, A be two fuzzy bi-ideals of S. Souna C (uo
)N (Aow) € uo A Hence, by Theorem 3.28 we can conclude that S is regular and
intra-regular.

Theorem 3.14 Let S be a po-I'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is regular and intra-regular.
(2) pNACpodopuforevery fuzzy bi-ideals p and A of S.

Proof (1) = (2) Let (1) hold and u, A be any two fuzzy bi-ideals of S. Now,
let a € S. Since S is regular, 3 x € S and @, € I such that a < aaxBa and so
a < aaxPaaxfaaxBa. Again since S is intra-regular, 3 y,z € S and @,8;,y; € T
such that a < yajaBiayiz. Then, a < (aaxByaia)Bi(ayizaxByaa)B(ay zaxpa).
Then,

(p o Adou)a)= sup {min{u(u), (1 o )(V)}}

a<uyv
> minfu(aexfyaia), (A o p)((ayzaxByaa)Bi(ayizaxBa))}
> min{min{u(a), u(a)}, min{A(ayzaxByaa), u(ayizaxBa)}l}
> minf{u(a), A(a), u(a)} (since p and A are fuzzy bi-ideals)
=(un A)(a).

Hence,unNACpuodopu.

(2) = (1) Let (2) hold and a € S. Consider B(a) = (al'STa] U (al'a] U ({a}]
which is the bi-ideal generated by a in S. Then, y, ., the characteristic function of
B(a), is a fuzzy bi-ideal of S(cf. Theorem 3.1). Then, by the assumption we have
X oW S X oo X o X+ Since a € B(a), Now = 1 and then (Xmu) X OXB(«))(a) =L
Sodx,y €S and a € I' with a < xay such that y,, (x) = 1 and (x,,, © X4,)) = 1.
So d p,q € S and B € T with y < pBq such that y, (p) = 1 and x, (q) = 1.
Hence, we can assert that 3 x, p,g € B(a) and @, € I such that a < xapfy, i.e.,
a € B(a)l' B(a)I'B(a) which indicates the regularity and intra-regularity of S.

Definition 3.17 A po-I'-semigroup S is called left zero (right zero) if x < xyy (resp.
y<xyy)V¥x,yeS,Vyel.
Proposition 3.1 For a left zero (right zero) po-T'-semigroup S, every fuzzy left (resp.

fuzzy right) ideal is a constant function.

Proof Let S be a left zero po-I'-semigroup and u be a fuzzy left ideal of S. Let
x,y € S.Then, x < xyyandy < yyx Vy € I'as S is left zero. Then, u(x) > u(xyy) >
u(y) and p(y) = u(yyx) = p(x). So w(x) = pu(y) ¥x,y € S. Hence, every fuzzy left
ideal is a constant function. Similarly we can prove the other case also.

Theorem 3.15 Let S be a po-T'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is intra-regular.
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(2) Ifuis any fuzzy ideal of S, then corresponding to each a € S, there exists 3 € I’
such that u(a) = u(aBa).

Proof (1) = (2) Let S be intra-regular, u be a fuzzy ideal of S and a € S. Then,
there exist x,y € S and a,B,y € I such that a < xaaBayy. Again by definition
of fuzzy ideal we see that u(a) > u(xaafayy) > p(xaaBa) > p(aBa) > u(a). So
(@) = u(apa).

(2) = (1) Let (2) hold and a € S. Then, the characteristic function .-, OF
the both sided ideal (STal'al'S] of S is a fuzzy ideal of S. So, there exists 8 € T’
such that ¥ ) (@) = Xsrarars) (@Ba). Now, for this afa there exists @ € T such that
Kisturus (@B) = X gruns, (@BO)UGB)) = X,y1,5, (aBlaa)Ba) = 1 (since aflaaa)fa €
(STal'al'S]). So, X srururs) (@) = 1. Hence, a € (STal'al'S ]. This proves that § is intra-
regular and so (1) follows.

Remark 3.1 Let S be a regular duo po-I'-semigroup. Then, the following conditions
are equivalent:

(1) S is intra-regular.

(2) If p is any fuzzy bi-ideal of S, then corresponding to each a € S, there exists
B € I' such that u(a) = u(aBa).

Theorem 3.16 Let S be a po-T'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is left regular (right regular).

(2) If u is any fuzzy left ideal (resp. fuzzy right ideal) of S, then corresponding to
each a € S, there exists y € I such that u(a) = u(aya).

Proof (1) = (2) Let S be left regular, y be a fuzzy left ideal of S and a € S. Then,
there exist x € S and @,y € I such that a < xaaya. Since y is a fuzzy left ideal, we
have u(a) > p(xaaya) > u(aya) > p(a). So u(a) = p(aya).

(2) = (1) Let (2) hold and a € S. Then, the characteristic function y/,,, of the
left ideal (STal'a] of S is a fuzzy left ideal of S. So there exists y € I" such that
X stara (@ = X srara (@ya@). Now, for this aya there exists @ € I such that y g, (aya) =
Xsrara (@y@)(aya)) = X sprq((@ya)aaya) = 1 (since (aya)aaya € (STal'a]). So,
Xsrara (@) = 1. Hence, a € (STal'a]. This proves that § is left regular. Similarly we
can prove the other case.

Remark 3.2 Let S be a regular right duo (left duo) po-I'-semigroup. Then, the
following conditions are equivalent:

(1) S is left regular (resp. right regular).
(2) If p is any fuzzy bi-ideal of S, then corresponding to each a € S, there exists

vy € I' such that u(a) = u(aya).

Theorem 3.17 Suppose that S is both regular and intra-regular po-T'-semigroup.
Then,
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(1) pyopp 2 py N,
(2) (1 o p2) N (ua © 1) 2 g N g, where iy, yo are fuzzy bi-ideals of S.

Proof Leta € S. Then, there exist x,y,z € S and y1,7%2, ¥3,%4,¥s € I such that

a < ay\xy,a < ayixy2ay1xy2a
<ayxy2(yysaysaysz)y1xy2a
<(ay1xy2yysa)ys(ayszy1xy:a).

Again by definition of fuzzy bi-ideal, we see that u;(ay,xy,yy3a) > pi(a) and
malayszy1x y2a) 2 pa(a). Then,

(11 0 wo)(a) =2 min{uy (ay1xy2yy3a), po(ayszy1xy2a)}
> min{u; (@), p2(@)} = (1 N u2)(a@).

Hence, p) o pp 2 py N wp. Similarly, we can show that py o u; 2 gy N py. Therefore,
(1 0 p2) N (2 0 py) 2 g N o

Definition 3.18 A po-TI'-semigroup S is said to be left (right) simple if S has no proper
left (resp. right) ideals.

Definition 3.19 A po-T'-semigroup S is said to be simple if S has no proper ideals.

Definition 3.20 A po-I'-semigroup S is said to be fuzzy left (fuzzy right) simple if
every fuzzy left (resp. fuzzy right) ideal of S is a constant function.

Definition 3.21 A po-T'-semigroup S is said to be fuzzy simple if every fuzzy ideal of
S is a constant function.

Theorem 3.18 Let S be a po-I'-semigroup. Then, the following conditions are equiv-
alent:

(1) S is left simple (resp. right simple, simple).

(2) S is fuzzy left simple (resp. fuzzy right simple, fuzzy simple).

Proof (1) = (2) Assume that S is left simple, x4 be any fuzzy left ideal of S and
a,b € S. Then, (STal, (STh] are left ideals of S which means (STa] = S = (ST'h].
So there exist x,y € § and @, 8 € I" such that » < xaa and a < yBb and so we obtain
u(a) > u(yBb) > u) > u(xaa) > p(a) (cf. Definition 3.7). Thus, u(a) = u(b).
Hence, u is a constant function. So, S is fuzzy left simple.

(2) = (1) Suppose that S is fuzzy left simple and A be any left ideal of S. Thus, the
characteristic function y, of A is a fuzzy left ideal of S and hence a constant function.
Since A is non-empty, the constant value is 1. So every element of S is in A and so §
is left simple. Similarly, we can prove the other cases.

Theorem 3.19 Let S be a left (right) simple po-T'-semigroup. Then, every fuzzy
bi-ideal of S is a fuzzy right ideal (resp. fuzzy left ideal) of S .
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Proof  Suppose that u is any fuzzy bi-ideal of S and a,b € S. Then, (STq] is a left
ideal of S which means (STa] = S. So there exist x € S, y € I" such that b < xya
and so for any @ € I', aab < aaxya. Then, by definition of fuzzy bi-ideal we see that
p(aab) > plaaxya) > minfu(a), u(a)} = u(a). Hence, u is a fuzzy right ideal of S.
Similarly, we can prove the other case also.

Now, to conclude this section we deduce from the previous two theorems the fol-
lowing characterization of simple po-I'-semigroup in terms of fuzzy bi-ideals.

Theorem 3.20 A po I'-semigroup S is left and right simple if and only if S does not
contain proper fuzzy bi-ideals.
4. F-Regularity of Fuzzy Subsemigroups

Definition 4.1 Let S be a po-T'-semigroup. Leta € S and t € (0, 1]. We now define a
fuzzy subset a, of S as follows:

t, ifx<a
(@) = {0, otherwise
forall x € S. We call a; a fuzzy point or fuzzy singleton of S.
Definition 4.2 Let a, and b, be two fuzzy points of a po-I'-semigroup S. Then,
sup {min{a,(y), b-(2)}}, ifdy,z€ S,y €T withx < yyz,

(a; 0 by)(x) = § ==
0, otherwise.

Theorem 4.1 Let a; and b, be two fuzzy points of a po-T'-semigroup S. Then,

a0 b, = U (ayb)a,.
yel

Proof  Suppose that x € S. If there do not exist any y,z € S and y € I such that
x < 2, then (@ © b,)(9) = 0= (Y (@ybln ).

Again, for y,z € S and y € I' if x < yyz implies either y £ a or z £ b, then also
(@0 b)) = 0= (Y @b)nr)(x).

Now, if x < ay'b for some y' €T, then
(@0 b)) = @) A b (B) = 1 A= (@ Blins(x) = (U (@ybln, ().

Hence, a; o b, = Ur(ayb)m,.

’}/E
Definition 4.3 Let i be a fuzzy subsemigroup of S and x, € p. If there exists y, € u
with x; C X; 0 y, 0 Xy, then X, is called a fuzzy regular point or an F-regular point in
M.
Proposition 3.1 Let u be a fuzzy subsemigroup of S and x, € u. Then, x, is an
F-regular point in p if and only if there exists y, € p with x; C X; 0y, 0 X;.
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Proof [If for any x; € u, x, C x; 0 y; o x;, for some y, € u, then we are done.
Conversely, let 1 be a fuzzy subsemigroup of S and x; be an F-regular point of y,
i.e., u(x) > t and dy, € p such that x, C x; oy, o x;. Now, forany z € S,

(xr 0 yr 0 x)(2) = ((ygr(xw)w) 0 x)(z) = sup {min{sup{(xyy)in-(P)} X(P}}.
Y

=paq

If z < pag such that either p £ xyy forany y € ' or ¢ £ x, then
(xr 0 yr 0 x)(@) = (U (xyin) 0 x)@) = 0= U _(xy1yy2%)inr-
yel y1,726€l
If 3 y,,y, € I' such that z < xy,yy»x, then

(X 0y, 0x)(2) = ((ygr(xyy)m) o x)(2)
= min{sup{(xyy)ia-(xy19)}, x:(x)}
Y
=min{t A r,t}
=tAFr

=( YU _(xy1y72%)inr)(@).
v1,260

Hence, x, € U r(xylyyz)c),,\,. So A yy,y, € T such that x;, C (xy;yy2x);n,- Now,
Y1,Y2€
(xy1yy2X)inr € (Xy1YY2%):. SO X, C (xy1yy2x), for some y;,y, € I'. Therefore, x, C
U (xy1yy2x),. Hence, x; C x, 0 y; 0 x;.
Y1726l

Now, suppose that if possible y, ¢ y, i.e., r < p(y) < t. Then, from the fact
that x; C (xy1yy2X)ar for some yy,y, € I, we can conclude that x, C (xy;yy»x),,
ie., x(x) =t < (xy;yy2x),(x) = x < xy;yy2x and t < r which contradicts our
assumption.

Definition 4.4 Let i be a fuzzy subsemigroup of S. Then, u is said to be an F-
regular fuzzy subsemigroup of S if for each x € S,3x € R, = {y € S | x <
xayBx for some a, B € T}, with u(x') > p(x) provided p(x) # 0. As y, € u, so u(y) > r.

To conclude the paper we obtain the following characterization of F-regular fuzzy
subsemigroup in terms of fuzzy points.

Theorem 4.2 Let u be an F-regular fuzzy subsemigroup of S. Then, the following
conditions are equivalent:

(1) w is F-regular fuzzy subsemigroup of S.
(2) Forall x, € u, x, is an F-regular point in .
(3) Foreach x; € u, Ay, € u such that x; C x; 0 y; 0 x;.

Proof (2) © (3)Itis clear.
(3) = (1) Let (3) hold and x € S. Let u(x) = t where 0 < ¢ < 1. Then, x;, € . So
Jy, € psuch that x; € x;, 0y, 0 x;. Now, x; € U F()cylyygx),. So 3 y;,y2 € I'such
Y1,72€
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that x, C (xy1yy2x);. Then, 1 = x,(x) < (xy1yy2X)(X) = (xy1y920)(x) =1 = x <
Xy1yy2x = y € Ry and pu(y) > t = p(x).

(1) = (3) Let (1) hold and x, € p. Then, from the definition of fuzzy point in
po-T'-semigroup S, x € Supp u. Now, by the assumption we can say that 3y €
R, ={z € S | x < xazBx for some a,B € T'}, with u(y) > u(x). So 3 a,B € I such
that x < xayBx. Now, let z € S such that z < x. Then, z < xayBx. So x,(z) =t =
(xayBx),(z) which means x, € (xayBx),. Therefore, clearly x, C S }L,Jzer(xylyyzx),.

15

Hence, x; C x; 0 y; 0 x;.
5. Conclusion

‘We make a new connection between semigroups and fuzzy sets. We investigate some
properties of fuzzy ideals, fuzzy bi-ideals and fuzzy (1,2)-ideals. Also, we give a
pointwise characterization of fuzzy regular subsemigroups in a po-I'-semigroup. The
object of the paper can be considered as a generalization of fuzzy semigroups.
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